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Polynomial metric spaces (1)

A metric space (M, d) with diameter ∆, normalized (distance invariant)
measure µ and standard (decreasing) substitution σ = σ(d) = t ∈ [−1, 1]
(σ(0) = 1, σ(∆) = −1), is called polynomial metric space (PM-space) if:

There is orthogonal decomposition Vi , dimVi = ri , with orthonormal
basis {vij}rij=1

L2(M, µ) =
⊕

Vi ;

And polynomials Qi (t), i = 0, 1, . . . , such that

Qi (σ(d(x , y)))) =
1
ri

ri∑
j=1

vi ,j(x)vi ,j(y).

{Qi (t)} are orthogonal w.r.t. ν(t) = 1− µ(σ−1(t)), Qi (1) = 1.
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Polynomial metric spaces (2)

The Euclidean sphere Sn−1 with the usual metric and inner product,
standard substitution σ(d) = 1− d2

2 , orthogonality weight
ν(t) = (1− t2)(n−3)/2, Qi (t) – the (normalized) Gegenbauer
polynomials.

Real, complex and quaternionic projective spaces RPn−1|, CPn−1 and
HPn−1 with σ(d) = 2(1− d2)2 − 1, Qi (t) – the (normalized) Jacobi
polynomials with parameters (α, β) = (m(n−1)

2 − 1, m2 − 1), where
m = 1, 2, 4, respectively.

Hamming space H(n, q) with σ(d) = 1− 2d
n , Qi (t) – the (normalized)

Krawtchouk polynomials.

Johnson space J(n,w) with σ(d) = 1− 2d
w , Qi (t) – the (normalized)

Hahn polynomials.
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Polynomial metric spaces (2)

M d(x , y) µ(x), µ(d) σ(d)

Sn−1 |x − y | µ(x) = dσn−1(x) 1− d2

2
H(n, q) |i : (xi 6= yi}| µ(d) = 1

qn

∑d
i=0(q − 1)i

(
n
i

)
1− 2d

n

J(n,w) w − wt(x ∗ y) µ(d) = 1
(n
w)

∑d
i=0

(
w
i

)(
n−i
i

)
1− 2d

w

FPn−1 √
2 sin ϕ(X ,Y )

2 µ(d) = γm,n
∫ 1
cos2 ϕ(1− z)

m(n−1)
2 −1z

m
2 −1dz 2(1− d2)2 − 1

M ν(t) = 1− µ(σ−1(t)) Qi (t) ri

Sn−1 γn(1− t2)
n−3
2 dt P

( n−3
2 , n−3

2 )

i (t) 2i+n−2
i+n−2

(
i+n−2

i

)
H(n, q) 1

qn

∑d
i=0(q − 1)i

(
n
i

)
δ−1+ 2i

n

1
ri
K n,q

i ( n(1−t)
2 ) (q − 1)i

(
n
i

)
J(n,w) 1

(n
w)

∑d
i=0

(
w
i

)(
n−i
i

)
δ−1+ 2i

w
Ji (

w(1−t)
2 )

(
n
i

)
−
(

n
i−1

)
FPn−1 cm,n(1− t)

m(n−1)
2 −1(1 + t)

m
2 −1 dt P

(α,β)
i (t)

(2i+α+β+1)(i+α+β
i )(i+α

i )
(α+β+1)(i+β

i )
α = m(n−1)

2 − 1, α = m(n−1)
2 − 1,

β = m
2 − 1 β = m

2 − 1
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Polynomial metric spaces (3)

For any real polynomial f (t) of degree r we have the unique expansion

f (t) =
r∑

i=0

fiQi (t)

fi = ri

∫ 1

−1
f (t)Qi (t)dν(t)

Denote by F≥ (respectively F>) the set of polynomials such that fi ≥ 0
(respectively, fi > 0) for every i (respectively for every i ≤ deg(f )).
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Polynomial metric spaces (4)

Adjacent measures dνa,b(t) = ca,b(1− t)a(1 + t)bdν(t), a, b ∈ {0, 1}

Adjacent systems – polynomials Qa,b
i (t) orthogonal with respect to

νa,b(t)

Corresponding parameters ra,bi = ||Qa,b
i ||

−1
a,b

Fact:

Q1,0
j (t) =

1∑j
i=0 ri

j∑
i=1

riQi (t) ∈ F≥

(then Christoffel-Darboux formula)
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Codes and designs in PM-spaces (1)

C ⊂M, |C | <∞, is called code.

A code C is called design iff∑
x ,y∈C

Qi (σ(d(x , y))) = 0, i = 1, 2, . . . , τ

for some positive integer τ (equivalently,
∑

x∈C vi ,j(x) = 0)
Example – spherical τ -designs are codes on Sn−1 such that

1
µ(Sn−1)

∫
Sn−1

f (x)dµ(x) =
1
|C |

∑
x∈C

f (x)

holds for all polynomials f (x) = f (x1, x2, . . . , xn) of total degree at
most τ .
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Codes and designs in PM-spaces (2)

C ⊂M – most important parameters are |C |,
s(C ) := max{σ(d(x , y)) : x , y ∈ C , x 6= y},
τ(C ) := max{τ : C is a τ -design}.

A(M, s) = max{|C | : s(C ) = s}.

B(M, τ) = min{|C | : τ(C ) = τ}.

A(M, s) and B(M, τ) are estimated by linear programming
techniques – Levenshtein bounds and Delsarte bounds.
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Energy of codes/designs in PM-spaces

Let h(t) : [−1, 1)→ (0,+∞) be given function. The h-energy (or
potential energy) of C ⊂M –

E (M,C ; h) :=
∑

x ,y∈C ,x 6=y

h(σ(d(x , y))).

h – (strictly) absolutely monotone on [-1,1); i.e., the k-th derivative of
h satisfies

h(k)(t) ≥ 0

(h(k)(t) > 0) for all k ≥ 0 and t ∈ [−1, 1).
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Problems

Find A(M, s).

Find B(M, τ).

Minimize the potential energy provided the cardinality of C is fixed

E(M,N; h) := inf{E (M,C ; h) : |C | = N}.

Maximize the potential energy provided the cardinality and the
strength of C are fixed

F(M,N, τ ; h) := sup{E (M,C ; h) : |C | = N, τ(C ) = τ}

(if the supremum exists).
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Source of bounds in PM-spaces

Since E (M,C ;Qi ) =
1
ri

ri∑
j=1

|
∑
x∈C

vij(x)|2, for a code C ⊂M and

polynomial potential f (t) =
r∑

i=0

fiQ
(n)
i (t) the following identity holds:

|C |f (1) +
∑

x ,y∈C ,x 6=y

f (σ(d(x , y))) = |C |2f0 +
r∑

i=1

fi
ri

ri∑
j=1

∣∣∣∣∣∑
x∈C

vij(x)

∣∣∣∣∣
2

.

Recall that {vij(x) : j = 1, 2, . . . , ri} is an orthonormal basis of Vi and
ri = dim Vi .
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Delsarte bounds for minimal designs

For fixed spaceM and strength τ denote

B(M, τ) = min{|C | : ∃ τ -design C ⊂M}.

The Delsarte bound (obtained by Deslarte-Goethals-Seidel for Sn−1, Rao
for H(n, q), Hoggar in the projective spaces, etc.) is

B(M, τ) ≥ D(M, τ) =

(
1− 1

Q1(−1)

)ε k−ε∑
i=0

r0,ε,

Example – for Sn−1

B(n, τ) ≥ D(n, τ) =

 2
(n+k−2

n−1

)
, if τ = 2k − 1,(n+k−1

n−1

)
+
(n+k−2

n−1

)
, if τ = 2k .
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Levenshtein bounds for maximal codes (1)

For every positive integer m we consider the intervals

Im =


[
t1,1k−1, t

1,0
k

]
, if m = 2k − 1,[

t1,0k , t1,1k

]
, if m = 2k .

Here t1,10 = −1, ta,bi , a, b ∈ {0, 1}, i ≥ 1, is the greatest zero of the
so-called adjacent polynomial Q(a,b)

i (t).
The intervals Im define partition of I = [−1, 1) to countably/finitely
many for infinite/finiteM non-overlapping closed subintervals.
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Levenshtein bounds for maximal codes (2)

Levenshtein obtained in 1980’s the bound

A(M, s) ≤ L2k−1+ε(M, s) =

(
1− 1

Q1(−1)

)ε(
1−

Q1,ε
k−1(s)

Q0,ε
k (s)

)
k−1+ε∑
i=0

r0,ε
i

for all s ∈ I2k−1+ε

For every fixedM each bound Lm(M, s) is smooth and strictly
increasing with respect to s. The function

L(M, s) =

{
L2k−1(M, s), if s ∈ I2k−1,
L2k(M, s), if s ∈ I2k ,

is continuous in s.
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Connections between Delsarte and Levenshtein bounds

Important connections between the Delsarte bounds and Levenshtein
bounds are given by the equalities

L2k−2(M, t1,1k−1) = L2k−1(M, t1,1k−1) = D(M, 2k − 1),

L2k−1(M, t1,0k ) = L2k(M, t1,0k ) = D(M, 2k)

and the ends of the intervals Im.
It is important where the cardinality N is located with respect to the
Delsarte bound. Since

N ∈ [D(M, τ),D(M, τ + 1)] ⇐⇒ s ∈ Iτ ,

where s and N are connected by N = Lτ (M, s), we define

τ = τ(M,N).
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Examples – Euclidean spheres Sn−1 (1)

x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn) ∈ Sn−1

d(x , y) =
(
(x1 − y1)2 + · · ·+ (xn − yn)2)1/2 ,

〈x , y〉 = x1y1 + x2y2 + · · ·+ xnyn,

connected by

〈x , y〉 = 1− d2(x , y)

2
.

Substitution σ(d) = 1− d2/2 : [0, 2]→ [−1, 1], measure µ – the
normalized Lebesgue measure on Sn−1.
Vi – the homogeneous harmonic polynomials in n variables of total degree i
and basis the spherical harmonics vij = Yij ;

ri = dim(Vi ) =
2i + n − 2
i + n − 2

·
(
i + n − 2

i

)
.
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Examples – Euclidean spheres Sn−1 (2)

The Q-system – normalized by Qi (1) = 1 Gegenbauer polynomials,
orthogonal on [−1, 1] with respect to

dν(t) = cn(1− t2)(n−3)/2dt,

where cn := Γ(n2 )/
√
πΓ(n−1

2 ) is a normalizing constant.
Three term recurrence relation

(i + n − 2)Qi+1(t) = (2i + n − 2)tQi (t)− iQi−1(t),

with initial conditions Q0(t) = 1 and Q1(t) = t.
The codes/designs on Sn−1 are finite sets of points of the sphere and are
naturally called spherical codes/designs.
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Examples – Euclidean spheres Sn−1 (3)

The bound for designs – by Delsarte, Goethals, and Seidel (1977)

B(n, τ) ≥ D(n, τ) :=

(
n + k − 1− ε

n − 1

)
+

(
n + k − 2
n − 1

)
,

where τ = 2k − 1 + ε, ε ∈ {0, 1}.
The Levenshtein bound (1979)

Lτ (n, s) =

(
k + n − 3 + ε

n − 2

)
A,

A =
2k + n − 3 + 2ε

n − 1
− (1 + s)ε (Qk−1+ε(s)− Qk+ε(s))

(1− s) (Qk(s) + εQk+ε(s))
,

τ, ε as above.
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Examples – Hamming spaces H(n, q) (1)

n ≥ 2, q ≥ 2 – positive integers. The q-ary Hamming space H(n, q)
consists of vectors x = (x1, x2, . . . , xn), where xi ∈ {0, 1, . . . , q − 1}, and
the distance between x , y ∈ H(n, q) is the Hamming distance, i.e. the
number of coordinates in which x and y differ

µ(d) =
1
qn

d∑
i=0

(q − 1)i
(
n

i

)
is the normalized volume of a ball of radius d . The standard substitution is

σ(d) = 1− 2d
n
,

ri = (q − 1)i
(
n

i

)
.
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Examples – Hamming spaces H(n, q) (2)

The Q-system is defined by

Qi =
1
ri
Kn,q
i (n(1− t)/2),

where

Kn,q
i (z) =

i∑
j=0

(q − 1)i−j
(
z

j

)(
n − z

i − j

)
are the q-ary Krawtchouk polynomials.
The Hamming analog of the spherical harmonics is as follows. Let V0
consist of the constant function 1 and, for i = 1, . . . , n, let Vi consist of
the ri functions

Vi = {u(x) : H(n, q)→ C | u(x) = ξα1xj1+···+αixji ,

1 ≤ j1 < · · · < ji ≤ n, α1, . . . , αi ∈ {1, . . . , q − 1}},

where ξ is a (complex) primitive q-th root of unity.
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Examples – Hamming spaces H(n, q) (3)

The addition formula relates the Krawtchouk polynomials and the
orthonormal systems Vi , i = 0, . . . , n,

Q
(n,q)
i (σ(d(x , y))) =

1
ri

ri∑
j=1

Yij(x)Yij(y).

The binary space H(n, 2) is antipodal while the spaces H(n, q) with q ≥ 3
are clearly not antipodal.
The codes in H(n, q) are known as error-correcting codes since they are
capable to correct [(d − 1)/2] errors if their minimum distance is d . The
τ -designs are widely known as orthogonal arrays.
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Examples – Hamming spaces H(n, q) (4)

The bound for designs in H(n, q) can be proved by combinatorial
arguments; first obtained by Rao (1947)

B(n, τ) ≥ R(n, τ) := q1−ε
k−1+ε∑
i=0

(
n − 1 + ε

i

)
(q − 1)i ,

where τ = 2k − 1 + ε, ε ∈ {0, 1}. The Levenshtein bound for
A(H(n, q), s) := Aq(n, s)

Aq(n, s) ≤ Lτ (n, s) = qε

(
1−

Q1,ε
k−1(s)

Q0,ε
k (s)

)
k−1∑
i=0

(
n − ε
i

)
(q − 1)i ,

τ, ε as above.
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Radau Quadrature Rule – τ = 2k − 1

For every fixed (cardinality) N > D(M, 2k − 1) there exist uniquely
determined real numbers (nodes)

−1 < α0 < α1 < · · · < αk−1 < 1

and (weights) ρ0, ρ1, . . . , ρk−1, ρi > 0 for i = 0, 1, . . . , k − 1, such
that the equality

f0 =
f (1)

N
+

k−1∑
i=0

ρi f (αi )

holds for every real polynomial f (t) of degree at most 2k − 1.
The numbers αi , i = 0, 1, . . . , k − 1, are the roots of the equation

Q1,0
k (t)Q1,0

k−1(s)− Q1,0
k (s)Q1,0

k−1(t) = 0.
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Lobato Quadrature Rule – τ = 2k

Similarly, for every fixed (cardinality) N > D(M, 2k) there exist
uniquely determined real numbers (nodes)

−1 = β0 < β1 < · · · < βk < 1

and (weights) γ0, γ1, . . . , γk , γi > 0 for i = 0, 1, . . . , k , such that the
equality

f0 =
f (1)

N
+

k∑
i=0

γi f (βi )

is true for every real polynomial f (t) of degree at most 2k .

V. I. Levenshtein, Designs as maximum codes in polynomial metric
spaces, Acta Appl. Math. 25, 1992, 1-82.
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All parameters together

GivenM and N, define τ = τ(M, n) and s, where N = Lτ (n, s).
Then get all corresponding numbers:

α0, α1, . . . , αk−1, ρ0, ρ1, . . . , ρk−1 if N ∈ (D(M, 2k − 1),D(M, 2k)]

or with

β0, β1, . . . , βk , γ0, γ1, . . . , γk if N ∈ (D(M, 2k),D(M, 2k + 1)].
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Linear programming bounds for energy of codes

Theorem 1.
LetM and N be fixed and f (t) be a real polynomial such that

(A1) f (t) ≤ h(t) for −1 ≤ t ≤ 1.

(A2) f (t) ∈ F≥.

Then E(M,N; h) ≥ N(f0N − f (1)).

AM,N;h – the set of good polynomials.
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Linear programming upper bounds for energy of designs

Theorem 2.
LetM, N, τ and h be fixed. Suppose that there exists
t0 = t0(M,N, τ) ∈ [−1, 1] such that no τ -design C ⊂M of size N
can have inner products σ(d(x , y)) ∈ (t0, 1). Let g(t) be a real
polynomial such that

(B1) g(t) ≥ h(t) for every t ∈ [−1, t0],

(B2) the coefficients in the expansion g(t) =
∑deg(g)

i=0 giQi (t) satisfy
gi ≤ 0 for i ≥ τ + 1.

Then F(M,N, τ ; h) ≤ N(g0N − g(1)).
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Universal lower bound (ULB) (1)

Consider Hermite’s interpolation to h(t) as follows:
(i) the polynomial f (t) of degree τ = 2k − 1 by

f (αi ) = h(αi ), f
′(αi ) = h′(αi ), i = 0, 1, . . . , k − 1.

(ii) the polynomial f (t) of degree τ = 2k by

f (β0) = h(β0), f (βi ) = h(βi ), f
′(βi ) = h′(βi ), i = 1, . . . , k .

These conditions define a Hermite’s interpolation problem for f (t) to
intersect and touch the graph of the potential function h(t).
This and the absolute monotonicity of h imply that the condition (A1)
is satisfied (Rolle’s theorem). (A2) – later
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Universal lower bound (ULB) (2)

Theorem 3. LetM, N ∈ (D(M, τ),D(M, τ + 1)] and h be fixed.
Then the polynomials from (i) and (ii) give the bounds

E(M,N; h) ≥ N2
k−1∑
i=0

ρih(αi ),

E(M,N; h) ≥ N2
k∑

i=0

γih(βi ),

respectively.
These bounds can not be improved by using polynomials from AM,N;h

of degree at most 2k − 1 and 2k , respectively.
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Sketch of the proof of the ULB (1)

We have to prove that our polynomial is positive definite, i.e. (A2) is
satisfied.
The Q-system ofM satisfies the Krein condition if

Qi (t)Qj(t) ∈ F≥

for every i and j .
If f ∈ F≥ and g ∈ F≥, then fg ∈ F≥. We apply this for combinations of
Q1,0

i ∈ F≥.
The Q-system ofM satisfies the strengthened Krein condition if it satisfies
the Krein condition and, in addition,

(t + 1)Q1,1
i (t)Q1,1

j (t) ∈ F≥

for every i and j .
The strengthened Krein condition is satisfied in all major PM-spaces.
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Sketch of the proof of the ULB (2)

We explain the case ε = 0. Consider the interpolation polynomial
f (t) = HT (h), where

T = (α0, α0, α1, α1, . . . , αk−1, αk−1)

= (t1, t2, . . . , t2k−1, t2k)

is the ordered multiset (i.e. t2i+1 = t2i+2 = αi ) of the touching points of f
and h. Then Lemma 10 from Cohn-Woo (2012) states that f is a
nonnegative linear combination of the constant 1 and the partial products

m∏
j=1

(t − tj), m = 1, 2, . . . , 2k − 1. (1)
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Sketch of the proof of the ULB (3)

By Theorem 3.1 from Cohn-Kumar (2007) all partial products

(t − α0)(t − α1) . . . (t − αi ), i = 0, 1, . . . , k − 2

expand in the system {Q1,0
i (t)} with nonnegative coefficients (because αi

are roots of Q1,0
i (t) + cQ1,0

i−1(t)).

The interlacing properties of the zeros of Q1,0
k−1 and Q1,0

k yield that

Q1,0
k (t) +

Q1,0
k (s)

Q1,0
k−1(s)

Q1,0
k−1 = C (t − α0)(t − α1) . . . (t − αk−1), C > 0

is also positive definite. The Krein condition implies that all partial
products (1) belong to F> and hence f (t) = HT (h) ∈ F≥.
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Sketch of the proof of the ULB (4)

Computation of the ULB – use the (1/M)-quadrature rule

f0M − f (1) =
k−1∑
i=0

ρi f (αi )

and then the interpolation conditions f (αi ) = h(αi ).

Optimality of the ULB – again by the 1/M-quadrature rule. Let
F (t) =

∑r
i=0 FiQi (t) of degree r ≤ 2k − 1 + ε satisfies F (t) ≤ h(t) for

every t ∈ [−1, 1). Then

f0M − f (1) = M
k−1∑
i=0

ρih(αi ) ≥ M
k−1∑
i=0

ρiF (αi ) = F0M − F (1),

so F (t) does not give better bound.
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Gauss, Korevaar, Newton potentials -M = S3, N = 24
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ULB comparison - BBCGKS 2006 Newton Energy

Newtonian energy comparison (BBCGKS 2006) - N = 5− 64, n = 4.
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ULB comparison - BBCGKS 2006 Gaussian Energy

Gaussian energy comparison (BBCGKS 2006) - N = 5− 64, n = 4.
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Two ways for improving ULB – shorter intervals and higher
degrees

The ULB bounds are optimal in some sense – they can not be
improved by polynomials from AM,N;h of degree τ = τ(M,N) or
lower.

First way for obtaining better bounds – making better LP by
subintervals of [−1, 1) based on preliminary (nontrivial) information on
inner products (for example, for designs inM). This is exactly the
case when τ is even and the space is antipodal.
Second way for obtaining better bounds – using LP with higher degree
polynomials. There are necessary and sufficient conditions for the
global optimality of ULB, and we can do better when the ULB in not
globally optimal.
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Necessary and sufficient conditions for improvement

LetM and N be fixed, N ∈ [D(M, 2k − 1),D(M, 2k)), Lτ (n, s) = N
and j be positive integer. We introduce the following functions

Pj(M, s) =
1
N

+
k−1∑
i=0

ρiQj(αi ).

Theorem 4. The bound N2∑k−1
i=0 ρih(αi ) can be improved by a

polynomial from AM,N;h of degree at least 2k if and only if
Pj(n, s) < 0 for some j ≥ 2e. Moreover, if Pj(n, s) < 0 for some
j ≥ 2k , then that bound can be improved by a polynomial from
AM,N;h of degree exactly j .
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Test functions - examples
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Asymptotic of ULB (1)

We consider the asymptotic behaviour of the ULB bound in the antipodal
spaces Sn−1 and H(n, 2) in the following process – consider sequence of
codes of cardinalities (Mn) satisfying

Mn ∈ Dτ = (D(n, τ),D(n, τ + 1))

for n = 1, 2, 3, . . ., τ = 2k − 1 + ε, ε ∈ {0, 1}, and

lim
n→∞

Mn

nk−1+ε =
2− ε

(k − 1 + ε)!
+ δ,

where δ ≥ 0. Denote δk := 1 + δ(k − 1)! for brevity.
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Asymptotic of ULB (2)

Theorem 7. Let

R(t) :=
2k−1+ε∑

j=0

h(j)(0)

j!
t j .

a) Let τ = 2k − 1 (i.e. ε = 0) and Mn is as above. Then

lim
n→∞

Mn

k−1∑
i=0

ρih(αi )−
k−1∑
j=0

h(2j)(0)

(2j)!
· b2j


= δ2k−1

k

(
h

(
− 1
δk

)
− R

(
− 1
δk

))
− R(1).
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Asymptotic of ULB (3)

b) Let τ = 2k (i.e. ε = 1), Mn is as above, and assume that

lim
n→∞

Mnρ0 = ρ ∈ [0, 1].

Then

lim
n→∞

Mn

 k∑
i=0

ρih(αi )−
k∑

j=0

h(2j)(0)

(2j)!
· b2j


= ρ (h(−1) + R(−1))− R(1).
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Asymptotic of ULB (4)

Corollary. If Mn is as above, then

lim inf
n→∞

E(n,Mn; h)

Mn
≥ h(0)

and

lim inf
n→∞

E(n,Mn; h)− h(0)Mn

Mn
· n ≥ h′′(0)

2
.
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Thank you for your attention!
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