
3 / Gaussian Ensembles. The 
Joint Probability Density 
Function for the Eigenvalues 

In this chapter we will derive the joint probability density function 
for the eigenvalues of H implied by the Gaussian densities for its matrix 
elements. Finally an argument based on information theory is given. 
This argument rationalizes any of the Gaussian probability densities for 
the matrix elements; it even allows one to define an ensemble having a 
preassigned eigenvalue density. 

3.1. Orthogonal Ensemble 

The joint probability density function (abbreviated j.p.d.f. later in 
the chapter) for the eigenvalues #i,02> ---^iv can be obtained from Eq. 
(2.6.18) by expressing the various components of H in terms of the TV 
eigenvalues 6j and other mutually independent variables ρμ, say, which 
together with the 6j form a complete set. In an (TV x TV) real symmetric 
matrix the number of independent real parameters which determine all 
Hkj is TV(TV + l ) /2 . We may take these as Hkj with k < j . The number 
of extra parameters ρμ needed is therefore 

I = T̂V(TV + 1) - TV - T̂V(TV - 1). (3.1.1) 

Because 
N N 

tr H2 = ] T 0?, tr H = ] Γ 0j? (3.1.2) 
1 1 

the probability density that the TV roots and TV(TV — l) /2 parameters 
will occur around the values θι,.,.,θκ and pi,P2, ~-,P£ is, according to 

5 5 
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Eq. (2.6.18) 

( N N \ 

where J is the Jacobian 

d(Hn,Hi2, ...,i?Arjv) 
J(6,p) = 

d(e1,...,eN,pi,...,pe) 

(3.1.3) 

(3.1.4) 

Hence, the j.p.d.f. of the eigenvalues 0j can be obtained by integrating 
Eq. (3.1.3) over the parameters pi, ...,ρ^. It is usually possible to choose 
these parameters so that the Jacobian (3.1.4) becomes a product of a 
function / of the 0j and a function g of the ρμ. If this is the case, the 
integration provides the required j.p.d.f. as a product of the exponential 
in Eq. (3.1.3), the function / of the 0j, and a constant. The constant 
can then be absorbed in c in the exponential. 

To define the parameters ρμ (Wigner, 1962) we recall that any real 
symmetric matrix H can be diagonalized by a real orthogonal matrix 
(cf. Appendix A.3): 

H = UQU~l (3.1.5) 

= UQUT, (3.1.50 

where Θ is the diagonal matrix with diagonal elements 0i, 02, ···, 0;v ar~ 
ranged in some order, say, θ\ < 02 < · · · < 0ΛΓ, and U is a real orthogonal 
matrix 

UUT = UTU = 1, (3.1.6) 

whose columns are the normalized eigenvectors of H. These eigenvectors 
are, or may be chosen to be, mutually orthogonal. To define U completely 
we must in some way fix the phases of the eigenvectors, for instance by 
requiring that the first nonvanishing component be positive. Thus U 
depends on N(N — l ) /2 real parameters and may be chosen to be Ukj, 
k > j . If H has multiple eigenvalues, further conditions are needed to fix 
U completely. It is not necessary to specify them, for they apply only in 
regions of lower dimensionality which are irrelevant to the probability 
density function. At any rate, enough appropriate conditions are imposed 
on U so that it is uniquely characterized by the iV(7V — l) /2 parameters 
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ρμ. Once this is done, the matrix üf, which completely determines the 
Θ and the U subject to the preceding conditions, also determines the 
0j and the ρμ uniquely. Conversely, the 6j and ρμ completely determine 
the U and Θ, and hence by Eq. (3.1.5) all the matrix elements of H. 

Differentiating Eq. (3.1.6), we get 

^ + Β Τ ^ . Ο , 
9Ρμ 9ρμ 

(3.1.7) 

and because the two terms in Eq. (3.1.7) are the Hermitian conjugates 
of each other, 

s^ = u^ = -^u 
9Ρμ 9ρμ 

(3.1.8) 

is an antisymmetric matrix. 
Also from Eq. (3.1.5) we have 

θΡμ θρμ δρμ 

(3.1.9) 

On multiplying Eq. (3.1.9) by UT on the left and by U on the right, we 
get 

(3.1.10) 
9ρμ 

In terms of its components, Eq. (3.1.10) reads 

(3.1.11) 

In a similar way, by differentiating Eq. (3.1.5) with respect to 07, 

Σ ^UjaUkß = ^ = δαβδαΊ. (3.1.12) 
j,k οθΊ 

The matrix of the Jacobian in Eq. (3.1.4) can be written in partitioned 
form as 

'"' 'ljk Γ dHjj dHi 

[WP)] = 
οθΊ οθΊ 

dHjj dHjk 

9ρμ δρμ 

(3.1.13) 
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The two columns in Eq. (3.1.13) correspond to N and N(N — l)/2 actual 
columns; 1 < j < k < N. The two rows in Eq. (3.1.13) correspond again 
to N and N(N - l ) /2 actual rows: 7 = 1,2,..., TV; μ = 1,2,..., N(N -
l ) /2 . If we multiply the [J] in Eq. (3.1.13) on the right by the N(N + 
l ) /2 x N(N + l ) /2 matrix written in partitioned form as 

[V} = 
(UjaUjß) 

(2UjaUk0) 
(3.1.14) 

in which the two rows correspond to N and N(N — l ) /2 actual rows, 
1 < j < k < N, and the column corresponds to N(N + l ) /2 actual 
columns, 1 < a < ß < N, we get by using Eqs. (3.1.11) and (3.1.12) 

[J][V} = 
δαβδ, 

?(μ) 

]aßGa^ 

1^{θβ-θα) 
(3.1.15) 

The two rows on the right-hand side correspond to N and N(N — l ) /2 
actual rows and the column corresponds to N(N -f l ) /2 actual columns. 
Taking the determinant on both sides of Eq. (3.1.15), we have 

J (θ,ρ) detF = J J (θβ - 0a)det 
α<β 

öaß 

or 
1(θ,ρ)=1[\θβ-θα\/(ρ)ι 

α<β 
(3.1.16) 

where f(p) is independent of the 9j and depends only on the parameters 

By inserting this result into Eq. (3.1.3) and integrating over the vari-
ables ρμ we get the j.p.d.f. for the eigenvalues of the matrices of an 
orthogonal ensemble 

P(0 i , . . . ,0 ;v )=exp 
TV 

-ΣΗ: 
J j<k 

where c is some new constant. Moreover, if we shift the origin of the 
Θ to b/2a and change the energy scale everywhere by a constant factor 
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\/2a, we may replace Oj with ( l / \ /2ä) Xj + b/2a. By this formal change 
(3.1.17) takes the simpler form 

PN1 (xi,...,Xiv) = CN1exp ( - ^ Σ ^ ) Π \x3 ~xk\, (3.1.18) 
\ 1 / 3<k 

where CNI is a constant. (Subscript 1 is to remind of the power of the 
product of differences.) 

3.2. Symplectic Ensemble 

As the analysis is almost identical in all three invariant cases, we 
have presented the details for one particular ensemble, the orthogonal 
one. Here and in Section 3.3 and Section 3.4 we indicate briefly the 
modifications necessary to arrive at the required j.p.d.f. in the other 
cases. 

Corresponding to the result that a real symmetric matrix can be di-
agonalized by a real orthogonal matrix, we have the following: 

Theorem 3.2.1. Given a quaternion-real, self-dual matrix H, there 
exists a symplectic matrix U such that 

H = USU'1 = UeUR, (3.2.1) 

where Θ is diagonal, real, and scalar {cf. Appendix A.3). 

The fact that Θ is scalar means that it consists of N blocks of the 
form 

6j 0 
0 θά 

(3.2.2) 

along the main diagonal. Thus, the eigenvalues of H consist of TV equal 
pairs. The Hamiltonian of any system that is invariant under time rever-
sal, has odd spin, and has no rotational symmetry satisfies the conditions 
of Theorem 3.2.1. All energy levels of such a system will be doubly de-
generate. This is Kramer's degeneracy (Kramer, 1930), and Theorem 
3.2.1 shows how it appears naturally in the quaternion language. 
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Apart from the TV eigenvalues fy, the number of real independent 
parameters ρμ needed to characterize an N x N quaternion-real, self-
dual matrix H is 

£ = 4x -N(N -1) = 2N(N - 1). 

Equations (3.1.2) and (3.1.3) are replaced, respectively, by 

N N 

tvH2 

3 = 1 

(3.2.3) 

(3.2.4) 

and 

Ρ ( 0 Ι , . . . , 0 Λ Γ ; Ρ Ι , . . . , Ρ * ) = exp 2Wj - c) 

where J(0,p) is now given by 

WP), 

(3.2.5) 

J(0,p) = 

f j W rr(O) rr(0) rr(3) rr(0) 
■"11 )···>■"JV7V' -"12 > · · · ) · " 1 2 >· · · ' ·ΠΛΓ-1,ΛΤ' 

rr(3) \ 
■■inN-l,N ) 

0 (θι, ...,ΘΝ,ΡΙ, ...,P2N(N-1)) 

(3.2.6) 

Equation (3.1.5) is replaced by Eq. (3.2.1); Eqs. (3.1.6)-(3.1.10) are valid 
if f/T is replaced by UR. Note that these equations are now in the quater-
nion language, and we need to separate the four quaternion parts of the 
modified Eq. (3.2.1). For this we let 

- f f ( ° ) rd) (2 ) , r(3). Hjk = H^+Hyk>e1 + H^e2 + H)i>e3, 

?(0μ) ?(ΐμ) (2μ) , ?(3μ). 

(3.2.7) 

(3.2.8) 

and write Eq. (3.1.10) and the equation corresponding to Eq. (3.1.12) 
in the form of partitioned matrices: 

dHl 
(0) 
33 

θθ^ 
(0) dH]3 

<907 

9ρμ δρμ 

ÖHl 
9Ρμ 

οθΊ 

V 

Α(0) 
W 

Β(0) 

[Α(3) β<3) 
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P~Y,ac 

Ρ(μ) 

JO) 
7

7 ,a/3 
J3) 
77,a/3 

?(0μ) (3μ) 
S£F(h-o«) - ^?'(**-*«) J 

(3.2.9) 

where the matrices dH^j /ΘΘΊ, υ, and p are N xN; the matrices dHjk'/ 
οθΊ and σ^αβ, with λ = 0,1,2,3, are AT x N(N - l ) /2; the A™ are all 
N(N-l)/2xN; the dHf) /θρμ and the ε{£] are 2N(N-l)xN; the w is 
7Vx27V(7V-l); the δΗ$/δρμ and the £ ^ μ ) are 2N(N-1) xN(N-l)/2; 
and the matrices Bw are 7V(iV - l ) /2 x 2N(N - 1 ) . The matrices p and 
the σ appear as we separate the result of differentiation of Eq. (3.2.1) 
with respect to ΘΊ into quaternion components. Because Θ is diagonal 
and scalar, the σ^λ^ are all zero matrices. Moreover, the matrix p does 
not depend on 07, for Θ depends linearly on the ΘΊ. The computation 
of the matrices v,w,A(x\ and B^ is straightforward, but we do not 
require them. All we need is to note that they are formed of the various 
components of £/, and hence do not depend on ΘΊ. 

Now we take the determinant on both sides of Eq. (3.2.9). The deter-
minant of the first matrix on the left is the Jacobian (3.2.6). Because 
the σ^λ) are all zero, the determinant of the right-hand side breaks into 
a product of two determinants: 

d e t K a l d e t J s ä * 0 ^ - * « ) (3.2.10) 

the first one being independent of the Ö7, whereas the second is 

H(e0-ea)
4det[siy] (3.2.11) 

a<ß 

Thus 

a<ß 

(3.2.12) 

which corresponds to Eq. (3.1.16). 

1 < j <k<N, 1<α<β<Ν, ! < 7 < i V , 1 < μ < 2ΑΓ(ΑΓ - 1), 



where CNA is a constant. (Subscript 4 to remind again of the power of 
the product of differences.) 

3.3. Unitary Ensemble 

In addition to the real eigenvalues, the number of real independent 
parameters ρμ needed to specify an arbitrary Hermitian matrix H com-
pletely is N(N — 1). Equations (3.1.2) and (3.1.3) remain unchanged, 
but Eq. (3.1.4) is replaced by 

Λ / Γ Τ ( 0 ) ΖΤ(0) rr(0) ZT(1) rr(0) „(1) \ 

WP) = ^ W7-, 2 T - ^ , (3.3.1) 
a (Vi,..., VN,PI, ■■•,ΡΝ(Ν-Ι)) 

where H$ and H$ are the real and imaginary parts of Hjk- Equations 
(3.1.5) to (3.1.10) are valid if UT replaced by W. Instead of Eqs. (3.1.11) 
and (3.1.12) we now have 

E^W^SSW,-*«), (3-3.2) 
3,k 

Σ 1 Ν « ^ = Ί1Τ = ^ - · (3·3·3) 
j,k 

dPl
 ja kfi δθΊ 

As before, we may shift the origin to make b = 0 and change the scale of 
energy to make a = 1. Thus, the j.p.d.f. for the eigenvalues of matrices 
in the symplectic ensemble in its simple form is 

(3.2.13) 

By inserting Eq. (3.2.12) into Eq. (3.2.5) and integrating over the 
parameters, we obtain the j.p.d.f. 
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(3.2.14) 
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By separating the real and imaginary parts we may write these equations 
in partitioned matrix notation as 

οθΊ 3ΘΊ 

L θρμ 8ρμ 

d_Hl 

9jl 

σ{0) 

(θβ~ 

W 

Α(0) Β(0) 

[A(D Β(ΐ)\ 

θ(0μ) 
öaß θα) >αβ 

7 ( 1 ) 

Ί,αβ 

siV{eß ■Θ«) 

(3.3.4) 

l<j<k<N, 1 < α < β <Ν, 

1<μ<Ν(Ν-1), 1 < 7 < ^ · 

where S^ß and Sltf are the real and imaginary parts of S^J. The 
matrices dH$/θθΊ,ν, and p are N χ TV; the dH$/ΘΘΊ and the σ^αβ 

are N x N(N - l ) /2; the Α<λ> are N(N - l ) /2 x N; the ΟΗ$/Θρμ 

and S ^ are N(N - 1) x N(N - l ) /2; the £<λ) are N(N - l ) /2 x 
r(0) (M) 7V(N - 1); the dHfi*/θρμ and the ejf; are N(N - 1) x N; and the 

matrix w is TV x 7V(7V — 1). To compute v, w, A^x\p, ε, σ^λ\ etc., is again 
straightforward, but we do not need them explicitly. What we want to 
emphasize is that they are either constructed from the components of U 
or arise from the differentiation of Θ with respect to 0j and consequently 
are all independent of the eigenvalues 6j. Similarly, S^ is independent 
of 6j. One more bit of information we need is that σ^0) and σ^1) are zero 
matrices, which can easily be verified. 

Thus, by taking the determinants on both sides of Eq. (3.3.4) and 
removing the factors (θβ — θα) we have 

Wp)=l[(eß-ea)
2f(p), (3.3.5) 

a<ß 

where f(p) is some function of the ρμ. 
By inserting Eq. (3.3.5) into Eq. (3.1.3) and integrating over the pa-

rameters ρμ we get the j.p.d.f. for the eigenvalues of matrices in the 
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unitary ensemble 

( N N \ 

i i / j<fc 

and, as before, by a proper choice of the origin and the scale of energy 
we have 

PN2 (ΧΙ,.,.,ΧΝ) = CN2exp I ~ Σ ^ 1 Π (xi ~ Xk^ ' (3.3.7) 
\ 1 / 3<k 

We record Eqs. (3.1.18), (3.2.14), and (3.3.7) as a theorem. 

Theorem 3.3.1. The joint probability density function for the eigen-
values of matrices from a Gaussian orthogonal, Gaussian symplectic, or 
Gaussian unitary ensemble is given by 

PNß(xu...,xN) = CNßexpl - τ ^ Σ ^ ) Π to ~x*\ß i (3.3.8) 
V 1 / 3<k 

where β = 1 if the ensemble is orthogonal, β = 4 if it is symplectic, and 
β — 2 if it is unitary. The constant C^ß is chosen in such a way that 
the Pflfß is normalized to unity: 

/

OO /»OO 

· · · / PNß{xi,...,xN)dxi · · · dxN = 1. 
-oo J — oo 

(3.3.9) 

According to Selberg the normalization constant C^ß is given by (see 
Chapter 17) 

N 
-N ■ 

C~l = {27Γ)Ν/2β-Ν/2-βΝ(Ν-1)/4 [ Γ ( 1 + ß/2)]-N "Q Γ ( χ + ßj/2y 

(3.3.10) 
For the physically interesting cases ß = 1,2, and 4 we will recalculate 

this value in a different way later (see Sections 5.2, 6.4 and 7.2). 
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It is possible to understand the different powers ß that appear in 
Eq. (3.3.8) by a simple mathematical argument based on counting di-
mensions. The dimension of the space TIG is N(N + l ) /2 , whereas the 
dimension of the subspace T1G, composed of the matrices in TIG with 
two equal eigenvalues, is N(N + l ) /2 — 2. Because of the single restric-
tion, the equality of two eigenvalues, the dimension should normally have 
decreased by one; as it is decreased by two, it indicates a factor in Eq. 
(3.3.8) linear in (XJ — Xk). Similarly, when ß = 2, the dimension of T2G 
is A/"2, whereas that of T2G is N2 — 3. When ß = 4, the dimension of T±G 
is N(2N - 1), whereas that T'AG is N(2N - 1) - 5 (see Appendix A.4). 

3.4. Ensemble of Antisymmetric Hermitian Matrices 

The eigenvalues and eigenvectors of anti-symmetric Hermitian matri-
ces come in pairs; if Θ is an eigenvalue with the eigenvector V#, then — Θ 
is an eigenvalue with the eigenvector VQ . The vectors VQ and VQ can be 
normalized, and if θ φ 0 they are orthogonal. Thus if VQ — ξ^ + ιη^θ\ 
ξ(θϊ and η(θ) are real, then 

(Ve, νθ*) = Σ ( £ f + iV^)2 = 0, (3.4.1) 

(νθ,νθ)=Σ\ύθ) +^f f=2. (3.4.2) 
3 

These two equations are equivalent to 

Σί^ΣΚΟ^1' Σ«θ) = 0· (3-4.3) 
3 3 3 

Therefore, if θ φ 0, the real and imaginary parts of VQ have the same 
length and are orthogonal to each other. Moreover, the real and imagi-
nary parts of VQ are each orthogonal to the real and imaginary parts of 
V\ if θ φ λ. If the matrices are of odd order, 2N + 1, then zero is an 
additional eigenvalue with an essentially real eigenvector Vo orthogonal 
to all the ξ and 77. As before, it is not necessary to consider the case in 
which two or more eigenvalues coincide. 
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With this information on the matrix diagonalizing if, we can derive 
the j.p.d.f. for the eigenvalues. Denoting the positive eigenvalues of H 
by öi, . . . ,ön, one has 

trtf2=^2öf. 

The Jacobian will again be a product of the differences of all pairs of 
eigenvalues and of a function independent of them. Thus the j.p.d.f. for 
the eigenvalues will be proportional to 

Π (θ]-θΙ)\χΡ(-2±θή, (3.4.4) 
l<j<k<n \ j=l ) 

if the order N of H is even, N = 2n, and 

EK Π (fl?-«)2exp(-2f;A (3.4.5) 
j=l l<j<k<n \ j = l ) 

if N = 2n + 1 is odd. The constants of normalization will be calculated 
in chapter 13. 

3.5. Another Gaussian Ensemble of Hermitian 
Matrices 

To derive the j.p.d.f. for the eigenvalues is a little tricky in this case. 
This is so because the matrix element probability densities depend on 
the eigenvalues and the angular variables characterizing the eigenvec-
tors; and one has to integrate over these angular variables. When either 
c\ — 0 or C2 = 0 or c\ = C2, the matrix element probability densi-
ties depend only on the eigenvalues. Also the Jacobian separates into 
a product of two functions, one involving only the eigenvalues and the 
other only the eigenvectors; therefore the integral over the eigenvectors, 
giving only a constant need not be calculated. For arbitrary ci and c^ 
this simplification is not there. In view of these difficulties we will come 
back to this question in Chapter 14, when we are better prepared with 
the method of integration over alternate variables (Section 6.5), with 
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quaternion determinants (Section 6.2) and the integral over the unitary 
group 

/ exp Ur(A-U]BU)2\dU 

= const x det (exp (a,j - bk)2) J^[ [(a? - ak) (bj - bk)]'1 , 

(3.5.1) 

valid for arbitrary Hermitian matrices A and B having eigenvalues 
ai, . . . , an and &i,..., 6n, respectively (see Appendix A.5). 

3.6. Random Matrices and Information Theory 

A reasonable specification of the probability density P(H) for the 
random matrix H can be supplied from a different point of view, which is 
more satisfactory in some ways. Let us define the amount of information 
1{P(H)) carried by the probability density P(H). For discrete events 
l,...,ra, with probabilities pi, . . . ,pmj additivity and continuity of the 
information fixes it uniquely, apart from a constant multiplicative factor, 
to be (Shanon 1948; Khinchin 1957) 

3 

For continuous variables entering H it is reasonable to write 

I(P(H)) = - f dH P(H) In P(H), (3.6.2) 

where dH is given by Eq. (2.5.1). One may now adopt the point of 
view that H should be as random as possible and compatible with the 
constraints it must satisfy. In other words, among all possible proba-
bilities P(H) of a matrix H constrained to satisfy some given proper-
ties, we must choose the one which minimizes the information T(P(H)); 
P(H) must not carry more information than what is required by the 
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constraints. The constraints may, for example, be the fixed expectation 
values k{ of some functions fi(H), 

(fi(H)) =[dH P(H) fi(H) = h. (3.6.3) 

To minimize the information in Eq. (3.6.2) subject to Eq. (3.6.3) one 
may use Lagrange multipliers. This gives us for an arbitrary variation 
6P(H) of P(H), 

f dH SP(H) ( 1 + In P(H) - J^ ^ifi(H)) = 0 (3.6.4) 

or 

P(H) ex exp IJT XJ^H) j , (3.6.5) 

and the Lagrange multipliers Xi are then determined from Eqs. (3.6.3) 
and (3.6.5). 

For example, requiring H Hermitian, H = H\ Λ-1Ε.2, Ηγ^ΊΙ^ real, and 

( t r Ä ? ) = f c i , (tr H%)=k2, 

will give us Eq. (2.7.1) for P(H). 

Another example is to require the level density to be a given function 
σ{χ) 

(ίτδ{Η-χ)) = σ(χ). (3.6.6) 

The Dirac delta function δ(Η — χ) is defined through the diagonahzation 
of H, δ(Η ~x) = UH(e - x)U, ύΗ = WeU, U unitary, Θ [or δ(θ - x)] 
diagonal real with diagonal elements θ{ [or δ(θι — x)\. This gives then 

P(H) oc exp f f dx X(x) tr δ(Η - xU = exp[tr X(H)} = det [μ(Η)} ; 

(3.6.7) 
the Lagrange multipliers X(x) = In μ(χ) are then determined by Eq. 
(3.6.6). Thus one may determine a P(H) giving a preassigned level den-
sity. For more details see Balian (1968). 
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It is important to note that if P(H) depends only on the traces of 
powers of H, then the joint probability density of the eigenvalues will 
contain the factor fj \6j — 6k\ , ß = 1, 2, or 4; coming from the Jaco-
bian of the elements of H with respect to its eigenvalues. And the local 
fluctuation properties are mostly governed by this factor. 

Summary of Chapter 3 

For the random Hermitian matrices H considered in Chapter 2, the 
joint probability density of its real eigenvalues #i , X2, ··, XN is derived. 
It turns out to be proportional to 

JJ \Xj - xk f exp I -β Σ tf/2 I ' (3·3·8) 
l<j<k<N \ j=l ) 

where ß = 1, 2, or 4 according as the ensemble is Gaussian orthogonal, 
Gaussian unitary, or Gaussian symplectic. 

For the Gaussian ensemble of Hermitian antisymmetric random ma-
trices the joint probability density of the eigenvalues ±x i , ..., ± x m , with 
Xj > 0, is proportional to 

( x i - - - £ m ) 7 J J ( ^ - x £ ) 2 e x p I - £ \ 
l<j<k<m V j=l 

where 7 = 0 if the order N of the matrices is even, N = 2m, and 7 = 2 
if this order is odd, N = 2m + 1. In the N = 2m + 1, odd case, zero is 
always an eigenvalue. 

The noninvariant ensemble of Hermitian random matrices being more 
complicated is taken up later in Chapter 14. 

An additional justification of our choices of the ensembles is supplied 
from an argument of the information theory. 




