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The problem

Suppose w is a probability measure with compact support in the complex
plane . Sample the measure n times, producing points z;,i =1, ..., n and
form the polynomial ¢,(z) = []7_;(z — z). Now differentiate this [ An]
times, where A is a fix real number:

an =

b
and let ;! be the associated probability measure of g,,.
Question: Is there an expected limit ditribution

A
My — VA,

and what is in that case its relation to u?

If A=0 then v = pu = lim py(nothing happens), and if A=1, then v is a
measure with support on the empty set. Thus (perhaps) A may be thought
of as a deformation parameter, given that the limiting measure exists.
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Rodrigues example

@ let i be the discrete uniform probability measure with support
on —1 and 1.

e Sample it (deterministically!) 2n times producing
anl2) = (22— 1)".

o Differentiate it (1/2)2n = n times :
po = (22 = 1)")".

This is(up to a constant) the Legendre polynomials.

o It is wellknown that lim p, exists and has a nice description.

Rikard Bggvad (SU) Rodrigues descendants June 2018 3/16



Pictures suggest that there is a nice answer...

w is the uniform discrete probability measure on three points.
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How to construct weird measures with support on curves

You need three things:
@ a Riemann surface Y (say a smooth algebraic curve).
@ a branched cover 7 : Y — CP?! (finite number of branch points)

@ a real-valued harmonic function H on Y(possibly with logarithmic
poles: H(z) = cLog|z| + O(1), c € R in a local coordinate z on Y)
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You need three things:
@ a Riemann surface Y (say a smooth algebraic curve).
@ a branched cover 7 : Y — CP?! (finite number of branch points)

@ a real-valued harmonic function H on Y(possibly with logarithmic
poles: H(z) = cLog|z| + O(1), c € R in a local coordinate z on Y)

Given a real-valued function H : Y — R, we define its tropical trace m.f
as

mH(z) = max f(q;).

giem—1(z)

The same definition can be extended to real-valued functions f defined
on Y\ S, where S is a discrete set such that for any s € S, lim,_,s H(2)
always exists as a real number or +oo. (In other words, we allow f to
attain values +o00.)

v
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Properties of the tropical trace

Theorem

Let the poles for H be Py = {zi, ..., zs}, such that

H(z) = ciLoglz| + O(1), c € R in a local coordinate at z; on Y. Denote
by P, the poles with c; <0 ,Pf_,' the poles with ¢; > 0.

o Assume that m(P~) = co. Then m.H(z) is a subharmonic function on

C.
e The Laplacian of m,H(z) has support on level curves
H(pi(2)) = H(p;(2)),

where p;(z) are branches of the algebraic function defined by the
cover,
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Existence of harmonic functions

Theorem

(S. Grushevsky, I. Krichever) For any (Y, p1,...,pPn) € Mg n, any set of
positive integers hy, ..., h,, any choice of h;j-jets of local coordinates z; in
the neighborhood of marked points p;, and any singular parts (i.e., for

i =1...n, the choice of Taylor coefficients c}, e c,-h", with all ireal
residues c} € R and the sum of the residues " c} vanishing), there exists
a unique differential W on Y with purely imaginary periods and prescribed
singular parts. In other words, in a neighborhood U; of each p; the
differential V satisfies the condition

hi

i dz
Wy = d5 + o).
j=1
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Moral:

There are many harmonic functions H that induce interesting measures on
C. Prescribe that the poles of w are simple, the residues all real, and define

P
Hw(z):/ w, peYy,
Po

(where pg is a chosen fix point). Then find 7 : Y — CP?! such that
m(P™) = oc.

Then the trace v, H will be a subharmonic function on C. Note that the
8?)—*;’ will satisfy an algebraic equation over the ring of polynomials a.e,
since w is a meromorphic differential.
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Hw(z):/ w, peYy,
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(where pg is a chosen fix point). Then find 7 : Y — CP? such that
m(P™) = oc.

Then the trace v, H will be a subharmonic function on C. Note that the
8?)—*;’ will satisfy an algebraic equation over the ring of polynomials a.e,
since w is a meromorphic differential.

Our problem has a solution of this form.

@ The curve Y may be identified from the parameterdependent ODE
that the polynomials satisfy, or as saddle points in the saddle point
method.

@ Then the harmonic function may be identified as the integral of a
natural differential on Y with imaginary periods.

e finally L,(z) = m«H(z) + B.
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Main result—abstract version

Theorem

Assume that R is a polynomial of degree d with simple roots. Then there
is a plane curve Y of degree d(the number of original points), and a
meromorphic differential on Y such that (for a certain constant
B = B(a,d))

lim L, (z) = B+ m.H,(2),

n—o0o

where the limit is understood in the L}oc—sense and

im e — 1 9%m.H(z)
e = 0z0z

where the limit is understood in the sense of distributions.
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Corollary

@ The asymptotic measure v has support on a finite number of
real-analytic curves and points.

@ The Cauchy transform C satisfies a.e the equation

OlogR(z+ 42-C1)  R'(z+z2.C1)
0z ~ R(z+ &= CY))

(d —a)C =

Note that the equation of the Cauchy transform defines a plane curve of
degree d(the number of original points). It is related to Y by a birational
transformation.
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Proof and details of theorem |

We use Cauchy’s description of derivation as an integral operator. For any
20 € C\ {z1,...,z4}, where R(z) = N, (z — z)

an(20) = R"(z0)1*™) = ([an] - 1)! / : R"(z)dz )
C

2mi z — zp)lonl’

where C is any curve that encircles zg.
It is sufficient to understand the L,loc—limit

. 1/d,
lim Log|qn|~“",

(if it exists) where d, is the degree of g,. For this it suffices to understand
the asymptotic behaviour of the integral. This is given by the saddle point
method.

The curve C may be moved freely, as long as it encircles zj.
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Proof and details of theorem Il

By the saddle point method one should rewrite

dnlz0) = L~ 1! | Eln(tog R(z) - ) e e, @
C

n
27 n

The saddle points w belonging to each z(= zp above) are given by the
algebraic plane curve

1 R(w) 1

a R(w) W—z:0 (3)

This equation defines (up to a normalisation at infinity) the affine part of
the Riemann surface that is used in the theorem Y:

Definition

Y ={(w,z) :R(w)(w-2z)=aR(w)}cCP!xCP.
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Proof and details of theorem IlI

The integration contour may be deformed so that it passes through all the
saddle points.

v

Fact 4:

The saddle points wy(z), .., wg(z) contribute to the limit of the contour
integral in the following way
(up to a certain explicit additive constant B = B(a, d) and 8 = 94=9)

(e}

1
im Log|gn(2)[/% = B + ——Max{Log|R(wi)| — aLog|(w; — 2)|}
n—00 af

(This is a L, -limit).
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Back to abstract version! Reformulation of the solution

Let L,(z) = Log|R(z)|5 be the logarithmic potential of the original
discrete uniform probability measure (on the zeroes of R(z)).
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measure(in our deterministic way), getting N = dn sampled points. Form
the polynomial with zeroes at these points. Differentiate

an = $(dn) = §N times, so that

the proportion between number of derivations and number of sampled
points is
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d

Consider the function on C2

1 A
G(z,w) = mL#(W) — 1 ALog |lw — z|,

and the saddle point locus W of points (z, w) such that
0G(z,w)
ow
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W is a plane curve and G(z, w) restricts to a real-valued harmonic

function H on it.
Then our result is that the asymptotic root-counting measure v is given by

1 A
L(2) = B+ (5 Lu(w) — 7= Log [w — 2]) J

where 7 : C2 D W — C is the projection(w, z) — z.(And B something.)
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W is a plane curve and G(z, w) restricts to a real-valued harmonic
function H on it.
Then our result is that the asymptotic root-counting measure v is given by

Lo(2) = B+ (7 Lu(w) -

A
2 Log [ 2]) J

where 7 : C2 D W — C is the projection(w, z) — z.(And B something.)
This is an equation and formulation that makes (eh...some) sense even if £
is an arbitrary probability measure and p, is produced by sampling this
measure. Hence | conjecture that it holds for much more general measures
than those of finite discrete uniform support.
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Thank you!
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