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1. Padé approximation

P, = {complex polynomials of degree at most k}.

Definition 1. Let f(z) be a function analytic at oo with
f(00) = 0. For each pair (m,n) € N2 there exist
two polynomials pm.n € Pm and gmn € Pn \ {0}
such that

i (£) 1) =pmn () = OG- )

as z — oo. The rational function

o pm,n(l/z)
m/n] (2) 1= P @)

is called the (m,n)-Padé approximant to the func-
tions f(z) (expanded at o).

(1)= Padé approximants are well-defined and exist
uniquely for any such f.

Padé approximants to functions analytic near O are
defined in similar fashion.

Padé approximants may be seen as a generalization
of Taylor polynomials to the field of rational functions.
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Applications to/related to continued fractions, (gen-
eral) orthogonal polynomials, moment problems, qua-
dratic differentials, physical problems, etc (see e. g.
Baker & Graves-Morris). These connections are sim-
pler and particularly useful in the case of diagonal
Padé approximants [n/n](z).

Nuttall-Pommerenke Theorem (1973). If f is mero-
morphic in CP1 and analytic at oo then the sequence
of diagonal Padé approximants {[n/n](2)},eN CON-
verges to f(z) in planar measure.

There are much deeper analogs of this theorem for
functions with branch points due to H. Stahl ("98) which
show that the Nuttall-Pommerenke Theorem holds if f
has singularities of (logarithmic) capacity O, and pla-
nar measure may be replaced by capacity.

A consequence of Stahl’s results is that most of the
poles of the diagonal Padé approximants [n/n] to f
tend to a set Ko as n — oo, where Ky is the union
of trajectories of a certain quadratic differential and a
(finite) set of isolated points.



However, not all of them do! Indeed, even in the case
when f(z) is algebraic one cannot hope for a better
convergence type than convergence in (logarithmic)
capacity. Uniform convergence in cpl \ K can fail in
a rather dramatic way:

Example 1. Set [n/n](z) = 5;‘28?2 and define the

reverse denominator polynomial @, of g n by

Qn(z) = "ann ().

Consider the (algebraic) function

£(2) :(z — cosma1)(z — cosman) .
(22— 1)

+ (cosmaq + cosmas),

where 1, a1, ao are rationally independent numbers.
One can show that the system {Qx(2) },,« is orthog-
onal w.rt. —2Z_ on [—1, 1] and that each polyno-

T 1—x2

mial Qr(z) has at most two zeros outside [—1, 1].
However, one has N> ;U;,>,Z(@m) = C, i.e,, the
zeros of Qr(z) cluster everywhere in C as n — oo.
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This pathological behavior is due to the presence of
so-called spurious poles for Padé approximants.

Definition 2. Let f be a function satisfying the con-
ditions of Definition 1. Let further ' C N be an in-
finite sequence and {[n/n]}, cAn be the correspond-
ing subsequence of diagonal Padé approximants to f.
We define spurious poles in two different situations:

(i) Assume that for each n € N the approximant
[n/n] has a pole at z, € CP! such that z, — zg
asn — oo, n € N. If fis analytic at zg and the
approximants [n/n],cas converge in capacity to
f in some neighborhood of zg then the poles of
the approximants [n/n] at z,, n € N, are called
spurious. In case zg = oo the convergence z,, —
zo has to be understood in the spherical metric.

(i) Let f have a pole of order kg at zg and assume
that for each n € N the total order of poles of the
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approximant [n/n] near zq is k1 = k1, > ko.
Assume further that [n/n] has poles at z,, ;, j €
{1,...,mn}, of total order k; ,, and that for any
selection of j, € {1,...,myn} one has Znin
zpasn — oo, n € N . Then poles of order
k1 — kg out of all poles of the approximants [n/n]
near zg, n € N, are called spurious.

A naive definition of spurious poles: poles of Padé
approximants which are not located near the set K.

The spurious poles phenomenon was observed al-
ready in the 60’s by Baker et al: several of the ap-
proximants could have poles which in no way relate to
those of the underlying function f.

However, spurious poles seem to affect the conver-
gence pattern only in small neighborhoods. More-
over, there are apparently only very few “bad” approx-
imants. After omitting these “bad” approximants one
can expect to get convergence for the sequence of the
remaining approximants.



Padé (Baker-Gammel-Wills) Conjecture (1961). If f
IS meromorphic in the unit disk D and analytic at O,
and if {[n/n]},,cn denotes the sequence of Padé ap-
proximants to f expanded at the origin, then there ex-
ists an infinite subsequence N C N such that

[n/n](z) = f(z) inD\ {poles of f}
as n — oo, n € N, where = denotes uniform con-
vergence on compact sets.

Theorem (D. Lubinsky, Ann. of Math. (2003)). Let
Hg be the Rogers-Ramanujan continued fraction

3
qz| | ¢?z| | ¢>2|
o ittt
An(z) _ gz| | ¢>2] q"2| -
41y - - _
exp<99_|_\/§> then Hy is meromorphic in D and an

alytic at 0. There does not exist any subsequence of
{An/Bn},en that converges uniformly in all compact
subsets of A := {z : |z| < 0.46}. In particular, no
subsequence of {[n/n]},,cn can converge uniformly
In all compact subsets of .A omitting poles of Hy.
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However, the important question whether the Padé
Conjecture could hold for certain classes of algebraic
functions is still open. For this one needs a deeper
understanding of the asymptotic distribution of spuri-
ous poles of diagonal Padé approximants.

Nuttall’s Conjecture. Let f be an algebraic function
which is analytic at co. Then there exists an upper
bound for the number of spurious poles (in the sense
of total order) for all Padé approximants [n/n], n € N.

In what follows we construct a new scheme of approx-
imation of any multivalued algebraic function f(z) by
a sequence {rn(z)},,en of rational functions.

Compared to the usual Padé approximation this new
scheme has a number of advantages that allow us to
control the behavior of spurious poles and to prove
natural analogs of the Padé Conjecture and Nuttall's
Conjecture for the sequence {r,(2)},,en In the com-
plement CP! \ Dy, where D; is the union of a fi-
nite number of segments of real algebraic curves and
finitely many isolated points.



2. Algebraic functions

Let f be an algebraic function and let

k .
P(y,z) = Y Po_i(z)y" " (3)
1=0

denote the irreducible polynomial in (y,z) defining
f(z),ie., P(f(z),z) = 0. Rewrite (3) as

k
P._:(2) 1_.
k k—1 k—1
—y = Y (4)
and consider the associated recursion of length k£ 4 1
with rational coefficients

k
Pp_i(2)
—qn(z) = Gn—i(2). (5)
" z; Pk(z) e
Choosing any initial k-tuple of rational functions IN =
{q0(2),...,qr_1(z)} one can generate a family of ra-

tional functions {gn(2) },,cn Satisfying (5) foralln > k
and coinciding with the entries of IN for0 <n < k —

1. We study the family {r(2)},,cr, Where r,(z) =

an(z)
qn—1(2)"



Preliminaries

Consider first a recurrence relation of length £ 4 1
with constant coefficients

—Up = Q1Up—1 + QUK 2 F ... F agUy_f,  (6)

where «; %= 0. The asymptotic symbol equation of
recurrence (6) is given by

tF 4+ artFttasthF 2+ ... +a.=0. (7)

The left-hand side of the above equation is called the
characteristic polynomial of recurrence (6). Denote
the roots of (7) by 71, ..., and call them the spec-
tral numbers of the recurrence.

Definition 3. Recursion (6) and its characteristic poly-
nomial are said to be of dominant type if there exists
a unigue (simple) spectral number 7,4, Of this re-
currence relation satisfying |Tmaz| = MaXq<;<k |75l-
Otherwise (6) and (7) are said to be of nondominant
type. The number 7,4, Will be referred to as the domi-
nant spectral number of (6) or the dominant root of (7).
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Definition 4. The hypersurface =;. C P;. given by the
closure of the set of all nondominant polynomials is
called the standard equimodular discriminant. For any
family

r(’y,Z]_, .- '7ZC]) — {ak(Z]_, .- '7ZQ)yk
+ ap_1(21,.. .,zq)yk_l + ... 4+apg(z1,.. .,zq)}

of irreducible polynomials of degree at most k in y we
define the induced equimodular discriminant = to be
the set of all parameter values (z1,...,z¢) € CY for
which the corresponding polynomial in y is nondomi-
nant. Given an algebraic function f(z) defined by (3)
we denote by = the induced equimodular discrimi-
nant of (4) considered as a family of polynomials in
the variable y.

Example 2. For K = 2 the equimodular discriminant
=> C P> is the real hypersurface consisting of all
solutions to ea? — 4agas = 0, where ¢ is a real pa-
rameter with values in [1, co).



Lemma 1. Let (a1,...,a) be a k-tuple of complex
numbers with oy, 7= 0. For any function u : Z>g — C
the following conditions are equivalent:

(i)

(i1

(iii)

For all n > k the numbers u,, satisfy
—Up = AQUp_1 + ¥2Up_2 + ... + OpUy_

S s unt = Ql(t), where @Q1(t) is a polyno-
n=0 Q2(t)

mial in ¢ whose degree is smaller than £ and
Q2(t) =14+ gt + 042752 4+ ...+ aktk.

For all n > O one has

un = ) pi(n)T], (8)
i=1

where 1, ..., 7 are the distinct spectral numbers
of (6) with multiplicities mq, ..., m,, respectively,
and p;(n) is a polynomial in the variable n of de-
greeatmostm; — 1forl < <r.
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By Definition 3 the dominant spectral number 7,4, Of
any dominant recurrence relation has multiplicity one.

Definition 5. An initial k-tuple of complex numbers
{ug,u1,-..,ug_1} Is called fast growing with respect
to a given dominant recurrence of the form (6) if the
coefficient Kimqa Of 7}, IN (8) IS nonvanishing, that is,
Un = KmaxTmazr T - - - WIth Kmaez 7= 0. Otherwise the
k-tuple {ug,u1,...,ur_1} is said to be slow growing.

Definition 6. Given an algebraic function f defined
by (3) and an initial k-tuple of rational functions IN =
{q0(2), ..., qr—1(2)} we define the pole locus Y ; ;
associated with the data (f, I/N) to be the union be-
tween the zero set of the polynomial P.(z) and the
sets of all poles of ¢;(z) forO < i < k — 1.
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Main results

Theorem 1. Let f(z) be an algebraic function defined
by (3). For any fixed initial £-tuple of rational functions
IN = {q0(z),...,qr_1(2)} there exists a finite set
> v CCP\ (Z;U T ) such that

qn(2)
an—1(2)
where y,4,,,,(z) is the dominant root of equation (4),
Dy ==¢UT; nyUZ N, and = stands for uniform
convergence on compact subsets of CP! \ Dy.

= Ygom (2) IN CPl\Df as n — oo,

rn(z) =

The set > ; 1y consists precisely of those z € €2 such
that IN = {qo(z),...,q,_1(2)} is slowly growing
w.r.t. (5) evaluated at z.

> ;v = the set of slow growth associated with the
data (f,IN).
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Given 0 < € < 1 set ©, = CP! \ O, where O is
the e-neighborhood of Dy ==, U T ¢y U ¢y IN
the spherical metric on CP1.

Theorem 2. For any sufficiently small ¢ > O the rate
of convergence of r,(2) = Ygom(2) IN O¢ iS expo-
nential, that is, there exist constants 9t > 0 and
ge € (0,1) such that |rn(2) — ygom(2)| < Mg for
all z € ©..

Definition 7. Given a meromorphic function g in some
open set €2 C C we construct its (complex-valued)
residue distribution v4 as follows. Let {zm, | m € N}
be the (finite or infinite) set of all the poles of g in <2.

Assume that the Laurent expansion of g at z,, has the

A

form g(z) = Z—oo<l§lm(z_—:;i)l' Then the distribu-

tion vq is given by

(_1>l—1 al—l
Vg = Api———=902, 1, (9)
’ m%l (1§lzszm (I— 1)1 ™ l-17"
where §.,, is the Dirac mass at z,, and the sum in the
right-hand side of (9) is meaningful as a distribution in
€2 since it is locally finite in €2.
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Recall that an integrable complex-valued distribution
p in C and its Cauchy transform C,(z) satisfy

dp(§) 19C
Co(x) = [, p==-2
Cz—¢& T 0z
and that any meromorphic function ¢ defined in C is
the Cauchy transform of its residue distribution v if

f(c dl/g(f) < 0.

Definition 8. Given a family {¢n(z)},,cn Of smooth
functions defined in some open set 2 C C one calls
the limit ®(z) = limp—oo qb";b:—é)z) the asymptotic ra-
tio of the family, provided that this limit exists in some
open subset of 2. If {pn(2)},,cn CONsists of analytic
functions and v, denotes the residue distribution of
the meromorphic function (bg:(lz(;) in Q then the limit
v = limyp—oo p (if it exists in the sense of weak con-
vergence) is called the asymptotic ratio distribution of

the family.
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Theorem 3. Let f(z) be an algebraic function defined
by (3) and fix an initial k-tuple of rational functions
IN = {q0(2),...,qt._1(2)}. If vy denotes the resi-
due distribution of r,(z) and v = limy,—oc vy, is the
asymptotic ratio distribution of the family {gn(2)},,en
then the following holds:

(i) supp v does not depend on the set of slow growth

(i) Suppose there is a nonisolated point zg € =¢
such that equation (4) considered at zg has the
property that among its roots with maximal abso-
lute value there are at least two with the same
maximal multiplicity. Then supp v = = provided

that {r»(z0) },,cn diverges.

(i) One has

= Ydom(2) = /@iyfi? -

. 1aydom
= ——02
T 0z
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Corollary 1. For any algebraic function f(z) and any
initial k-tuple I N of rational functions the set of all
poles of the family {rn(2)},cn Splits asymptotically
into the following three types:

(i) The fixed part consisting of a subset of Yy \
(ZrUZfIN);

(i) The regular part tending asymptotically to the fi-
nite union of curves =¢, i.e., the induced equi-
modular discriminant of (4) (cf. Theorem 1);

(i) The spurious part tending to the (finite) set of slow
gl’OWth Zf,IN'

16



° °
2 2
° o . ° .
1 <. 1 e
° b ‘o N ‘o
) ° o o
0 [ ) 0 [ )
.. L
° : °
1 ° -1 °
° °
2 2
3 3
° . °
3 2 1 0 1 3 2 1 0 1

Poles of r31(z) approximating the branch with maxi-
mal absolute value of the algebraic function f(z) with
defining equation (z + 1)y3 = (22 4+ 1)y2 + (= —
50y 4+ (23 — 1 — I) for the initial triples p_o(2)
p_1(z) =0,po(z) = landp_o(z) = 2°+12°—5,

p_1(2) =23 — 2+ I, pg(2) = 1, respectively.
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Theorem 4. For any algebraic function f(z) and any
initial k-tuple I N of rational functions there exists a
finite upper bound for the total number of spurious
poles of the sequence of approximants {rn(z)},cnN
associated with the data (f, IN).

Can actually show that 4N € N such that Vn € N

Z(qn) < max (Z(qo), -, Z(an—-1): 1= s1nl).

Corollary 2. If f is an algebraic nonrational function
and IN = {0,0,...,1} then X ;n = 0. In par-
ticular, the rational approximants {ry(z)},cn corre-
sponding to the standard initial k-tuple have no spuri-
ous poles.
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3. Applications and related problems

The 3-conjecture (Egecioglu, Redmond & Ryavec).
All polynomials in the sequence {p,(2)},cn defined
by the 4-term recursion

pn(2) = 2pp—1(2) — Cpp—2(2) — pn_3(2), where
p—2(2) =p_1(2) =0, po(2) = 1and C € R,
have real zeros if and only if C' > 3. If C' > 3 then the
zeros of p,, 1 1(z) and pn(z) are interlacing Vn € N.

Comparison of approximation schemes

1. For Padé one needs the Taylor expansion (at o)
of an algebraic function f(z), the above scheme uses
only the defining algebraic equation for f(z).

2. The regular poles of Padé approximants concen-
trate on the union of trajectories of a certain quadratic
differential. The induced equimodular discriminant = ¢
IS easier to study.
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3. Padé approximants have spurious poles with un-
controlled behavior (destroys uniform convergence).
Our scheme has a finite number of spurious poles
tending to a “nice” set > ; ry and a well-controlled
(exponential) rate of convergence.

4. The denominators of the rational approximants con-
structed above satisfy a simple recursion with fixed
rational coefficients. The denominators of Padé ap-
proximants satisfy a 3-term recurrence relation with
varying coefficients (difficult to calculate & chaotic be-
havior).

Related problems

Problem 1. Find the relation between the asymptotic
root counting measure p and the asymptotic ratio dis-
tribution v for general polynomial families. Is it true
that v~ depends only on u, I.e., can two polynomial
families with the same asymptotic root counting mea-
sure have different asymptotic ratio distributions?
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Problem 2. (“Interlacing along complex curves”) Let
{pn(2) },,en be any polynomial family satisfying

k
Pnt1(2) = > Qi(2)pp—i(2)
i=1
with deg pn(z) = n Vn € N. The zeros of p,, 4 1(2)
and pn(2) interlace along the curve =g for all suffi-
ciently high degrees n.

e ey
. O’. o
f
.

Zeros of p4o(z) and pa1(z) defined by p,4+1(2) =
(z4+1-Dpn(2) + =+ 1)(z - Dpp—1(2) + (2% +
10)pp—2(2).
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Problem 3. Investigate the Padé Conjecture and Nut-
tall's Conjecture for algebraic functions representable
as Cauchy transforms of positive measures supported
on compact subsets of C. More specifically, let £ € N
and consider the algebraic curve I given by

k .
Y Qi)' =0,
1=0

where Q;(z) = ¥ _q a; ;27 with deg Q; < i for 0 <
i < k. I is called of general type if deg Qr(z) = k
and the roots of the (characteristic) equation

ak,k —I— ak—l,k—lt —|— “ .. —|— aojotk =0

have pairwise distinct arguments. It was shown by
J.B.-Bggvad-Shapiro that all the branches of an alge-
braic curve " of general type vanish at oo and that
each such branch is representable (up to a constant
factor) as the Cauchy transform of a certain compactly
supported positive measure. Is it true that all branches
of an algebraic curve I of general type satisfy both the
Padé Conjecture and Nuttall's Conjecture near co?
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