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Introduction

Mills’ Ratio: notations

R(t) :=
Φ̄(t)
ϕ(t)

,

where
Φ̄(t) =

∫ ∞
t

ϕ(x)dx , ϕ(x) =
1√
2π

e−x2/2.
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Introduction

Laplace CF

Laplace CF

We introduce Laplace polynomials, Pk (t) and Qk (t) that form
rational approximation to the continued fraction

R(t) =
1

t +
1

t +
2

t +
3
. . .

.

studied by Laplace.
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Introduction

Identities

We compute MGF for these polynomials and prove the
following seemingly unrelated identities,
∞∑

n=0

∞∑
m=0

n∑
j=0

(n + m)!

m!j!(m + 2n + 1− j)!
2−n =

√
2πe2 (Φ(2)− Φ(1)) ,

n∑
k=0

(−1)k 1
2k + 1

(
n
k

)
=

22n (n!)2

(2n + 1)!
,

and
1

1 +
1

1 +
2

1 +
3
. . .

=

√
eπ
2
−
∞∑

n=0

1
(2n + 1)!!

.
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Mills’ Ratio

Mills’ Ratio

Mills’ ratio is the function

R(t) =
Φ̄(t)
ϕ(t)

, ϕ(x) =
1√
2π

e−x2/2

where
Φ̄(t) =

∫ ∞
t

ϕ(s)ds

is the tail of the Normal distribution.

Normal Hazard Rate

λ(t) := 1/R(t) =
ϕ(t)
Φ̄(t)

; E[ξ | ξ > t ] = λ(t).
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The importance of doing Mills’ Ratio

Applications

Computation of Likelihood Ratio

Bounds for functionals of Gaussian processes
Reliability models

The origins of the project

Ian Iscoe and Taehan Bae "Correlations under stress"
Convexity of the function λ(t).
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Continued fraction

Laplace (1812 or 1795 (?))

R(t) ∼ 1
t
− 1

t3 +
1 · 3
t5 −

1 · 3 · 5
t7 + . . . for t > 0 . (1)

based on the continued fraction expansion,

R(t) =
1

t +
1

t +
2

t +
3

t +
4
. . .

. (2)
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Laplace polynomials
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Convergence of continued fraction

C. G. Jacobi (1804-1851)
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C.G. Jacobi: 1834

Figure: Rigorous proof
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Analysis of Mills’ Ratio

The Method

Our approach is based on the following observations:

Two important properties

The function R(t) can be represented as a Laplace
transform of a probability density function, ϕ(x),

1√
2π

R(t) =

∫ ∞
0

e−txϕ(x)dx , t ≥ 0,

The function R(t) satisfies the differential equation

dR(t)
dt

= tR(t)− 1.
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Inequalities for R(t)

Complete monotonicity of R(t)

Proof

Consider r.v. ξ ∼ N (0,1) and take η = | ξ |. Then

E[e−tη] = 2et2/2Φ̄(t) =

√
2
π

R(t).

Corollary

The function R(t) is completely monotone:

(−1)n dnR(t)
dtn ≥ 0 ∀t ≥ 0.
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Inequalities for R(t)

Derivatives dnR(t)
dtn

n = 1; t > 0

dR(t)
dt

= t R(t)− 1 ≤ 0, R(t) ≤ 1/t .

n = 2; t > 0

d2R(t)
dt2 = (t2 + 1) R(t)− t ≥ 0, R(t) ≥ t

t2 + 1
.

Asymptotics

R(t) ∼ 1
t
, t →∞.
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Inequalities for R(t)

General relations

k th derivative of R(t)

dkR(t)
dtk = Pk (t) R(t)−Qk−1(t)

Inequalities for R(t)

Qk−2(t)
Pk−1(t)

≤ R(t) ≤ Qk−1(t)
Pk (t)

, k = 2,4,6, . . .
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Inequalities for R(t)

Recurrent Equation for Laplace polynomials

Equation for polynomials

Pk+1(t) = tPk (t) + P ′k (t), (3)
Qk (t) = Pk (t) + Q′k−1(t), (4)

Equation for coefficients

pk+1,m = pk ,m−1 + (m + 1) · pk ,m+1, (5)
qk ,m = pk ,m + (m + 1) · qk−1,m+1. (6)
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Inequalities for R(t)

Coefficients of Laplace polynomials

k Pk (t) Qk−1(t)
1 t 1
2 t2 + 1 t
3 t3 + 3t t2 + 2
4 t4 + 6t2 + 3 t3 + 5t
5 t5 + 10t3 + 15t t4 + 9t2 + 8
6 t6 + 15t4 + 45t2 + 15 t5 + 14t3 + 33t
7 t7 + 21t5 + 105t3 + 105t t6 + 20t4 + 87t2 + 48

Table: Polynomials Pk (t) and Qk−1(t).
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Inequalities for R(t)

Coefficients pk ,m

k m
0 1 2 3 4 5 6 7 8

0 1 0 0 . . . 0
1 0 1 0 . . . 0
2 1 0 1 0 . . . 0
3 0 3 0 1 0 . . . 0
4 3 0 6 0 1 0 . . . 0
5 0 15 0 10 0 1 0 . . . 0
6 15 0 45 0 15 0 1 0 0
7 0 105 0 105 0 21 0 1 0
8 105 0 420 0 210 0 28 0 1

Table: Matrix p.
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Generating functions

Formula for pk ,m

Theorem

If k −m ≡ 1(mod 2), the coefficients pk ,m = 0. If k ≡ m(mod 2)

pk ,m =
k !

m! · 2n n!
, k −m = 2n, (7)

Corollary

The double generating function

P(r , s) :=
∞∑

m=0

∞∑
k=0

pk ,m · sm r k

k !
= exp

(
rs +

r2

2

)
.
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Generating functions

Calculus of Laplace polynomials

Lemma

P ′k (t) = kPk−1(t).

Pk (t) solves equation

y ′′(t) + ty(t)− ky(t) = 0.
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Generating functions

Laplace and Hermite

Hermite polynomials

Hk (t) = (−1)k 1
ϕ(t)

dkϕ(t)
dtk , k = 0,1, . . . ,

H(r , t) :=
∞∑

k=0

Hk (t) · r k

k !
= exp

(
rt − r2

2

)
.

Denote by hk ,m the coefficients of the Hermite polynomials:
Hk (t) =

∑k
m=0 hk ,mtm. Then

hk ,m = (−1)(k−m)/2 pk ,m, m = 0,1, . . . , k , k ∈ Z+.
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Generating functions

Differential representation

Laplace and Hermite cont.

Denote ψ(t) = 1/ϕ(t) =
√

2πet2/2.

ψ(t)Pk (t) =
dkψ(t)

dtk , k = 0,1, . . . ,
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Generating functions

Matrix q

k m
0 1 2 3 4 5 6 7 8

0 1 0 0 . . . 0
1 0 1 0 . . . 0
2 2 0 1 0 . . . 0
3 0 5 0 1 0 . . . 0
4 8 0 9 0 1 0 . . . 0
5 0 33 0 14 0 1 0 . . . 0
6 48 0 87 0 20 0 1 0 0
7 0 279 0 185 0 27 0 1 0

Table: Coefficients qk,m.
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Generating functions

Coefficients of matrix q

Lemma

The coefficients qk ,m satisfy the relations

qk ,m = 0 for k −m ≡ 1(mod 2),

m! · qk ,m =
n∑

j=0

(m + j)! · pk−j,m+j , for k ≡ m (mod 2). (8)

Proof

Let q̂k ,m = m! · qk ,m. Then from (6) we obtain

q̂k ,m = m! · pk ,m + q̂k−1,m+1. (9)
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Generating functions

Coefficients qk ,m

Theorem

Define n := (k −m)/2. Then

qk ,m = 0 for k −m ≡ 1(mod 2),

m! · qk ,m = (k − n)! · 2−n
n∑

i=0

(
k + 1

i

)
, for k ≡ m (mod 2).
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Generating functions

Proof of theorem

Proof

S := m! · qk ,m = (k − n)! ·
n∑

i=0

(
k − n + i

i

)
2−i ;

Cauchy integral representation(
k
n

)
=

1
2πi

∮
γ

(1 + z)k

zn+1 dz,

S = 2 · 1
2πi

∮
γ

(1 + z)m+n

z − 1
dz + 2−n · 1

2πi

∮
γ

(1 + z)m+2n+1

zn+1(1− z)
dz.
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Master Equation for Generating Functions

Double generating function of q

Definition of g.f.

Q(r , s) :=
∞∑

k=0

∞∑
m=0

qk ,msm r k+1

(k + 1)!
.

Master equation for Q

Q(r , s) =
√

2π e(r+s)2/2 · (Φ(s + r)− Φ(s)) .
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Master Equation for Generating Functions

Derivation of Q

Q(s, t) =
∞∑

k=0

Qk (t)
sk+1

(k + 1)!
and P(s, t) =

∞∑
k=0

Pk (t)
sk

k !
.

Taylor series for function R(t)

R(s + t) =
√

2πe(s+t)2/2Φ̄(s + t)

R(s + t) =
∞∑

k=0

dkR(t)
dtk

sk

k !
.
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Master Equation for Generating Functions

Derivation of Q (contd.)

dkR(t)
dtk = Pk (t)R(t)−Qk−1(t).

√
2π e(s+t)2/2 · Φ̄(s + t) =

∞∑
k=0

dkR(t)
dtk

sk

k !

= R(t)
∞∑

k=0

Pk (t)
sk

k !
−
∞∑

k=0

Qk−1(t)
sk

k !

= R(t) · est+s2/2 −Q(s, t)

=
√

2π et2/2 · Φ̄(t) · est+s2/2 −Q(s, t).
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Master Equation for Generating Functions

Derivation of Master Equation

Equation

R(s + t) +Q(s, t) = P(s, t)R(t).
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Identities

New identity (?? 2014)

Q(1,1)

∞∑
k=0

∞∑
m=0

qk ,m
1

(k + 1)!
= Q(1,1).

Triple Binomial Sum

∞∑
n=0

∞∑
m=0

n∑
j=0

(n + m)!

m!j!(m + 2n + 1− j)!
2−n =

√
2πe2 (Φ(2)− Φ(1)) .
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Identities

Riordan (1957)

Q(r ,0)

Q(r ,0) = er2/2 ·
(
1− 2Φ̄(r)

)
.

Famous identity

n∑
k=0

(−1)k 1
2k + 1

(
n
k

)
=

22n (n!)2

(2n + 1)!
.
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Identities

Ramanujan

Identity

1

1 +
2

1 +
3

1 +
4

1 +
5
. . .

=
1√

eπ
2 −

∞∑
n=0

1
(2n+1)!!

− 1.
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Identities

Ramanujan (contd)

Definition

S(s) :=
1

s +
2

s +
3
. . .

.

Proposition (Functional form)

S(s) =
1

es2/2
√

π
2 −

∞∑
n=0

s2n+1

(2n+1)!!

− s.
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Identities

Ramanujan (contd)

R(s) +Q(s,0) = es2/2 · R(0)

Q(s,0) =
∞∑

n=0

s2n+1

(2n + 1)!!
.

S(s) = −s +
1

R(s)
.

1
s + S(s)

= es2/2
√
π

2
−
∞∑

n=0

s2n+1

(2n + 1)!!
.

Ram. Identity:

Substitute s = 1.
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