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Part | : Univariate polynomials



The classical Gauss-Lucas theorem  Classical Results

Zeros and Critical points

p degree n polynomial : All our polynomials will be over C.
e o(p) : Roots of p.
o KC(p) : Convex hull of roots of p.

e o(p’) : Roots of derivative aka critical points of p.
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Zeros and Critical points

p degree n polynomial : All our polynomials will be over C.
e o(p) : Roots of p.
o KC(p) : Convex hull of roots of p.

e o(p’) : Roots of derivative aka critical points of p.
Theorem (Gauss, Lucas)
K(p") C K(p).

Enough to show that if o(p) C H (open upper half plane), then so does o(p’).

p 1 —
Im — = Im —— >0, VzeH.
mp(z) Z me z

XEo(p)

This also shows: Assume that the roots of p do not all lie on a line. Then,

A€ a(p')NOK(p) = X € o(p).
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Other odds and ends

Beyond the Gauss-Lucas theorem, there are other classical results.

Lemma (Fejer, Toeplitz, 1910’s)

Fix N ={\1,--- ,An} C C. Let E(N) be all points that are critical points of a polynomial with

roots in N\,
E(N) ={¢€C|3p:a(p) CA, p'(C) =0}.

Then, E(N) is everywhere dense in IC(N).



The classical Gauss-Lucas theorem  Classical Results

Theorem (Specht, 1959)

Given a polynomial with roots {\1,--- , An}, define the points,

)\,‘ + (n — 1))\1'

Bij = — , 1<i<j<n.
n

n

Then, any circular region containing exactly one of the \; and none of the p;; does not contain
any critical points. In particular,

K(p') C conv{pi}.
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Ai n (n—1)N
n n

pij = , 1<i<j<n.

Then, any circular region containing exactly one of the \; and none of the p;; does not contain
any critical points. In particular,

K(p') C conv{pi}.

Specht’s theorem for a polynomial of degree 4.
Source : Figure 2.2 in Analytic theory of polynomials by Rahman and Schmeisser.
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Theorem (Specht, 1959)

Given a polynomial with roots {\1,--- , An}, define the points,

Aj — 1))
MU:;+u7 1<i<j<n.
n n

Then, any circular region containing exactly one of the \; and none of the p;; does not contain
any critical points. In particular,

K(p') C conv{pi}.

Specht’s theorem for a polynomial of degree 4.
Source : Figure 2.2 in Analytic theory of polynomials by Rahman and Schmeisser.

Note: The Gauss-Lucas theorem does not extend to entire functions! Consider

f(2) = zexp(2?), f'(2) = (22% + 1)exp(2?).
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Theorem (Kakeya, 1917)
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radius 1, then it has at least p — 1 roots in a disc of radius ¢(n, p, m).

Kakeya(1917) : This number exists.



The classical Gauss-Lucas theorem  Classical Results

Kakeya's problem

Theorem (Kakeya, 1917)

If a degree n polynomial p has two zeroes in D, then it has a critical point in D csc (%) ~ Dn/x.

¢(n, p): The smallest number such that if a degree n polynomial has at least p roots in a disc of
radius 1, then it has at least p — 1 roots in a disc of radius ¢(n, p, m).

Kakeya(1917) : This number exists.

o Gauss-Lucas : ¢(n,n) =1.
Kakeya: ¢(n,2) = csc (%)

@ Marden(1939) : ¢(n, p) < csc (M)

o Biernacki(1945) : ¢(n,n—1) = 4/1+ % for n odd.



The classical Gauss-Lucas theorem  Classical Results

A quantitative Gauss-Lucas theorem

Recall, K(p) : Convex hull of roots of p.

Theorem (R, '17)

Let p be a polynomial of degree n. Then, for any ¢ > 1/2, we have that

(P < 4(c — &) [K(p)!.



The classical Gauss-Lucas theorem Principal submatrices and Interlacing

Theorem (Bourgain-Tzafriri, 91)

For any zero diagonal contraction A € Mn(C), 3o C [n] such that |o| = Q(ne?) and

||Ps APy || < e.

lllustrating the Bourgain-Tzafriri theorem



The classical Gauss-Lucas theorem Principal submatrices and Interlacing

Cauchy-Poincare, R.C.Thompson, Marcus-Spielman-Srivastava

Theorem (Cauchy-Poincare)

A € My(C)*2. Then, the eigenvalues of x[A] and x[A;] interlace.
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The classical Gauss-Lucas theorem Principal submatrices and Interlacing

Cauchy-Poincare, R.C.Thompson, Marcus-Spielman-Srivastava

Theorem (Cauchy-Poincare)

A € My(C)*2. Then, the eigenvalues of x[A] and x[A;] interlace.

Lemma (Markov principle)

p1,--- ,Pn be same degree, monic, real rooted with common interlacer. Then, Yk 3i,

Ak(pi) < Me(pr+ -+ - + pn)-

Lemma (Obreshkoff)

{pi}}_, degree k monic real rooted. Common interlacer iff every convex combination real rooted.




The classical Gauss-Lucas theorem Principal submatrices and Interlacing

We will use As to represent the principal submatrix of A with rows and columns from S removed.

Theorem (MSS, 2014 + R.C.Thompson, 1963)

Let A € Mp(C)*2. Then, 3i € [n] such that,

A (dAD < A (3o XIAD) = M (CTAD -

For any k € [n], there is a size k subset S C [n] such that,

A OdAsh) < x(D xiAsT | = x (V1AL -

[S|=k

Note: Same holds with inequalities reversed.



The classical Gauss-Lucas theorem  The univariate barrier method
p : Real rooted degree n polynomial. For b > A1(p) and ¢ > 0, define

NOESS ﬁ, smaxo(p) == () = M (P — @p).

10

22 24 16 28 30

Log barrier



The classical Gauss-Lucas theorem  The univariate barrier method

Using the log barrier

Proposition (Marcus, 2014)
Let p be real rooted and ¢ > 0. Then,

1
smax,(p') < smaxy(p) — —, ~  smaxy,(p)) < smax,(p) — —.

1
Follows from concavity of . above A\1(p).
P
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Using the log barrier

Proposition (Marcus, 2014)

Let p be real rooted and ¢ > 0. Then,

1 k
smax,(p') < smaxy(p) — —, ~  smaxy,(p)) < smax,(p) — —.

Follows from concavity of — above A1(p). Optimization yields

Theorem

‘

Let p be a degree n real rooted polynomial with roots in [—1,1] and with the average of its roots

1
0. Then, for any ¢ > 2 we have that,
roots (p(C")) C[—2Vec—c?,2v/c— 2.

Note : This is a quantitative Gauss-Lucas theorem for real rooted polynomials.



Majorization and the complex rooted case Majorization

Majorization for sequences

Given non-increasing real sequences a = (a1, - ,an) and b = (b1, - - , bn) say that b majorizes a,
which we denote by a < b if,

aa<b, aat+ta<<b+b, -+ a+--+ap—1<b+ - +by1,

and
al+"‘+an:bl+"'+bn-
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Majorization and the complex rooted case Majorization

Majorization for sequences

Given non-increasing real sequences a = (a1, -+ ,an) and b = (by, - - , by) say that b majorizes a,
which we denote by a < b if,

aa<b, aat+ta<<b+b, -+ a+--+ap—1<b+ - +by1,

and
al+"‘+3n:bl+"'+bn-

Theorem (Schur)
Given A € M,(C)*?, the diagonal of A is majorized by the eigenvalues of A.

Theorem (Polya)

b majorizes a iff for every convex function ¢ defined on an interval containing both sequences,

> bai) <D s(bi).

Another very useful characterization,

(Birkhoff)

b majorizes a iff there is a Doubly Stochastic n X n matrix A such that Ab = a.

Lemma
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Majorization for matrices

Given a matrix A, we will use o(A) to denote its eigenvalues.

Theorem (Ky Fan)

Given a matrix A € M,(C), we have that

Reo(A) < o(ReA).



Majorization and the complex rooted case Majorization

Majorization for matrices

Given a matrix A, we will use o(A) to denote its eigenvalues.

Theorem (Ky Fan)

Given a matrix A € M,(C), we have that

Reo(A) < o(ReA).
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B = PA |pcn, P projection, rank(P)=n—1.
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Say that B is a differentiator if x[B] = —x/[A].
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Majorization and the complex rooted case Majorization

Majorization for matrices

Given a matrix A, we will use o(A) to denote its eigenvalues.

Theorem (Ky Fan)

Given a matrix A € M,(C), we have that

Reo(A) < o(ReA).
Given a matrix A € M,(C) let B be a compression of A to a n — 1 dimensional subspace,
B = PA |pcn, P projection, rank(P)=n—1.

1
Say that B is a differentiator if x[B] = —x/[A].
n

Theorem (Pereira, 2003, Malamud, 2003)

Every matrix has a differentiator. As a consequence: given a polynomial p with roots
{A1,---,An}, let R(p) be the polynomial whose roots are {Re\1,--- , Re\n}. Then,

Reo(Dp) < o(DR(p)).

This has several consequences.



Majorization and the complex rooted case Majorization and polynomials

The De Brujin-Springer and Schoenberg conjectures

Theorem (Schoenberg’s conjecture, Pereira, Malamud)

Given a polynomial p with average of roots 0,

S <=2 3 e

nea(p’) Xea(p)

Further, we have equality iff the roots are collinear.
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The De Brujin-Springer and Schoenberg conjectures

Theorem (Schoenberg’s conjecture, Pereira, Malamud)

Given a polynomial p with average of roots 0,
2 Nn=2 2
DooP<—= > A
nea(p’) Xea(p)
Further, we have equality iff the roots are collinear.

Saya= (a1, -+ ,am) <b= (b1, -, by) if there is a Doubly stochastic m x n matrix A such that
Ab = a.

Doubly stochastic here means : Entries positive, each row sum 1, each column sum m/n.
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The De Brujin-Springer and Schoenberg conjectures

Theorem (Schoenberg’s conjecture, Pereira, Malamud)

Given a polynomial p with average of roots 0,

S owP< =23 pR

nea(p’) Xea(p)

-2

Further, we have equality iff the roots are collinear.

Saya= (a1, -+ ,am) <b= (b1, -, by) if there is a Doubly stochastic m x n matrix A such that
Ab = a.

Doubly stochastic here means : Entries positive, each row sum 1, each column sum m/n.

Theorem (De Bruijn-Springer conjecture, Pereira, Malamud)

Given a polynomial,

a(p’) < a(p).



Majorization and the complex rooted case Majorization and polynomials

Majorization for higher derivatives

Proposition (Borcea-Branden)

Suppose p and q are real rooted and such that o(q) < o(p). Then,

a(q’) < a(p').

Iterating the Pereira-Malamud theorem and the above theorem yields

Proposition

Let p be a polynomial of degree n and let k < n. Then,

o (R(p™M)) < o((Rp)M).

For a real rooted polynomial p, let

span(p) := Maxyeq(p) A — MiNxeo(p) M-



Majorization and the complex rooted case Majorization and polynomials

Shrinking for complex rooted polynomials

Let p be a polynomial of degree n. Then, for any k < n,

maxy ¢, (ptk)) ReA —miny ) Re X < span(RP)(K).
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Shrinking for complex rooted polynomials

Proposition

Let p be a polynomial of degree n. Then, for any k < n,

maxy ¢, (ptk)) ReA —miny ) Re X < span(RP)(K).

The log barrier technique yields

Proposition

Let p be a real rooted polynomial of degree n and let k = cn for ¢ > 0. Then,

span p(® < 2/c — 2 span p.
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Shrinking for complex rooted polynomials

Let p be a polynomial of degree n. Then, for any k < n,

maxy ¢, (ptk)) ReA —miny ) Re X < span(RP)(K).

The log barrier technique yields

Proposition

Let p be a real rooted polynomial of degree n and let k = cn for ¢ > 0. Then,
span p(® < 2/c — 2 span p.
Letting K(p) denote the convex hull of the roots of p, we see

[Projr K(p(™)| < 2v/c — | Projr K(p)|.



Majorization and the complex rooted case Majorization and polynomials

Shrinking for complex rooted polynomials

Proposition

Let p be a polynomial of degree n. Then, for any k < n,

maxy ¢, (ptk)) ReA —miny ) Re X < span(RP)(K).

The log barrier technique yields

Proposition

Let p be a real rooted polynomial of degree n and let k = cn for ¢ > 0. Then,
span p(® < 2/c — 2 span p.
Letting K(p) denote the convex hull of the roots of p, we see

[Projr K(p(™)| < 2v/c — | Projr K(p)|.

The same works in other directions as well.

Theorem (R, '17)

Let p be a polynomial of degree n. Then, for any ¢ > 1/2, we have that

IK(pM)] < 4(c = ) |K(p)!.
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Part Il : On the Kadison-Singer problem



The paving problem

The Paving problem

Theorem (MSS, 13)

For any € < 1, there is r = O(e=?) so that for any zero diagonal hermitian contraction
A € M,(C)*2, there are diagonal projections Qq,--- ,Qr with Q1 +---+ Q- =1,

Amax(QiAQi) < €, 1 S i S r.



The paving problem

The Paving problem

Theorem (MSS, 13)

For any € < 1, there is r = O(e=?) so that for any zero diagonal hermitian contraction
A € M,(C)*2, there are diagonal projections Qq,--- ,Qr with Q1 +---+ Q- =1,

Amax(QiAQi)<€, 1§ISI‘

Q1A

QAR

Q3AQs

A Paving of a matrix A



The paving problem Weaver's KS,

Weaver's KS,

Theorem (MSS 13)

There is a € < 1/2 and r € N such that given vectors vi,- -+ ,Vm in C" such that

“ * 2 1
vt =k lP <3,
i=1

then there is a partition Xq 11 - - - I1 X, = [n] such that

1
N (Z v;v,-*) < 5 +e€ JE][r] (Weaver's KS;)

iex;

MSS deduced this from
Theorem (MSS 2013, Cohen 2016)

Let A1,- -+, Am be independent random PSD matrices such that
E[A1 + -+ An] =1, ETr(A)<e i€[m].

Then,
P[[|A1 + -+ Anl| < (1 + V€)?)] > 0.

Uses Mixed Characteristic polynomials.
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A direct approach to the paving problem

A € Mp(C)* hermitian. X = Xy IT--- IT X; = [n], partition. Write,

A(X) = P)(lAPX1 + -4+ PX,APX,-
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A direct approach to the paving problem

A € Mp(C)* hermitian. X = Xy IT--- IT X; = [n], partition. Write,
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The method of Interlacing polynomials

X : Paving. Consider x[A(X)]. Then,

S XA,

XEP,

is real rooted.



A direct approach to the paving problem

A direct approach to the paving problem

A € My(C)*? hermitian. X = Xy IT--- IT X, = [n], partition. Write,

A(X) = P)(lAPX1 + -4+ PX,APX,-

The method of Interlacing polynomials

X : Paving. Consider x[A(X)]. Then,

S XA,

XEP,

is real rooted. Futher, 3 paving X s.t.,

ALAX) <A D XAWX)]
XeP,



A direct approach to the paving problem Mixed determinants

Expected Characteristic polynomials

Theorem (R, 16)

A € M,(C) hermitian. Then There exists a r paving X s.t.,

MA(X) <A Y XIAX)]
XePy

(r—1)n
g 1 det[Z — A]r |Z:XI o

N
1821'71...82,7



A direct approach to the paving problem Mixed determinants

Expected Characteristic polynomials

Theorem (R, 16)

A € M,(C) hermitian. Then There exists a r paving X s.t.,

MA(X) <A Y XIAX)]
XePy

(r—1)n
g 1 det[Z — A]r |Z:XI o

-
1821’71...82,7

Recall the definition of real stability (here H denotes the open upper half plane).

Definition

p € R[z1,...,zy)] is said to be real stable if it is non-vanishing on H".



A direct approach to the paving problem Mixed determinants

There is a purely one variable expression for this too. Define for A € M,(C) and r € R,

det,(A Z sign(o)r€ ]:[a,(7 Gy xr[A] = det(xI — A).

oESy i=1

Here c(o) is the number of disjoint cycles in the permutation o. Then,



A direct approach to the paving problem Mixed determinants

There is a purely one variable expression for this too. Define for A € M,(C) and r € R,

det,(A Z sign(o)r€ ]:[a,(7 Gy xr[A] = det(xI — A).

oESy i=1
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D XA = x[AlL
XEP,

In particular, x,[A] is real roooted for all hermitian A when r € N. Not true for r ¢ N.



A direct approach to the paving problem Mixed determinants

There is a purely one variable expression for this too. Define for A € M,(C) and r € R,

det,(A Z sign(o)r€ Ha,a(,), xr[A] := det,(xI — A).

oESy i=1
Here c(o) is the number of disjoint cycles in the permutation o. Then,
D XA = x[AlL
XEP,

In particular, x,[A] is real roooted for all hermitian A when r € N. Not true for r ¢ N.

Proposition (Branden, 2011)

det,[A] is positive for all PSD A € C iff r € Z.




Root estimates in the paving problem

Barrier method

Given a real stable polynomial p(zi,...,z,), say that a is above the roots, a € Ab,, if

p(a+z)#0 VzeR].
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Barrier method

Given a real stable polynomial p(zi,...,z,), say that a is above the roots, a € Ab,, if
p(a+z)#0 VzeR].
We have

a€ Ab, = a € Aby,.

Derivatives shift zero free orthants left. Measure how far a is from the zero set of p using.

9
l')p(a), where a € Abp.

o, (a) = [0 log(p)](a) =



A direct approach to the paving problem Root estimates in the paving problem

Barrier method

Given a real stable polynomial p(zi,...,z,), say that a is above the roots, a € Ab,, if

p(a+z)#0 VzeR].
We have

a€ Ab, = a € Aby,.

Derivatives shift zero free orthants left. Measure how far a is from the zero set of p using

i (a) = [9; log(p)](a) = 0;p(a), where 2 € Ab,.

We have the following facts about ¢i,. Let a € Abp.
Q ¢,(a) > 0.
Q 9;dy(a) <O.
Q 9?d,(a) > 0.



A direct approach to the paving problem Root estimates in the paving problem

Barrier method : Continued

Our goal is to get an estimate on the max root of

Xr[Al = 0710, p(Z) | zowi= O]t OF  det[Z — Al [z -
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Barrier method : Continued

Our goal is to get an estimate on the max root of

Xr[Al = 0710, p(Z) | zowi= O]t OF  det[Z — Al [z -

Alternately, get a good estimate for b such that

(biov ) € Abys s,
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Barrier method : Continued

Our goal is to get an estimate on the max root of

XA = 070 p(Z) |zmi= 0Y O det]Z — AT 7 -

Alternately, get a good estimate for b such that

(biov ) € Abys s,

If Ais a PSD contraction then
(a,...,a) € Abp, Va>1.

How far does the zero free orthant move under the operator 8{_1?



A direct approach to the paving problem Root estimates in the paving problem

Barrier method : Continued

Our goal is to get an estimate on the max root of

XA = 070 p(Z) |zmi= 0Y O det]Z — AT 7 -

Alternately, get a good estimate for b such that

(biov ) € Abys s,

If Ais a PSD contraction then
(a,...,a) € Abp, Va>1.
How far does the zero free orthant move under the operator 8{_1?

Proposition (R, 17)

p real stable of degree r in z; and a = (a1, ...,an) € Abp, Then

r aj

(a—dej) < &/ /(a), provided § < o T

arl



A direct approach to the paving problem Root estimates in the paving problem

Optimization

Iterating this, we get

Let p(z1,--- ,zn) be real stable and of degree at most r in each variable and let a € Abp. Then

r al r an
- +=,a———+ ") €Ab 1 1.
(a ®l(a) ' r ®n(a) r) )



A direct approach to the paving problem Root estimates in the paving problem

Optimization

Iterating this, we get

Proposition

Let p(z1,- -+ ,zn) be real stable and of degree at most r in each variable and let a € Ab,. Then

r al r an
LB e +2) eab, 1 1.
(a ®L(a) | r A0 r) o105

Log barriers for p(Z) = det[Z — A]". Note 0; det[Z — A] = det[(Z — A)].

Proposition

Let A be a PSD contraction with diagonal entries all at most « and let a > 1. Then,

o _ o 11—«
(a,---,a) = ref(al — A) le;Sr(er ; )

9ip
p




A direct approach to the paving problem Root estimates in the paving problem

Optimization

Proposition (R)

Let A be a PSD contraction with diagonal entries all at most «. Then for o < k/(k + 1),

2
Alx,[A1s<¢a+ 1;“) .

This slightly improves the MSS estimate

2
M A < <¢a+ \/D . (MsS)

For the case when r = 2, this is weaker than the Bownik-Casazza-Marcus-Speegle estimate of

2
1 xalA] < <¢a+ V3 —a> . (BCMS)



A direct approach to the paving problem

Two basic questions

Root estimates in the paving problem

Question Conjecture MSS Bownik, Casazza, Branden, R.
Marcus, Speegle Marcus

Paving diagonal half | 3 12 * Previous 4

PSD contractions Talk

« such that PSD con- | 0.5 0.08 0.25 Previous 0.25

tractions with diagonals Talk

less than o can be 2
paved




Multi Paving

Multi-Paving

Given Ay, - -, Ax zero diagonal hermitian contractions, find a paving that works for all the matrices
simultaneously. That is, diagonal projections Qy, -+, Qr with Q1 +--- 4+ Q- =/,

Amax (QIA_/QI) <e i€ [r]7 Jj€ [k]

Q1AQ Q1BQ1 Q:1CQy

QAQ; Q:BQ> QCQ2

Q3AQ3 Q3BQs Q3CQ;

Multi Paving matrices A, B, C
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Multi-Paving

Given Ay, - -, Ax zero diagonal hermitian contractions, find a paving that works for all the matrices
simultaneously. That is, diagonal projections Qy, -+, Qr with Q1 +--- 4+ Q- =/,

Amax (QIA_/QI) <e i€ [r]7 Jj€ [k]

Q1AQ Q1BQ1 Q:1CQy

QAQ; Q:BQ> QCQ2

Q3AQ3 Q3BQs Q3CQ;

Multi Paving matrices A, B, C

MSS prooof : r = O(e~2k). Single variable result: r > Ce™2.
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Multi Paving
Theorem (R, Srivastava, 17)
Given A1, - - - , Ax zero diagonal hermitian contractions, there are diagonal projections Q1,--- , Qr
with Q1 + -+ + Q, = I, where
18k
r=—,
€2

and

1QiA;Qill <€ i€lr], Jje€lkl

Asymptotically optimal in both k and e.
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Multi Paving

Theorem (R, Srivastava, 17)

Given A1, - - - , Ax zero diagonal hermitian contractions, there are diagonal projections Q1,--- , Qr
with Q1 + -+ + Q, = I, where
18k
= 2

and
[|QiA;Qll <e, i€lr], je€lk]

Asymptotically optimal in both k and e.

For each k, let A’f, cee ,Af‘n be independent random PSD matrices in such that

E[AK +... 4+ A1 =1, ETr(A) <e ie€[m]

Then is it true that
P[lIAS + - + Ayl < (VK +62] >0 Vi



Multi Paving

Part Il : Some Analytic Borcea-Branden theory
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A basic question

Given a polynomial, let MAP(p) denote its multiaffine part.

Theorem (Borcea, Branden)

p — MAP(p),

preserves real stability.
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A basic question

Given a polynomial, let MAP(p) denote its multiaffine part.

Theorem (Borcea, Branden)

p — MAP(p),

preserves real stability.
Here is a simple fact: Let r € N and let
p(Z) = det[l — ZA]".
Then,
Amaxxr[A] < ¢,
provided

1 n
MAP(p) has no zeroes in [0, —i| .
rc

Several questions about the applications of real stable polynomials can be reduced to the
following,

Let p be a real stable polynomial. Get estimates for the hyperbolicity cone of MAP(p).




Some Analytic Borcea-Branden theory

Lieb-Sokal lemmas

Let p(z1,--+ ,zn) and q(z1,- - ,zn) be real stable. Then so is

(@1, , n)p.

Can one get estimates on the location of zero free orthants for the above polynomial?



Some Analytic Borcea-Branden theory

Lieb-Sokal lemmas

Let p(z1,--+ ,zn) and q(z1,- - ,zn) be real stable. Then so is

(@1, , n)p.

Can one get estimates on the location of zero free orthants for the above polynomial?
In the one variable case : this is just a chain of linear operators.

Log barrier techniques work.



Some Analytic Borcea-Branden theory

Given a multiaffine g, let g be the flip of g, that is, if we write

q= Z 35257

S5C|[n]

then,
q:= Z agzlM\s,
S

Let p,q be multiaffine. Then

n
15) 16) _
) p(z1,- -+ 5 2n)q(y1s - s yn) ly=zvi -

R | (8” + o



Some Analytic Borcea-Branden theory

An analytical Lieb-Sokal lemma

Theorem (An analytical Lieb-Sokal lemma, R 17)

Let p,q € R[z1,- - ,zn] be multiaffine real stable polynomials and let r = q(9)p. Let a lie above
the roots of p and b lie above the roots of q. Then,

1 1
c::a+b7<—,---,—),
¥1 ®n

lies above the roots of q(0)p where,
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An analytical Lieb-Sokal lemma

Theorem (An analytical Lieb-Sokal lemma, R 17)

Let p,q € R[z1,- - ,zn] be multiaffine real stable polynomials and let r = q(9)p. Let a lie above
the roots of p and b lie above the roots of q. Then,
1 1
c:=a+b-— <—, ,—) s
¥1 ®n

lies above the roots of q(0)p where,

__Oip 0;iq
P q

(b), ieln].

Remark : One can, using polarizations and some combinatorics remove the condition that the
polynomials be multiaffine. One can also allow g to be in the Weyl algebra.



Thanks for listening!
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