On moments of a polytope

Boris Shapiro, Stockholm

jointly with
N. Gravin, D. Pasechnik (NTU Singapore),
and M. Shapiro (Michigan State)

To the memory of Mikael Passare



Notation. In what follows we shall always assume that
R? is endowed with a fixed coordinate system (z1, ..., z;)
orthonormal with respect to the standard scalar product

<7>

Let 1 be a finite complex-valued Borel measure in R,
Given a multiindex I = (iy,...,44), let x! be the short-
hand of the monomial :cill xgand |I| =iy 4 - + g
For any multiindex I, define the moment m;(u) of u as

mp(p) = /Rda:alazg...xiiddu(xl,:cg,...,:cd) = /Rdxld,u(x).
(1)



Define the normalized moment generating function of
p by

(I -I-d)
=y O o,
1=(i1,...,ig), |1]>0 td:
where u = (uq,...,uyg) and ul = uill. dd

Note that Fj,(u) admits the integral representation
dp(x) (2)

R (1 — (x,u))d+1’

which is a special case of the so-called Fantappié trans-

formation.

Fy(u) =d!



A finite set S c R? is called spanning if it is not con-
tained in any hyperplane in RY.

As usual, by a (compact) convex polytope P C RY we
mean the closed convex hull of a finite spanning set in
RY.

A d-simplex in RY is the convex hull of a spanning (d+1)-
tuple of points.

By an open polytope (resp. simplex) we mean the set of
interior points of a compact polytope (resp. simplex).



Given a convex polytope P let V = (vq,...,vy) denote
the set of its vertices. Assuming that P is simple
(i.e. every vertex has exactly d incident edges), for
each v € YV we consider a fixed set of non-zero vectors
wi(v),...,wy(v) that are coming from v parallel to the
edges incident to v in P.

The polyhedral cone Ky coinciding with the non-negative

real span of wy(v),...,wy(v) is called the tangent cone
of P at v.
For each Ky define |det Ky| = |det(w1(v),...,wy(v))|
to be the volume of the parallelepiped formed by w1 (v),
o wg(v).

Given a bounded domain € c R? we call the measure
po = xqdxidzy...dxy, where yo IS the characteristic
function of 2, the standard measure of 2.



Our first result is as follows.
Theorem 1. For an arbitrary simple convex polytope

P,
v, u)? v
Fp(u) = Fup(u) = (-1 3 { : )4 det Ky| - <1V =
vey H <wj(V),11> )
1=1
(3)
=ty e <1V o

veV H <wj (V), u>
1=1

(4)



In particular, if P = A c R? is an arbitrary d-simplex
then we get the following.

Corollary 2.

dIVoI(A)
[1(1—(v,u)

vey

(5)

Fa(u) =

Example 1. Let A be a triangle in R? with vertices
vi1 = (1,1), vo = (2,5) and vz = (3,2). Its normalized
moment generating function equals

’

Fa(u,v) = |
Al = —ua) (1 — 2u1 — 5u2) (1~ 3u1 — 2u2)




Its Taylor expansion about the origin up to the terms
of degree 7 is given by
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Our second group of results addresses the problem of
distinguishing different polytopes with the same under-
lying set of vertices from the information about their
moments.

First we need to define what we mean by a polytope.

We shall study the following class of polytopal objects.

Definition 1. A subset P C RY coinciding with a fi-
nite union of arbitrary convex d-dimensional polytopes
is called a generalized polytope.



We need to introduce the notion of a vertex of a gen-
eralized polytope.

Definition 2. Given a generalized polytope P C R? we
call a finite collection of open disjoint d-dimensional
simplices in RY a dissection of P if the closure of their
union coincides with P.

Definition 3. Given a generalized polytope P c R? we
call a point v a vertex of P, if v is a vertex of (the
closure of) some open simplex in every dissection of P.

Definition 4. Given a point p € P of a generalized poly-
tope P we denote by the tangent cone T,(P) of P at
p the set obtained as follows. For a sufficiently small
e > 0 set Pp(e) = P N Bp(e) where Byp(e) is the e-ball
centered at p. Define T,(P) as the set obtained by tak-
ing a ray though p and every point of Pp(e). In other



words, Tp(P) is the cone with the apex at p and the

base Bp(e). (Obviously, Tp(P) is independent of e for a
sufficiently small € > 0.)

Lemma 3. A point v is a vertex of P if and only if T (P)
does not admit a decomposition in the disjoint union
of convex polygonal subcones, such that each subcone
in the decomposition has a translation-invariant direc-
tion. In particular, if the tangent cone to P at v has
a connected component with no translation-invariant
direction then v is a vertex.

We use Conv(S) to denote the convex hull of arbitrary
set S. The above lemma implies that any vertex of
Conv(P) is a vertex of P.



Proposition 4. For any generalized polytope P the de-
nominator Q(u) of its normalized moment generating
function Fp(u) divides the function

Pp(u) = J] A -(v,u),

veV(P)
where V(P) is the set of vertices of P.

Notice that there exist non-convex polytopes which
do not admit triangulations with only existing vertices.
The simplest example of this kind is the Schdnhardt
polyhedron. Therefore, Proposition 4 is not an imme-
diate consequence of Corollary 2.

10



B/

Schonhardt polyhedron obtained from an octahedron (left)
by removing tetrahedra [ABB'C], [AA’B'C'], and [A’BC(C].

Absense of a triangulation 7 which uses only its 6 ver-
tices can be established by observing that none of the
edges AC, A’B, and B'C’ can appear in a simplex of T,
yet any simplex on these 6 vertices must contain one

of them.
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Let S C R? be a finite spanning set and P(S) be the
set of all generalized polytopes P whose set V(P) of
vertices is contained in S.

Given a generalized polytope P € P(S) consider its
standard measure pup. (Obviously, up is supported on
P C Conv(S).)

Denote by 9(S) the linear space of all signed measures
obtained as the linear span of all standard measures up
where P € P(S).

Let MA(S) C M(S) be its subspace spanned by ua
where A € P(S) runs over the set of all d-dimensional
simplices spanned by points in S. We shall refer to
elements of M(S) as to polytopal measures with the

vertex set S.
12



The next conjecture is central in our study.

Conjecture 5. For an arbitrary spanning set S and any
generalized polytope P whose set of vertices is con-
tained in S its standard measure up belongs to ME(S).
In other words, MM(S) = MA(S).

The above conjecture is non-trivial as there exist poly-
topes which do not admit a triangulation using only the
set of their vertices.

Notice that at the moment there is no formula or a
receipt for how one could calculate the dimension of
MA(S) in terms of S.

Although we can not prove Conjecture 5 in complete
generality we can settle it for sufficiently large class of
spanning sets.

13



Namely, given a finite spanning set S C R%, we say that
S is weakly non-degenerate if any (d+2)-tuple of points
from S is spanning. If S satisfies the stronger condition
that each (d + 1)-subset of S is spanning then we call
the latter S strongly non-degenerate.

Theorem 6. Conjecture 5 holds for any weakly non-
degenerate finite set S.

Namely, let F(S) (resp. F2(S)) be the linear space of
Fantappié transformations of signed measures in M(S)
(resp. MA(S)). In other words, F(S) (resp. F2(9)) is
the space of normalized moment generating functions
of signed measures in M(S) (resp. MA(S)).

14



Notice that since each compactly supported measure
IS uniquely determined by its complete set of moments
the map

Flu : M(S) — 3(S), (6)

induced by the Fantappié transformation is a linear iso-
morphism.

Finally, given a spanning set S C Rd, S ={vy,..., v}
denote by fRat(S) the linear space of all rational func-
tions whose denominator ®g(u) is given by

N
CDS(U-) — H (1 — <Vi7u>)7 (7)
1=1

and whose numerator is an arbitrary real (inhomoge-
neous) polynomial of degree at most N —d — 1.
15



Proposition 7. 2(S) coincides with SRat(9) if and only
if S is strongly non-degenerate.

Corollary 8. If S is strongly non-degenerate then

MA(S) = M(9).

As a consequence of Corollary 8 we get that for strongly
non-degenerate S the dimension of all these linear spaces

equals (NC;l).

16



Our final goal is to explicitly solve the following inverse
moment problem.

Problem 1. Given a strongly non-degenerate spanning
set S C Rd, card S = N find the unique polytopal mea-
sure in M(S) with a given set of all moments up to
order N —d — 1.

Lemma 9. Given an arbitrary spanning set S C R<
card S = N and an arbitrary polynomial T'(u) of degree
at most N —d—1 there exists a unique rational function
R(u) = P(u)/®g(u) whose Taylor polynomial of degree
N —d — 1 at the origin coincides with T'(u). Namely,
P(u) = [T(u)®Pg(u)]y_4—1, Where []y_4_1 Stands for
the truncated polynomial with all monomials up to de-
gree N —d — 1.

17



Assuming that S = {vi,...,vy} C R? is strongly non-
degenerate we present an explicit inversion formula de-
termining the densities of an unknown polytopal mea-
sure having a given set of moments up to order N—-d—1
on each simplex from a natural basis of MA(S).

In fact, using Lemma 9 we can assume that we are al-
ready given an arbitrary rational function R(u) = P(u)/®g(u)
where deg P(u) < N —d — 1 and we want to determine

the densities of the required signed measure from IM(S)

in terms of numerator P(u).

From now on we shall choose the basis of 9M2(S) con-
sisting of the standard measures of all simplices con-
taining the last vertex vyy.

18



Let £ = {l1,lp,.....,I5_1} be the (N — 1)-tuple of linear
forms corresponding to vertices vi,vo,...,vy_1, Where
li(u) =1 — (vj,u).

Consider the linear span Vp of all possible products of
the form ljl - lj2 C e le—d—l’ 1 <71 <72< . <IN—d—1-
Notice that the number of such products equals to
(N_1> and each such product is a polynomial of de-

d
gree at most N —d— 1.

On the other hand, the dimension of the space Pol(N —
d—1,d) of all (inhomogeneous) polynomials of degree

at most N —d—1 in d variables also equals (N(gl).

19



Define the square matrix Matg of size (Ngl) whose

elements are coefficients of the above products of linear
forms with respect to the standard monomial basis in
Pol(N —d—1,d). We assume that Matg acts on the
space Va of column vectors.

Theorem 10. For an arbitrary strongly non-degenerate
spanning set S C R% card S = N the matrix Matg is
invertible. Moreover, for a rational function R(u) =
P(u)/®g(u) where P(u) is an arbitrary polynomial of
degree N—d—1 there exists a unique measure ugr € M(S)
whose Fantappié transform equals R(u). It is given by:

up = Matgh(P(w)). (8)
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We finish by explicitly solving the above inverse problem
for a concrete 5-tuple of points in R2.

Example 2. Set S = {vi,vp,v3,vg4,v5} Where vi =
(170)7V2 — (27 1)7V3 — (172>7V4 — (07 1>7V5 — (an)

vz =(1,2)
Vg4 — (07 1) 7 Vo — (27 1)
0/31 |—3
3
S5/14 _
3
e 10
vs = (0,0) vy =(1,0)

Final measure in Example 2.
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The corresponding set £ = {lq,1o,l3,l4} Of linear forms
isgiven byl =1 —wuq,lo=1—-2u; —uo,lz3=1—uy —
2uop, la = 1 — uop. Additionally, I = 1.

We are considering the basis of M2 (S) consisting of
(the standard measures of) 6 triangles containing vs.

Therefore we need 6 quadratic forms obtained as pair-
wise products [;l;, 1 <1< j < 4. We get

(l1l2 =1—3u; —uy + Qu% + uquo

[1l3 =1 —2u1 — 2uo + u% + 2uquo

< l1la =1 —u1p —uns + uquo

[ol3 =1 — 3u; — 3us + QU% + Suquo 4+ 2uo
lolg =1 —2u1 — 2uo + 2uquo + u%

\l3l4 =1—u; —3u> +ujur + 2’11%.

22



Notice that [1lo corresponds to triangle Aszss, [1l3 tO
Aoys5, 1113 1O Apgs, l1lg TO Ao3y, lol3 10 Aqys, lolg tO
A135, and I3l to Aqo5. Ordering monomials spanning
the space Pol(2,2) as (1,u1,up,u?,uiup, u3) we get the
inverse 6 x 6-matrix Matgl as follows

1 U1 UD u% ULUD u%
1

1115 -1 1 1 1 —1)

i3] =4 0 -4 0 0o -4
S N

203

blyl =4 —4 0 -4 O 0

l3sls\ 1 1 -1 1 -1 1)
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Given an arbitrary rational function R(uy,us) = - (41.42)
where

_ 2 2
P(u1,us) = agotai ouitag 1uz+tasouitaiiuiurtagrus

and CDS(ul,uQ) = [1l5l3l4ls We get

p

1
w345 = 7(apo — a10 + ag1 + azo — a11 + ag2)
W45 = —agp — agl — aQ2

1
) w235 = 7(9apg + 3ag1 + 3a10 + azg + a11 + ag2)
_ 1
w145 = 7(ago + ap1 + a10 + a0 + a11 + ag2)
w135 = —apQ — @10 — 420
1
(w125 = z(apo + @10 — ap1 + a2 — a11 + ap2),

where w; ;. is the weight of the signed measure in ques-
tion which should be placed at triangle A, ;.

24



Here by the weight of a simplex we mean the following.

Definition 5. Given a signed measure u in R? and a
d-dimensional simplex A C R? we define the weight wa
of A by the formula:

WA = d /A dyi. (9)

In other words, the density da of the measure in ques-
tion which should be placed at A equals

dn = — 2
AT dVol(A)

25



To illustrate all steps of solution of our inverse moment
problem assume in the latter example that we are look-
ing for a polygonal measure with the above vertex set
S = {v1,vp,v3,vs,vs} and having the (ad hoc chosen)
moments

moo = 1, m190 = 2, mp1 = 3, mpg = 4,m11 = 5,mpr = 6.

Then its normalized moment generating function Fj,(u)
satisfies the relation

2 31 3! 4 4l
Fulw) =150 2o 3o e g g o uevet
41 P
6t 2y = (u1,up)

012!  11lol3lals’
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where P(u1,us) is a (non-homogeneous) polynomial of
at most second degree. Thus truncating the product of
the left-hand side and [1l>l3l4l5 up to the second degree
we obtain

P(u1,up) = 2 4 4uq + 10us 4+ 10u? 4 24uqus + 10u3,

i.e. agop = 2,a1090 = 4,a01 = 10,a90 = 10,a11 = 24,a02 =
10. Thus wzgs = 1,wou5 = —22,wo35 = 26, w145 =
15, w135 = —16, w105 = —2, see (9).

The areas of the corresponding triangles are equal to
Area(QA3zys) = Area(A245) = 1; Area(QD5r35) =

3
Area(A145) = 3; Area(A135) =1, ATGCL(Alzs) = l

This implies that the densities of the measure of the
corresponding triangles are equal to

26
d3as = 1,do45 = —11,do35 = §7d145 = 15,d135 = —8,d125 = —2.
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To obtain the final densities in the convex hull Conv(S)
of S one has to decompose Conv(S) into domains ob-
tained by removing from Conv(S) the set of all hyper-
planes spanned by vertices in S. For each such domain
we should add up the densities of all basic simplices
containing this domain.



Remarks and open problems

Choosing an arbitrary basis of 92 (S) consisting of the
standard measures of simplices let us introduce the in-
teger lattice in ML (S) using the latter basis. (One can
easily see that this lattice is invariantly defined indepen-
dently of the choice of a basis of standard measures of
simplices.) Denote by 92 (S) the space MA(S) with
the latter lattice. We can prove the following condi-
tional statement valid if Conjecture 5 holds.

Proposition 11. For any generalized polytope P € P(S)
whose standard measure pp belongs to ?DIA(S) it is a
rational point in ME(S).
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Let us pose the following tantalizing question.

Problem 2. Does there exist a generalized polytope P
whose coordinates in Mz (S(P)) are not integer where
S(P) is the set of its own vertices.

Problem 3. One can also define an important rational
convex cone Pos(S) C My (S) by taking non-negative
linear combinations of all up where P runs over the set
of all generalized polytopes in P(S).

Conjecture 12. The rational cone Bos(S) is uniquely
determined by the oriented matroid associated to S.
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THANK YOU!
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