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Introduction

Mills’ Ratio: notations

R(t) := 2(0)

where

B(t) = /t T o()dx, p(x) =
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L Introduction

Laplace CF

Laplace CF

We introduce Laplace polynomials, Px(t) and Qk(t) that form
rational approximation to the continued fraction

1
A(t) =

[+
2

3
t+ —

[+

studied by Laplace.
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L Introduction

Identities

We compute MGF for these polynomials and prove the
following seemingly unrelated identities,

2.2 2. m!j!(m(i;r,z)r!1 i 2= Vare' (9(2) - o(1).
n=0 m=0 j=0

" 1 n\  227(n!)?
g(_1)k2k+1 (k) — (2n+ 1)V

1 er = 1
1 _V?_;O(2n+1)!!'

and
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Mills’ Ratio

Mills’ Ratio

Mills’ ratio is the function

(t)

R(t) = 2(0)

where

(1) = /too ©(s)ds

IS the tail of the Normal distribution.



Laplace Polynomials, Laplace Continued Fraction and Ramanujan’s ldentity

L Introduction

Mills’ Ratio

Mills’ Ratio

Mills’ ratio is the function

R(t) = <I>Eg p(x) = \/LZ_We‘Xz/2

where

(1) = /too ©(s)ds

IS the tail of the Normal distribution.

Normal Hazard Rate

A(t) = 1/R(t) = ;’j% EIE|€ > f] = A(D).
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The importance of doing Mills’ Ratio

Applications

m Computation of Likelihood Ratio
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L Introduction

The importance of doing Mills’ Ratio

Applications

m Computation of Likelihood Ratio
m Bounds for functionals of Gaussian processes
m Reliability models

The origins of the project

m lan Iscoe and Taehan Bae "Correlations under stress”
m Convexity of the function A(1).
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History

Figure: P.S. Laplace (1749-1827)
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Continued fraction

Laplace (1812 or 1795 (?))

1,13 1.3.5

t3—|—t—5— 7 —+ ... fort > 0. (1)

Ay~ -

based on the continued fraction expansion,

R(t) = 1 . (2)

[+

2

3

4
t+ —

[+

[+
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Laplace polynomials

LIVRE PREMIER. 105

Pour faire usage de cette expression, il faut réduire la fraction con-
tinue

en fractions alternativement plus grandes et plus petites que la fraction

I 7
; les numérateurs des
+4q

e T * 1
entiere. Les deux premiéres fractionssont —» -

fractions suivantes sont tels que le numérateur de la fraction ™ est
égal au numérateur de la fraction (¢ — 1)*®* plus au numérateur de la
fraction (i — 2 )=, multiplié par ({ — 1)g; les dénominateurs se for-
ment de la méme maniere. Ces fractions successives sont

I | 1 +2¢ 1+ 359 1 4+ gg + Bgq?

k| ——— e —— e —— -

1 q’ |+3q-'* t+ﬁq+3q5' 1~+—|ﬁq+1ﬁgi’

= I . ¥ . f I ~ . »
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Convergence of continued fraction
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Convergence of continued fraction

C. G. Jacobi (1804-1851)
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C.G. Jacobi: 1834

346 26. C. G.J.Jacobi, de fract. continua, in quam integr. f e *%0x evolvere licer.
=

206.
De fractione continua, in quam intecrale /| ¢ **dx
f& s I grale 7.

evolvere licet.
(Auct. C. G. J. Jacobi, prof. ord. math. Regiom.)

.lntegrale propositum, cuius in fractionibus coelestibus aliisque quaestioni-
bus usus est, ill. Laplace (M. C. T.1V. L. X.) in fractionem cootinuam

evolutum dedit sequentem, posito ¢ = - 5

2xx
A— _ ex
1. df; @ o = .'E_.:I:'-' 1+ -
l+:ﬂ_3—¥
1+ 144y

Demonstratio tamen viri cum per series divergentes prnm;da!, hodie vix
probabitur; quae hoe modo accuratior redditur.
Statuamus )
- v = e ) 0,
habemus differentiando,
5., 2% - 49sv-i,

dx
Qua aequatione iterum 2 vicibus dilferentiata, prodit
g=tiy d"v o=y

b o= wgmt g
siTe posito
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L Analysis of Mills’ Ratio

The Method

Our approach is based on the following observations:

Two important properties

m The function R(f) can be represented as a Laplace
transform of a probability density function, ¢(x),

1 o0
—Rt:/ e Xo(x)dx, t>0,
A= [ e e(x)

m The function R(t) satisfies the differential equation

oR(1)

= R~ 1.
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- Inequalities for R(t)

Complete monotonicity of R(t)

m Considerr.v. £ ~ N(0,1) and take n = | £|. Then

E[e~™] = 2e"/2d(t) = \/gl-?(t).

Corollary
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- Inequalities for R(t)

Complete monotonicity of R(t)

m Considerr.v. £ ~ N(0,1) and take n = | £|. Then

E[e~™] = 2e"/2d(t) = \/gl-?(t).

Corollary

m The function R(f) is completely monotone:

n
(—1)"dd’?rft) >0 Vi>0.
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- Inequalities for R(t)

n n n
Derivatives d’j,S”

n=11t>0

%&”:m(t)q <0, R()<1/t
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- Inequalities for R(t)

n n n
Derivatives d’j,S”

#%Lqﬂm—1gm R(1) < 1/t.

d?R(t)

t

— (P+1)R(t)— t >0, R > &

at?
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- Inequalities for R(t)

Derivatives dnd’?,st)
n=1:1t>0
_dljjgt):tl%’(t)—1 <0, R(t) <1/t
n=2:1t>0
d?R(t) 5 t
— 1YR(H) —t>0. R(t)> :
e (t=+1)R(t) -t >0, ()_t2+1

Asymptotics

1
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- Inequalities for R(t)

General relations

k" derivative of R(t)

= Py(t) R(t) — Qx—1(1)
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- Inequalities for R(t)

General relations

= Px(t) R(t) — Qk_1(t)

Inequalities for R({)

Qk—2(t)
Py _1(1)

Qk—1(1)
Pr(t)

< R(t) < k=246, ..
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- Inequalities for R(t)

Recurrent Equation for Laplace polynomials

Equation for polynomials

Pk+1(t) = th(t)—l—Pll((t), (3)
Qu(t) = Pr(t) + Qe_1(1), (4)
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- Inequalities for R(t)

Recurrent Equation for Laplace polynomials

Equation for polynomials

Pk+1(t) = th(t)—l—P,/((t), (3)
Qu(t) = Pr(t) + Qe_1(1), (4)

Equation for coefficients
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- Inequalities for R(t)

Recurrent Equation for Laplace polynomials

Equation for polynomials

Pk+1(t) = th(t)—l—P,/((t), (3)
Qu(t) = Pr(t) + Qe_1(1), (4)

Pkt1m = Prm—1+ (M+1) - Prmii, (5)
Qk.m = Pkm + (m + 1) “Qk—1,m+1- (6)
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- Inequalities for R(t)

Coefficients of Laplace polynomials

K Pk(1) Qr—1(1)

1 t 1

2 2+ 1 t

3 t3 + 3t 2+ 2

4 t* + 612+ 3 3 + 5t

5 2+ 108 + 15¢ t* + 912 + 8

6 % + 15t* + 45t + 15 > + 1415 + 33t

7 1 " +21 + 10513 + 105¢ || t° + 20t* + 87t° + 48

Table: Polynomials Pk(t) and Qx_1(1).
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- Inequalities for R(t)

Coefficients px

K m

0 1 2 3 4 5 6 7 |8
0 1 0 0 0
1 0 1 0 0
2 1 0 1 0 0
3 0 3 0 1 o | ... 0
4 3 0 6 0 1 0o |... 0
5 0 15 0 10 0 1 O |...|0
6| 15 0 45 0 15 0 1 0O | O
7 0O [105| O 05| 0 21 0 1 10
81105 O (420 O |210| O (28 | O |1

Table: Matrix p.
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|—G.enerating functions

Formula for py

If Kk — m = 1(mod2), the coefficients px m = 0. If Kk = m(mod 2)

K!

pk’m:m!-Z” nla k_m:2n7 (7)
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|—G.enerating functions

Formula for py

If Kk — m = 1(mod2), the coefficients px m = 0. If Kk = m(mod 2)

k!
m! .20 nl’

Pk,m = K—m=2n, (7)

Corollary

The double generating function

o k

P(r,s):=> > Pxm: sm%

m=0 k=0
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|—G.enerating functions

Formula for py

If Kk — m = 1(mod2), the coefficients px m = 0. If Kk = m(mod 2)

k!
m! .20 nl’

Pk,m = K—m=2n, (7)

Corollary

The double generating function

0. @)

- rk re
p— . m_ p— —
P(r,s) = E E Pi,m + S" 7 = €Xp (rs+ 2) .

m=0 k=0
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|—G.enerating functions

Calculus of Laplace polynomials

Lemma

Py () = kPk_1(1).

Px(t) solves equation

y"(t) + ty(t) — ky(t) = 0.
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|—G.enerating functions

Laplace and Hermite

Hermite polynomials

_ 1 de(t) |, _
H®) = () =g k=01,
e K 2
H(r,t) = Z Hi(t) - % = exp (rt — %) .

k=0
Denote by hx ,, the coefficients of the Hermite polynomials:
Hi(t) = 3K o bk mt™. Then

hk’m:(_1)(k_m)/2pk’m, m:(),-l,...,l(7 kEZ_|_.
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|—G.enerating functions

Differential representation

Laplace and Hermite cont.

Denote ¢(t) = 1/p(t) = V2ret /2.

k
OGRS

—0.1,....
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|—G.enerating functions

Matrix q

k m

0 1 2 3 4 S 6 /7 |8
O 1 0 0 0
1 0 1 o | ... 0
2 || 2 0 1 o | ... 0
3| O S 0 1 0O |... 0
4 | 8 0 9 0 1 o | ... 0
5| 0| 33 | 0| 14 0 1 O ...]0
6(48| 0 |87 | O 20 | O 1 0O |0
/711 01279, 0 (18| 0 | 27| O 1 10

Table: Coefficients gk m.
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|—G.enerating functions

Coefficients of matrix q

Lemma

The coefficients gk m satisfy the relations

Qk.m =0 fork —m=1(mod2),

n
m - Qem= > (M+))!Px_jmyj, fork=m(mod2). (8)
j=0
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|—G.enerating functions

Coefficients of matrix q

Lemma

The coefficients gk m satisfy the relations

Qk.m=0 fork —m=1(mod?2),

n

m - Qem= > (M+))!Px_jmyj, fork=m(mod2). (8)
j=0

Let gk m = mM! - Qk.m- Then from (6) we obtain

é\7k,m =m!. pk,m =+ é\7k—1,m+1- (9)
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|—G.enerating functions

Coefficients gk

Define n:= (k — m)/2. Then

Qk.m=0 fork—m=1(mod2),

o (k41
ml - Qm=(k—nl-27"%" . ), fork=m(mod2).
i=0
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|—G.enerating functions

Proof of theorem

n .
S = m!-q,(,m:(k_n)!.z (k_()—i_l)zi;

i=0
Cauchy integral representation

K
<k> — 1 7{ (1+2) az,
n 2ri [, Zn+1

m-+n 1 m-+2n+1
Szz-i.]f(HZ) dz+2”-i.7{( )T gy
v Z—1 2ri J, z™1(1 - z)
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- Master Equation for Generating Functions

Double generating function of g

Definition of g.f.

rk—1—1

o(r,s):=>» > qk’msm(k+ P

k=0 m=0
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- Master Equation for Generating Functions

Double generating function of g

Definition of g.f.

rk—1—1

Q(fS ZZka (k—|—1)!.

k=0 m=0

Master equation for Q

o(r, s) = V2r el /2 (d(s+r) — d(s)).
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- Master Equation for Generating Functions

Derivation of O

o0 ket o0 ok
Qs,t) =) Qk(t)(k 1) and  P(s;t)=> Pe(t) 1
k=0 ' k=0

Taylor series for function R(t)

R(s+t) = V2relst)/2p(s + 1)

d“R(t) s
R(s+1) = Z dtk( g
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- Master Equation for Generating Functions

Derivation of O (contd.)

= Pr(t)R(t) — Qx—1(1).

2 — ~. d*R t) s

k> ok
= R(1) Z Pe(t) 77 — > Qu-s (D)7
k=0 " k=0

_ R(t) . est—|—s2/2 o Q(S, t)
= V2rel2 (1) 612 (s, 1),
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- Master Equation for Generating Functions

Derivation of Master Equation

R(s+t)+ Q(s,t) = P(s, t)R(1).
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L Identities

New identity (?? 2014)

0. @) ©.@) 1

ZZQk,m(k+1)! — Q(171)

k=0 m=0
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L Identities

New identity (?? 2014)

00 00 1
ZZQk,m(k+1)! — Q(171)

k=0 m=0

Triple Binomial Sum

2.2 2. m!j!(nf,l;:vi!1 —py 2 "= Varet (9(2) - (1)),
n=0 m=0 j=0




Laplace Polynomials, Laplace Continued Fraction and Ramanujan’s ldentity

L Identities

Riordan (1957)

Q(r,0) =€ /2. (1 —28(r)).
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L Identities

Riordan (1957)

Q(r,0) =€ /2. (1 —28(r)).

Famous identity

d 1 n 22N (12
kZ:O(_1)k2k+1 (k) @n+ 1)
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REINELITED

1 1

— — 1.

2 er i 1
1+ 3 2 T & et
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Ramanujan (contd)
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L Identities

Ramanujan (contd)

1

S(8) =

2

3
S+ —

S+

Proposition (Functional form)

S(s) = L — 8.

es?/2 \/7 Z (2‘0;72:?1)”
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L Identities

Ramanujan (contd)

R(s) + Q(s,0) = €% /2. R(0)

e g2n+1
Q(S’O):rg(znﬂ)!!'
S(s)=—-s+ %

52n+1

1 o 32/2\/? =
SJHS’(S)_‘9 2 §(2n+1)!!'
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Ramanujan (contd)

R(s) + Q(s,0) = €% /2. R(0)

e g2n+1
Q(S’O):rg(znﬂ)!!'
S(s)=—-s+ %

52n+1

1 o 32/2\/? =
SJHS’(S)_‘9 2 §(2n+1)!!'

Ram. Identity:

Substitute s = 1.
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