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Fundamental problem. Given two linear operators A and B with
discrete spectrum, consider the pencil A + λB, where λ is a
complex parameter.

(i) Determine the level crossing set LC ⊂ C consisting of all
values of λ for which the operator A + λB has a multiple
eigenvalue;

(ii) In case when LC is discrete, determine the spectral
monodromy of the latter pencil, i.e., the permutations of the
eigenvalues when λ traverses different closed loops in C \ LC.

The problem seems quite difficult, in general. Especially its
monodromy part!

Boris Shapiro, Stockholm University Random matrix pencils and level crossings



Basic level crossing problem
Level crossing for random matrices

Monodromy statistics

Complex Gaussian ensembles

Recall that the complex (non-symmetric) Gaussian ensemble
GEC

n is the distribution on the space MatCn of all complex-valued
n × n-matrices, where each entry of a random n × n-matrix is
an independent complex Gaussian variable distributed as
N(0, 1

2) + iN(0, 1
2). Our initial result is as follows.

Theorem

For any positive integer n, if the matrices A and B are
independently chosen from GEC

n , then the distribution of level
crossings in A + λB with respect to the affine coordinate
λ = x + iy of C is given by

PGEC
n

(λ) := PGEC
n

(x , y)dxdy =
dxdy

π(1 + x2 + y2)2 =
dxdy

π(1 + |λ|2)2 .

(1)
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Remark
In polar coordinates (r , θ) in the complex plane of parameter λ,
the above distribution PGEC

n
(λ) has the form

PGEC
n

(r , θ)drdψ =
rdrdθ

π(1 + r2)2 ,

giving the radial CDF of the form

ΨGEC
n

(r) =
r2

1 + r2 .
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Let us realize CP1 ' S2 as the unit sphere in R3 with
coordinates (X ,Y ,Z ) and identify the complex plane of
parameter λ = x + iy with the horizontal coordinate
(X ,Y )-plane, where X corresponds to the real axis and Y
corresponds to the imaginary axis in C. If we use the standard
stereographic projection of the unit sphere in R3 from its north
pole, i.e. from the point (0,0,1) onto the (X ,Y )-plane, then the
usual area element of the sphere induced from the standard
Euclidean structure in R3 is given by

dA =
4dxdy

(1 + x2 + y2)2 =
4dxdy

(1 + |λ|2)2 .

The latter fact implies that the r.h.s. of (1) presents the constant
density 1

4π with respect to the standard Euclidean area measure
on S2 ' CP1 compactifying the complex plane of parameter λ.
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Figure: Radial density of level crossings for A + λB, where A and B
are independently sampled from GEC

6 ; (we used 100 random pairs).
The above diagram shows a perfect match of the numerical
distribution of the absolute values of level crossings obtained in our
sampling with the theoretical radial CDF r2

1+r2 .
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In fact, we can prove the following generalisation of Theorem 1.

Proposition

Conclusion of Theorem 1 holds, if A and B are independently
chosen from the scaled complex Gaussian ensemble GEC

σ2,n,

i.e., the ensemble whose off-diagonal entries are i.i.d. standard
normal complex variables and whose diagonal entries are i.i.d.
normal complex variables with an arbitrary fixed positive
variance σ2.
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Moreover consider the following SU2-action on MatCn ×MatCn . A

matrix U ∈ SU2 given by
(

u −v̄
v ū

)
, |u|2 + |v |2 = 1 acts on the

latter product space by:

(A,B) ∗ U 7→ (uA + vB,−v̄A + ūB). (2)

Take any complex linear subspace Wn ⊂ MatCn such that the
product space Wn ×Wn ⊂ MatCn ×MatCn is preserved by the
action (2). Given σ > 0, denote by Wσ2,n the space Wn with the
measure induced from the scaled complex Gaussian ensemble
GEC

σ2,n.
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Proposition

In the above notation, level crossings of A + λB with the
random matrices A and B independently chosen from Wσ2,n are
uniformly distributed on CP1, i.e., their probability measure is
given by the right-hand side of (1).
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To give an example of such W , recall that GOEC
n is the

distribution on the space SymC
n of complex-valued symmetric

matrices, where each entry ei,j = ej,i , i < j of a n × n-matrix
has a normal distribution N(0,1/2) + iN(0,1/2), and each
diagonal entry ei,i is distributed as

√
2(N(0,1/2) + iN(0,1/2)).

Further interesting examples of linear subspaces W covered by
Proposition 4 include Toeplitz matrices, band matrices, band
Toeplitz matrices, diagonal matrices, etc.
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Gaussian orthogonal and Gaussian unitary
ensembles

A very essential feature of these cases is that their level
crossings distribution is invariant under the action of the
subgroup SO2 ⊂ SU2 given by the same formula (2), but with
real u and v satisfying u2 + v2 = 1.

In the above realization of CP1 as the unit sphere S2 ⊂ R3,
SO2 acts on it by rotation around the Y -axis. This circumstance
implies that the family of orbits of the SO2-action on the unit
sphere S2 ' CP1 projected to the complex plane of parameter
λ = x + iy will coincide with the family of circles given by

x2 + (y − t)2 = t2 − 1, |t | ≥ 1.
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Let us introduce the cylindrical coordinates (ρ, ψ,Y ) where
X = ρ cosψ, Y = Y , Z = ρ sinψ. Then (ψ,Y ),
0 ≤ ψ ≤ 2π, −1 ≤ Y ≤ 1 again parameterises the unit sphere
S2 ' CP1. SO2-action implies that in the cylindrical coordinates
(ψ,Y ) the distributions of level crossings of the above
ensembles on CP1 are of the form:

dens(ψ,Y )dψdY = ρ(Y )dψdY ,

for some univariate function ρ, i.e., its density depends only on
Y and is independent of the angle variable ψ. (In general,
ρ(Y )dY can be a 1-dimensional measure which not necessarily
has a smooth density function.) In the affine coordinates,

dens(x , y)dxdy = ρ

(
2y

x2 + y2 + 1

)
4dxdy

(x2 + y2 + 1)2 , (3)

with the same ρ as above.
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In the case of GOER
n we can show the following.

Theorem

If the matrices A and B are independently chosen from GOER
2 ,

then the distribution of level crossings in A + λB is uniform on
CP1 ⊃ C, i.e., their density is given by the right-hand side of (1).

Extensive numerical experiments strongly support the following
guess.

Conjecture

For any size n > 2, if the matrices A and B are independently
chosen from GOER

n , then the distribution of level crossings in
A + λB is uniform on CP1 ⊃ C.
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Figure: Numerical and theoretical radial and angle CDF for A + λB
with A and B from GOEn, for n = 2,4,6,8,10.
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Gaussian unitary ensemble

Theorem

If the matrices A and B are independently chosen from GUE2,
then the distribution of level crossings in C is given by

PGUE2(x , y) =
4|y |dxdy

π(1 + x2 + y2)3 =
1
π

∣∣∣∣ y
1 + x2 + y2

∣∣∣∣ 4dxdy
(1 + x2 + y2)2 .

(4)

In the cylindrical coordinates (ψ,Y ) on CP1, where 0 ≤ ψ ≤ 2π
and −1 ≤ Y ≤ 1, one has

PGUE2(ψ,Y )dψdY =
|Y |dψdY

2π
. (5)
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Unfortunately, we do not have explicit (conjectural) formulas for
the densities PGUEn (x , y), for n ≥ 3 similar to (5). However, we
carried out substantial numerical experiments for matrix sizes
up to 6. They were conducted as follows. For each
n ∈ {2, ...,6}, sampling independently pairs of GUEn-matrices,
we calculated 12,000 level crossing points for every n and
plotted the values of |Y | for obtained level crossings in
increasing order, see next Figure. These numerical
experiments strongly suggest the following.

Conjecture

There exists a limiting distribution
PGUE∞(Y ) := limn→∞ PGUEn (Y ).
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Figure: Empirical distributions of |Y | for A + λB taken from GUEn with
n = 2,3,4,5,6. (Curves corresponding to the increasing values of n
lie one below the other; the blue straight line corresponds to n = 2,
see (5).)
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Real Gaussian ensemble

Similarly to the above, we were not able to get the explicit
formulas for the distributions of level crossings of GER

n with
n ≥ 3, But the numerical experiments strongly suggest the
validity of the following guess.

Conjecture

The average of the number real crossing points for A and B
independently sampled from GER

n equals
√

n(n − 1).

Conjecture

When n→∞, the level crossing distribution for A and B
independently sampled from GER

n approaches the uniform
distribution on CP1.
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Figure: Distributions of level crossings in the λ-plane when A and B
are sampled from GER

n for n = 2,5,10 apparently approaching the
uniform distribution on CP1.
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Figure: Radial and angle distributions of level crossings with A and B
sampled from GER

n with n = 2,5,10 approaching that of the uniform
distribution on CP1.
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Monodromy in the GOE3- and GUE3-cases

If λi is the i-th level crossing point in the upper half-plane in the
order of increasing real parts, consider the path in the λ-plane
starting on the real axis at τ = Re(λi), going straight up to λi ,
making a small loop encircling λi counterclockwise, and
returning back to τi .

Figure: Creating the monodromy sequence
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As a result, one gets a transposition σi of two real eigenvalues
corresponding to τi = Re(λi). Doing this for each λi ,
i = 1, . . . ,

(n
2

)
, we obtain a sequence of

(n
2

)
transpositions(

σ1, σ2, . . . , σ(n
2)

)
, σi ∈ Sn.

One can easily check that the obtained sequence(
σ1, σ2, . . . , σ(n

2)

)
of transpositions satisfies the following two

conditions:

(i) for general A and B, they generate the symmetric group Sn;
(ii) the product σ1 · σ2 · . . . · σ(n

2)
coincides with the inverse

permutation (n,n − 1, . . . ,1).
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For n = 3, it is easy to check that there are only 8 triples of
transpositions in S3 satisfying conditions (i) and (ii). These
triples are: (12)(12)(13); (12)(13)(23); (12)(23)(12);
(13)(12)(12);
(13)(23)(23); (23)(12)(23); (23)(13)(12); (23)(23)(13). (For
comparison, for n = 4, there are already 3840 6-tuples of
transpositions in S4 satisfying (i) and (ii).)

Figure: The first and second eigenvalues (of totally 3) collide as the
parameter approaches level crossing point, giving the transposition
(12).

Statistical results for GUE3- and GOE3-ensembles.

For n = 3, it is easy to check that there are only 8 triples of
transpositions in S3 satisfying conditions (i) and (ii). These
triples are: (12)(12)(13); (12)(13)(23); (12)(23)(12);
(13)(12)(12);
(13)(23)(23); (23)(12)(23); (23)(13)(12); (23)(23)(13). (For
comparison, for n = 4, there are already 3840 6-tuples of
transpositions in S4 satisfying (i) and (ii).)

Figure: The first and second eigenvalues (of totally 3) collide as the
parameter approaches level crossing point, giving the transposition
(12).
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Figure: The probabilities of the monodromy triples of transpositions
for GUE3- and GOE3-matrices.
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Monodromy in the GEC
3 -case.

Figure: An example of paths in the λ-plane chosen to determine the
monodromy for pairs (A,B) from GEC

3 .
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For A and B in GEC
3 , there are 240 sequences of 6-tuples of

transpositions (σ1, σ2, . . . , σ6) from S3 satisfying the conditions:
(i) they generate the symmetric group S3;
(ii) the product σ1 · σ2 · . . . · σ6 coincides with the identity
permutation (1,2,3).

We generated 150000 random matrix pairs in GEC
3 and

calculated their monodromy sequences. Our numerical results
show the following:
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(i) Of the 240 possible cases, only 209 were realized and only
204 were realized more than once.
(ii) The most common monodromy sequences were of the form
(23)(12)(23)(12)(23)(12), which occurred 2.43 % of the time
and of the form (12)(13)(13)(23)(23)(12) which occured 2.29
% of the time.
(iii) Monodromy sequences in which one permutation occurs
four times in a row followed by two occurrences of another
permutation and their cyclic permutations (for example,
(12)(12)(12)(12)(13)(13) or (12)(23)(23)(23)(23)(12)) were
the most rare, occurring only once or not at all.
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Figure: Frequencies of 240 possible 6-tuples of transpositions from
S3 in the ascending order.
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Open problems

There were many unsolved questions during the talk. In
particular, although the simple (conjectural) answer for level
crossing distribution in the GOE-case presented in Theorem 2
and Conjecture 1 indicates the possible existence of some
extra symmetry complementing the above SO2-action, we were
not able to find such.
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Tack för ert tålamod!
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