Algebra of curvature 2-forms
on G/B and its analogs

Boris Shapiro, Univ. of Stockholm

joint with M. Shapiro (Michigan State),
A. Postnikov (MIT)

Main references

[SS] B Shapiro and M. Shapiro, On ring gen-
erated by Bott forms on SLy,/B, CRAS, vol.
194, 1998, 75—80.

[PSS] A. Postnikov, B. Shapiro and M. Shapiro,
On algebras of curvature forms on homoge-
neous varieties, Infinite-dimensional Lie alge-
bras & Applic. 2000, AMS, Trans, Ser 2,
227—235.

[PS] A. Postnikov, B. Shapiro, Trees, park-
ing functions, syzygies, and deformations of
monotone monomial ideals, Trans. Amer.
Math. Soc., vol. 356, 2004, 3109-3142.



CONTENT

1. Basic example: F, = SL,/B.
1'. Open problems related to SLy,/P.

2. Other G/B’s and subalgebras generated

by linear elements in ZLsyml
(717"'77m)

4. Two algebras associated to a given undi-
rected graph.



Basic example, SL,/B.

Interprete SL,/B = Uy/T™ as the space of
complete flags in C" and take the standard
sequence of tautological bundles

OCFEF1C..CE,=E

(where E is the trivial C*-bundle over SL;,/B)
and the corresponding n-tuple of quotient
line bundles Lz' = Ei/Ei—l-

Fixing some Hermitian metric on the origi-
nal C" one equips every bundle E;, L; and
E;/E;, i > j with the induced Hermitian met-
ric. Denote by w; the curvature form of the
above Hermitian metric on L;. (Each wj; is
a Up-invariant 2-form on SL,/B such that

5717“’%' represents the first Chern class ¢q(L;)
in H2(SLy/B).

Setting z; = ¢1[L;] one has

Z[ZU]_, ceny .’L'fn,]
(317 $Dy eeny Sn)’

H*(SLn/B,Z) =



where s; stands for the ith elementary sym-
metric functions in variables z1, ..., xn.

Problem. Study the Z-ring A, = Z(w1, ..., wn)
generated by all w;'s (which are standard)
and compare it to H*(SLy,/B,7Z).

Remark. One has the standard surjective
ring homomorphism = : A, - H*(SL,,/B,7Z).

Denote by A, = Z(w;,...,w; ) the subring
of A, generated by any k of w;'s. (One can
define a natural Sp-action on (wi,...,wn)
and thus show that up to an isomorphism
Ap.n, does not depend on a particular choice
of a k-tuple.)

Remark. Experiments with Macaulay have
shown that the sequence of dimensions of
Ay (as a Z-vector space) starts with 2,7, 38.
Has anybody seen this before?

1.2. Example. The ring Az = A3z 3 is iso-

morphic to Z[wll’wQ’wﬂ

where I3 3 is generated

Y



by w3, w3, w3, (w1 + w2)>, (w1 + w3)3, (wa +
w3)3, w1 + wo + wz. The Hilbert polynomial
of A3z equals

H(t) =14 2t + 3t° + 3.
(For comparison, the Poincaré polynomial of
SL3/B equals 1 4+ 2t + 2t2 +t3.)

Ring of U,-invariant forms on SL,/B

Proposition. The ring of all G-invariant dif-
ferential forms on a homogeneous space G/H
is isomorphic to the subalgebra A;,,((&/$H)*)
of the exterior algebra A((&/$H)*), consisting
of skewsymmetric polylinear functions on &
which

i) vanish on $;

i) are invariant under the action of internal
automorphisms by the elements of H.

(Here & and $ are the Lie algebras of G and
H resp.)



In our case the linear space (i,/%™)* where
Uy (resp. €™) is the Lie algebra of U, (resp.
of T™) coincides with the (g)—dimensional vec-
tor space of all skew-hermitian matrices of
the form

( 0 a2 al’n\
—ai D 0 a3 ... ... G2gq
—a13 —a23 0 a34 ... a3zpn

\—@1,n —@2n --- ... ... 0}

Let us denote by (ei*1, g2 ... M) the diag-
onal entries of elements in T™ acting by con-
jugation on (4, /F™)*. Under this action each
entry a; ; above the main diagonal is multi-
plied by €'~ and each entry —a; ; below
the main diagonal is multiplied by e(Ai—2i)
Introducing the fundamental weights o; =
Ai—Ai41,t = 1,...,n—1 we get that q; ; is mul-
tiplied by ef(®iteit1t--Fej-1)  The expression
a;+a;11+...+aj_q1is called the multiweight
of the entry a;;. (Under this convention
the entry —a; ; has the opposite multiweight



—o;—oy41—...—aj_1.) The multiweight of an
exterior monomial a;, ;. Aa;, 4, - - -Aay, j. where
each a;, 4 Is either a; j; or —ay, ; €quals to the
sum of multiweights of its factors.

2.2. Corollary. The ring A(SLy/B) is the
linear span of all exterior monomials Ajy g N
ai, j» - N aj, 4. having vanishing multiweight.
(In particular, A(SLy/B) has no degree 1 el-
ements.)

Remark. Note that such monomials with
vanishing multiweight can be considered as
collections of roots in U, whose sum van-
ishes. This notion makes sense for all root
systems.

2.3. Example. The Hilbert series for A(SL3/B)
is(1,0,3,2,3,0,1). (We assume that A(SLy,/B)
contains constants.) Its degree 2 component

IS spanned by a1 2Aa12,a13MNa13,a23Nan 3;
degree 3 component is spanned by aj 2Aao 3A
ai 3,a12 \as3Aay 3; degree 4 component is



spanned by a1 pAajp2ANa13Aa13,a12MNa12A
ap 3A\ap 3,a1 3/\a1 3Aap 3Aap 3 and, finally, its
degree 6 component is spanned by aj 2Aaq 2/
ai3ANai13ANaz3zAap3. The Hilbert series for
A(SL4/B) is (1,0,6,8,21,24,32,24,21,8,6,0,1).

Recall that an Eulerian digraph is a directed
graph such that the numbers of coming and
leaving edges at each vertex are equal. (We
do not allow loops.)

The following proposition is a relatively sim-
ple reformulation of 2.2.

2.4. Proposition. The dimension of A(SLy,/B)
(as a Z~vector space) equals the number of
Eulerian digraphs on n labeled vertices, or
equivalently, the number of subsets of the
standard root system of A, with vanishing
sum.

Problem. For a given Weyl group count the
number of subsets of its roots with vanishing
sum.



Curvature 2-forms and main results

Proposition [Griffiths-Schmid]. The curva-
ture 2-form w;, ¢+ = 1,...,n of the tautologic
line bundle L, = FE;/E;_1 over SL,/B equals
(up to a constant factor) to the sum of all
entries in the ¢th row of the following matrix
of 2-forms

( 0 71,2 71,3 Y1)
—v12 O 723 Y2,
-v1,3 —72,3 O Y3,n (3)
K_’Vl,n —2n T “In—1,n 0 /

where Yi,j = Qi 5 N\ C_Li,j.

Lemma. There exists a natural S,-action on

(wl, ceey wn)

Proof. The elementary transposition 7;, 1 =
1,...,n—1 acts on the matrix (3) of 2-forms by
the simultaneous interchanging of 1) the ith



row with the (¢4 1)st row, 2) the ith column
with the (i 4+ 1)st column and 3) changing
sign of v; ;41. One can easily check that this
determines the required Sp-action. [ ]

2.7. Corollary. All rings A(wj,,...,w;, ) are
iIsomorphic to each other and, in particular,
to .A(’w]_, ,wk)

Proposition 1. A, , is a graded ring iso-

Z[w1q,..

morphic to ==L Wkl \where the ideal Iy is

k.n

generated by the set of 2¥ — 1 polynomials of
the form

gil,...,Zj
where {iq,...,4;} runs over the set of all nonempty
subsets in the set {1,...,k}.

Proposition 2. The total dimension of A,
equals the number of forests on n labeled
vertices and there exists a natural monomial



basis for A4,, whose monomials are enumer-
ated by the above forests.

Remark. One can define the natural action
of divided difference operators on A,,.



Example of A,4.

w1 O a b b
wo| |—a 0 d e
wiz| |-b —d O f|’
wy —b —e —f O

where a2 = b2 = ¢2 = d? = e2 = 2 = 0 with
no other relations.

Then one has w} = 0; (w; + w;)° = 0; (w; +
wj—l—wk)4=0; w1 + wo + w3z + wg = 0.



Open problems related to SL,/P.

P. Griffiths and W. Schmid (Acta Math., v.123,
1969) have found formulas for the curvature
forms of all Chern classes for E;/E; (and even
in @ more general situation).

Problem. For a given SL;, /P study the cor-
responding algebra Ap generated by its cur-
vature forms. In particular, what is the total
dimension of Ap as a vector space/Hilbert
series? (One will certainly get some remark-
able subalgebras of A(roots) generated by el-
ements of even degree.)

Grassmann case. For example, the stan-
dard 2i-form w?! corresponding to the z:th
Chern class ¢;, 1 < kK < n — k in Grassman-
nian G(k,n) has the following presentation.

21 . .
w b= Z ’I,k_|_1!...’ln!g,
geBEG



where g runs over the set BEG of bipartite
Eulerian graphs with 2 edges

a) connecting the set of labelled vertices {1,... ,k}
with the set of labelled vertices {k+1,... ,n};

b) the valencies=degrees/2 of all vertices among
{1,...,k} is at most 1. (ig41,...,%n) Stands
for the set of valencies of the vertices (k +
1,...,n). (As usual, 0! =1.)

Notice that in the case of Grassmannian our
algebra coincides with H*(G(k,n)).

Problem. Derive the presentation for S, and
Robinson-Schensted coefficients.



Example of Go 4.



Main features of the algebra A, leading to
possible generalizations:

1) generated by Up-invariant 2-forms of linear
bundles

2) generated by linear elements in the square-

free commutative algebra Zhg"j], 1 <1< <
o ('Yi,j)
3) presented as the quotient of Z[zq,... ,zn]

mod the ideal of powers of linear forms la-
belled by all nonempty subsets in {1,...,n}.



Other G/B’s and subalgebras generated

by linear elements in ZjLdml
(71)"'7777),)

Notation. G is a connected complex semisim-
ple Lie group; B its Borel subgroup; F =
G/ B is the flag variety; K is a maximal com-
pact subgroup of G and T' = K N B is its
maximal torus.

The group K acts transitively on F and F
can be identified with the quotient space K/T.

By g we denote the Lie algebra of G and
by h C g its Cartan subalgebra. Also denote
by gr C g the real form of g such that igp is
the Lie algebra of K. Analogously, hr = hn
gr and thp is the Lie algebra of the maximal
torus T'. The root system associated with g
is the set A of nonzero vectors (roots) a € b*
for which the root spaces

ga ={x € g|[h,z] = a(h)z for all h € b}



are nontrivial. Then g decomposes into the
direct sum of subspaces

g=0H® > ga

aEAN

For a € A, the spaces go and ha = [ga, §—al
are one-dimensional and there exists a unique
element hq € ho such that a(hqy) = 2. The
elements hy € § are called coroots. Actually,
a € b, and hq € br, for a € A. Let us
choose generators eq € g Of the root spaces
ga Such that [eq,e—_q] = ha fOr any root a.
Then [hqa,eq] = 2eq and [hq,e_q] = —2e_,.

The root system A is subdivided into a dis-
joint union of sets of positive roots A and
negative roots A_ = —A_ such that the di-
rect sum b ="5hD > aen, o is the Lie algebra
of Borel subgroup B. The Weyl group W is
the group generated by the reflections sq
b* — b*, a € A4, given by

Sa i A= XA — Aha) a.



The lattice T = {\ € b* | A(ha) € Z for all o €
A} is called the weight lattice. Every weight
A € T determines an irreducible unitary rep-
resentations =« : T — C* of the maximal
torus T given by my(exp(z)) = e %), for z €
thr, and every irreducible unitary represen-
tation of T is of this form.

For a weight A\ € T, the homomorphism T :
T — C* extends uniquely to a holomorphic
homomorphism 7y : B — CX. Thusany A€ T
determines a holomorphic line bundle L, =
GxgpC=KxpCover F=G/B=K/T. The
line bundle L, has a canonical K-invariant
hermitian metric.

The classical Borel's theorem describes the
cohomology ring H*(X,C) of the homoge-
neous manifold F' in terms of generators and
relations:

H*(X,C) = Sym(h*) /Iy,



where Iy, is the ideal in the symmetric alge-
bra Sym(bh*) generated by the W-invariant el-
ements without constant term. The natural
projection from Sym(bh*) to H*(X,C) is the
homomorphism that sends a weight A € T to
the first Chern class ¢1 (L)) of the line bun-
dle L)\.

It is possible to exhibit differential two-forms
that represent the Chern classes ci1(L)y) in
the de Rham cohomology of the homoge-
neous manifold F. Recall that for a holo-
morphic hermitian line bundle L : EF — X
there is a canonically associated connection
on E. Denote by ©(L) the curvature form of
this connection, which is a differential two-
form on F. Then the form i©(L)/2n repre-
sents cq(L).

In order to construct the curvature forms ©(L))
explicitly, we define the elements e* ¢ g},
a € A, by e*(h) = 0 and e%*(eg) = do3, for
any 8 € A. (Here 6,3 is Kroneker's delta.)



The space of left K-invariant differential one-
forms on K can be identified with the dual
to its Lie algebra, t.e., with z‘g;‘z. Thus the
elements 7e%* can be regarded as one-forms
on K. The differential two-form on K given

by
a=¢e*Ne % a€A,

IS invariant with respect to the right transla-
tion action of the torus I'. Thus ¢, produces
a two-form on the manifold F', for which we
will use the same notation ¢. It is clear from
the definition that ¢_, = —¢a.

The following statement can be derived from
the results of Graffiths-Schmid.

Proposition 1. For \ € T, the curvature form
of the holomorphic hermitian line bundle L
iIs given by

O(Ly) = Z A(ha) da-

OéEA_|_



Let & be the algebra generated by the two-
forms ¢o, a € A4. The relations in & are
relatively simple:

¢a¢ﬁ = ¢5¢a7 (qba)Q = 0.

Thus @ is a 2/V-dimensional algebra, where N =
|A4|. The main object is the subalgebra of ®
generated by the curvature forms ©(L,).

Main Results

Denote by C(X) the subalgebra in the alge-
bra of differential forms on F' that is gen-
erated by the curvature forms ©(L)) of line
bundles. Obviously, C(X) has the structure
of a graded ring: C(X) = CU(X) o Cl(X)
C2(X) @ ---, where CF(X) is the subspace
of 2k-forms in C(X). In order to formulate
our main results about C(X) we need some
extra notation from the matroid theory.

Let V be a collection of vectors v1,vo,...,vN
in a vector space FE, say, over C. A subset
of vectors in V is called independent if they



are linearly independent in E. By convention,
the empty subset is independent. Let ind(V)
be number of all independent subsets in V.

A cycle is a minimal by inclusion not inde-
pendent subset. For a cycle C' = {v;,...,v;},
there is a unique, up to a factor, linear depen-
dence ajv;, +- - -+av;, = 0 with non-zero a;'s.
Let us fix a linear order v1 < wvp < --- < vy Of
all elements of V. For an independent subset
S in V, avector v e V\S, is called externally
active if the set SU{wv} contains a cycle C' and
v is the minimal element of C. Let act(S) be
the number of externally active vectors with
respect to S.

Theorem 2. The dimension of the algebra
C(X) is equal to the number ind(A4) of
independent subsets in the set of positive
roots A4 . Moreover, the dimension of the
k-th component Ck(X) is equal to the num-
ber of independent subsets S C A such that
k=N —|S|—act(S), where N = |A4]|.



Notice that, although the number act(S) of
externally active vectors depends upon a par-
ticular order of elements in V, the total num-
ber of subsets S with fixed |S|+ act(S) does
not depend upon a choice of ordering.

We will actually prove a more general result
about an arbitrary collection of vectors V.
Let V and E be as above. We will assume
that the elements vq,...,vny Of V span the
n-dimensional space E. Thus N > n. Let
F = C& be the linear space with a distin-
guished basis &1,...,¢"Y. Then V defines the
projection map p : FF — E that sends the
ith basis element ¢* to v;. The dual map
p* . BE* — F* defines an n-dimensional plane
P = Im(p*) in F*. In other words, the col-
lection of vectors V can be identified with an
element P of the Grassmannian G(n,N) of
n-dimensional planes in C¥V.

Let ¢1,...,¢6n be the basis in F* dual to
the chosen basis in F. Denote by &y the



quotient of the symmetric algebra Sym(F™)
modulo the relations (¢;)2 =0, i =1,...,N.
Let Cy, be the subalgebra in &, generated
by the elements of the n-dimensional plane
P C F*. In other words, the algebra Cy, is the
image of the induced mapping

Sym(E*) — & = Sym(F*)/ <¢§, i=1,.. N>

The algebra Cy, has an obvious grading Cy, =
CY ®ClLdC @ --- by degree of elements.

Suppose E = h and V is the collections of
coroots ha, a € Ay. For X\ € h* = E*,
p*(\) = ©(L,) € F* is the curvature form
(see Proposition 1). Then Cy = C(X) is
the algebra generated by the curvature forms
O©(L)y).

In general, we have the following result.

Theorem 3. The dimension of the algebra
Cy is equal to the number ind(V') of indepen-
dent subsets in V.. Moreover, the dimension
of the k-th component C‘k/ iIs equal to the



number of independent subsets S C V such
that k = N — |S| — act(S5).

We can also describe the algebra Cy, as a quo-
tient of a polynomial ring. Let us say that
a hyperplane H in E is a V-essential hyper-
plane if the elements of the subset {v;, i =
1,...,N | v; € H} span the hyperplane H.
Obviously, an essential hyperplane is uniquely
determined by the subset of indices Iy = {i €
{1,....N} | v; & H}. We will call such sub-
set Iy a V-essential index subset. Denote by
d(H) = dy(H) = |Iyg| the number of its ele-
ments. A nonzero vector A € E* determines
the hyperplane H = {z € E | AM(z) = 0} in
E. Vectors Ay € E* corresponding to essen-
tial hyperplanes H will be called V-essential
vectors. They are defined up to a nonzero
factor.

Theorem 4. The algebra Cy is naturally iso-
morphic to the quotient of the polynomial
ring Sym(E*) /Iy, where the ideal Iy, is gen-
erated by the powers (\g)¥H)+1 of V-essential



vectors for all V-essential hyperplanes H in E.
The isomorphism is induced by the embed-
ding p* : E* — F™*.

Remark 5. There are several equivalent def-
initions of essential subsets, as follows:

1. Anindexsubset I = {iy,...,ix} C {1,...,N}
is V-essential if and only if the following two
conditions are satisfied: (i) the coordinate
plane <q§i1, . "¢ik> in F* has one-dimensional
intersection with the plane P; (ii) there is no
proper subset in I that satisfies the condi-
tion (i). For an V-essential hyperplane H, the
vector p*(Ay) € F* spans the one-dimensional
intersection of P and the coordinate plane
associated with .

2. Let 64,...,0, be any basis in P. The
V-essential subsets are in one-to-one corre-
spondence with the cycles in the vector set

{¢1,---, 0N, 01,...,0n}. Foracycle{d;,...,o;,

015,05}, thesubset {iq1,...,4} is V-essential.



Moreover, every V-essential subset is of this
form.

Note that the decomposition of the Grass-
mannian G(n, N) of all n-dimensional planes
P C F* into strata with the same collec-
tion of essential subsets coincides with the
decomposition of G(n, N) into small cells of
Gelfand-Serganova because any two Py, P> €
G(n, N) with the same collection of essential
subsets have the same dimensions of inter-
sections with all coordinate subspaces. Equiv-
alently, P1 and P, are in the same strata if
and only if the corresponding collections of
vectors V7 and V5, define the same matroid,
i.e., have the same collection of independent
subsets.

Let us apply the Theorem 4 to C(X). Let
wi,wy,...,w; bethe fundamental weights. They
generate the weight lattice 7. Also let d; be
the number of positive roots a € A such
that a(w;) # 0.



Corollary 6. The algebra C(X) is naturally
isomorphic to the quotient of the polynomial
ring Sym(h*)/J, the ideal J € Sym(bh*) is
generated by the elements (w-w;)%T1, where
r=1,...,1 and w is an element of the Weyl
group W. This isomorphism is induced by the
projection Sym(h*) — C(X) that send A € T
to the curvature form ©(L)).



Two algebras associated to an undirected
graph

G-parking functions and monomial
ideal associated to a digraph

A parking function of size n IS a sequence
b= (b1,...,bn) Of non-negative integers such
that its increasing rearrangement c¢; < -+ <
cn Satisfies ¢; < ¢. Equivalently, we can for-
mulate this condition as #{i | b; < r} > r, for
r=1,...,n. The parking functions of size n
are known to be in bijective correspondence
with trees on n + 1 labelled vertices. Thus,
according to Cayley's formula for the number
of labelled trees, the total number of parking
functions of size n equals (n+ 1)"~1. In this
section we extend this statement to a more

general class of functions.

Let G be a digraph on the set of vertices
0,1,...,n (with possible multiple egdes but
no loops). The vertex 0 will be the root of



G. The digraph G is determined by its ad-
Jacency matrix A = (a;j)o<i j<n, Where a;; is
the number of edges from the vertex : to the
vertex 5. We will regard graphs as a special
case of digraphs with symmetric adjacency
matrix A.

An oriented spanning tree T of the digraph
G is a subgraph T' C G such that there exists
a unique directed path in T from any vertex 2
to the root 0. The number Ng of such trees
IS given by the Matrix-Tree Theorem:

Ng = det L, (1)

where Lg = (1;5) 1<, j<n the truncated Laplace
matrix, also known as the Kirkhoff matrix,
given by

> a;r for i =j,
lij = § re{0,...n}\{i} (2)
—Qyj for + = 3.
If G is a graph, i.e., A is a symmetric matrix,
then oriented spanning trees defined above

are exactly the usual spanning trees of G,



which are connected subgraphs of G without
cycles.

For a subset I in {1,...,n} and a vertexi € I,
let
dr(s) = ) aij,
jE1

i.e., dj(i) is the number of edges from the
vertex ¢ to a vertex outside of the subset I.
et us say that a sequence b = (b1,...,bn) Of
non-negative integers is a G-parking function
if, for any nonempty subset I C {1,...,n},
there exists 7 € I such that b; < dj(4).

If G =K, 41 is the complete graph on n+ 1
vertices then K, 4 -parking functions are the
usual parking functions of size n defined in
the beginning of this section.

Theorem 7. The number of G-parking func-
tions equals the number Ng = det L of ori-
ented spanning trees of the digraph G.



We can reformulate the definition of G-parking
functions in algebraic terms as follows. Through-
out this paper we fix a field K. Let Zy = (m )

be the monomial ideal in the polynomial ring

Kl[zq,...,zn] generated by the monomials
e
my = [ 2", (3)
icl

where I ranges over all nonempty subsets
I C{1,...,n}. Define the algebra Ag as the
quotient Ag = Klz1,...,zn]/Zg.

A non-negative integer sequence b = (b1,...,bn)
iIs a G-parking function if and only if the
monomial zb = zJ! ...zl is nonvanishing in
the algebra Ag.

For a monomial ideal Z, the set of all mono-
mials that do not belong to Z is a basis of
the quotient of the polynomial ring modulo
Z, called the standard monomial basis. Thus
the monomials :cb, where b ranges over G-
parking functions, form the standard mono-
mial basis of the algebra Ag.



Corollary 8. Ag is a finite-dimensional lin-
ear space over K. Its dimension is equal to

the number of oriented spanning trees of the
digraph G:

dim AG = NG'



Power algebra associated to
an undirected graph

Let G be an undirected graph on the set of
vertices 0,1,...,n. In this case the dimension
of the algebra Ag is equal to the number of
usual spanning trees of G.

For a nonempty subset I in {1,...,n}, let
Dy = Zie],jgfa’ij = ZiEIdI(i) be the total
number of edges that join some vertex in I
with a vertex outside of I. For any nonempty
subset I C {1,...,n}, let

Dy
pr = (Z $z> : (4)

1€l

Let Jo = (p;) be the ideal in the polyno-
mial ring K[z, ...,zn] generated by the poly-
nomials py for all nonempty subsets I. De-
fine the algebra Bs as the quotient By =

Klz1,-...,zn]/JIq-



The algebras Ag and Bg are graded. For a
graded algebra A=A Al @ A%2@ .-, the
Hilbert series of A is the formal power series
in g given by

Hilb A= Y ¢* dim AF.
k>0

Our main proposition is as follows.

Theorem 9. The monomials x°, where b ranges
over G-parking functions, form a linear basis
of the algebra Bs. Thus the Hilbert series of
the algebras Ag and Bg coincide termwise:
Hilb A = Hilb Bg. In particular, both these
algebras are finite-dimensional as linear spaces
over K and

dim Ag = dim Bg = Ng

iIs the number of spanning trees of the graph
G.

Example 10. Let n = 3 and let G be the
graph given by

1 0
G = . (5)
2 3




The graph G has 8 spanning trees:

NN NN T

The ideals Zs and Jg4 are given by

— 2 2.2 2
I = <:c:f,:c%,:c%,a:lxg,xlx3,x2:c3,:c1x8x3> :

Jo = (23,73,23, (z1 + 22)3, (w1 + 23)%, (22 + 23)3,
(1 + 22 +23)2).
The standard monomial basis of the algebra
Ag is {1,z1,20,73,7%, 7170, T2T3,73}. The

corresponding G-parking functions are the ex-
ponent vectors of the basis elements:

(0,0,0),(1,0,0),(0,1,0),(0,0,1),(2,0,0),

(1,1,0),(0,1,1),(0,0,2).

We have dim Az = dimBg = 8 is the num-
ber of spanning trees of G, and Hilb Agp =
Hilb B = 1 4 3¢ + 44°.

We will refine Theorem 9 and interpret di-
mensions of graded components of the alge-
bras Ag and Bg in terms of external acticity



of spanning trees. Let us fix a linear ordering
of all edges of the graph G. For a spanning
tree T of GG, an edge e € G\ T is called ex-
ternally active if there exists a cycle C in the
graph G such that e is the minimal edge of
C and (C\{e}) C T. The external activity of
a spanning tree is the number of externally
active edges. Let NE denote the number of
spanning trees T' C G of external activity k.
Even though the notion of external activity
depends on a particular choice of ordering of
edges, the numbers Ng are known to be in-
variant on the choice of ordering.

Let A% and Bf be the k-th graded compo-
nents of the algebras Ags and By, correspond-

ingly.
Theorem 11. The dimensions of the k-th
graded components A%, and BE, are equal to

dim A%, = dim BE, = NJFI7"F

the number of spanning trees of G of external
activity |G| — n — k, where |G| denotes the
number of edges of G.



Examples: tree ideals and their generalizations
Two algebras of dimension (n + 1)7~1

Suppose that G = K, is the complete
graph on n + 1 vertices. As we have already
mentioned, the K, 4i-parking functions are
the usual parking functions of size n defined
earlier.

Let Z,, = (m;) and Jn, = (py) be the ideals
in the polynomial ring K[z1, ..., zn] generated
by the monomials m; and the polynomials py,
correspondingly, given by

mjp = (xil T xir)n_r+17

pr = (i, + - +a;, )T,
where in both cases I = {i1,...,%r} runs over
all nonempty subsets of {1,...,n}. Let A, =
Klx1,...,zn]/Zn and By = Klz1,...,2n]/In.
Corollary 12. The graded algebras A, and
B, have the same Hilbert series. They are

finite-dimensional, as linear spaces over K.
Their dimensions are equal to

dim A, = dim B, = (n 4+ 1) 1.



The images of the monomials zb, where b
ranges over parking functions of size n, form
linear bases in both algebras A, and B,.

An inversion in a tree T' on the n+4 1 vertices
labelled O, ...,n is a pair of vertices labelled
and j such that ¢« > 53 and the vertex : belongs
to the shortest path in T that joins the vertex
7 with the root O.

Corollary 13. The dimension dim AX = dim BE
of the k-th graded components of the alge-
bras A, and B, is equal to

(A) the number of parking functions b of size
n such that b1 +---+bn, = k;

(B) the number of trees on n+1 vertices with
external activity (g) —k;

(C) the number of trees on n+1 vertices with

(g) — k inversions.



It is well known that the numbers (A), (B),

and (C) are equal. The inversion polynomial

is defined as the sum I,(q) = Y. g% Of inversions in T
over all trees T' on n + 1 labelled vertices.
Thus the Hilbert series of the algebras A,

and B, are equal to

Hilb A, = Hilb By, = ¢(2) I,,(¢~1).

Two algebras of dimension [ (I 4 kn)" 1

It is possible to extend the previous example
as follows. Fix two non-negative integers k
and [. Let G = K,,’z’_i_l be the complete graph
on the vertices 0,1,...,n with the edges (4, 7),
i,7 7= 0, of multiplicity k¥ and the edges (0,1)
of multiplicity I. The K ,-parking functions
are the non-negative integer sequences b =
(b1,...,bpn) such that, forr=1,...,n,

#{i | b <1+ k(r—1)} >

The definition of these functions can be also
formulated as ¢; <1+ (¢ — 1)k, where ¢1 <
- < ¢n, IS the increasing rearrangement of



elements of b. Such functions were stud-
led by Pitman and Stanley and then by Yan.
They demonstrated that their number equals
l(I1+kn)"—1. One can show, using for exam-
ple the Matrix-Tree Theorem (1), that the
number of spanning trees in the graph Kﬁ’_lH
equals 1 (I + kn)" 1. Thus Theorem 7 re-
covers the above formula for the number of
Kﬁil—parking functions.

Let T, xy = (my) and J, 1 = (p1) be the
ideals in the ring Klz1,...,zn] generated by
the monomials m; and the polynomials py,
correspondingly, given by

myp = (z, -~ a;,) TR0,

pr = (z;; +---+ z;, )" UHkn=r))
where in both cases I = {i1,...,%r} runs over
all nonempty subsets of {1,...,n}. Let A, ;=

Klz1,. . 2n]/Tppand By, g1 = Klz1,. .., 20l /Tn k-
Corollary 14. The graded algebras A,, . ; and
B, 11 have the same Hilbert series. They are



finite-dimensional, as linear spaces over K.
T heir dimensions are

dim A, x;=dimB, ;=11 + kn)" 1.

The images of the monomials zb, where b
ranges over K s’_f_l—parking functions, form lin-
ear bases in both algebras A,, .; and B, 1 -



Monotone monomial ideals
and their deformations

A monotone monomial family is a collection
M={mj;| I € X} of monomials in the poly-
nomial ring K[z1,...,zn] labelled by a set X
of nonempty subsets in {1,...,n} that satis-
fies the following three conditions:

(MM1) For I € 3, my is a monomial in the vari-
ables x;, » € I.

(MM2) For I,J € X such that I C J and i € I,
we have deg, (my) > deg, (my).

(MM3) For I,J € X, Icm(mj,my) is divisible by
my for some K D I1UJ in 2.

The monotone monomial ideal T = (M) as-
sociated with a monotone monomial family



M is the ideal in the polynomial ring K[xq, ..., zn]
generated by the monomials my in M.

It follows from (MM1) and (MM2) that con-
dition (MM3) can be replaced by the condi-
tion: For I,J € > thereis K O IUJ in > such
that myg is @ monomial in the x;, 1t € T U J.
This condition is always satisfied if I,J € >
implies that TU J € .

The monomial ideal Zs; constructed in Sec-
tion for a digraph G is monotone. In this
case > is the set of all nonempty subsets in
{1,...,n} and my is given by (3).

Let I = {i1,...,%+}. FoOr a monomial m €
Klz;,,--.,;.], an I-deformation of m is a ho-
mogeneous polynomial p € Klz;,,...,z;] of

degree deg(p) = deg(m) satisfying the gen-
erosity condition
Klziys .- zi,] = (Bm) @ (p), (6)

where (Ry,) is the linear span of the set Ry,
of monomials in K[z;,,...,z;] which are not



divisible by m, (p) is the ideal in K[z;,,...,z;,]
generated by p, and “@"” stands for a direct
sum of subspaces. Notice that the generos-
ity condition is satisfied for a Zarisky open
set of polynomials in K[z;,,...,z; ] of degree
deg(m). For example, the polynomial p =
axi1+bxoyisa {1,2}-deformation of the mono-
mial m = x4 if and only if a #= 0.

The following lemma describes a class of I-
deformations of monomials.

Lemma 15. Let I = {i1,...,4r}, let m be a
monomial in K[z;,,...,x;], and letay,...,ar €
K\ {0}. Then the polynomial

p= (o1 + - + arm;, )9e9™

is an I-deformation of the monomial m.

A deformation of a monotone monomial ideal
IZ={my|IeX)isanideal J = (pr|I € X)
generated by polynomials py such that p; is
an I-deformation of mjy for each I € >.. For
example, according to Lemma 15, the ideal



Ja given in Section is a deformation of the
monotone monomial ideal Zs.

Theorem 16. Let 7 be a monotone mono-
mial ideal, and R be the standard monomial
basis of the algebra A = K|z1,...,za]/Z, i.€.,
R is the set of monomials that do not belong
toZ. Let J be a deformation of the ideal I,
and B=K[z1,...,zn]/J.

Then the monomials in R linearly span the
algebra B.

Remark that the set of monomials R may or
may not be a basis for B.

Corollary 17. Let I be a monotone mono-
mial ideal, J be a deformation of the ideal I,
A=K[z1,...,2n]/Z, and B =K|z1,...,zn]/T.
Then we have the following termwise inequal-
ities for the Hilbert series:

Hilb Z < Hilb J & Hilb A > Hilb B.



In some cases the Hilbert series are actually
equal to each other. According to Theo-
rem 9, Hilb Ag = HilbBg, for any graph G.
However in general the Hilbert series may not
be equal to each other. It would be interest-
ing to describe a general class of monotone
monomial ideals and their deformations with
equal Hilbert series.

There is an obvious correspondence between
the generators mj; of a monotone monomial
ideal Z and the generators p; of its deforma-
tion J. Notice however that (except for very
special cases) the monomial generator mjy
does not belong to the boundary of the New-
ton polytopes of it polynomial deformation
pr.- T'hus the monomial my is not the leading
term of the polynomial p; for any term order.
This shows that the above results cannot be
tackled by the standard Grobner bases tech-
nique.



Hilbert series and dimensions
of monotone monomial ideals

In this section we give formulas for the Hilbert
series and dimensions of monotone monomial
ideals. Then we prove Theorem 7.

Let {mI | I € Z}, my = Hiejx,l&-jj(i), be a
monotone monomial family, let Z = (mj) be
the corresponding ideal in the polynomial ring
Klz1,...,zn], and let A =Kl[z1,...,zn]/ZL.
Proposition 18. The Hilbert series of the
algebra A equals

1 _|_ Z (_1)]{: Z qd(fl,...,lk)

C...C
Hilb A = — *=1 ). ,
(1—g)"
where the sum is over all strictly increasing
chains in X and the number d(I1,...,1;) is

the degree of the monomial myy, 1.

Remark that if I1,...,I; is not a chain of
subsets then |My N ---N M| may not be
a polynomial in the v;(i). It may include



expressions like min(v;(i),v;(¢)). Thus the
inclusion-exclusion principle does not imme-
diately produce a polynomial expression for
dim . A. Miraculously, all non-polynomial terms
cancel each other.



