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Zonotopal algebras of undirected graphs have been introduced in
[1] and [3] following the earlier studies [9, 6, 7]. According to the
existing definitions they are subdivided into three classes: external,
central and internal, see loc. cit. In what follows we concentrate
only on external zonotopal algebras and their generalizations
although the definitions and problems under consideration
immediately extend to the other two classes.

Let G be a undirected graph without loops on the labelled vertex
set {0,...,n}. (Below we always assume that all graphs might
have multiple edges, but no loops.) Throughout the whole paper,
we fix a field K of zero characteristic and assume that all algebras
contain 1.
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We define the external zonotopal algebra ng introduced in [6] and
[9], see also [1] and [3]. Let ®; be the graded commutative
algebra over K generated by the variables ¢, e € G, with the
defining relations:

(¢e)?> =0, for any edge e € G.

The external zonotopal algebra ng of G is the subalgebra of ®¢
generated by the elements

Xi=) Cieper i=1,...,n,
eeG

where
1 ife=(i,)),i <]
CGie=14—1 ife=(ij),i>}j; (1.1)
0 otherwise.
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Remark

Observe that since Y 7_, X; = 0, we can define CZ* as the
subalgebra of ®s generated by all Xp, Xi,...,X,. Notice that
any change of vertex labelling in a given undirected vertex
labelled (multi)graph G will produce an external zonotopal
algebra which is graded isomorphic to the above ng . Thus, up
to a graded isomorphism, one can define and speak about an
external zonotopal algebra of any undirected (multi)graph
without loops.
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Its Hilbert series and the set of defining relations have been
calculated in [9, 7]. Namely, let J&¥ be the ideal in K[x, ..., X
generated by the polynomials

D/+1
pr = ZXI ; (1.2)
iel
where | ranges over all nonempty subsets in {1,...,n} and

Dy =) ic; di(i), where d(i) is the total number of edges
connecting a given vertex i € | with all vertices outside /. Thus,
Dy is the total number of edges between / and the complementary
set of vertices /. Set BE := K|xi, ..., xs|/JE".
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We can also define ng as the quotient algebra of K[xo, ..., x,] by
the ideal generated by p;, where I runs over all subsets of
{x0, X1, ,Xn}. This follows from the relation

D;+1 Di+1

pr = ZX,' = | P{01,...,n} — ZX,'

i€l iel
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To describe the Hilbert polynomial of C£%, we need the classical
notion of the Tutte polynomial of a graph G. Given a simple graph
G, fix an arbitrary linear order of its edges. Now, given a spanning
forest F in G (i.e., a subgraph without cycles which includes all
vertices of G) and an edge e € G \ F in its complement, we say
that e is externally active for F, if there exists a cycle C in G such
that all edges in C\ {e} belong to F and e is minimal in C with
respect to the chosen linear order. The total number of external
edges is called the external activity of F. The total number of
forests with a given external activity is independent of this
ordering. The Tutte polynomial Ts(x,y) of a connected graph G
is defined as

To(x,y) = tijx'y/, (1.3)
i

where t;; denotes the number of spanning trees of internal activity
i and external activity j.
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Theorem (Theorems 3 and 4 of [7])

For any (multi)graph G without loops,

(i) the algebras C&* and BEX are isomorphic;

(ii) the total dimension of these algebras (as vector spaces over K)
is equal to the number of all spanning subforests in G. The
dimension of the k-th graded component of these algebras equals
the number of subforests F in G with external activity

|G| — |F| — k, where |G| (resp. |F|) stands for the number of edges
in G (resp. F). The latter statement is equivalent to the formula

n —m 1

where n+ 1 is the number of vertices and m is the number of
connected components of G.
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Furthermore, in [5] G. Nenashev has shown that C&* contains all
information about the graphical matroid of G and only it.

Proposition (Theorem 5 of [5])

Given two undirected (multi)graphs G; and G, algebras C‘gf and
Cé;‘ are isomorphic if and only if the graphical matroids of G; and
G, coincide. (The latter isomorphism can be thought of either as
graded or as non-graded, the statement holds in both cases.)
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The main object of our study is a certain family of filtered algebras
which we call generalized external zonotopal algebras introduced in
[NSh]. Let f(u) be a univariate polynomial or a formal power
series over K.

Definition

A univariate polynomial/power series f(u) is called unipotent if it
has a non-vanishing linear term and nillpotent, otherwise.

Definition

Given f and G as above, we define the generalized external
zonotope algebra C[Gf] C ®¢ associated to f(u) as the subalgebra
generated by

FOG) = (D Giede) , i=0,....n.
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The algebra C[Gf] is endowed with an increasing filtration where the
j-th term of this filtration is generated by all monomials of degree
at most J in the chosen generators f(X;). Notice that this filtration
is independent of the constant term of f(u) since for any g such

that f — g is constant, the filtered algebras Cg] and C%] are the
same. Because of that, from now on, we assume that f(u) has no
constant term. Let us present some basic properties of C[Gf]

in [NSh].

proven
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Proposition (Proposition 2 of [NSh])

Let f(u) be any polynomial with a non-vanishing linear term. Then
the graded algebra C‘éx and the filtered algebra Cg] coincide as
subalgebras of ®¢. In other words, they coincide as linear
subspaces of ®¢ closed under multiplication in ®¢, but have

different filtration/grading.

Theorem (Theorem 6 of [NSh])

Let f(u) be any polynomial with non-vanishing linear and
quadratic terms. Then given two simple graphs G; and Gy without
isolated vertices, C[ I and C[ I are isomorphic as filtered algebras if
and only if the graphs Gy and G, are isomorphic.
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Given a graph G, consider the space A¢ of univariate
complex-valued polynomials without constant term, with
coefficient 1 of the linear term, and of degree less than or equal to
mvg, where mvg := max,cy(g)val(v) is the maximal valency of
vertices in G. (Here val(v) denotes the valency of the vertex v.)
For a polynomial f € Ag, we will be interested in the
Hilbert-Samuel sequence Hsg] = {dimg F;};>o of the filtered

algebra Cg]. This coincides with the Hilbert—-Samuel function

k +— ij:o grj(Cg]) of the associated graded ring of the filtration.
One can easily show that for any polynomial f of degree exceeding
mvg or for any power series f, the algebra C[Gf] coincides with the

algebra Cg] where f is the truncation of f at degree mvg, see

Lemma 3 below.
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Proposition (P

There is a Hilbert—-Samuel sequence Hsg] which holds for a generic
polynomial f of degree at most mvg. This generic Hilbert—-Samuel
sequence (denoted by HS¢ below) is maximal in the lexicographic
order among all Hsg], where f runs over the set of all formal
power series with non-vanishing linear term, see below.

Here by generic polynomials of degree at most mvg we mean
polynomials belonging to some Zariski open subset in the linear
space of all polynomials of degree at most mvg.
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Lemma

For any power series or polynomial f of degree exceeding mvg, the

algebra Cg] coincides with the algebra Cg] where f is the
truncation of f at degree mvg.

Proof.

Let us show that in the above notation and for any vertex v; of G,
one has that £(X;) = f(X;) as elements of ®(G). Recall that

X = ZeEE,- +¢e, where E; is the set of all edges adjacent to the
vertex v;. Then since ¢2 = 0 for any edge e of G and all edges in
the presentation of X; are adjacent to v;, one has that XIJ =0 for
any j > val(v;). Thus for f(u) =}, aju/, in the expansion

F(Xi) =2, a; X/ all terms of degree j exceeding val(v;) vanish
which implies the claim. []
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Proposition

Given an artinian finite-dimensional algebra A over a field K with a
generating set xi,...,xy and let f € K[[u]] such that

f € (u)\ (u?). Then the following facts hold.

(1) Define the map f: A — A given by a — f(a), this map is
invertible.

(2) Define y1 = f(x1),...,yn = f(xn); then y1,...,yn is a
generating set of A.

(3) L(x1,...,xn) =0 is a relation in A if and only if
L(F*(y1),...,fY(yn)) = 0 is a relation in A.
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Corollary

Let G be a graph on the vertex set {0,1,...,n} and let f € K[[u]]
such that f € (u) \ (u?). Then the algebra Cg] is given by the

quotient

i —K[vo,..., Yo/ (1.5)
where Yo = f(Xp), ..., Yo = f(Xy,) and Ig] is the ideal generated
by
and

Dy+1
(Z fl(x—)) (L.7)

icl
for all subsets | C {0,1,...,n} of cardinality at least 2. Here
d(0) = val(0),...,d(n) = val(n) are the valencies of the vertices.
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Remark

Observe that the relation corresponding to / = {0,1,...,n}
reads as

ffl(yo)_i_f*l(yl)_|_...+f*1(yn):0, (1.8)

Using (1.8) we can remove half of the generators of the ideal /¢
of the form (1.7). Namely, for any subset / C {0,1,...,n} with
2 < |I| < n, consider its complement /¢ = {0,1,...,n}\ /. If

[I| < |I€|, then keep the generator (1.7) corresponding to / and
remove the one corresponding to /€. If |/¢]| > |/|, then keep the
generator (1.7) corresponding to /€ and remove the one
corresponding to /. Finally, if |/| = |/€| (which can happen only
if n+ 1 is even), then keep whichever of the two you want and
remove the other. The generator (1.8) should be always kept in

the ideal /17,
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Given a non-empty (multi-)graph G without loops, we earlier
introduced the space

A ={f(u)|f(u)=u+..., degf < mvg}.

We will refer to Ag as the space of parameters of generalized
PS-algebras of a given graph G. Our ambition is to study the
stratification of A according to the Hilbert-Samuel sequence of

cil.
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Notice that for every f(u) as above, C[Gf] is a finite-dimensional

vector space over K, i.e. the ideal lg] is zero-dimensional. Thus for
every graph G and every finite sequence M = {1, my, ma,...,m,}
of positive non-decreasing integers, we can consider the
Hilbert-Samuel stratum SM C Ag (HS-stratum, for short)
consisting of all f such that HSIfl = M. (Observe that Sé/’ might
be empty.) We will show that each SY is a constructible algebraic
variety and we will be interested in the decomposition of its closure
into irreducible closed algebraic components. We will call their
intersection with Sg’ as irreducible HS-strata corresponding to M.
Let us describe the adjacency of these strata.
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Definition

Let X be a topological space and (A, <) be a partially ordered set.
We say that a function g: X — A is upper semicontinuous if for
every X € A\ the set

g l(= N\ ={xeX|glx)<\}

is open.

Lemma (Nagata's criterion)

Let R be a commutative ring and U C Spec R. Then U is open if
and only if the following two conditions hold:

Q@ ifqge Uandp C qthenp e U,

@ if q € U then there exists an element s ¢ q such that
V(p)nDs C U.

B. Shapiro Around generalized zonotopal algebras of graphs




Introduction and main definitions

Generalized external zonotopal algebras

Lemma

Let A be a commutative ring and M be a matrix with entries in A.
For a prime p € A, let M(p) be the matrix obtained from M by
replacing the entries by their images in k(p). Then the real-valued
function p — rk M(p) (respectively, p — dim ker M(p)) is lower
(resp., upper) semicontinuous.

Proof.

We use Nagata's criterion and the fact that non-vanishing of a
minor is an open condition. Namely, if B is a square matrix then
det B(p) # 0 if and only if det B ¢ p. O

| A

B. Shapiro Around generalized zonotopal algebras of graphs



Introduction and main definitions

Generalized
Generalized s
Generalized external zonotopal algebras

The

Let A be a commutative ring and R = A[X1,...,Xn]/I be a finite
A-module. Then

Q p — dimy() R ®a k(p) is upper semicontinuous;
@ for any positive integer k,
Hk: p— dimk(p)<X1al '--X;\);N | g + -

~ap < k) is a lower
semicontinuous function.
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Corollary

Let A be a commutative ring and R = A[X1,...,Xn]/! be a finite
A-module. Suppose that R is generated (as a module) by
monomials of degree at most D and set A = Z®P+1 with the
lexicographic order. Then the function

H: SpecR — A,p — (Ho, Hi1, ..., Hp) is a lower semicontinuous.
(Hk were defined in Theorem 9). Moreover, for any vector

A= (Ao, A1,...), the set

H™'(A) = {p € SpecR | H(p) = A}
is the intersection of an open set Hfl(tlex A) and a closed set

H_l(jlex >\)
In particular, the closure of H=(\) coincides with H™1(=jex ).
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The stratum 52;4 is constructive and, in the lexicographic partial

<
order, we have SY = 5(_;"/’.

Next we introduce a natural K*-action on Ag.

For any (multi)graph G, the natural K*-action on Ag given by
f(u) — Lf(eu) with 0 # € € K preserves the HS-stratification.
This action is free on Ag \ {u} and {u} lies in the closure of every
HS-stratum.
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Proof.
We substitute Y; = X;/e to get an isomorphism of algebras

KX, ..., X1 > K[y, v ey,

The second claim follows the fact that if f(u) =
at least one more monomial except u, then f(u) #

e # 1.

( u) for

u -+ ... contains
l
€

O

v
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Denote by PAg = (Ag \ {u}) /K* the weighted projective space
obtained as the latter quotient. We get the HS-stratification of
PAg which we will be interested in. Consider the finite poset of
HS-strata. This poset has the minimal element corresponding to
{u} and the maximal element corresponding to the stratum with a
generic Hilbert—Samuel sequence.

The Hilbert-Samuel sequence of the original algebra C‘éx is
minimal. The maximal length of the Hilbert—Samuel sequence

among the generalized zonotopal algebras from Ag is attained for
f(u) = u and equals |G| which is the total number of edges in G.

B. Shapiro Around generalized zonotopal algebras of graphs



Introduction and main definitions . . N
e al zonotopal

zonotopal
Generalized external zonotopal algebras

Example. For G = Ki, P Ak, is a weighted projective line
(topologically S?). Its HS-stratification consists of two points
corresponding to f(u) = u+ v® and f(u) = u+ v* and a
complex 1-dimensional stratum (coinciding with S? minus two
points) which is the factor of u + au? 4+ cu® with b # 0 and

¢ # 0 mod the above K*-action.
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Observe that if H C G is a subgraph of a (multi)graph G on the
same set of labelled vertices, then, for any function f as above, we
have a surjective homomorphism Cg] — C,[j] induced by the
obvious map Tr: X,-G — X,-H sending the generators corresponding
to vertices on G to that of H (vertex by vertex).

Proving the next claim would be very crucial for our consideration.

Conjecture

The map Tr induces the surjective map Ag — Ay preserving the
HS-stratifications.

| \

Corollary

(Conjectural) For the usual graphs it is enough to study
HS-stratification of Ak, .
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G, = the n-chain (i.e. the Dynkin diagram of Ap),

, one only needs to consider f(u) = u + u?.

3

4 3

5 10

6 16 9

7T 23 33

8§ 31 61 27
9 40 98 108

10 50 145 225 81
11 61 203 397 351
12 73 273 636 810 243
13 8 356 955 1551 1134

14 100 453 1368 2665 2862 729

G T G VU G T G T O O
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G, = the n-cycle (i.e. the Dynkin diagram of A,, the affine An),
/ A N
—0— , one only needs to consider f(u) = u+ u?.
1 3 2 1
1 4 7
1 5 14 10 1
1 6 20 31
1 7 27 63 28 1
1 8 35 96 106
1 9 44 138 243 75 1
1 10 54 190 405 346 17
1 11 65 253 627 891 198 1
1 12 77 328 921 1620 1103 33
1 13 90 416 1300 2691 3159 520 1
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G, = - 7 ( Aptleg on 3rd place) and
f(u) = u+ u?. (In case f(u) = u+ u® the Hilbert series is as for

D, see example 6).

1 5 10

1 6 15 10

1 7 22 34

1 8 30 59 30

1 9 39 95 112

1 10 49 141 221 90
1 11 60 198 388 366
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Example

G, = An+leg 4th place and f(u) = v+ v?. (For f(u) = v+ 3
and f(u) = u+ u? + u3, the Hilbert series is the same as for D,,,
see Example 6 and A,, see Example 1, resp.)

1 7 22 34
8§ 30 62 27
9 39 96 111
10 49 142 229 81

1
1
1
1 11 60 199 393 360
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Example

G, = An+leg on 5th place and f(u) = u+ v?. (In case
f(u) = u+ u® one gets the same Hilbert series as for D, and
f(u) = u+ u? + u® the same as A,).

1 6 16 9

1 7 23 33

1 8 30 59 30

19 39 96 111

1 10 49 140 222 90

1 11 60 197 392 363
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Example

Gn = Dy, 1 ,and f(u) = u+ u3. (In case
f(u) = u+ v? and f(u) = u+ u? + > the Hilbert series is the
same as for Ap).

1 4 3

1 5 7 3

1 6 12 10 3

1 7 18 22 13 3

1 8 25 40 35 16 3

1 9 3 65 75 51 19 3

1 10 42 98 140 126 70 22 3

1 11 52 140 238 266 196 92 25 3

Guess: Pascal-type triangle.

B. Shapiro Around generalized zonotopal algebras of graphs




Experimental results Generali rnal zonotopal

Gener: rnal zonotopal

G, = E)\,, (affine D,) and f(u) = u+ u3. (In case f(u) = u+ u?

and f(u) = u+ u? + u3 the Hilbert series is the same as for A,).
1 b 7 3

14 10 1

22 25

30 47 33 9

39 7179 42 9

10 49 116 155 121 51 9

11 60 165 270 276 172 60 9

12 72 225 434 546 448 232 69 9

Guess: Pascal-type except for the 3rd and the 5th rows and
element 25.

e W Y SOy SO
©O© 00 J O

B. Shapiro Around generalized zonotopal algebras of graphs



Experimental results Generaliz
Generaliz

Example

G, = Dp+leg at n — 2nd place and f(u) = u + v3. (In case
f(u) = u+ u? and f(u) = u+ u® + u? the Hilbert series is the
same as Ap~+leg in 3rd place and A, resp.)

1 7 20 24 11 1

1 8 29 47 34 9

1 9 38 77 80 42 9
Guess: Looks like Pascal-type plus/minus 1 in the available
places.
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G, = Dp+leg at 3rd place and f(u) = u+ v3. (In case
f(u) = u+ v? and f(u) = u+ u? + u® the Hilbert series is the
same as for A,+leg in the 4th place and A, resp)

1

—_ = =

Guess: Pascal-type triangle except for the number 14.

5

NeRNo JlEN @)

10

7
14
20
27
35
44

Experimental results era ternal zonotopal
ternal zonotopal

3
10 1
24 11 1

4 35 12 1
7179 47 13 1
106 150 126 60 14 1
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G, = Dp+leg at 4th place and f(u) = u + v>.
1 7 22 25 9
1 8 29 47 34 9
1 9 3r 7% 81 43 9
1 10 46 113 157 124 52 9

Guess: Pascal-type triangle.
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G, = Dp+leg at 5th place and f(u) = u + u>.
1 8 30 47 33 9

1 9 38 77 80 42 9,
1 10 47 115 157 122 51 9

Guess: Pascal-type triangle.
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Notice that by Theorem A, the original Hilbert series and
Hilbert-Samuel function of any tree (which correspond to
f(u) = u) depend only on its number of vertices.

The homogeneous Hilbert-Samuel function is (1,4,7,8).

@  has the Hilbert-Samuel function (1,5, 8) for all
f(u) = u+ au? with a # 0.

® has the Hilbert-Samuel function (1,5,8) for all
f(u) = u+ au? + bu® unless a = b = 0.
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The homogeneous Hilbert-Samuel function is (1,5,11, 15, 16).

@  has the Hilbert-Samuel function (1,6, 16) for all
f(u) = u+ au® with a # 0.

@ has the Hilbert-Samuel function (1,6,16) for all

f(u) = u+ au? + bu® unless a = 0. For f(u) = u+ bu® with
b # 0, the Hilbert-Samuel function is (1,6, 13, 16).
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The homogeneous Hilbert-Samuel function is (1,6, 16, 26, 31, 32).
Surprisingly all 4 non-isomorphic trees on 6 vertices have the same
general Hilbert-Samuel function (1,7,23,32) for

f(u )*u—i—au + bu® with a, b # 0.

o " has the Hilbert-Samuel function (1,7,23,32)
for all f(u) = u + au® with a # 0.
7/
° 3 has special value at a = 0; the family

f(u) = u+ bu®, b# 0 gives the Hilbert-Samuel function
(1,7,19,29,32).
AN /
7 N
° also has special value at a = 0: the family
f(u) = u+ bud, b+ 0 gives the Hilbert-Samuel function
(1,7,21,31,32).
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The homogeneous Hilbert—Samuel function is
(1,7,22,42,57,63,64). A general Hilbert-Samuel function is no
longer shared by all trees with 7 vertices.

@ " has the Hilbert-Samuel function
(1,8,31,64) for all f(u) = u+ au® with a # 0.
/
° " has the (general) Hilbert-Samuel function

(1,8,31,64) and one special value a = 0 which for
f(u) = u+ bu®, b# 0 gives the Hilbert-Samuel function
(1,8,26,48,61,64).

AN - /

7/ N
° has the (general) Hilbert—-Samuel function

(1,8,31,64) and one special value a = 0 which for
f(u) = u+ bu®, b # 0 gives the Hilbert—Samuel function
(1,8, 30,55, 64).
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The homogeneous Hilbert—Samuel function is
(1,8,29,64,99,120,127,128).

° " For f(u) = u+au?, a+#0 the
Hilbert-Samuel function equals (1,9, 40,101, 128).
/
7 i ) 7 AN
° For f(u) = u+ u? and f(u) = u+ v? + U5,

the Hilbert-Samuel function equals (1,9, 40,101,128). For
f(u) = u+ 0, itis (1,9,34,74,109,125,128).

° Y For f(u) = u+ u?, the Hilbert-Samuel
function equals (1,9,39,101,128); for f(u) = u+ v? + 3, it
equals (1,9,40,101,128), and for f(u) = u + w3, it equals
(1,9,36,80,115,127,128).

°

/
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Experimental results Generalized external zonotopal algebras

Generalized external zonotopal algebras

f(u) Zo Zl 22 23 24 25 26 27 Zg
u 1 5 15 35 70 121 185 245 280
u+u® 1 6 20 50 105 185 262 277 286
u+ud 1 6 21 54 114 190 250 277 286
u+ut 1 6 20 50 103 176 236 277 286
u+ v+ B 1 6 21 55 119 209 262 277 286
u+u?+ut 1 6 21 56 123 214 262 277 286
u+ud+ ot 1 6 21 55 118 200 256 277 286
u+ P+ 4+t 1 6 21 56 123 214 262 277 286
u—% 4y 1 6 21 56 119 203 262 277 286

(A) The above table shows the Hilbert-Samuel functions for
several generalized external zonotope algebras of Ks.
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Experimental results Generalized external zonotopal algebras

Generalized external zonotopal algebras

(B) The table below shows the Hilbert-Samuel functions for several
generalized external zonotope algebras of Ks \ e where e is any

edge.

f(u) Z() 21 22 23 24 25 26 27 28
u 1 5 15 35 68 113 159 188 197
u+ u? 1 6 20 50 103 165 198
u+ud 1 6 21 54 109 168 196 198
u+ ut 1 6 20 50 98 148 185 198
u+u®+ B 1 6 21 55 117 185 198
u+ v+t 1 6 21 56 121 185 198
u+ud+ut 1 6 21 56 121 185 198
v+ +ut| 1 6 21 56 121 185 198

e v 1 6 21 56 116 175 198
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Experimental results Generalized external zonotopal algebras

Generalized external zonotopal algebras

(C) The table below shows the Hilbert-Samuel functions for several
generalized external zonotope algebras of Ks \ (e1 U e2) where e;
and e are any two disjoint edges of Ks.

f(u) Zo Zl 22 23 24 25 26 27 28
u 1 5 15 35 66 101 125 133 134
u+u® 1 6 20 50 101 127 134

u+ud 1 6 21 54 99 128 134

u+ ut 1 6 19 45 79 112 130 134
u+u?+ B 1 6 21 55 111 130 134

u+ v+t 1 6 21 55 111 130 134

u+ ud+ut 1 6 21 55 102 130 134

u+ P+ 4+t 1 6 21 56 112 130 134

u—% 4y _u 1 6 21 56 107 127 134
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Experimental results Generalized external zonotopal algebras

Generalized external zonotopal algebras

(D) The table below shows the Hilbert-Samuel functions for
several generalized external zonotope algebras of the square with
parallel double edges, see left part of Fig. 1 in [NSh].

f(u) Zo Zl 22 23 24 Z5 26 ‘
u 1 4 10 19 27 31 32|
u+u? 1 5 14 29 32

u+ud 1 5 15 26 31 32

u+ v+ 3 1 5 15 30 32

u-% 42 1 5 15 20 32
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Experimental results Generalized external zonotopal algebras

Generalized external zonotopal algebras

f(u) ZO 21 ZQ 23 24 25 26 ‘
u 1 4 10 19 27 31 32|
u+ u? 1 5 14 29 32

u4ud 1 5 15 27 32

u+ ut 1 5 13 23 30 32

u+ v+ o3 1 5 15 31 32

u+ u?+ ut 1 5 15 31 32

u+ ud+ vt 1 5 15 28 32

u+u?+ o+t 1 5 15 31 32

u— 1 5 15 31 32

u—L 4L ¥ 1 5 15 30 32

(E) The above table shows the Hilbert-Samuel functions for several
generalized external zonotope algebras of the square with adjacent
double edges, see right part of Fig. 1 in [NSh].
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external zonotopal algebras
external zonotopal algebras

Two examples with analysis of relations

Below we present two small example with complete analysis of
their spaces PAg.

Proposition

For G = K3 + e, the space PA¢ is stratified by the following
functions over a field K of characteristic 0.

f(u) ‘ Zo 21 Zz 23 24 ‘

u 1 3 6 9 10

utbr+al| 1 4 9 10 10

* 1 4 8 10 10
In the last row either b= 0, or c = 0, or 3c = 4b?.
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Generalized external zonotopal algebras

Two examples with analysis of relations

Generalized external zonotopal algebras

We have a linear order u < u+ 13 < u+ v? < u+ v? + 3.

Proposition

For G = Ky, the space PAg is stratified by the following functions
with b, c # 0 over a field K of characteristic 0.

f(u) | %o %1 T Y3 Y4 Ts Y |
u 1 4 10 20 31 37 38
u+ bu? 1 5 14 29 34 37 38
u+cud 1 5 14 26 34 37 38
u+br+c®| 1 5 15 29 34 37 38
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Here we formulate some concrete questions/conjectures which we
hope can be solved.

For any graph G and any unipotent function f, the Hilbert series
HSE%(t) is log-concave.

Problem

In the case of trees, can we show that the stratification is given by
the coordinate planes? In particular, e" is general. In particular,
the value in a natural 1-parameter family does not change unless
the parameter turns in 0.

B. Shapiro Around generalized zonotopal algebras of graphs



Find a graph-theoretical interpretation of HSg ? If possible, find a
graph-theoretical interpretation of Hsg ]

cases. Say, for f = e".

Is it true that if Hsgl] = HSE;Z] for every function f, then Gy is
isomorphic to Gy ?

For a given graph G = (V,E), k > 1, and S C V describe for
which a,, we have [] s XJ" = 0.

at least for some special
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Problem

Understand when C[Gf] is Gorenstein. Can we say when is it Koszul?

v

Problem

Understand how does HSgr ] change when graph operations are
performed.

Problem

Give formulas for Hsg ]

of nice graphs.
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