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Abstract. In his shire theorem, G. Pólya proves that the zeros of iterated
derivatives of a meromorphic function in the complex plane accumulate on

the union of edges of the Voronoi diagram of the poles of this function. By

recasting the local arguments of Pólya into the language of translation surfaces,
we prove its generalization describing the asymptotic distribution of the zeros

of a meromorphic function on a compact Riemann surface under the iterations

of a linear differential operator Tω : f 7→ df
ω

where ω is a given meromorphic 1-

form. The accumulation set of these zeros is the union of edges of a generalized
Voronoi diagram defined by the initial function f together with the singular

flat metric on the Riemann surface induced by ω. This result provides a novel

approach to the problem of finding a flat geometric presentation of a translation
surface initially defined in terms of algebraic or complex-analytic data.
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1. Introduction

1.1. Short historical account. The classical shire theorem of G. Pólya claims
that for a meromorphic function f with the set S of its poles, the zeros of its
iterated derivatives f (n) accumulate when n→ +∞ along the edges of the Voronoi
diagram associated with S, see [9]. An illustration of this famous result is shown
in Figure 1.

Figure 1. The Voronoi diagram of the roots of a polynomial f of
degree 8 (left), and zeros of (1/f)(15) (right).

Several prominent mathematicians including N. Wiener, E. Hille, and R. P. Boas
have continued Pólya’s line of study soon after the publication of the latter theorem,
see references in [17]. Over the years a number of articles extending and generalising
the original result has appeared, see e.g. [5, 6, 7, 18, 19, 21].

More recent publications have concentrated on the weak limits of the root-
counting measures for the zeros of f (n). In particular, Ch. Hägg and R. Bøgvad
obtained a measure-theoretic refinement of Pólya’s shire theorem for rational func-
tions, see [2]. Using currents they also proved a similar result for Voronoi diagrams
associated with generic hyperplane arrangements in Cm.

Later Ch. Hägg extended the main result of [2] by considering meromorphic
functions of the form f = ReU where R is a rational function with at least 2 distinct
zeros and U is a non-constant polynomial, see [8]. The class of such functions
coincides with the class of meromorphic functions that are quotients of two entire
functions of finite order, each having a finite number of zeros, see [22].

In [11], V. Keo extended the results of [2] and [8] by studying a particular case of
meromorphic functions f(z) = 1/ (1− ez) having an infinite number of poles and
whose iterated derivatives are related to Eulerian polynomials. In addition, V. Keo
considered iterations of rational functions under the action of differential operators

of the form D = g(z)
∂

∂z
where g(z) is a polynomial in z which is closely related

to the topic of the present paper. He mainly studied a particular case of z
∂

∂z
and

formulated some conjectures.
Finally, in [25], M. Weiss provides a generalization of Pólya’s classical theorem

to automorphic functions in the half-plane. Observe that there are two natural
ways to generalize the geometry of flat tori to surfaces of higher genus:
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• hyperbolic surfaces (the metric still has constant curvature, but it is no
longer flat);

• translation surfaces (the metric is still flat, but it has conical singularities).

1.2. Our set-up. Below we generalize Pólya’s shire theorem to the case of mero-
morphic functions on compact Riemann surfaces and study a class of linear differ-
ential operators corresponding to the complex-analytic data defining a translation
structure (see [28] for background on translation surfaces). Namely, let X be a
compact Riemann surface with a fixed meromorphic 1-form ω. We associate to the
pair (X,ω) the linear differential operator Tω acting on meromorphic functions on
X as

Tω : f 7→ df

ω
. (1.1)

Now given a meromorphic function f on X, we are interested in the asymp-
totic of zeros for the sequence (fn)n∈N of meromorphic functions (fn)n∈N defined
inductively by

f0 = f, fn+1 = Tω(fn) = Tn+1
ω (f), n ≥ 1.

Definition 1.1. For a meromorphic function f on a Riemann surface X and any
operator T acting on the space of meromorphic functions, define the limit set
L(T, f) ⊆ X as the set of points z ∈ X such that any open neighborhood of z
in X contains a zero of Tn(f) for infinitely many n.

In the classical shire theorem, the limit set coincides with the Voronoi diagram
associated with the set of poles of the initial function. In our generalized settings,
the Voronoi diagram is defined with respect to the so-called principal polar locus
and the singular flat metric induced by the translation structure.

Definition 1.2. Given a point z0 on a Riemann surface X, we say that a mero-
morphic function f is locally factorized by a primitive of meromorphic 1-form ω
having no pole at z0 if there exist:

• a neighborhood U of z0 in X,
• a holomorphic function ϕ defined on U ;
• a holomorphic function g defined on a neighborhood of ϕ(z0) in C

such that ω = dϕ and f = g ◦ ϕ in U .

Below by a non-zero meromorphic 1-form we always mean a 1-form not vanishing
identically on the underlying Riemann surface.

Definition 1.3. Consider a non-zero meromorphic 1-form ω and a fixed meromor-
phic function f on a Riemann surface X. The principal polar locus PPL(ω, f) of
pair (ω, f) is the subset of X containing:

• the poles of f that are not poles of ω;
• the zeros of ω where f is not locally factorized by a primitive of ω (see

Definition 1.2).

Remark 1.4. In the original shire theorem, the Riemann surface is the extended
complex plane CP 1 = C∪{∞}, ω = dz and PPL(ω, f) is the set of the affine poles
of f (i.e. poles different from ∞).

The main result of our paper is as follows.

Theorem 1.5. Consider a non-zero meromorphic 1-form ω on a compact Riemann
surface X, its associated differential operator Tω and any meromorphic function f
on X such that PPL(ω, f) ̸= ∅. Then the following two facts are valid:

(i) the limit set L(Tω, f) is the union of:



4 R. BØGVAD, B. SHAPIRO, G. TAHAR, AND S. WARAKKAGUN

• the Voronoi diagram Vω,f defined by PPL(ω, f) (see Definition 2.10 below);
• the poles of ω of order at least two;
• the simple poles of ω that are not poles of f ;

(ii) the asymptotic root-counting measure of the sequence (Tnω (f))n∈N is given by

µω,f
Aπ

+
1

A

∑
p∈P

(dp − 1)δp,

where µω,f is the Cauchy measure of the Voronoi diagram Vω,f (see Definition 2.14),
P is the set of poles of ω, and A =

∑
z∈PPL(ω,f)

(az + 1) where z is a zero of ω of

order az and p ∈ P is a pole of ω of degree dp.

Acknowledgements. The second author wants to acknowledge the financial support
of his research provided by the Swedish Research Council grant 2021-04900. He is
sincerely grateful to Beijing Institute for Mathematical Sciences and Applications
for the hospitality in Fall 2023 where the major part of this research has been carried
out. The authors want to thank Vincent Delecroix, Yi Huang, Pavel Kurasov and
Dmitry Novikov for valuable remarks and discussions.

2. Preliminary notions and results

2.1. Growth of the order of poles under iterations of Tω. Notice that unless
a function f has a very specific form, one expects it to develop poles at the zeros
of ω under the iterations of the operator Tω. The following lemma describes this
phenomenon completely.

Lemma 2.1. Consider a non-zero meromorphic 1-form ω and a meromorphic
function f on a Riemann surface X. Then for any point z0 ∈ X, the following
statements are equivalent:

• no function in the sequence (fn)n∈N has a pole at z0;
• f is locally factorized at z0 by a primitive of ω (see Definition 1.2).

Proof. Up to local biholomorphic change of z, we can assume that z0 = 0 and that
ω = zmdz for some m ∈ N. An arbitrary locally defined holomorphic function f
can be written as a power series in z, i.e.,

f(z) =

+∞∑
k=0

akz
k.

Then Tω(f) is given by a Laurent series of the form:

Tω(f) =

+∞∑
k=0

akkz
k−m−1.

It follows immediately that if no function in sequence (fn)n∈N has a pole at 0, then
ak = 0 for all k /∈ (m+ 1)Z.
Introducing the local primitive ϕ = zm+1

m+1 of ω, we obtain

f(z) =

+∞∑
k=0

ak(m+1)(m+ 1)kϕk.

Therefore, in a neighborhood of 0, f factorizes as g ◦ ϕ where g is a holomorphic
function given by the above series and well-defined near 0.

Conversely, for any meromorphic function f which locally factorizes as g ◦ ϕ,
direct computation proves that for any k, we have:

T kω (f) = g(k) ◦ ϕ.
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Therefore no iterate T kω (f) of f has a pole at z0. □

The following statement establishes a dichotomy between the points belonging
to the principal polar locus PPL(ω, f) and points outside it (see Definition 1.3). In
the principal polar locus T kω (f) has poles whose orders grow linearly with n while
the sum of orders of the poles outside PPL(ω, f) remains bounded. In particular,
we obtain that when the sum of orders of poles (and thus the sum of orders of
zeros) grow infinitely, the principal polar locus must be non-empty. We prove that
the total order of poles has linear growth and provide a formula for the coefficient
of the latter linear dependence.

Proposition 2.2. Consider a non-zero meromorphic 1-form ω and a meromorphic
function f on a compact Riemann surface X. Then there is a number M > 0 such
that:

• for any k > M and any point p ∈ PPL(ω, f), p is a pole of T kω (f) of order
αp + k(dp + 1), where dp is the order of ω at p and αp is some constant;

• for any k > M , the total order of the poles of T kω (f) outside PPL(ω, f) is
constant. All these poles are simple poles of ω.

Proof. Iterating Tω we get that for any k ∈ N, any pole of T kω (f) is either a pole of
f or a zero of ω. Since X is compact, we have only finitely many points to examine.
Let us first consider the case of a point p which is a pole of f of order m and a
pole of ω of order −dp. Direct computation shows that p is a singularity of T kω (f)
of order −m − k(dp + 1). Therefore, if p is a simple pole of ω, it still remains a
pole of T kω (f) of order m for any k ∈ N. In contrast, if p is a pole of ω of order at
least two, then T kω (f) is holomorphic at p provided that k is large enough. In both
cases, p does not belong to PPL(ω, f).

Now, let us consider the case of a point p which is a zero of ω and f is locally
factorized by a primitive of ω. If p is not a pole of f , then Lemma 2.1 proves that
p is not a pole of any function in the sequence (fn)n∈N . Thus, we have proved that
after finitely many steps, the total order of the poles of T kω (f) outside PPL(ω, f)
stabilizes to the total order of the poles of f at simple poles of ω.

Lemma 2.1 implies that for any point p of PPL(ω, f), there exists kp ∈ N such

that T
kp
ω (f) has a pole at p. Then direct computation proves that the order of the

pole increases with each application of Tω by dp + 1 which finishes the proof. □

Corollary 2.3. Consider a non-zero meromorphic 1-form ω and a meromorphic
function f on a compact Riemann surface X such that PPL(ω, f) ̸= ∅. For any
z ∈ PPL(ω, f), let az be the order of ω at z.

Then the sum of orders Zn of the poles of meromorphic function Tnω (f) (and
therefore the sum of orders of its zeros) has the asymptotics Zn ∼ An as n→ +∞
where

A =
∑

z∈PPL(ω,f)

(az + 1).

2.2. Translation structures. A non-zero meromorphic 1-form ω on a (possibly
open) Riemann surface X defines a geometric structure as follows. Denote by

• X∗ the surface X punctured at the poles of ω;
• X∗∗ the surface X punctured at the zeros and the poles of ω.

Local primitives of ω are locally injective on X∗∗. They form an atlas of local
biholomorphisms of X to C. Since two local primitives of the same differential
are defined up to the addition of a constant, transition maps between two distinct
charts of the atlas are translations of the complex plane. Therefore, ω endows the
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Riemann surface X with a translation structure. The pair (X,ω) is called a trans-
lation surface (see [28] for general background on translation surfaces).

For example, the standard differential dz endows the complex plane C with the
standard Euclidean metric |dz|. Any chart ϕ of the translation atlas (in other words
a local primitive of ω) conjugates the standard differential dz in the complex plane
with a differential ω defined on X: we have ϕ∗dz = ω. Consequently, we can think
about a translation surface as formed by pieces of the standard flat plane glued
together along translations.

The punctured surface X∗∗ is thus endowed with a flat metric |ω|. The latter
naturally extends to the zeros of ω. A neighborhood of a zero of ω of order k is
mapped (by any local primitive) to the complex plane as a ramified cyclic cover of
degree k + 1. It follows that the flat metric |ω| extends to such a zero as having
a conical singularity of angle 2(k + 1)π. Therefore the punctured surface X∗ is a
Euclidean surface with conical singularities, see [23].

Remarkably, as soon as a meromorphic differential defined on a compact Rie-
mann surface has poles, the metric structure it defines on the surface punctured at
these poles is no longer compact.

Lemma 2.4. Let X be a compact Riemann surface endowed with a non-zero mero-
morphic 1-form ω. Then the punctured surface X∗ is a complete metric space for
the singular flat metric |ω|.
Proof. We have to prove that any Cauchy sequence (zn)n∈N of points in X∗ con-
verges to some limit point in X∗. Since X∗ is locally compact and ω has finitely
many poles, the question reduces to the only case when (zn)n∈N converges in X to
a pole z∞ of ω. We will prove that no such sequence is a Cauchy sequence in the
flat metric.

Indeed, let k ∈ N∗ and λ ∈ C be the order and the residue of ω at the pole z∞
respectively. Up to a biholomorphic change of z, we can assume that z∞ = 0 and
normalize ω as (λz + 1

zk
)dz for k ≥ 2 and as λdz

z for k = 1, (see [3] for the details
on local models for poles in translation surfaces).

Up to a choice of a subsequence, we can assume that the sequence (zn)n∈N
belongs to the domain of a unique chart ϕ : z 7→ λ ln(z) − 1

(k−1)zk−1 if k ≥ 2 and

ϕ : z 7→ λ ln(z) if k = 1. The fact that this sequence (zn)n∈N is a Cauchy sequence
with respect to the metric |ω| precisely means that the sequence (ϕ(zn))n∈N is a
Cauchy sequence in the complex plane and therefore it converges to some point.
It is therefore disjoint from any small enough neighborhood of z∞ when n → +∞
which finishes the proof. □

2.3. Voronoi functions. For a meromorphic function f in C, the Voronoi diagram
of its set of poles can be defined in terms of maximal embedded disks that are
disjoint from these poles. Voronoi functions play a similar role on translation
surfaces.

Definition 2.5. Consider a compact Riemann surface X endowed with a non-
zero meromorphic 1-form ω and a meromorphic function f on X. Let z ∈ X∗ \
PPL(ω, f).

Denoting by ϕ a local primitive of ω such that ϕ(z) = 0, the Voronoi function gz
is the holomorphic function defined in the neighborhood of the origin in the complex
plane C and satisfying gz ◦ ϕ = f (see Definitions 1.2 and 1.3 for the existence and
uniqueness of gz if z is a zero of ω).

The critical radius ρ(z) is the radius of convergence of gz in 0. Immediate

computation shows that for any k ≥ 1, g
(k)
z ◦ ϕ = T kω (f).
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The behaviour of gz on the boundary of its disk of convergence at 0 reflects the
geometry of the translation surface (X,ω).

Lemma 2.6. Consider a compact Riemann surface X endowed with a non-zero
meromorphic 1-form ω and a meromorphic function f . Let z ∈ X∗ \ PPL(ω, f).
Denote by z̃ some preimage of z in the universal cover π : X̃∗ → X∗. Introduce the
primitive ϕ̃ of π∗ω in X̃∗ such that ϕ̃ = 0.

Then for any path σ : [0, 1] → C such that

• σ(0) = 0;
• |σ(s)| < ρ(z) for any s ∈ [0, 1[;
• |σ(1)| ≤ ρ(z);

there exists a path γ̃ : [0, 1] → X̃∗ such that ϕ̃◦ γ̃ = σ. Besides, one of the following
two statements holds:

(1) π ◦ γ̃(1) /∈ PPL(ω, f) and gz extends to σ(1) as a holomorphic function;
(2) π ◦ γ̃(1) ∈ PPL(ω, f) and gz does not extends to σ(1) as a holomorphic

function. Nevertheless, it extends in a neighborhood of σ(1) as a convergent
Puiseux series.

Proof. The existence of a path γ̃ : [0, 1] → X̃∗ satisfying ϕ̃ ◦ γ̃ = σ follows from the
metric completeness of (X∗, |ω|) (see Lemma 2.4).

Analytic continuation along the path γ̃ proves that the function gz ◦ ϕ̃ coincides
with f ◦ π. (Recall that π is the projection of X̃∗ to X∗).)

We first consider the case when π ◦ γ̃(1) /∈ PPL(ω, f). Following Definitions 1.2
and 1.3, there is a neighborhood of π ◦ γ̃(1) in X∗ in which f is factorized by ϕ.
Thus gz extends to σ(1) as a holomorphic function.

If π ◦ γ̃(1) ∈ PPL(ω, f) but is not a zero of ω, then ϕ is locally injective in a
neighborhood of π ◦ γ̃(1) and the meromorphic function f can be factorized by ϕ.
Therefore gz extends to σ(1) as a pole of a meromorphic function.

In the latter case, π ◦ γ̃(1) is a zero of ω of order k. Equivalently, γ̃(1) is a

critical point of ϕ̃ of order k. The equation f ◦ π = g ◦ ϕ̃ can be locally solved at
γ̃(1) if we consider g as a convergent Puiseux series with exponents belonging to
1
k+1Z. This provides the correct extension of gz to σ(1). The function gz can not

extend to σ(1) holomorphically because in this case, f would be locally factorized

(see Definition 1.2) by a primitive of ω and ˜γ(1) would not belong to the principal
polar locus. □

Corollary 2.7. Consider a compact connected Riemann surface X endowed with
a non-zero meromorphic 1-form ω and a meromorphic function f on X such that
PPL(ω, f) ̸= ∅. Then any point z ∈ X∗ \ PPL(ω, f) has a finite critical radius
ρ(z).

Proof. We assume by contradiction that ρ(z) = +∞, i.e. that gz is an entire
function. Since X is connected and PPL(ω, f) ̸= ∅, there is a real-analytic path
γ : [0, 1] → X∗ such that γ(0) = 0 and γ(1) = z0 where z0 ∈ PPL(ω, f). The path

γ lifts to a path γ̃ on the universal cover X̃∗. The path γ̃ satisfies the assumptions
of Lemma 2.6 and we conclude that gz is not holomorphic at ϕ̃ ◦ γ̃(1) which is a
contradiction. □

2.4. Voronoi diagrams. Next we stratify the translation surface (X,ω) according
to the values of the Voronoi index defined below.

Definition 2.8. Let X be a compact connected Riemann surface X endowed
with a non-zero meromorphic 1-form ω and a meromorphic function f such that
PPL(ω, f) ̸= ∅. For any point z ∈ X∗ \ PPL(ω, f), let gz be the Voronoi function
of z. Let ρ(z) be the critical radius at z.
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Then the Voronoi index νz is the number of points on the circle of radius ρ(z)
centered at 0 at which gz does not extend as a holomorphic function.

Lemma 2.9. For any point z ∈ X∗ \ PPL(ω, f), νz is a positive integer.

Proof. Following Corollary 2.7, the radius ρ(z) of convergence of gz at 0 is finite
and gz fails to extend to a holomorphic function at one point of the circle of radius
ρ(z) at least. At each of these singular points, gz extends as a Puiseux series
converging in some neighborhood of such a point (see Lemma 2.6). Compactness
argument then proves that there can be at most finitely many such points inside
the considered circle. □

Assuming that the principal polar locus is nonempty, the values of the Voronoi
index decompose the underlying surface X into:

• the Voronoi cells (for which ν = 1);
• the Voronoi edges (for which ν = 2);
• the Voronoi vertices (for which ν ≥ 3).

Definition 2.10. Consider a compact Riemann surfaceX endowed with a non-zero
meromorphic 1-form ω and a meromorphic function f on X such that PPL(ω, f) ̸=
∅. The Voronoi diagram Vω,f of pair (ω, f) is the union of all points z ∈ X such
that νz ≥ 2.

Proposition 2.11. Consider a compact Riemann surface X endowed with a non-
zero meromorphic 1-form ω and a meromorphic function f on X such that PPL(ω, f) ̸=
∅. Then Vω,f is the union of geodesic segments in the (singular) flat metric |ω|.

Proof. For any point z0 ∈ Vω,f of critical radius r and Voronoi index ν, we denote
by α1, . . . , αν the points of {t ∈ C | |t| = r} where the Voronoi function gz0 does
not extend as a holomorphic function.

Actually, there exists ϵ > 0 such that gz0 extends as a holomorphic function to
a domain D formed by the points of the open disk {x ∈ C | |x| < r + ϵ} which do
not belong to the cuts [1, r+ϵr [αi for 1 ≤ i ≤ ν.

For any two distinct i, j ∈ {1, . . . , ν}, let the line Lij be the bisector of the
segment [αi, αj ]. Denote by L the union of all these lines Lij for 1 ≤ i < j ≤ ν.

Consider a small neighborhood U of z0 in X in which ω has a well-defined
primitive ϕ satisfying the condition ϕ(z0) = 0. We can assume that for any z ∈ U ,
|ϕ(z)| < δ where δ < ϵ

2 . It follows that for any z ∈ U , the disk of convergence of
gz in ϕ(z) is contained in D, see Figure 2. It follows that unless ϕ(z) ∈ L, we have
ν(z) = 1.

In the open set U , ϕ−1(L) is the union of straight segments in the flat coordinate
ϕ which finishes the proof. □

Remark 2.12. Voronoi diagrams cannot be given a purely metric definition, as
demonstrated in the following example. Consider ω = zdz and f(z) = 1

z2−1 . Since

f is factorized by a primitive ϕ : z 7→ 1
2z

2 of ω, we have PPL(ω, f) = {±1}.
The points equidistant from 1 and −1 (with respect to |zdz|) are those satisfying

Re(z) = 0. However, since 1 and −1 have the same image under ϕ, there is no point
z in C \ {±1} such that the corresponding Voronoi function gz has more than one
singular point in its critical circle. The Voronoi diagram is empty and, in particular,
it does not coincide with the imaginary axis as a purely metric definition would
suggest.

2.5. Cauchy measure of a Voronoi diagram. Using central angles at points of
PPL(ω, f), let us define the Cauchy measure µω,f of the Voronoi diagram Vω,f . It
is obtained by the pullback of a certain differential form by a local primitive of ω.
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α1

α2

α3

α4

φ(z0) = 0

L12

L23

L34

L41

D ⊂ C

z0

U ⊂ X

φ

z
φ(z)

φ(U)

Figure 2. The Voronoi function gz0 extends to a holomorphic
function in the domain D. The blue lines form the union L of the
bisector rays contained in D. The preimage ϕ−1(L) is the union of
straight segments with respect to the coordinate ϕ in U .

Definition 2.13. Let A,B two distinct points in the complex plane. We define
the unnormalized Voronoi angular measure µ on the bisector LAB as follows. For
any segment [M,N ] contained in LAB , let µ([M,N ]) be the angle at A of triangle
AMN (see Figure 3). Obviously, we have µ(LAB) = π, and we define the (normal-
ized)Voronoi measure as 1

πµ. This measure is then a probability measure and we
note for later use that it can also be described as obtained by integration of the
real differential form

dθAB :=
|A−B|

2π|P −A||P −B|
dλ(P )

on LAB , where dλ is Euclidean length measure on LAB .

A

B

LAB

M

N

θ

Figure 3. Illustration of the angular measure µ on the bisector
LAB of two points A and B in the plane. Here, µ([M,N ]) = θ.

Definition 2.14. Consider a compact Riemann surfaceX endowed with a non-zero
meromorphic 1-form ω and a meromorphic function f such that PPL(ω, f) ̸= ∅.

Then the Cauchy measure of the Voronoi diagram Vω,f is obtained by the in-
tegration of the differential form obtained as the pullback of the differential form
dθAB at each point z such that νz = 2, (see Definition 2.13) by a local primitive ϕ
of ω satisfying ϕ(z) = 0.
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Remark 2.15. Since in the principal polar locus there are finitely many points with
a finite conical angle at each of them, the Cauchy measure µω,f is finite. Besides,
it is invariant under rescaling ω 7→ λω (with λ ∈ C∗).

3. Zero-free regions

In this subsection, we prove that zeros of iterates of the operator Tω cannot
accumulate inside Voronoi cells.

Proposition 3.1. Let X be a compact connected Riemann surface X endowed
with a non-zero meromorphic 1-form ω and a meromorphic function f such that
PPL(ω, f) ̸= ∅.

Then, in the open subset U ⊂ X∗ \ PPL(ω, f) formed by points z satisfying
νz = 1 (see Definition 2.8),

1

n
log

∣∣∣∣Tnω f(z)n!

∣∣∣∣→ log
1

ρ(z)

on every compact subset as n→ +∞, where ρ(z) is the critical radius of the Voronoi
function gz, see Definition 2.5.

In particular, for any compact subset K of U , there is a bound N > 0 such that
for any n > N , Tnω (f) has no zeros in K.

Proposition 3.1 will be deduced from a purely analytic lemma about the asymp-
totics of the coefficients of the Taylor series of a Puiseux series. The lemma applies
a uniform version of a theorem proved by Orlov in [15], see our Corollary A.2.

Lemma 3.2. Let g be a holomorphic function on the open centered disk D(R) ⊂ C
of radius R > 0. Suppose that g can be extended holomorphically to ∂D(R), except
at only one point d on the boundary circle ∂D(R) where it extends as a Puiseux
series. Then, there exists δ > 0 such that

1

n
log

∣∣∣∣g(n)(x)n!

∣∣∣∣→ log
1

|x− d|

uniformly on the closed centered disk D(δ) of radius δ.

Proof. Without loss of generality, we may assume that D(R) is centered at 0.
Suppose that the Puiseux series at d has a leading exponent m0, meaning that
Bm0(d− x)m0 is the term with the smallest non-integer exponent, or smallest neg-
ative exponent.

By Corollary A.2, there exist ϵ, δ > 0 such that the asymptotic behavior

g(n)(x)

n!
= b(n, x)(d− x)−n +O

(
(|d− x|(1 + ϵ))−n

)
holds on D(δ), where

b(n, x) = K(x− d)m0n−(m0+1)(M +O(n−
1
N |x− d| 1

N )),

with all constants depending only on g and R. Then,∣∣∣∣g(n)(x)n!

∣∣∣∣ = |d− x|−n
∣∣b(n, x) +O((1 + ϵ)−n)

∣∣ . (3.1)

We claim that 1
n log |b(n, x) + O((1 + ϵ)−n)| converges to 0 uniformly on Dδ as

n→ +∞. For any given ϵ′ > 0, there is some N ′ ∈ N such that (1 + ϵ)−n < ϵ′

2 and
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b(n, x) < ϵ′

2 for all n ≥ N ′ and x ∈ D(δ). Thus, |b(n, x) +O((1 + ϵ)−n)| converges
to 0 uniformly on D(δ) as n→ +∞. Taking logarithm and dividing by n, we obtain

1

n
log

∣∣∣∣g(n)(x)n!

∣∣∣∣ = − log |x− d|+ log |o(1)|.

Therefore,

lim
n→+∞

1

n
log

∣∣∣∣g(n)(x)n!

∣∣∣∣ = − log |x− d|

where the convergence is uniform in D(δ) as desired. □

We now prove Proposition 3.1 by applying Lemma 3.2 to the Voronoi function
of a point contained in a Voronoi cell.

Proof of Proposition 3.1. For any z0 ∈ U , the Voronoi function gz0 converges in
the open disk of radius ρ(z0) centered at 0 and extends as a holomorphic function
to every point of the boundary circle, except at one point d, to a neighborhood of
which gz0 extends as a Puiseux series (see Lemma 2.6 and Definition 2.8). We then

deduce from Lemma 3.2 the existence of a neighborhoodW of 0 where 1
n log

∣∣∣∣ g(n)
z0

(x)

n!

∣∣∣∣
converges to − log |x− d| uniformly. Therefore, there is a neighborhood of z0 in X
where

1

n
log

∣∣∣∣Tnω (f)(z)n!

∣∣∣∣ = 1

n
log

∣∣∣∣∣g(n)z0 (ϕ(z))

n!

∣∣∣∣∣
converges uniformly to − log ρ(z) where ρ(z) is the radius of convergence of gz. The
last claim follows immediately. □

4. Edges of the limit set

The remainder of the proof is an application of potential theory. In Proposi-
tion 4.1, we will show that

1

n
log

∣∣∣∣Tnω f(z)n!

∣∣∣∣ −→ log
1

ρ(z)

as n → +∞ in the space L1
loc(X

∗) of locally integrable functions on X∗ (with
respect to the measure ω ∧ ω). Then, using the Laplacian operator ∆ω induced by

the flat metric |ω| on X∗, we prove that the Laplacian of
1

n
log
∣∣∣Tn

ω f(z)
n!

∣∣∣ coincides
(up to normalization) with the root-counting measure of Tnω f(z) and converges as
a distribution (positive measure) to the limit

µω,f

Aπ + 1
A

∑
p∈P

(dp − 1)δp stated in the

second part of Theorem 1.5. Finally, we will deduce the first part of the theorem
from this convergence.

4.1. Convergence in L1
loc(X

∗). Proposition 3.1 shows that 1
n log

∣∣∣Tn
ω f(z)
n!

∣∣∣ con-
verges uniformly to log 1

ρ(z) on every compact subset inside Voronoi cells of X.

Oscillations of Tnω f(z) near the edges of the Voronoi diagram lead us to consider
the weaker L1

loc convergence as follows.

Proposition 4.1. Assume PPL(ω, f) ̸= ∅. For any z ∈ X∗ \ PPL(ω, f), there
exists a neighborhood U of z such that on any compact subset K ⊂ U , we have:∫

K

∣∣∣∣ 1n log
∣∣Tnω f(z)

n!

∣∣− log
1

ρ(z)

∣∣∣∣ ω ∧ ω −→ 0

where ρ(z) is the critical radius of the Voronoi function gz.
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Of course, we first need to check that log 1
ρ(z) is a locally integrable function.

Lemma 4.2. Assuming that PPL(ω, f) ̸= ∅, the function z 7→ log 1
ρ(z) belongs to

L1
loc(X

∗).

Proof. For any z0 ∈ X∗ \ PPL(ω, f), we consider its Voronoi function gz0 and a
local primitive ϕ of ω such that ϕ(z0) = 0. Let d1, . . . , dk be the points of the
critical circle where gz0 does not extend holomorphically, with k being the Voronoi
index of z0, see Lemma 2.9. Then, there is a neighborhood U of z0 such that for
any z ∈ U , ρ(z) = min

1≤i≤k
|ϕ(z)− di|.

A simple integral computation shows that the function w 7→ log |w− b| for some
constant b ∈ C is locally integrable away from b. It follows that x 7→ − min

1≤i≤k
log |x−

di| is locally integrable in C\{d1, . . . , dk}. We deduce that z 7→ log 1
ρ(z) is integrable

in a small enough neighborhood of z0 in X∗ \ PPL(ω, f). The claim follows. □

Proposition 4.1 follows from the local lemma below, which we will prove in
Section 4.2.

Lemma 4.3. Let g be a holomorphic function on the open centered disk D(ρ) ⊂ C
of radius ρ > 0. Suppose that g can be extended holomorphically to ∂D(ρ), except at
only finitely many points d1, . . . , dk on the boundary circle ∂D(ρ) where it extends
as Puiseux series. Then, setting

M(x) = − min
1≤i≤k

log |x− di|,

there exists δ > 0 such that∫
D(δ)

∣∣∣∣ 1n log
∣∣g(n)(x)

n!

∣∣−M(x)

∣∣∣∣ dλ −→ 0

where D(δ) is the closed centered disk of radius δ and dλ is the standard Lebesgue
measure.

Proof of Proposition 4.1. For any z0 ∈ X∗ \ PPL(ω, f), we apply Lemma 4.3 to
the Voronoi function gz0 . Notice that ω ∧ ω = ϕ∗dλ and T kω (f) = g(k) ◦ ϕ. □

4.2. Minimum modulus principle. This section is devoted to proving Lemma 4.3.
We recall that the points d1, . . . , dk are the points on the critical circle where g does
not extend holomorphically. We assume that k ≥ 2. Indeed, if k = 1, Lemma 4.3
immediately follows from Lemma 3.2.

Assuming that d1, . . . , dk are cyclically ordered according to their argument, we
introduce k points c1, . . . , ck on the critical circle of radius ρ in such a way that ci is
the midpoint of the circular arc (didi+1). We define a subset A ⊂ C formed by the
k segments [0, c1], . . . , [0, ck]. We denote by Aϵ the open tubular ϵ-neighborhood of
A in the centered disk D(ρ), see Figure 4.2.

In order to prove Lemma 4.3, we need to prove in particular that the contribution

of a neighborhood of A the integral of
∣∣∣ 1n log

∣∣ g(n)(x)
n!

∣∣∣∣∣ can be made arbitrarily small.

The remainder of the integral will then be computed using Lemma 3.2.

Lemma 4.4. In the settings of Lemma 4.3, there exists a constant C depending
only on g such that for any small enough ϵ > 0 and δ > 0, we have

1

n

∫
Aϵ∩D(δ)

∣∣∣∣log ∣∣g(n)(x)n!

∣∣∣∣∣∣ dλ < Cϵ
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d4

d1

d2

d3

c4c1

c3

Figure 4. The open tubular neighborhood Aϵ of A.

where dλ is the standard Lebesgue measure on C and Aϵ ∩D(δ) is the closure of
the intersection of Aϵ with the centered disk of radius δ.

The key ingredient is the classical Cartan-Boutroux lemma (the Minimum Mod-
ulus Principle) which provides an estimate of the growth of log |g(x)| near its sin-
gularities, in a form that is suitable for integrating. For the sake of completeness,
we quote the following version from [13] (see also [27]). In the following, e is the
usual Euler’s number.

Lemma 4.5. ([13, Lecture 11, Theorem 4]) Consider a holomorphic function g on

the closed disk D(0, 2er) with |g(0)| = 1 and r > 0. Let η be an arbitrary number
satisfying 0 < η < 3e/2. Denote by M the maximal value of

∣∣g(x)∣∣ on the circle
|x| = 2er.

Then, inside D(0, 2er), there is a family of excluded disks, the sum of whose
radii is not greater than 4ηr, such that outside these disks we have

log |g(x)| > −H(η) logM, (4.1)

for H(η) = 2 + log 3e
2η .

Remark 4.6. We want to apply this result to a small η. Note that the condition on
η implies that:

(1) H(η) ≥ 2 > 0;
(2) H(η) ∼ − log η as η → 0;
(3) the total area of the excluded discs in the lemma is less than π(4ηR)2 (since

the maximum occurs in the case of one disk).

Remark 4.7. If g(0) ̸= 0, we apply the lemma to g(z)/g(0) and modify (4.1) to

log |g(x)| − log |g(0)| > −H(η)(logM − log |g(0)|)
⇐⇒ log |g(x)| > −H(η) logM + (1 +H(η)) log |g(0)|. (4.2)

We will also make use of a specific covering of Aϵ by a family of disks.

Lemma 4.8. For every sufficiently small ϵ > 0, there exist r > 0, h > 0, and sϵ
points x1, . . . , xsϵ ∈ Aϵ \A such that the following conditions are satisfied:

(1) Aϵ is covered by the union of disks
sϵ⋃
i=1

D(xi, r) of radius r centered at xi;

(2) the area of the union
sϵ⋃
i=1

D(xi, r) is smaller than CA · ϵ where CA is a

constant depending only on A;

(3) the union
sϵ⋃
i=1

D(xi, 2er+ h) has distance at least d/2 to {d1, . . . , dk} where

d is the distance between A and {d1, . . . , dk}.
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Proof. Observe that it suffices that r and ϵ satisfy 2er + h < d/2− ϵ for (3) to be
true. Given an ϵ < d/2, this is clearly a feasible constraint on r and h. The rest
is intuitively clear and can be made precise by Euclidean geometry. Domain Aϵ
decomposes into a central k-gon (contained in a disk of radius ϵ) and k strips (each
contained in a rectangle of length ρ and width 2ϵ), see Figure 4.2. Each of these
polygonal pieces can be covered by a family of equilateral triangles of size ϵ, with a
number of equilateral triangles growing as ρ

ϵ . We construct a family of disks, each
circumscribing an equilateral triangle of the family. Then, the linear bound in ϵ
on the area of the covering family of disks is easily realized. An arbitrarily small
deformation of the covering ensures that the centers of the disks do not belong to
A. Finally, we remark that since r = r(ϵ) → 0 as ϵ, we have lim

ϵ→0
d/2−ϵ−2er = d/2,

and so we may choose the constant h so that it works for all (small enough) ϵ. □

Now, we are ready to prove Lemma 4.4.

Proof of Lemma 4.4. The proof proceeds in four steps.

4.2.1. First step. Choose 0 < ϵ < δ < ρ small enough that g is holomorphic
on Aϵ ∩ D(δ). Let r > 0 be such that Aϵ ∩D(δ) is covered by disks D(xi, r),
i = 1, . . . , sϵ as in Lemma 4.8. Shrinking δ and ϵ if necessary, we require that each
D(xi, 2er + h) is contained in D(ρ), where h is the constant independent of ϵ, see
the end of the proof of Lemma 4.8. Then, since xi lies outside of A, Lemma 3.2
implies that

lim
n→+∞

1

n
log

∣∣∣∣g(n)(xi)n!

∣∣∣∣ = − log |xi − di| =M(xi) (4.3)

where di is the nearest point in {d1, . . . , dk} to xi. In particular, g
(n)(xi)
n! ̸= 0 for all

sufficiently large n. Let n0 ∈ N be such that∣∣∣∣M(xi)−
1

n
log
∣∣g(n)(xi)

n!

∣∣∣∣∣∣ ≤ |M(xi)| if n > n0, (4.4)

for all i = 1, ..., sϵ. Consequently,∣∣∣∣ log ∣∣g(n)(xi)n!

∣∣∣∣∣∣ ≤ C · n, if n > n0, (4.5)

where C is the maximal value of 2|M(x)| in a region containing Aϵ ∩D(δ).

4.2.2. Second step. Condition (3) in Lemma 4.8 and the choice of a small δ > 0

ensures that g is holomorphic on the union of the disks
sϵ⋃
i=1

D(xi, 2er+h). Let B be

the maximal value of |g(x)| in the union. Since circles of radius h around a point x
on the circle |x− xi| = 2er are contained in D(xi, 2er+ h), we can apply Cauchy’s
estimate of the derivatives of g to a point x with |x−xi| ≤ 2er and obtain an upper
bound ∣∣∣∣g(n)(x)n!

∣∣∣∣ ≤ h−nB. (4.6)

This inequality is hence true for any x ∈
sϵ⋃
i=1

D(xi, 2er).
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4.2.3. Third step. We now apply Lemma 4.5 to g(n)(x)
n! on each Di = D(xi, r). Let

Mn ≤ h−nB be the maximum value of
∣∣ g(n)(x)

n!

∣∣ on the circle |x− xi| = 2er. Here,
the inequality comes from (4.6).

For small η > 0, we introduce the subset Oη,i ⊂ Di such that for x ∈ Oη,i we
have

log

∣∣∣∣g(n)(x)n!

∣∣∣∣ > −H(η)

(
logMn − log

∣∣∣∣g(n)(xi)n!

∣∣∣∣)+ log

∣∣∣∣g(n)(xi)n!

∣∣∣∣ . (4.7)

Following Lemma 4.5 and Remark 4.7, Oη,i satisfies

λ(Di \Oη,i) ≤ π(4ηr)2. (4.8)

This will give us a rough upper estimate of
∣∣ log | g(n)(x)

n! |
∣∣ as follows. First, by (4.6),

log(h−nB) ≥ log
∣∣g(n)(x)

n!

∣∣. (4.9)

Then, by the maximum modulus principle,

log(h−nB)− log

∣∣∣∣g(n)(xi)n!

∣∣∣∣ ≥ logMn − log

∣∣∣∣g(n)(xi)n!

∣∣∣∣ ≥ 0.

Using this and the fact that −H(η) < 0, we have that (4.7) implies

log

∣∣∣∣g(n)(x)n!

∣∣∣∣ ≥ −H(η)

(
log(h−nB)− log

∣∣∣∣g(n)(xi)n!

∣∣∣∣)+ log

∣∣∣∣g(n)(xi)n!

∣∣∣∣ (4.10)

For real numbers c ≥ b ≥ a, we have |a| + |c| ≥ |b|. So, (4.9) and (4.10), together
with (4.5), imply

(|H(η)|+ 1)(| log(h−nB)|+ Cn) ≥
∣∣∣∣ log ∣∣g(n)(x)n!

∣∣∣∣∣∣. (4.11)

Since
sϵ⋃
i=1

D(xi, r) =
sϵ⋃
i=1

Di covers Aϵ ∩D(δ), we finally deduce from (4.8) that the

subset Oη =
sϵ⋃
i=1

Oη,i ⊂
sϵ⋃
i=1

Di, where inequality (4.11) holds, satisfies

λ(Aϵ ∩D(δ) \Oη) ≤ sϵπ(4ηr)
2 = Lη2ϵ, (4.12)

for some constant L.

4.2.4. Fourth step. Fix some ϵ > 0. The inequality (4.12) implies that the sets Oη
are an exhausting sequence of open subsets of Aϵ ∩D(δ) as η −→ 0.

Now, we can estimate

1

n

∫
Aϵ∩D(δ)

∣∣∣∣log ∣∣g(n)(x)n!

∣∣∣∣∣∣ dλ.
Let ηj = 1/j and O0 := ∅. Subdivide the integral as follows:

1

n

∫
Aϵ∩D(δ)

∣∣∣∣log ∣∣g(n)(x)n!

∣∣∣∣∣∣ dλ =
1

n

+∞∑
j=0

∫
Oηj+1

\Oηj

∣∣∣∣log ∣∣g(n)(x)n!

∣∣∣∣∣∣ dλ. (4.13)

By (4.11) and (4.12), the last sum is dominated by

1

n

+∞∑
j=1

Lϵ

j2
|(|H(1/j)|+ 1)(| log(h−nB)|+ Cn). (4.14)

Now, observe that |H(1/j)| + 1 ∼ log j by Remark 4.6. Second, | log(h−nB)|+Cn
n is

globally bounded (recall that h is a constant, independent from ϵ). Hence, (4.14)



16 R. BØGVAD, B. SHAPIRO, G. TAHAR, AND S. WARAKKAGUN

converges to Snϵ, for some uniformly bounded Sn. This is the desired bound, and
Lemma 4.4 is proved.

4.2.5. Proof of Lemma 4.3. By choosing a small enough ϵ and δ, Lemma 3.2 proves

that the integral of
∣∣∣ 1n log

∣∣∣ g(n)(x)
n!

∣∣∣−M(x)
∣∣∣ dλ on D(δ) \Aϵ converges uniformly to

zero. It remains to prove that the integral of the same measure over Aϵ ∩D(δ) can
be made arbitrarily small as ϵ→ 0.

By choosing a small enough δ, |M(x)| can be globally bounded on D(δ) and the
area of Aϵ ∩D(δ) can be bounded by a linear expression in ϵ. We obtain that∫

Aϵ∩D(δ)

|M(x)| dλ < B · ϵ

for some constant B > 0.
Using the estimate of Lemma 4.4 (proved in Sections 4.2.1 to 4.2.4), we obtain

that ∫
Aϵ∩D(δ)

∣∣∣∣ 1n log

∣∣∣∣g(n)(x)n!

∣∣∣∣∣∣∣∣ dλ < C · ϵ

for some constant C that does not depend on n.

By the triangle inequality, we deduce that
∫

Aϵ∩D(δ)

∣∣∣ 1n log
∣∣∣ g(n)(x)

n!

∣∣∣−M(x)
∣∣∣ dλ can

be made arbitrarily small as ϵ → 0. This proves the convergence to zero of the
integral over D(δ). □

4.3. A Laplace operator on L1
loc(X

∗). In the surface X∗ punctured at the poles
of ω, there is a singular flat metric |ω| with conical singularities at the zeros of ω. We
denote by ∆ω the corresponding Laplace operator defined on L1

loc(X
∗) (see [10, 12]

for a reference on Laplace operators of singular flat metrics). It is an operator on
L2
loc(X

∗), and acts in particular on test functions in a local parametrization as the
ordinary Laplacian with respect to the parametrizing variable, even at the singular
points(see [10, Prop.3.3 and (4.3)]). This allows us to first compute the Laplacian
of Tnω f , as a distribution.

Lemma 4.9. For any n ≥ N for some N ∈ N, we have:

1

2π
∆ω log |Tnω f(z)| =

∑
z∈Z(Tn

ω f)

δz − n

 ∑
p∈PPL(ω,f)

δp

− ν

where Z(Tnω f) is the set of the zeroes of Tnω f in X∗ (counted with multiplicities)
while ν is a fixed distribution of finite weight.

Proof. Let z0 be a point of the surface X∗∗ punctured at the zeroes and poles of ω.
For any small enough neighborhood U of z0, a local primitive ϕ of ω such that ϕ(z0)
defines a local flat chart where ∆ω is conjugated to the standard Laplace operator
∆. Since we have T kω (f) = g(k) ◦ ϕ, on the open set U , we have

∆ω log |Tnω f(z)| = (∆ log
∣∣∣g(n)∣∣∣) ◦ ϕ(z). (4.15)

It is well-known that the standard Laplacian of the logarithmic absolute value of a
meromorphic function f , thought of as a L1

loc-function and hence a distribution, is
the divisor of the function expressed in terms of Dirac measures. We deduce that
on any open set of X∗∗, 1

2π∆ω log |Tnω f(z)| coincides with the divisor of the zeroes

and poles of f (n) (taken as a distribution). Following the results of Section 2.1,
the poles of Tnω f that belong to X∗∗ are located at the poles of f . They belong to
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PPL(ω, f) and the order of each of them increases by one after each iteration of
Tω. This proves the claim for any open subset of X∗ that does not contain a zero
of ω.

Now we consider an arbitrarily small open neighborhood U of a zero z0 of ω.
There is locally a primitive ζ = ϕ of ω that maps the open set U to an open set V
in the ζ parameterplane as a branched cover.

In the first case, z0 /∈ PPL(ω, f) and f = g ◦ ϕ is, as above, locally factorized
by a primitive ζ = ϕ of ω(by Definition 1.2). By the remark on the Laplacian
before the proof (4.15) still holds, and the same argument as above gives that as a
distribution on X∗(where we use the local coordinates of the complex structure on
the Riemann surface)

∆ω log |Tnω f(z)| =
∑

z∈Z(Tn
ω f)∩U

δz.

In the second case, z0 ∈ PPL(ω, f) and provided n is large enough, Tnω f has a
pole in z0 (see Proposition 2.2). Moreover, if U is small enough, Proposition 3.1
shows that Tnω f has no zero in U . In terms of the local variable ζ = ϕ(z), we have
that f(z) = g(ζ1/k) may be developed in a Puiseaux series, and then it follows from
Lemma A.3 that locally in U we have

1

2π
∆ω log |Tnω f(z)| = −(n+ α(n))δp,

where α(n) is bounded. Finally we let ν be the measure that is the sum of all
constant parts α(n)δp , together with a similar sum coming from the poles of f at
regular points . □

We proved in Proposition 4.1 that
1

n
log
∣∣∣Tn

ω f(z)
n!

∣∣∣ converges in L1
loc(X

∗\PPL(ω, f))

to log 1
ρ(z) . We deduce that ∆ω

1

n
log
∣∣∣Tn

ω f(z)
n!

∣∣∣ converges to ∆ω log
1
ρ(z) as a distri-

bution. The Laplacian of log 1
ρ(z) can be computed in terms of the Cauchy measure

of the Voronoi diagram defined by f and ω.

Lemma 4.10. In the space of distributions on X∗, we have:

1

2π
∆ω log

1

ρ(z)
= µω,f −

∑
p∈PPL(ω,f)

δp.

where ρ(z) is the critical radius of the Voronoi function gz (see Definition 2.5) and
µω,f is the Cauchy measure of Vω,f (see Section 2.5).

Proof. Note first that for a chart ζ = ϕ(z) and acting on test functions or real
analytic functions such as as log( 1

ρ(z) ),

1

2π
∆ω =

2

π

∂2

∂̄ζ∂ζ
.

Thus it suffices to prove the lemma for a distinguished parameter ζ and a cor-
responding open set V . In a small enough neighbourhood of a p ∈ PPL(ω, f),
we have that ρ(ζ) = |ζ − p|, and 1

2π∆ω log(
1
ρ(ζ) ) = −δp. This gives the Dirac

delta function part of the lemma. Besides these terms the support of the Lapla-
cian will be contained in the Voronoi skeleton, as ρ otherwise is harmonic in an
open Voronoi cell. Next, take a small neighbourhood N that intersects the Voronoi
skeleton and which contains no p ∈ PPL(ω, f). Let pi i = 1, ... be the elements
of PPL(ω, f) such that ρ(ζ) = |ζ − pi| is valid in a non-zero open subset Oi of N .
Define Hi(ζ) := − log |ζ − pi| which is a harmonic function in the complex plane
except for ζ = pi. Let χi be the characteristic function of Oi. As L1

loc-functions,
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M(z) := log( 1
ρ(ζ) ) =

∑
Hi(ζ)χi, and to calculate the derivatives, we need to recall

how to calculate the derivatives of a characteristic function, the Sokhotski-Plemelj
formulae. Let g be a test function (with compact support) which we may assume
to vanish on the part of each ∂Oi which is not contained in the skeleton. Let finally
∂v denote the directional derivative associated to a vector v = (α, β) in R2 = C.

Green’s theorem (in normal form) implies that

−⟨∂vχi, g⟩ =
∫ ∫

Oi

∂vgdxdy =

∫
∂Oi

(α, β) ·Ngds, (4.16)

where the boundary ∂Oi is oriented so that Oi is to the left, and Ni is the unit
normal away from Oi. Note that, by the given orientation, Nds = (dy,−dx). In
terms of distributions, (and with a slight abuse of notation) this may be formulated
as

∂vχi = −(α, β) ·Nds) = −αdy + βdx, (4.17)

and remains true if v is a complex vector. As a first corollary, Leibniz’ rule implies
that the distributional derivative

∂M(ζ)

∂ζ
=
∑ ∂Hi(ζ)

∂ζ
χi, (4.18)

since each part of the boundary Vij between the cells Oi and Oj occurs twice with
opposite normals in the second part of the sum

∂M(ζ)

∂ζ
=
∑
i

∂Hi(ζ)

∂ζ
χi −

∑
i

Hi(ζ)(
1

2
)(1,−i) ·Nids,

and M(ζ) is continuous on Vij (Clearly the endpoints of Vij where the normal
is undefined do not matter for the integral (4.16)). Thus the distributional de-
rivative coincides with the a.e. pointwise derivative(and this is also a bona fide
L1
loc-function). Apply (4.17) and Leibniz rule again, to (4.18):

∂2M(ζ)

∂ζ̄∂ζ
=
∑ ∂2Hi(ζ)

∂ζ̄∂ζ
χi −

∑ 1

2

∂Hi(ζ)

∂ζ
(1, i) ·Nds, (4.19)

since ∂
∂ζ = 1

2 (
∂
∂x+i

∂
∂y ). The first sum is 0 by our assumptions on N . For the second

sum, first note that ∂Hi(ζ)
∂ζ = 1/(2(ζ − ai)), and second that since Nds = (dy,−dx)

the term (1, i) · N ds = dy − i dx = −idζ. Each piece of the segment Vij that
separates the Voronoi cell Oi(to the left) and Oj , will occur twice in the sum, and
then contribute

(−i/4)( 1

z − ai
− 1

z − aj
) dz = (i/4)

aj − ai
(z − ai)(z − aj)

dz. (4.20)

Vij is a segment of the orthogonal bisector of the line segment between ai and
aj , which is given by the equation

ζ = (1/2)(ai + aj) + ti(aj − ai) = (1/2− ti)ai + (1/2 + ti)aj , t ∈ R.
Then, if ζ ∈ Vij , ζ−ai = (aj−ai)(1/2+ ti) and ζ−aj = −(aj−ai)(1/2− ti). Since
(with the orientation that Oi is to the left of Vij), dζ = i(aj − ai) dt, the measure
in (4.20) is

dt

4(1/4 + t2)
=

|ai − aj |2dt
4|ζ − ai||ζ − aj |

,

using |ζ−ai||ζ−aj | = |ζ−ai|2 = |aj−ai|2((1/4)+ t2). Length measure along Vij is
given by ds = |aj − ai|dt. To finish the proof of the lemma, it just remains to note
that this, multiplied by 2/π is exactly the Cauchy measure (see Definitions 2.13
and 2.14.

□
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4.4. Proof of Theorem 1.5. We are now ready to prove our main result.

Proof of Theorem 1.5. We proved in Proposition 4.1 that
1

n
log
∣∣∣Tn

ω f(z)
n!

∣∣∣ converges
to log 1

ρ(z) in the space of locally integrable functions on X∗ \ PPL(ω, f). Intro-

ducing the Laplace operator ∆ω corresponding to the flat metric |ω| on X∗ (see

Section 4.3), we obtain that ∆ω log |Tnω f(z)|
1/n

converges to ∆ω log
1
ρ(z) as distri-

butions on X∗.
These distributions have been computed in Lemma 4.9 and Lemma 4.10. We

deduce that 1
n

∑
z∈Z(Tn

ω f)
δz converges to µω,f as positive distributions of finite

weight on X∗. In other words, the zeros of Tnω f in the punctured surface X∗

asymptotically distribute according to the Cauchy measure of the Voronoi diagram
Vω,f (see Section 2.5). In particular, the Voronoi diagram is contained in the limit
set L(Tω, f).

An immediate computation proves that at a pole p of order d of ω, for any large
enough n, Tnω (f) has a zero at p of order (d − 1)n + b where b is some constant
determined by the order of f at p. From this fact we conclude the following:

• if d ≥ 2, then p ∈ L(Tω, f);
• if d = 1, then p ∈ L(Tω, f) if and only if p is not a pole of f .

Combining what precedes with the fact proved in Proposition 3.1 that any relatively
compact open subset in a Voronoi cell is zero-free provided n is large enough, we
obtain the complete description of L(Tω, f) as a subset of X, proving claim (i).

It remains to compute the asymptotic root-counting measure of the sequence
(Tnω (f))n∈N. It has been proved in Corollary 2.3 that the sum of orders Zn of the
poles of meromorphic function Tnω (f) (and therefore the sum of orders of its zeros)
has the asymptotics Zn ∼ An as n→ +∞ where

A =
∑

z∈PPL(ω,f)

(az + 1).

The asymptotic root-counting measure of the sequence (Tnω (f))n∈N is then the sum
of 1

Aµω,f (corresponding to the contribution of the punctured surface X∗) and a

term 1
A (dp − 1)δp for each pole of ω. □

Remark 4.11. The computation of the asymptotic root-counting measure proves in
particular that the Cauchy measure µω.f of the Voronoi diagram Vω,f is an integer
multiple of π. It is a topological invariant of pair (ω, f) in the spirit of Gauss-Bonnet
theorem.

5. Application to derivatives of algebraic functions

Our approach strengthens and generalizes the earlier results of Prather-Shaw in
[18, 19] on the derivatives of (a restricted class of) algebraic functions.

Notation 5.1. Consider a plane algebraic curve Γ ⊂ Cz × Cw with coordinates
(z, w) given as the zero locus of a bivariate polynomial Φ(z, w) = 0. Take the

projectivization Γ̃ ⊂ CP 1
z ×CP 1

w of Γ in CP 1
z ×CP 1

w with homogeneous coordinates

(Z0 : Z1), (W0 : W1). Denote the bidegree of Γ̃ by (k, ℓ). To avoid trivialities we
assume that both k and ℓ are positive. The case of rational functions considered
by Pólya corresponds to the situation ℓ = 1, k ≥ 2.

Notation 5.2. In the above notation, consider the projection πz : Γ̃ → CP 1
z .

Under the assumption that Γ is reduced the preimage π−1
z (ẑ) ⊂ Γ̃ of a generic

point ẑ ∈ CP 1 consists of ℓ distinct points. By the branching locus B(Γ) ⊂ CP 1
z

we mean the set of points ẑ ∈ CP 1
z for which π−1

z (ẑ) ⊂ CP 1
w is a positive divisor of
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degree ℓ with less than ℓ distinct points, i.e. some point has multiplicity exceeding
1. Points of multiplicity more than 1 in the preimage π−1

z (ẑ) of a branching point

ẑ will be called the critical points of (the meromorphic function) πz : Γ̃ → CP 1
z .

The affine branching locus Ba(Γ) is not just the restriction of B(Γ) to Cz, but is
its subset for which we additionally require that for ẑ ∈ Ba(Γ) at least one critical
point of the divisor π−1

z (ẑ) is affine, i.e. lies in Cw and not at ∞w ∈ CP 1
w.

We call a critical point ŵ ∈ π−1
z (ẑ)|Cw essential if at least one of the local

branches of Γ near ŵ has a critical point at ŵ as well, i.e. its projection on a small
neighborhood of ẑ is not a local biholomorphism. (In other words, this branch needs
fractional powers for its presentation as a Puiseux series at ẑ or, alternatively, ẑ

is a branch point of the lift nπz : N Γ̃ → CP 1
z where N Γ̃ is the normalization of

Γ̃.) The branching point ẑ ∈ Ba(Γ) obtained as projection of an essential critical
point ŵ to CP 1

z is called essential as well. Let Bessa (Γ) ⊂ Ba(Γ) denote the set of
all essential affine branching points.

Finally, by the locus of poles P(Γ) ⊂ CP 1
z we mean the set of points ẑ ∈ CP 1

z

for which π−1
z (ẑ) ⊂ CP 1

w contains ∞w ∈ CP 1
w where CP 1

w = Cw ∪ ∞. The affine
locus of poles Pa(Γ) ⊂ P(Γ) is the restriction of P(Γ) to Cz.

Definition 5.3. Given Γ as above and a positive integer n, define the algebraic
curve Γ(n) ⊂ Cz×Cw, called the affine n-th derivative curve, obtained by taking the
n-th derivatives of all branches of Γ considered as (local) algebraic function w(z)
with respect to the variable z. The n-th derivative curve of Γ is the projectivization

Γ̃(n) ⊂ CP 1
z × CP 1

w of Γ(n).

Definition 5.4. We define the (projective) zero locus Z̃(n)(Γ) of the n-th derivative
of the algebraic function given by the algebraic curve Γ as the intersection locus of

Γ̃(n) with (CP 1
z , 0) ⊂ CP 1

z × CP 1
w. The affine zero locus Z(n)

a (Γ) is the restriction

of Z̃(n)(Γ) to Cz ⊂ CP 1
z . The (projective) limit set F(Γ) ⊂ CP 1

z is the limiting set

of the supports of the sequence {Z̃(n)(Γ)} and the affine limit set Fa(Γ) ⊂ Cz is

the limit set of the supports of the sequence {Z̃(n)
a (Γ)} ⊂ Cz.

Remark 5.5. In Pólya’s original definition, see [16], the limit set for the usual
derivative of a rational function consists of all points every neighborhood of which

contains points from infinitely many Z̃(n)
a (Γ).

Problem 5.6. Given an affine (resp. projective) reduced algebraic curve Γ as
above, describe its affine (resp. projective) limit set.

Remark 5.7. Obviously, if the bidegree of Γ is (k, 1) we recover the classical question
of Pólya about the accumulation of zeros of consecutive derivatives of a rational
function. Moreover for algebraic functions given by a certain class of algebraic
curves, their limit sets have been described in [19]. However, to the best of our
knowledge, the description of the limit set for general reduced algebraic curves is
new.

To derive results about the limit sets of general algebraic curves, i.e. about the
accumulation of the zeros of consecutive derivatives of algebraic functions from the
material of the previous sections we proceed as follows. Our main objects are as
follows.

Definition 5.8. Given a reduced affine curve Γ ⊂ Cz×Cw, take the normalization

N Γ̃ of the projectivization Γ̃ ⊂ CP 1
z × CP 1

w and define the meromorphic 1-form ω̃

on Γ̃ as the pullback of the standard meromorphic 1-form dz on CP 1
z under the
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projection πz : Γ̃ → CP 1
z . Then take the pullback ω of ω̃ from Γ̃ to N Γ̃. The mero-

morphic function f : N Γ̃ → CP 1
w is obtained as composition of the normalization

map n : N Γ̃ → Γ̃ with the projection πw : Γ̃ → CP 1
w.

Lemma 5.9. In the above notation, the principal polar locus (see Definition 1.3)

PPL(ω, f) of the pair (ω, f) on Riemann surface N Γ̃ is given by:

• preimage under the normalization map n : N Γ̃ → Γ̃ of the intersection

Γ̃ ∩ (CP 1
z ,∞w) except possibly for the point (∞z,∞w), see Remark 5.10;

• preimage under the normalization map n : N Γ̃ → Γ̃ of the set of all affine

essential critical points of Γ̃.

The principal polar locus is non-empty provided ℓ ≥ 2.

Remark 5.10. There is a simple criterion when the projectivization in CP 1
z ×CP 1

w

of an algebraic curve Γ ⊂ Cz × Cw given by a bivariate polynomial Φ(z, w) = 0
passes through the point (∞z,∞w). Obviously, this happens if and only if there
is a branch of the algebraic function w(z) which tends to ∞w when z → ∞z. The
latter condition can be reformulated in terms of the Newton polygon NΦ of Φ(z, w).
Namely, this happens if and only if NΦ contains an edge with a negative slope and
such that NΦ lies below the line spanned by this edge. This statement can be easily
deduced from the known results of Section 38, Th. 63–66 in [4] and Ch. 4, Sections
3 and 4 in [24].

Proof of Lemma 5.9. Firstly we describe the poles of f and the zeros and poles of ω.
Poles of f coincide with f−1(∞w) where CP 1

w = Cw ∪∞w. In other words, it is the

set of points on N Γ̃ where Γ̃ intersects the projective line CP 1
z ×∞w ⊂ CP 1

z ×CP 1
w.

Next, the singular points on Γ̃ which project to the affine part Cz ⊂ CP 1
z give rise

to zeros of ω on N Γ̃. We will show a bit later that the singularities of Γ̃ projecting
to ∞z ∈ CP 1

z result in poles of ω.

Indeed each local singular branch of Γ̃ near a point z0 ∈ Cz can be represented
by a Puiseux series

w(z) =
∑
j≥ℓ

aj(z − z0)
j/k

where k ≥ 2. This branch can be parameterized by z(t) = z0 + tk and w(t) =∑∞
j=ℓ ajt

j . Here t can be considered as a local chart on N Γ̃ centered at the point

mapped to the singularity of the singular branch of Γ̃ under consideration. Since
z = z0+ t

k one has that dz = tk−1dt. Therefore ω being the pullback of dz acquires
a zero of order k − 1 > 1 at this point.

Furthermore let y = 1
z be the local coordinate near ∞z ∈ CP 1

z . With respect

to y, one has dz = − 1
y2 dy. For any branch of Γ̃ which is non-singular in a small

neighborhood of ∞z, i.e. y = 0 the pullback of dz to this branch will acquire a pole
of order 2.

Finally, let us assume that Γ̃ has a singular local branch near infinity whose
Puiseux series is given by

w(y) =
∑
j≥ℓ

ajy
j/k.

We can parameterize this branch as y = tk and w(t) =
∑
j≥ℓ ajt

j . The pullback of

dz = − 1
y2 dy to the local coordinate t on N Γ̃ equals − k

tk+1 dt, i.e. it has a pole of

order k + 1 > 2 at the respective point.

Now by definition, PPL(ω, f) consists of (a) poles of f that are not poles of ω
and (b) zeros of ω at which f is not locally factorized by a primitive of ω. Poles
of f which are also poles of ω are preimages of the point (∞z,∞w) ∈ CP 1

z ×CP 1
w.
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If Γ has branches which tend to ∞w when z → ∞z then Γ̃ contains (∞z,∞w) and
such points exist. Whether Γ has such branches is described in the above Remark.

Finally let us show that at each zero of ω the function f can not be locally
factorized by a primitive of ω. As we have already shown zeros of ω come from

the singularities of Γ̃ which project to Cz. Since ω is the pullback of dz and f
is the pullback of the coordinate w the factorizability of f by a primitive of ω in
simple words means that for the original branch of Γ, the algebraic function w(z)
is (locally) holomorphic in z which contradicts the assumption that we consider a
singular branch.

In order to prove that the principal polar locus is non-empty, we just observe that

for ℓ ≥ 2 the meromorphic function f : N Γ̃ → CP 1
w is a ramified cover branched

over at least two points of CP 1
w. Since at least one of these two points is not ∞w

and ℓ ≥ 2, ω has at least one zero. □

Applying Theorem 1.5 we obtain that the zeros of Tnω (f) accumulate on the

Voronoi diagram of the Riemann surface N Γ̃ with the measure described in Sec-
tion 2.5. The limit set of the algebraic function given by the curve Γ and the
respective measure of this limit set on CP 1

z are obtained as the push-forward of the

respective objects from N Γ̃ to CP 1
z .

More explicitly, we get the following.

Corollary 5.11. For any reduced algebraic curve Γ ⊂ Cz × Cw, the affine limit
set Fa(Γ) ⊂ Cz coincides with the push-forward of the Voronoi diagram of the pair

(ω, f) on N Γ̃ under the projection πz to CP 1
z .

Let us present some explicit examples of Γ = Γ0, Γn for n ≥ 1 and illustration
of the zeros of consecutive derivatives of the occurring algebraic functions.

Example 1. Let Γ0 := Γ be the curve defined by wℓ = P (z)
Q(z) for some polynomials

P (z) and Q(z).

Lemma 5.12. The curve Γn := Γ(n) is given by the equation

wℓ =
V ℓn(z)

ℓnℓP (z)nℓ−1Q(z)nℓ+1
(5.1)

where Vn(z) is a polynomial determined by the recurrence relation

• V0(z) = 1,
• Vn+1(z) = ℓP (z)Q(z)V ′

n(z)−((nℓ−1)P ′(z)Q(z)+(nℓ+1)P (z)Q′(z))Vn(z).

In particular, if P and Q has degrees d1 and d2, respectively, then

(1) Vn(z) has degree n(d1 + d2 − 1) and
(2) Γn has bidegree (max{nℓ(d1 + d2)− nℓ, nℓ(d1 + d2) + (d2 − d1)}, ℓ).

Proof. The base case n = 0 is clear. Assuming Γn has the form in (5.1) and writing
the denominator in (5.1) as Wn, we have

ℓ(w(n))ℓ−1w(n+1) =
V ℓ−1
n (ℓWnV

′
n − VnW

′
n)

W 2
n

and

(w(n+1))ℓ =

(
W

(ℓ−1)/ℓ
n

ℓV ℓ−1
n

· V
ℓ−1
n (ℓWnV

′
n − VnW

′
n)

W 2
n

)ℓ

=
(ℓWnV

′
n − VnW

′
n)
ℓ

ℓℓW ℓ+1
n

.
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Substituting back Wn and simplifying yields

(w(n+1))ℓ =
(ℓnℓPnℓ−2Qnℓ)ℓ(ℓPQV ′

n − Vn((nℓ+ 1)PQ′ + (nℓ− 1)P ′Q)ℓ

ℓℓ(ℓnℓPnℓ−1Qnℓ+1)ℓ+1

=
(ℓPQV ′

n − Vn((nℓ+ 1)PQ′ + (nℓ− 1)P ′Q)ℓ

ℓℓ(n+1)P ℓ(n+1)−1Qℓ(n+1)+1
.

The claims about the degrees follow directly. □

-4 -2 2 4

-4

-2

2

4

Figure 5. Root distribution of V100(z) for P = (z + 2)(z − 2i),
Q = z3 − 1 and ℓ = 3.

Remark 5.13. Fig. 5 illustrates the above Example 1. In this case the curve Γ is
given by (z3 − 1)w3 = (z + 2)(z − 2i). It is smooth and its projection onto CP 1

z

has 6 branching points at the cubic roots of 1 (shown by black dots in Fig. 5), −2
and 2i (shown by red dots in Fig. 5), and ∞. All of them have multiplicity 2. The
cubic roots of 1 are also poles of the algebraic function. From Riemann-Hurwitz

formula follows that genus of N Γ̃ is 4. The Voronoi diagram involves only five of
the branching points since ∞ is a pole of ω.

Example 2. As a concrete special case of the above construction take Γ := Γ0 as
the unit circle given by z2 + w2 = 1 ↔ w2 = 1− z2.

Lemma 5.12 implies the following.

Corollary 5.14. The curve Γ(n) := Γn is given by the equation

w2 = − U2
n(z)

(z2 − 1)2n−1
,

where the polynomial sequence {Un(z)} is given by the recurrence relation:

U1(z) = z; Un(z) = (2n− 3)zUn−1(z) + (1− z2)U ′
n−1(z) for n ≥ 2.

Remark 5.15. In the latter case the branching points are located at ±1 and all
roots of Un are purely imaginary.

6. Further examples

In the previous sections we discussed the asymptotic root-counting measures
of Tnω (f) which we applied to the study of consecutive derivatives of algebraic
functions. Below we provide other types of examples.
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6.1. Monomial linear operator applied to a function with one simple pole.
Assume that we have a first order linear differential operator of the form T = R(z) ddz
where R(z) is some rational function which we want to apply iteratively to another
rational function f(z) and study the asymptotic of the zeros of the iterates. If we
can find a change of variable calling the new variable ϕ such that d

dϕ = R(z) ddz
then we can in a sense reduce our problem to that about the usual derivative
with respect to the variable ϕ. In fact this procedure corresponds to taking the
appropriate Riemann surface defined by ϕ, its branched covering of CP 1 and using
Theorem 1.5, see the next example.

For any ℓ ∈ Z, set Tℓ = zℓ ddz and ωℓ = z−ℓdz. Let us calculate the root

asymptotic of the sequence {Tnℓ
(
− 1
z+a

)
} with a ̸= 0 when n→ ∞.

Theorem 1.5 in the case under consideration claims the following. For any ℓ ≥ 2,

ω = dz
zℓ

= dϕ where ϕ = z1−ℓ

1−ℓ . The principal polar locus PPL(ω, 1
z+a ) is {−a,∞}.

The image of the Voronoi diagram under ϕ is the bisector of [ϕ(∞), ϕ(−a)]. It is a
straight line L parametrized by t 7→ ( 12 + it)ϕ(−a) (where t ∈ R).

The inverse image of line L under ramified cover ϕ is a planar algebraic curve of

equation Re( za )
ℓ−1 = (−1)ℓ−1

2 . It is a curve formed by ℓ−1 loops attached to 0 each

contained in a cone of angle 2π
ℓ−1 . The limit set L(T, 1

z+a ) is the branch of the curve
contained in the cone containing −a. An illustration of the above root distribution
can be found in Fig. 6. (The explicit formula for the lemniscate is obtained from
the above equation by using ℓ = 4 and a = 1).

-2 -1 0 1 2
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-1.4 -1.2 -1.0 -0.8 -0.6 -0.4 -0.2

-0.4

-0.2

0.2
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Figure 6. The lemniscate x6+3x4y2+3x2y4+y6+2x3−6xy2 = 0

(left) and its oval together with the roots of T 65
4

(
− 1
z+1

)
(right).

From the latter example it is not difficult to derive the asymptotic root distri-

bution of Tnℓ

(∑
j

αj

z−zj

)
when n→ ∞.

6.2. Examples in genus one. In the complex plane C, we consider the lattice
Λ = Z+ τZ, where τ = exp(πi/3). Let X = C/Λ be the associated elliptic curve.

(1) Let ω = dz be the holomorphic 1-form and let ℘(z) be the Weierstraß
elliptic function on X, where z is the coordinate on C. Since f has one pole
of order 2 at 0 and ω has neither zeros nor poles, the principal polar locus
PPL(Tω, ℘) in X is {0}. Using the primitive ϕ(z) = z of ω, it is easy to see
that the Voronoi diagram in X is the quotient by Λ of the usual Voronoi
diagram on C determined by the points in Λ, see Figure 7.

(2) For a more complicated example, we consider the derivative of the Weier-
straß elliptic function on X, which we denote by ℘z. Let ω = ℘z(z)dz be
the meromorphic 1-form and f(z) = ℘z(z) be the meromorphic function on
X. It is a standard fact that 1

2 ,
τ
2 ,

1+τ
2 are the three simple zeros of ω in
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X. These points become poles of Tnω (f) for all n ≥ 1, so f is not locally
factorized by a primitive of ω there by Lemma 2.1. Hence, they belong to
PPL(Tω, f). Moreover, since the poles of ω and f are the same, we have
that PPL(Tω, f) is { 1

2 ,
τ
2 ,

1+τ
2 }.

The limit set L(Tω, f) on X is the preimage under the ramified cover
℘ of the Voronoi diagram in the C-plane determined by ℘(PPL(Tω, f)),
where the ramification points are precisely the points in PPL(Tω, f), see
Figure 8.

0.5 1.0 1.5

0.5

1.0

Figure 7. Let Λ = Z + e
iπ
3 Z. Left: The Voronoi diagram deter-

mined by the poles of ℘(z) (red dots) consists of the blue dashed
lines. Right: The zeros of ℘(45) are in blue dots. In this case, par-
allelograms cut out by the green lines are fundamental domains of
the action of Λ on C.

7. Outlook

1. (Open Riemann surfaces) The original shire theorem deals with C which is open
and meromorphic functions on it. In particular, the main result of [8] shows that
for an entire function of the form R(z)eU(z) with polynomial U a certain part of the
total mass of the limiting root-counting measure will be placed at ∞. In the present
paper we only consider compact Riemann surface X, but appropriate modifications
of our results work in broader settings.

0.5 1.0 1.5

0.5

1.0

Figure 8. Let Λ = Z + e
iπ
3 Z. Left: The red dots are the points

of PPL(ω, f) where ω = ℘z(z)dz and f(z) = ℘z(z), which deter-
mine the Voronoi diagram in blue dashes. The green lines cut out
fundamental domains of the action of Λ on C. Right: The dark
blue dots are the zeros of T 25

ω (f).
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The crucial hypothesis underlying the constructions of Section 2 is that our
translation surfaces are metrically complete. It follows that the first part of The-
orem 1.5 still holds for the class of meromorphic functions defined on the surface
X∗ punctured at the poles of ω (and having possibly essential singularities there).
The latter class includes the functions studied by Ch. Hägg in [8].

2. (Global geometry of translation surfaces) An essential feature of the theory
of translation surfaces is that the same objects have a complex-analytic side (a
Riemann surface endowed with a holomorphic differential) and a geometric side
(a polygon with pairs of sides identified by translations). Although these two de-
scriptions are theoretically equivalent, going from one side to another is a delicate
question in practice.

In a translation surface obtained by the gluing of a family of triangles, the lengths
and the slopes of the edges are respectively the module and the argument of peri-
ods of the differential corresponding to these relative homology classes. However,
starting with a complex structure (defined by a Fuchsian group for example) and
an explicit holomorphic differential (in terms of modular forms), it is a difficult
problem to determine which relative homology classes are represented by simple
geodesic segments (in order to construct a triangulation).

In the current state of the art, the standard approach to obtain a geometric
presentation of a translation surface is to discretize the circle of directions and
integrate the differential equation corresponding to the differential form to find
saddle connections.

If we can call the latter approach “classical”, Theorem 1.5 suggests a “quantum”
way from the complex-analytic data to the flat picture. For a given translation
surface (X,ω), we consider a meromorphic function f with poles located at the
zeros of ω. As n → +∞, zeros of Tnω (f) accumulate on the Voronoi diagram
defined with respect to the zeros of ω. After an adequate number of iterations, the
relative homology classes of the edges of the Delaunay polygonation (dual to the
edges of the Voronoi tessellation) are characterized with an arbitrarily low error
rate. In Figure 8, the Voronoi diagram of a nontrivial flat metric in genus one is
obtained numerically using this very method.

3. (Fuchsian meromorphic connections) Generalization to an even broader settings
can be made as follows. Let X be a compact Riemann surface with a Fuchsian
meromorphic connection ∇ on a line bundle L. We can investigate the limit set of
a global meromorphic section of L under iteration of ∇.

Fuchsian meromorphic connections induce complex affine structures (see [14])
providing local coordinates where ∇ is conjugated with d

dz . We still have a mean-
ingful notion of affine disk immersion so Voronoi diagrams can be defined. Besides,
the definition of Cauchy measures in terms of angles is suitable for a generalization
to complex affine structures (see Section 2.5). Nevertheless, an important difference
with the current settings is that in most cases, meromorphic connections may fail
to be geodesically complete, as in the case of the Hopf torus C∗/⟨z 7→ 2z⟩.

A class of Fuchsian meromorphic connection can already be handled with the
methods of the current paper. A k-differential ω is a global meromorphic section
of the kth tensor power K⊗k

X of the canonical bundle. In local coordinates, it is a
complex analytic object of the form h(z)dzk where h is a meromorphic function. A
kth root ω1/k of ω can be thought as a global meromorphic section of a line bundle
twisted by some character χ valued in the complex multiplicative group (C∗,×).

Operator T : f 7→ df
ω1/k acting on the space of global sections of a suitable line

bundle coincides with a Fuchsian meromorphic connection.
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For a compact Riemann surface X endowed with a k-differential ω, the canonical
k-cover (see [1] for details) is the smallest ramified cover π : (X̃, ω̃) → (X,ω) such
that ω is the kth power of a globally defined meromorphic 1-form. This way, the
limit set associated with operator T and some meromorphic section f of a line
bundle L is the projection of the limit set associated with an operator Tω̃1/k and a

section of π∗L defined on a surface of higher genus X̃. The latter is obtained using
Theorem 1.5.

Appendix A.

A.1. Extending a result of Orlov. In [15, Theorem 1], Orlov proved pointwise
asymptotics for the coefficients of a Taylor series representation of a branch of an
algebraic function, which extends as Puiseux series at singularities. In the theorem
and its corollary below, we will modify his proof to obtain uniform convergence
for an arbitrary holomorphic function with one Puiseux-type singularity. This is
crucial in Section 3, specifically in the proof of Lemma 3.2. To make the paper
self-contained, we include a slight modification of Orlov’s original proof.

We denote the open disk of radius r > 0 centered at x ∈ C by D(x, r).

Theorem A.1. Let f be a holomorphic function on an open disk D(0, ρ) with ν
singularities a1, . . . , aν such that |as| = ρ for s = 1, . . . , ν. Suppose that f extends
to a Puiseux series at each singular point and holomorphically at every other point
of the circle of radius ρ. Then,

f (k)(0)

k!
∼

ν∑
s=1

b̃s(k)a
−k
s +O((ρ+ ϵ)−k (A.1)

where ϵ > 0 and, for each s = 1, . . . , ν, the term b̃s(k) is of the form

b̃s(k) =
Bs

Γ(−ms)
ams
s k−(ms+1) + o(k−(ms+1))

where Bs and ms come from the term Bs(as − z)ms with ms being the smaller
between the least negative exponent or the least non-integer positive exponent in the
Puiseux representation of f at as.

Proof. Using Cauchy’s integral formula, we have:

g(k) :=
f (k)(0)

k!
=

1

2iπ

∫
C

f(u)

uk+1
du (A.2)

where C is the positively oriented circle of radius 0 < r < ρ centered at 0.
We will change the contour C of this integral to γ defined as in Figure 9. That

is, the contour γ is the boundary ∂D of the domain D = D(0, ρ+ϵ)\
ν⋃
s=1

D(as, ϵ) for

a choice of ϵ > 0 such that the only singularities of f in D(0, ρ+ ϵ) are a1, . . . , aν .
Without loss of generality, we assume that the as’s are labeled counterclockwise.

Then, the new contour γ decomposes into γ0 ∪
⋃ν
s=1 γs as follows

• γs is the boundary of D(as, ϵ) for s = 1, . . . , ν;
• γ0 is the union of the ν circular arcs of radius ρ + ϵ between the points

ρ+ϵ
ρ as and ρ+ϵ

ρ as+1, where the subscripts are read modulo ν.

On γ0, we have
∣∣∣ f(u)uk+1

∣∣∣ ≤ K
(ρ+ϵ)k+1 where K is some constant. Thus,

g(k) =
1

2iπ

ν∑
s=1

∫
γs

f(u)

uk+1
du+O((ρ+ ϵ)−k). (A.3)
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0 a1

a2

a3
ρ

a4

ǫ

γ1

γ2

γ3

γ4

σ1

σ2

σ3

σ4

γ0

Figure 9. The contour α in Equation (A.2) can be replaced by
γ0 ∪

⋃ν
s=1 γs. (The figure displays a case ν = 4). On the left, the

singularities a1, . . . , a4 lie on the circle |u| = ρ, and f has no other
singularities in D(0, ρ + ϵ). On the right, the new contour of the
integral is the union γ := γ0 ∪ γ1 ∪ · · · ∪ γ4. The cuts σs are the
straight segments joining as with ρ+ϵ

ρ as.

For 1 ≤ s ≤ ν, we introduce hs(u) that is the Puiseux series of f at as restricted

to the (finitely many) terms of negative exponents. Define h(u) =
ν∑
s=1

hs(u) and

take F (u) = f(u)− h(u).
Denoting by σs the straight segment joining as to

ρ+ϵ
ρ as, we have that h and F

are holomorphic functions on D(0, ρ + ϵ) \
ν⋃
s=1

σs. Thus, to find the asymptotics

of g(k) as in (A.3), we will study the asymptotic behaviors of the Taylor series
coefficients of h and F .

In the rest of the proof, m will denote an arbitrary exponent of one of the
considered Puiseux series. In other words, m will be an integer multiple of 1

M ,
where M is the least common denominator of the exponents of the Puiseux series
at the different points a1, . . . , as.

Writing hs(u) as (a finite sum)
∑
m<0

cs,m(as − u)m, with m−
s being the least

exponent, we can use the Gamma function to express

bs(k) :=
h
(k)
s (0)

k!

explicitly as

bs(k) =
∑
m<0

1

k!
cs,m(−1)k(m · (m− 1) · . . . · (m− (k − 1))am−k

s

=
∑
m<0

cs,m
Γ(k + 1)

Γ(k −m)

Γ(−m)
am−k
s .

Using the property of the Gamma function that lim
k→+∞

km+1 Γ(k−m)
Γ(k+1) = 1, we repre-

sent bs(k) asymptotically by the following Puiseux series

bs(k) ∼
∑
m<0

cs,m
Γ(−m)

k−(m+1)am−k
s (A.4)
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whose term with the least exponent equals

cs,m−
s

Γ(−m−
s )
k−(m−

s +1)a
m−

s −k
s .

Next, to compute the contour integral Gs(k) :=
1

2iπ

∫
γs

F (u)
uk du, we can replace the

contour γs by σ
+
s ∪σ−

s , where both traverse along σs but with opposite orientations.
Then, in D(as, ϵ), writing

F (u) =

ν∑
s=1

∑
m≥0

ds,m(as − u)m, (A.5)

we have

1

2iπ

∫
γs

F (u)

uk+1
du =

∑
m≥0

1− e2iπm

2iπ
ds,m

∫
σ+
s

(as − u)m

uk+1
du.

We note that the integral is zero if m is a positive integer. One can transform the
integrand

(as − u)m

uk+1
= am−(k+1)

s

(
1− u

as

)m
exp

(
−(k + 1) ln

(
u

as

))
and, with the change of variable t = u

as
− 1, one has

1

2iπ

∫
γs

(as − u)m

uk+1
du =

1− e2iπm

2iπ
eπimds,ma

m−k
s

δ∫
t=0

tme−(k+1) ln(1+t)dt

where δ = ϵ
ρ .

If we once again change the variable x = ln(1 + t), the problem then reduces to
studying integrals of the form

Iα(k) :=

∫ δ0

0

xαφα(x)e
−kxdx,

where δ0 = ln(1 + δ) and φα(x) =
(
ex−1
x

)α
. Since φ(x) is analytic at x = 0, an

application of Watson’s Lemma yields

Iα(k) ∼
∑
n≥0

φ
(n)
α (0)

n!

Γ(α+ n+ 1)

kα+n+1

as k tends to +∞ and so 1
2iπ

∫
γs

F (u)
uk du is equivalent to

∑
m≥0

1− e2iπm

2iπ
eiπmds,ma

m−k
s

∑
n≥0

(
φnm(0)

n!

Γ(m+ n+ 1)

km+n+1

)
.

From the identities Γ(z)Γ(1− z) = π
sin(πz) and

1− e2iπm

2iπ
=
e−iπm(e−iπm − eiπm)

2iπ
=

sinπm

πeiπm
,

we deduce that

1− e2iπm

2iπ
eiπmΓ(m+ n+ 1) =

sin(πm)

Γ(−m− n) sin [π(m+ n+ 1)]

=
(−1)n+1

Γ(−m− n)
.
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After simplification, we obtain that Gs(k) is asymptotic to∑
m≥0

ds,ma
m−k
s

∑
n≥0

(
φnα(0)

n!

(−1)n+1

Γ(−m− n)km+n+1

)
as k tends to +∞.

Summing over all contours γS , where s = 1, . . . , ν, and reorganizing the latter
series, we obtain that G(k) := G1(k) + · · ·+Gν(k) is asymptotic to

ν∑
s=1

 ∑
m,n≥0

ds,ma
m
s

φnα(0)(−1)n+1

n!Γ(−m− n)
k−(m+n+1)

 a−ks . (A.6)

Any given value of m+ n+ 1 is realized by at most finitely many tuples (m,n)
where n is a non-negative integer while m is a non-negative multiple of 1

M that
is not an integer. Therefore, for each s, the inner double series can be written
as a series indexed by the increasing exponents of as whose term with with least
exponent is

Bs

Γ(−m+
s )
k−(m+

s +1)a
m+

s −k
s

where m+
s is the least fractional exponent of (u − as) in F (u) expressed as in

Equation (A.5) and Bs is the coefficient of that term.
Since f(u) = F (u) + h(u), we combine contributions from the holomorphic part

and the Puiseux series part and find the following asymptotic representation of
(A.3)

g(k) ∼
ν∑
s=1

b̃s(k)a
−k
s +O((ρ+ ϵ)−k) (A.7)

where b̃s(k) is a Puiseux series in k that is the sum of (A.4) and (A.5). It follows

that the asymptotic behavior of the leading term of b̃s(k) can be given the form
stated in the statement of the theorem. This finishes the proof. □

By tweaking Orlov’s proof, we will show the uniform convergence that is needed
for our purposes.

Corollary A.2. Let f be a holomorphic function on an open disk D(0, ρ) that
extends to a Puiseux series at a unique singularity a with |a| = ρ in D(a, ϵ′) for some
ϵ′ > 0, and holomorphically at every other point of the boundary circle ∂D(0, ρ).
Then, there exist δ > 0 and ϵ > 0 such that the formula

f (k)(z)

k!
= b(k, z)(a− z)−k +O((|a− z|(1 + ϵ))−k).

holds for any z ∈ Dδ = D(0, δ). Here, we have

b(k, z) = K(a− z)m0k−(m0+1)(M +O(k−
1
N |a− z| 1

N ))

where K,M ∈ C \ {0} and N ∈ N are constants depending only on f and δ while
m0 is the smaller between the least negative exponent or the exponent of the first
non-integer term of the Puiseux series of f .

Proof. We follow the notations and strategy of the proof of the previous theorem.
First, suppose that a is a pole of f . Then, as in (A.4), the singular part h(z) =
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m0≤m<0

cm(a− z)m of f has the following asymptotic description of its derivatives

h(k)(z)

k!
∼

∑
m0≤m<0

cm
Γ(−m)

k−(m+1)(a− z)m−k

= (a− z)−k
[

cm0

Γ(−m0)
(a− z)m0k−(m0+1)

(
1 +O(k−1|a− z|−1)

)]
throughout some Dδ, where δ > 0 is chosen such that a is the only singular point
of f closest to Dδ. The k-th derivatives of the holomorphic part of f vanish for k
large enough, so the expression above is already of the desired form.

We may now assume that f has a pole-free Puiseux series expansion at z = a
given by

f(z) =
∑
k≥k0

ck(a− z)
k
M . (A.8)

Again, choose δ > 0 such that the closest singularity of f to any point in the closed
disk Dδ is a. Then, take α > 0 strictly larger than the maximum distance from
z ∈ Dδ to a. Regard the curve γ in Figure 9 as a diagram for the curve γ(z),

determined by the center z ̸= a in Dδ, and choose ϵ(z) = |z−a|
α ϵ′ < ϵ′. Moving the

center in Dδ changes the cut σ(z), and also f through analytic continuation across
σ(z), but the assumption on f implies that the conditions of the theorem are still
true. In particular, Equation (A.3)

f (k)(z)

k!
=

1

2πi

∫
γa(z)

f(u)

(u− z)k+1
du+O((|z − a|(1 + ϵ))−k) (A.9)

(with ϵ := ϵ′/α) remains true for any z ∈ Dδ, and in fact uniformly, since the
implicit constant in the principal term is bounded by the maximum value of (the
continuations of) |f | to any cut disk B(z, |z − a|+ ϵ(z)), z ∈ Dδ.

Fixing z ∈ Dδ, as in the proof of the theorem, we rewrite the integral

I :=

∫
γa(z)

f(u)

(u− z)k+1
du =

∫
σ+
a

f(u)

(u− z)k+1
du+

∫
σ−
a

f(u)

(u− z)k+1
du. (A.10)

Parametrizing σ+
a (z) as u = a + s(a − z), 0 ≤ s ≤ η, where η = ϵ(z)/|a − z|, we

have ∫
σ+
a (z)

f(u)

(u− z)k+1
du =

1

(a− z)k

∫ η

0

f(a+ s(a− z))

(1 + s)k+1
ds (A.11)

Changing the variable again by setting 1 + s = ev results in

1

(a− z)k

∫ η′

0

f (a+ (ev − 1)(a− z)) e−kvdv, (A.12)

where η′ = log(1 + η) > 0.
The Puiseux expansion in (A.8) implies that the function

f̃(t) :=
∑
k≥k0

ckt
k

is analytic in a neighborhood of t = 0 and f(z) = f̃((a − z)1/M ) for a choice of

t = (a − z)1/M . The function f̃ is just the analytic continuation of f to the cover

t 7→ tM = a − z. In particular, the analytic continuation of f(z) = f̃((a − z)1/M )

counterclockwise along a circle with center z = a is given by f̃(e2πi/M (a− z)1/M ).

Consider θ(v) := ev−1
v , which is analytic and non-zero at v = 0. Then θ

1
M (v) is

defined for |v| < 2π in such a way that it restricts to the M -th real root for v ≥ 0
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real. Now, define

g̃+(w) := f̃
(
w · θ 1

M ((wM/(z − a))
)

g̃−(w) := f̃
(
e

2πi
M w · θ 1

M ((wM/(z − a))
)
.

Thus, along σ+
a (z) we have

f(a+ (ev − 1)(a− z)) = f̃(((v(z − a))
1
M · θ 1

M (v))

= g̃+(((z − a)v)
1
M ), (A.13)

and, similarly, the analytic continuation of f along σ−
a (z) is

f(a+ e
2πi
M (ev − 1)(a− z)) = g̃−(((z − a)v)

1
M ). (A.14)

By setting

g(v) = g̃+(((z − a)v)
1
M )− g̃−(((z − a)v)

1
M ),

we can return to the integral I in (A.10). It equals by (A.12), (A.13), and (A.14)

I =
1

(a− z)k

∫ η′

0

g(v)e−kvdv. (A.15)

Applying Lagrange’s error term for the first-order Maclaurin polynomial of g(v)
proves that the inequality

|g(v)− (1− e2k0πi/M )ck0(a− z)m0vm0 | ≤ |(a− z)v|
k0+1
M (A.16)

holds for all 0 ≤ v ≤ η′ and z ∈ Dδ, where ck0(a − z)m0 ,m0 = k0
M , is the first

non-integer term of the Puiseux series of f , and D is an upper bound for gk0+1 on
the segment between 0 and our choice of (a− z)1/M .

By (A.15) and (A.16),

|I−(a−z)m0−k
∫ η′

0

ck0v
m0e−kvdv| ≤ |a−z|m0+

1
M −k

∫ η′

0

Dvm0+
1
M e−kvdv. (A.17)

Changing the variable u = kv, we obtain

|I − k−(m0+1)(a− z)m0−k
∫ kη′

0

cm0
um0e−udu|

≤ k−(m0+
1
M +1)|w − a|m0+

1
M −k

∫ kη′

0

Dum0+
1
M e−udu. (A.18)

To obtain the desired asymptotics, we apply a standard proof of Watson’s Lemma.
Extending the interval of integration of the latter integral to +∞, we have a bound∫ kη′

0

Dum0+
1
M e−udu ≤

∫ ∞

0

Dum0+
1
M e−udu = DΓ(m0 + 1/M + 1).

On the other hand, we have∫ η′

0

cm0
um0e−udu = cm0

(∫ +∞

0

um0e−udu−
∫ +∞

kη′
um0e−udu

)
= cm0

(Γ(m0 + 1) +O(e−kη
′/2))

Here, the asymptotic term above arises as follows. Consider the integral
∫ +∞
kη′

um0e−udu.

Then, there is r = r(m0) such that um0e−u/2 ≤ 1 for all u ≥ r0. Hence, if kη′ ≥ r0,∫ +∞

kη′
um0e−udu ≤

∫ +∞

kη′
e−u/2du = 2e−kη

′/2,
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where η′ is a constant depending on m0. The corollary then follows from (A.18),

noting that the term O(e−kη
′/2) is insignificant compared to the other asymptotic

terms. □

A.2. Laplacian of a Puiseux series. It is known that the Laplacian of the loga-
rithmic absolute value of a meromorphic function, thought of as a L1

loc-function and
hence a distribution, is (in algebraic-geometric terms) the divisor of the function
expressed in terms of Dirac measures (see Theorem 3.7.8 in [20]). The same holds
for a converging Puiseux series, as we now show.

Lemma A.3. Let f(z) =
∑
k≥r

akz
k
m be a converging Puiseux series where ar ̸= 0.

Then, in some cut disc U := D(0, R) \ R−, we have the following equality between
two L1

loc-functions:
2

π

∂2

∂z̄∂z
log |f | = r

k
δ0.

Proof. Writing f(z) = zr/kg(z), we have log |f | = log |g(z)|+ r
k log |z|, so it suffices

to check that ∂2 log |g(z)|
∂z̄∂z vanishes as a distribution.

Let ψ be a test function. Since g(0) ̸= 0, there exists M > 0 such M is greater

than | log |g(z)|| · | ∂
2ψ

∂z̄∂z | in the (cut) disc.
For an arbitrary η > 0, we introduce the strip C(η) characterized by the inequal-

ities Re z ≤ η and −η ≤ Im z ≤ η. Then, we divide the integral∫
U

∂2 log |g(z)|
∂z̄∂z

ψ(z) dz ∧ dz̄

into the integral on U \ C(η), which vanishes, since log |g| is harmonic in this set,
and the integral on U ∩ C(η). Since the absolute value of∫

U∩C(η)

∂2 log |g(z)|
∂z̄∂z

ψ(z) dz ∧ dz̄ = −
∫

U∩C(η)

log |g(z)|∂
2ψ(z)

∂z̄∂z
dz ∧ dz̄

is bounded by 2Mη(R+η) for any η > 0, and the integral also has to vanish. Thus,∫
U

∂2 log |g(z)|
∂z̄∂z

ψ(z)dz ∧ d̄z = 0

for any test function ψ. The claim follows. □
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