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Abstract

In this paper we study the distribution of level crossings for the spectra of
linear familiesA+ ! B, where A andB are square matrices independently
chosen from some given Gaussian ensemble !ansl a complex-valued
parameter. We formulate a number of theoretical and numerical results for the
classical Gaussian ensembles and some of their generalisations. Besides, we
present intriguing numerical information about the monodromy distribution in
case of linear families for the classical Gaussian ensemb8ds 8fmatrices.
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1. Introduction

Given a linear operator family
C=A+1B, (1.1)

analysis of the dependence of its spectrum on a perturbative pararisetetypical problem
both in fundamental natural sciences and applications, see e.g. the classical Kahtise [
Depending on the situatioh,is considered as a real or a complex-valued parameter.

The Irst time the level crossings of the spectrum (i.e. collisions of the eigenvalues) in the
families (L.1) were considered in mathematics, it was in connection with the development of
the linear algebra and (linear) Hamiltonian mechanics in the second half of the 19th century.
One of the !rst mathematical observations important for the theory of level crossings is that
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for any given size, the set of real symmetric matrices having a multiple eigenvalue has codi
mension two in the space of all symmetric matrices of that size. A similar set of Hermitian
matrices has codimension three. These circumstances explain why almost all families of the
form (1.1) that consist of real symmetric or Hermitian matrices have real and simple spectrum
for all real values of . This phenomenon is usually referred tdea®l crossings avoidance

In the early 20th century level crossings reappeared in physics due to the development of
guantummechanics. Avoided level crossings have always played an importantgakmnionm
mechanics such as nuclear physics, see @W.[PH], but also in quantum electrodynamics,

see CH], as well as in quantum chromodynamics, see @Xg].[Later, the subject of quantum
chaos has attracted particular interest; it is also directly linked to avoided level crossings.

On the other hand, level crossings unavoidably occur upon the analytic continuation of a
real perturbation parameterinto the complex plane, where an intricate pattern of pekmuta
tions of the eigenvalues arises due to monodromy of the spectrum at each of the level cross
ing points. The positions of the level crossings and the monodromy of the spectrum at each
of them constitute important pieces of information about the spectral properties of the linear
family (1.1) and the analytic structure of its spectral surface. In particular, level crossings
determine the accuracy of perturbative serids in

Since the late 1960s, motivated by a number of fascinating observations by Bender and Wu
[BW], physicists and mathematicians started considering various casesvamel® are, for
example, self-adjoint while is complex-valued. A very small sample of such studies can be
found in e.g. [MNOPR, Ro, CHM, SH, BDCPR, Sm| and references therein.

Unfortunately, for particularly interesting linear familids1), it is usually quite diflcult
to exactly describe the positions of level crossings, and it is even more challenging to describe
the monodromy of the spectrum wHeencircles closed curves avoiding them. As an illustra
tion of specilc examples of the physics origin, the reader might cor&hligQq and [ShT],
where the cases of the quasi-exactly solvable quartic and sextic are considereatré&he
spondinglocations of level crossings are shown in !garétlthough in both cases numerical
experiments reveal very clear and intriguing patterns for the location of level crossings as well
as the corresponding monodromy, mathematical proofs explaining these lattice-type patterns
in !gure"l are unavailable at present.

Taking this circumstance into account, 8hfzal we considered the problem of Inding the
distribution of level crossings within the framework of the random matrix theory, and studied
the case wheA is a 'xed matrix whileB is a matrix distributed according to one of the stand
ard Gaussian ensembles. This question and a related circle of problems about the behavior of
random matrix pencils (i.e. one-dimensional families instead of individual random matrices)
seem natural, important and quite new. To the best of our knowledge, the !rst time a similar
guestion was considered wasZV\W], which was published in the early 80s. At present, that
paper has been cited about 60 times in the physics literature, but to the best of our understand
ing none of these further publications had an ambition to develop a more general theory of
level crossings in random pencils. Doing so is our main intent.

One should immediately point out that compared to the study of the spectrum of random
matrices, the analysis of random level crossings is a much more delicate and technical quest.
Many standard tools available in the usual random matrix theory fail completely in the set-up
of random matrix pencils. There is an urgent demand to develop new methods applicable to
random pencils and higher dimensional linear families. For general information on-the ran
dom matrix theory see e.AGZ].

The present paper is a sequel $hZal, and discusses level crossings in linear matrix
families of the form 1.1), whereA andB are independent and equally distributed matrices
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Figure 1. Level crossings for the quasi-exactly solvable quartic (left) and sextic (right)
shown in the complex plane of the perturbation parametersSéda@u and [ShT].

belonging to a certain Gaussian ensemble. To stress the &@uaf matrices in1.1), we
denote them here by andB as opposed tdy andH, which was used irghza].

It is worth noting that a somewhat similar situation, where one randomly samples coef!
cients of a bivariate polynomial instead of the entries of a matrix, has been earlier considered

in [GH.

11 Summary of the main results
We will analyse level crossings in

(i) complex Gaussian ensemb(®ES and a number of their specializations;
(i) Gaussian orthogonal ensemb&9E, and Gaussian unitary ensemb®&SE;
(iii) real Gaussian ensembIB&?;.

Beside this, we present the monodromy statistics for linear faniliswith A andB inde

pendently sampled from ti&UE;s-, GOE;-, andGEg—ensembles.
To properly understand what this means, we recall some notation:

(a) The complex (non-symmetric) Gaussian enserﬂcﬁ is the distribution on the space
Mat$ of all complex-valuedh! n-matrices, where each matrix entry is an independent
complex Gaussian variable distributedN(®, 1) + iN(0, 3);

(b) The Gaussian orthogonal ensemBIBER is the distribution on the spaS@/rTﬁ of real-
valued symmetric matrices, where each egjrg g, i1 < J of a matrix is an independent
random variable distributed &d¥(0, 1), and each diagonal entgy; is independently
distributed as 2N(0, 1);
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Figure 2. Smoothed empirical radial CDF of level crossingsAck ! B, whereA and
B are independently sampled frdBEg (left) and the theoretical radial CDF of the
uniform distributionon CP* given ble[—zr2 (right). (300 random pairs were used in this

plot).

(c) The Gaussian unitary ensem@&E,-ensemble is the distribution on the sphigeof all
Hermitiann! n-matrices, where each enggy = g, | < j of a matrix is an independent
random variable distributed &0, %) + iN(O, %), and each diagonal entgy is indepen
dently distributed a®(0, 1);

(d) The real (non-symmetric) Gaussian ensen@#§ is the distribution on the spatat}
of real-valuech! nmatrices, where each entry of a matrix is an independent real random
variable distributed abl(0, 1).

Let us present here a general outline of our results. For the exact formulations and details, the
interested reader should consult the respective sections"below. In what follows we will often
use the complex projective li@P* ! C compactifying the complex pla@of the perturba

tion parametel . SinceCP! is diffeomorphic to the sphe, we will consider the standard
rotation invariant area element 6®*, normalized so that the total areaGi?* equals 1.

I. In the case of complex Gaussian ensemBE% we prove the following claim.

Theorem 1. For any positive integer n, if the matrices A and B are independently chosen
from GEﬁ, then the distribution of level crossings %) is uniform onCP?, i.e. it coincides
with the above rotation invariant area element.

Numerical con!rmation of theorerh is shown in !gure2. It shows a perfect match of the
numerical distribution of the absolute values of level crossings obtained in our sampling with
the theoretical radial CDF for the uniform distribution@®! which is given b)ﬂirz.

Beside theoreni, we settle a number of its generalizations and specializations for other
complex random ensembles with Gaussian entries in séction”

IIl. In the case 0GOEY, we have a theoretical result fo= 2 and a conjecture far! 3

based on extensive computer experiments.

Theorem 2. If the matrices A and B are independently chosen By, then the dis
tribution of level crossings inl(1) is uniform onCP* ! C, i.e. it coincides with the above
rotation invariant area element.

Remark 1. One can easily check that the distribution of level crossingsdodB indepen
dently taken frorrGOE'f is uniform on the real projective lirRP>.
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Figure 3. Smoothed empirical radial CDFs of level crossingsifer2, 4, 6, 8, 1, with
A andB sampled independently fro®OE, (the Irst 5 plots) and the theoretical CDF
for the uniform distribution o€P* (the last plot).

Extensive numerical experiments strongly support the following guess, which is illustrated
in Igure"3.

Conjecture 1. For any !xed sizen > 2, if the matrice$\ andB are independently chosen
from GOER, then the distribution of level crossings in1 is uniform onCP* ! C.

Remark 2. Note that the empirical radial CDFs for= 2,4, 6, 8, 11 shown in !gure3 are
practically indistinguishable from the theoretical radial CDF of the uniform distribution on
CP. Numerics also show that the argument of the level crossings is perfectly uniformly dis
tributed or0, 2 ].

lll. In the case oBUEY, we again have a theoretical resultrior 2 and a conjecture about
the existence of the asymptotic limiting distribution of level crossings when based on
computer simulations.
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Remark 3. To explain our results, let us real@®! ! S as the unit sphere R® with co
ordinateg X, Y, Z) and identify the complex plane of parameéter x + iy with the horizontal
coordinate(X, Y)-plane, whereX corresponds to the real axis avi¢orresponds to the in
aginary axis. We use the standard stereographic projection of the unit&ptiéres? " R3
from its north pole, i.e. from the poi(®, 0, 1) onto the(X, Y)-plane to identify the comple
ment to the north pole i6” with the complex plane of parameter Let us introduce the
cylindrical coordinateg! ," ,Y) inR3, whereX = | cos", Y=Y, Z= ! sin". Then(! ,Y),
o! 11 2" 111 Y! 1parametrizes the unit sphede! CP.

Theorem 3. If the matrices A and B are independently chosen @dJ&,, then in the cy
lindrical coordinateq(! ,Y) onCP?, the distributioru of level crossings inl(1) is given by

IY|d! dY

U= PGUEZ(! ,Y)dl dy = o

(1.2)

wherePgug,(! , Y) denotes the density pfin the above cylindrical coordinates.

Forn! 3, we do not have explicit (even conjectural) formulas for the denBigigs (%, Y)
akin to equationi(2). However, we carried out substantial numerical experiments for matrix
sizes up to six conducted as follows. For eath 2,...,8, sampling independent pairs of
GUE,-matrices, we calculated DR0 level crossing points for evemyand plotted the values
of|Y| for obtained level crossings in the increasing order, see Yurb&se numerical experi
ments strongly suggest the following.

Conjecture 2. There exists a limiting distributidRgug, (Y) :=lim n+ Pgug,(Y).

Some discussions of conject@ean be found at the end of sectib#lt present we do not
have a conjectural formula describiRgug, (YY) explicitly.

IV. In the case oGER, rather cumbersome theoretical results are availabla o (see
sectionb) together with the general conjectiBa@bout the asymptotic distribution of level
crossings when! -

Our numerical experiments illustrated in !gusestrongly suggest the validity of the fol
lowing guess to which we plan to return drEhza3.

Conjecture 3. Asn!" | the sequence of level crossing distributions WitmdB inde
pendently sampled froBER converges to the uniform distribution 6",

It seems rather hopeless to get any explicit formulas for the distributions of level crossings
of GER withn! 3.

We have also numerically evaluated the proportion of real level crossings among the total
number of level crossings. (Real level crossing are represented by the horizontal segments of
the graphs in the right column of !guke) Our numerics suggests that for a given sjzhe
average number of real level crossings is cIoéem(nn! 1). This is the square root of the
total number of level crossings, which is known tonge! 1).

Observe that in a similar situation of real random univariate polynomials of some !xed
degreem, with normally distributed independent coeflcients, having mean zero and the vari
ance of theth coeflcient equal tb’iT‘ , it is known that the average number of real roots equals
- m, see e.g.{o]. However our situation is not covered by any known theoretical results guar
anteeing such behavior. We can prove thatis the expected average for 2, see lemma
4 below. Fom = 3, 4, £ with 10000 samples, the quotient of the empirical average divided by
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Figure 4. Empirical CDFs ofY|for level crossings with andB independently sampled
from GUE, withn = 2, 3,4, 5, (. Curves corresponding to the increasing valueslief
one below the other; the blue straight line correspondst@, see4.2).

' n(n! 1) wasl.0405,1.0404,1.049 resp. Fon= 6 with 5000 samples, the same quotient
wasl.055 8t and, !nally, forn = 10 with 130 samples, the quotient ia363 8..

V. Finally, we initiate the study of the statistics of the monodromy of the random linear
families (L.1). Namely, in sectior8' below we present such monodromy statisticsAor

andB independently sampled from tBUE;-, GOE;-, andGES -ensembles. Our choice of
theseensembles is justiled by the fact that they provide simplest interesting examples of
the monaromy groups, but at the same time, the number of possible ordered sequences
of monodromy operators (i.e. transpositions of eigenvalues) in these three cases is still
manageable for a detailed and reliable numerical study. Although the monodromy statistics
is equally important for all matrix sizes, one can easily check that if the size of the ran
dom matrices exceeds 3, the number of possible monodromy groups increases se dramati
cally that using our current numerical methods it is impossible to obtain any trustworthy
monodromy statistics. Numerics for the ab®/e 3-ensembles shows, in particular, that

the monodromy sequences in which one and the same transposition consecutively repeats
several times appear very seldom, if ever.

We want to emphasize that further studies in this direction are highly desirable, since the
monodromy statistics carries even more interesting and valuable information about the linear
family (1.1) than the distribution of its level crossings.

The structure of the paper is as follows. In secBiovd prove some general introductory
results and make conclusions about the complex Gaussian ensembles. In3seatiati’
cuss theSOy-action on pairs of real matrices a6®*, and prove a number of preliminary
results. In sectiod; we consider the cases of orthogonal Gaussian ensembles and Gaussian
unitary ensembles. In sectiénive study linear familiesl(1) for the real Gaussian ensembles.
Finally, in sectior6, we present our numerical results about the monodromy statis8¢s 8f
linear families {.1).
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Figure 5. Smoothed empirical radial and angular CDFs of the level crossing#with
andB sampled fronGE,'f withn = 2,5, 1(, approaching that of the uniform distribution
on CP2. Thelimiting theoretical radial density is shown by the rainbow curve while the
experimental results ashown by the blue curves.
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2. Complex Gaussian ensembles and  SU,-action on pairs of matrices

The main result of this section"is as follows. (It is equivalent to thebjem

Theorem 4.

For any positive integer n, if the matrices A and B are independently chosen

from GEﬁ, then the distribution of level crossings in1) with respect to the aflne coordinate

I = x+

iy of C is given by

Poec(!) = Poee(x y)dxdy = 3

dxdy

dxdy

@@+ P2 T P

2.1)



J. Phys. A: Math. Theor. 52 (2019) 214001 T Gr¢sfield etlal

Remark 4. In polar coordinateér,!) for the complex plane of the paramdteithe above
distributionPG,ﬁ(! ) has the form

L _ rdrd

giving the radial CDF of the form

r2
! GE&(r): 71_’- |"2.

If we use the standard stereographic projection of the unit sgfére & " RS2 from its
north pole onto théX, Y)-plane, then the usual area element of the sphere induced from the
standard Euclidean structureRd is given by

dA = 4dxdy _ Addxdy
T @EeEy)? T W R

The latter fact implies that the rhs @ 1) presents the constant denﬁ_&ywith respect to
the standard Euclidean area measur&dn CP?, i.e. the compactiled complex plane of the
parametet . The constant densi;& provides the unit sphere with the total mass 1.

To prove theorend, we need the following construction. TEES -probability measure
1 := 1 gec ONMatS induces the product probability measuf@ onMaty ! Matg. Consider
the spectral determinanD, ! Mat$ " Mat$ " C, which is a complex algebraic hypersur
face consisting of all triple@A, B,! ) such that the matriA+ ! B has a multiple eigenvalue.
Projection! , : D, ! Mat; " Matﬁ by forgetting the last coordinate induces a branched cov
ering ofMatS ! MatS by D, of degreen(n! 1), whose !ber over a paifA, B) coincides
with the level crossing set of the linear fam#y+ ! B. Taking the pullback | 1(" (@), we
obtainthe probability measutie :=! ggc onDp. In other words, for any open sub&et D
which projects diffeomorphically on its imadé,0) = m! (" n(0)). A similar construe
tion can be used for any branched covering whose base is equipped with an arbitrary prob
ability measure.

Now let! , : Dy ! C be the projection of the spectral determinant onto the last coordinate
inMatS ! MatS! C,i.e. onto the -plane. Then the measyie= Hgec We are looking for,
coincides with the pushforwagd:= ! ,(" |, 1(#(?)). In other words, the value of measyre
on any measurable subset®équals the value of measuref its complete preimage Di,.

For our purposes, it will be more convenient to consider the dpate! MatS ! CP!,
with the inclusionC ! CP! given by the stereographic projection introduced in rerBahk
other words, we use:= b/ a, (a: b) being the homogeneous coordinate€&. The above
constructions work equally well dvatS | MatS ! CP* and provide us with the measyre
supported oi€P. (By a slight abuse of notation we denote both measures by the same letter.)

2.1 SU,-action
Consider the following action on the spadatS ! MatS of pairs of complex matrices. A

|
matrix U! SU, given by \lj ': ,|u]?+ |v|?> = 1acts on the latter product space by:
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(A,B)! U"# (UA+ VB, $wA+ oB). (2.2)
Introduce the followingSU,-action onMatS ! MatS ! CP! extending the above action
(2.2.

’ |
A matrix U = u-e

JJul2+ V|2 = 1acts orMatS ! MatS! CP! by:
(A,B,a:b)! U "# (UA+ vB,$wA+ BB ma+ wb: $va+ ub). (2.3)
Observe that the third component of the latter action coincides with the st&tglaadtion

on a point(a: b) ! CP! of the conjugate matrixg

To prove theorerd, we will show that the above measyrés invariant under the above
SU,-action onCP". Since this action preserves the standard FBBtnily metric orCP?, we
can conclude that its density is constant with respect to the area form induced by tH2 Fubini
Study metric, i.e. the one which has constant density in the cylindrical coordinaZgs

Our proof of theorem consists of three steps. In step 1, we will show that the a&ign (
onMat$ ! MatS! CP! preserves the spectral determinfnt! MatS " MatS " CP In
step 2, we will prove that this action preserves the probability meb@umMatS ! MatS.
As a consequence of steps 1 and 2, it also preserves the probability rhgagt@) on D
In step 3, we will show the equivariance Bf3) with respect to the projectiong and: .

Lemmal The action2.3) preserved,! Mat$" MatS" CP.

Proof. Take an arbitrary tripl¢A, B,a: b) belonging tob,, i.e. such thaaA+ bB has a

’ |
multiple eigenvalue, and take aty= \Lj "B SU,. We need to show that the triple
(uUA+ vB,! A+ BB ,@a+ wb:! va+ ub)

also belongs td,. In other words, we need to check thaaf+ bB has a multiple eigen
value, then the matrix

(ma+ wh)(uA+ vB) + (! va+ ub)(! wA+ BB)

has a multiple eigenvalue as well. The latter claim is obvious since expansion of the above
expression results mA + bB. !

Proof of theorem 4.  To settle step 2, observe that in case oGEﬁ—ensemble, the preb
ability density to obtain a matria! MatS is given by:

1,5 & 1 !
! (A) = WeI i,j=1|Aq|2 - Wel Tr(AA )’

whereA' stands for the conjugate-transposA.dfherefore the density bf? on Matﬁ ! Mat,?
is given by:
1 ! !
2 _ | Tr(AA +BB')
HY(AB)= 5z€ .

SettingC = uA+ vBandD = ! wA+ @B, we get the relation
Tr(CC' + DD') = Tr(AA + BB') =

= Tr(usAA + vaBA + uwAB + veBB + wAA | avBA | ugAB + ugBB).

10
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The latter equality implies that the actich3) restricted taMatS ! MatS (i.e. forgetting its
action on the last coordina@P?') preserves (2. By lemmal, the action 2.3) preserves the
hypersurfacd , and, therefore it preserves the probability measjf¢" (@) on it.

To settle step 3, we need to show that the measure! (" |, 1(#(?)) onCP! is invariant
under the conjugate action 8, on CP?, see the last component @t3). Take an arbitrary
open set | CP!andg! SU,. Denote byg& ! CP? the shift of! by the conjugate of
g. We need to prove thai(') = p(gda') . By delnition, u(!) :=1!"' 3" @)(#, (")) and
u(gd) =1"1("@)# Yga)) . (Observe that both, () and! | *(g&) are measurable
subsets ob ,.)

Let us show that the actio@.8) by g sendd | *(!) to!} (g&) and the action23) by
the inverseg' ! sends! | *(ga!) to!}(!) , thereby implying the required coincidence of
measures due to step 2. Indelepl(!) is the set of all triplegA, B,a : b) such thaA+ bB
has a multiple eigenvalue afa: b) ! ! . By lemmal, acting byg on any such triple we get
another triple(A, B, a : B) such thagA+ BB has a multiple eigenvalue agd: ) ! g&' .
The same argument applies to the acti@) (by the inverse' L. !

Remark 5. Observe that an alternative way to express the fact that the thg)gfresents
the constant density_% with respect to the standard Euclidean area measuf lorCP*

is as follows. Consider the standard cylindrical coordinate sygtetmZ) in R3, where
11 0,0" " " 2#,Z! R.Recall that

X=1lcos",Y=!sin", Z=Z
If we consider(! ,Z),0! 1! 2" 111 Z! 1 as coordinates on the unit sph&fd CP!

(with both poles removed), then in these coordinates the usual area element on the sphere is
given by

dA = d! dz.
Thus, in cylindrical coordinate§! ,z), 0! I'! 2"; 1 1! ZI1 1 parametrizing the unit
spheres’, the measurgec(x, y)dxdy given by @.1) transforms into
d! dz
| | =
Peec(!, Z2)d! dZ T (2.4)

In the case 02! 2-matrices, the formula

dxdy

PGEg (x,y)dxdy = W

could also be obtained by explicit calculations with the discriminantal equation, similar to
what is done in sectior#5b.

Let us now present a number of generalisations of thedrem

Proposition 1. The conclusion of theoreshholds if A and B are independently chosen
from the scaled complex Gaussian enser@tﬂ_&,n, i.e. then! nmatrix ensemble whose off-

diagonal entries are i.i.d. standard normal complex variables, and whose on-diagonal entries
are i.i.d. normal complex variables with an arbitrary !xed positive variante

11
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(In the above notatiolGES = GEY,,.)

The next observation together with theoréiand propositiorl allows us to substantially
extend the class of complex Gaussian ensembles whose distribution of level crossings is given
by (2.1), i.e. it is uniform orCP?.

Take any complex linear subspadsg ! Matﬁ such that the product spagg, ! W, "

Mat$ ! MatS is preserved by the actioB.p). Given! > 0, denote byw, 2y the spacéh,
with the measure induced from the scaled complex Gaussian en@lﬁ_?b}p

Proposition 2. In the above notation, the level crossings lofl); with the random ma
trices A and B independently chosen fidfn ,, are uniformly distributed o€P?, i.e. their
probability measure is given by the right-hand side2af)(

To give an example of sudh,, recall thatGOEﬁ is the distribution on the spa&ynﬁ
of complex-valued symmetric matrices, where each exjry g, i < J of an! n-matrix
has a normal distributioN(0, 2/ 2) + iN(0, 1/ 2), and each diagonal entey; is distributed
as 2(N(0,1 2)+ iN(0, ¥ 2)). Observe thaGOE; is obtained by the restriction &GE5,,
to Syrrﬁ. (Discussions of general spectral properties of complex symmetric matrices can be
found in e.g. RaGaPrPL)

Corollary 1. The conclusion of propositicd holds if A and B are independently chosen
from the ensemblBOES, and, more generally, from the scaled enserﬁlﬂ)sE._Cz,n whose off-
diagonal entries are the i.i.d. standard symmetric normal complex variables and whose diago
nal entries are the i.i.d. normal complex variables with an arbitrary !xed positive varlahce

Remark 6. Further interesting examples of linear subspaigesovered by propositioA
include Toeplitz matrices, band matrices, band Toeplitz matices, diagonal matrices, etc.

Proof of proposition 1L In the set-up of this proposition, the density of the probability to
obtain a given matriA ! MatS with respect to the Lebesgue measure is given by the formula

L(A) = Ke  wilAlT W LA o kg THAR)E WS L A7
whereK is a normalisation constant awdlis a real number. (To present a probability density

in the above formula, the quadratic fofif(AA ) + W™ 1L |A;|? has to be positive-de!nite
which implies thaWW can not be a large negative number.) Therefore

1((A B)= K2 T(A +BB) W™ L (1A% [Bil") (2.5)
All we need to show is that the right-hand side2ob)(is preserved under the actigh3). In

notation of the previous proof, we already know fAhgCC' + DD') = Tr(AA + BB'). It
remains to prove that

In n
(A2 + [Bil) = (IGil>+ IDil?).
i=1 =1

In fact,|Ai|? + |Bii|? = |Ci|> + |D;|? for eachi which follows from the relation

|Gill? + IDil? = (uA; + vBi)(@f + wB;) + (! A + BBi)(! VA + uBi) = [Ail”+ [Bil%.

Proof of proposition 2. Repeats the above proof of proposition !

12
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Proof of corollary 1 Both statements follow from the observation that the ac2ds) (
preserves the subspaBgnf ! Synf " MatS! MatS and that, additionally, the probabil
ity measure of the ensemWBOE"; , (supported oBynf; ! Synf,) is induced from that of
GEf; 1), for appropriatd *. !

3. SO,-action on pairs of real matrices

This section"provides some preliminary material for our study of level crossing4)afith
A andB chosen from th&OE-, GUE- andGER-ensembles. A very essential feature of all
these cases is that their level crossings distribution is invariant under the action of the subgroup
SO, ! SU, given by the same formuld.@), but with realu andv satisfyingu? + v2 = 1, see
lemmaz2.

In the above realization &@P! as the unit spher§ ! RS, SO, acts on it by rotation
around they-axis, see !gured and lemma& below. This circumstance implies that the fam
ily of orbits of theSQ,-action on the unit sphe@ ! CP? projected to the complex plane of
parametet = x+ iy will coincide with the family of circles given by

X+ (y! 2=t 1, |t! 1.
Introduce the cylindrical coordinatés," ,Y) inR3, wherex = ! cos", Y=Y, Z=! sin".
Then(!,Y),0! I I 2" 111 Y! 1parameterises the unit sph&e! CP. Lemma2

implies that in the cylindrical coordinatés, Y), the distributions of level crossings of the
above ensembles @P* are of the form:

deng! ,Y)d! dY = "(Y)d! dY,
for some univariate function, i.e. its density depends only &mand is independent of the
angle variablé . (In general! (Y)dY can be a 1-dimensional measure which does not have a
smooth density function. This happens, for example, in the ca@Efwhen! (Y)dY has a

point mass at the origin.) In the original coordingtey), where! = x+ iy, the distribution
of level crossings for the above cases will be of the form

2y 4dxdy

dengx, y)dxdy = ! (3.1)
with the same as above, see propositi8n

Therefore the problem of Inding the distribution of level crossings for the Gaussian
orthogonal, Gaussian unitary, and real Gaussian ensembles becomes one-dimensional which
is a big advantage. In all cases under consideratibias an additional property of being an
even function.

We start with the following statement generalizing lenima

) 1
Lemma 2. The action ofu = \lj .uv " SO, # SU, on pairs of matrice¢A, B) given
by
‘u v
(A,B)! v u - (uA+ vB," VA+ uB),

where u and/ are real numbers satisfying the conditigft V2 = 1, preserves the following
measures on the following matrix (sub)spaces:

13
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Figure 6. The SO,-action onCP? projectivising the complex plane of paraméter

(a) the product g%E of twoGOE,-measures goe On the spacSynﬁ ! Synﬁ;

(b) the product ézL),E of twoGUE,-measures gye on the spacél,!H ;
(c) the product (Gzé of twoGE,'?—measures ce On the spacat? | Mat?.

Proof. Similarly to lemmal, SO, acts onb,! Synf" Synf" CP' (resp. on

Do!H ,"H ," CP'and onb,! Maf?" Mat?" CP%), whereb, is the spectral deter
minant, i.e. the set of all tripl¢#\, B, (a : b)) such tha(a: b) is a level crossing point of the

pair (A, B). (By a slight abuse of notation, in all cases we use the same letter for the spectral
determinant.) Her80, acts orCP* as

(a:b)! \‘j u" = (ua+ vb:" va+ ub).

Note thatlua+ vb: ! va+ ub)is a level crossing point A+ vB,! vA+ aB). Indeed,
(ua+ vb)(uA+ vB) + (! va+ ub)(! vVA+ uB)
= u?aA+ V’bB+ auvB+ bvuA+ V’aA+ u?bB! auvB! bvu/
= aA+ bB.

HenceSQ, acts orb,, and this action commutes with the projectibps b, ! Synf"
Synft (resp. !'n:By!H "H, , and!,:D,! Mat" Mat), as well as with
,:b,! CPL To check that the action d80, on Synf! Synf, H,!H ,, and
Mat? ! Maty, preserves the densitibggE, ! (GZL)JE, and! (ng respectively, recall that these den
sities are given bcog,e 7 "A* B) Coug, ez "A* B andCgg,e 2 "AA * BE) respetively.
HereCgog,, Ccuk,, Cci, are the corresponding normalising constants.

14
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Therefore, in e.g. the orthogonal case, the density of the(paR) is determined by
tr(A? + B?). At the same time
tr((uA+ vB)?2 + (! VA+ uB)?)
= tr(w’A? + uvAB+ uvBA+ VB2 + V?A?! uvAB! uvBA+ U’B)
= tr(A2+ B?).

Similar calculations work in the other two cases.

The density of level crossing points BPis given byl , . " 1(#rf((f())E) onSynft ! Synf,
Lo "L3#D) onHatH o and!, "L 1(#2) onMafl ! Maf? resp. That s, the meae
i of a measurable s&! CP'is given byl (@ (" \(#. 1(E))). Note that

n(gaE) = | A" (#, Y(g4E)))
= 10" (g é#, (B))

= 1 (ga" o(#, (B))

= 1@ @#,(E)

= W(E).

Thus we can conclude that for the above three ensembles, the density of level crossing
points onCP! is invariant under the above action®§,. !

Proposition 3.  In the standard coordinateg, Y, Z) in R? introduced in remark3, the
group SO, acts onCP! ! R? by rotation with respect to the Y-axis. This fact implies that in
the above three cases, the distribution of level crossings in the cylindrical coordina¥s

is independent df .

, “cos! ! sin! . . :
Proof. We will show that forU = sin!  cos! , its action on a tripléA,B, (! ,Y))

will be given by
(A/B,(! ,Y))! U=(uA+ vB," vVA+ uB,(! + 2",Y))

implying that the action d80, on CP! realized as the unit sphereRs is by rotation of the
sphere about thé-axis. We only need to concentrate on the actidd oh the last coordinate.
In the homogeneous coordinates b) of CP?, this action, by de!nition, is given by

" cos! sin!

. |
(a:b)t sin!  cos!

=(acos!+ bsin! :" asin!'+ bcos!).
Setting! = $and! = x+ iy, we get that

I cos!+sin!

=1t ———,
‘ cos! " ! sin!

In terms of the pai¢x, y), the same action is expressed as
xutu=(x,y)

15
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_ " (sin!'+ xcos!)(cos! ! xsin!) ! y?sinlcos! (sin!+ xcos!)ysin!+(cos! ! xsin!) ycos!
(cos! ! xsin!)2+ (ysin!) 2 ' (cos! ! xsin!)2+ (ysinl!) 2

The relations between the coordinafgsy) in the! -plane and the coordinatéX, Y, Z)
restricted to the sphere are as follows

2x 2y R+

- | - = I =_ Y =1 -
X X(l Z) X2+y2+l, Y Y(l Z) X2+y2+11 X2+ y2+l.

(3.2)

We have the relation

' 4
(t,Y)= arctani,Y ,

where(X, Y, Z) are restricted to the sphere.

We need to express the ab&@-action in the cylindrical coordinatés, Y) onS ! CP.
First we check that the coordinatas preserved. In other words, for any real [j&jy), one
forms the triple(X, Y, Z) using 8.2). Then for the above pafx ,y ), one forms the triple
(X ,Y, ,Z ) using B.2. What we need to check is that, for dnyone has that = V, .
Indeed,Y; is given by

_ ,((xC+ 9yS+(C! x9yO)(C! x9%+(y9?)

Y,
! Exp

whereC :=cos! ,S:=sin! , and

Exp = (XC+ 92(C! x9?)! 2’SQxC+ (C! x99+ y*SC?
+(XC+ 9%P2SF + 2(xC+ S(C! x9y?’SC+(C! x9A2C?
+(C! x9%+ 2(C! x9%°S + y*S'.

Simplifying the above formula fo¥, , we get

- y
S eryris

Now we want to Ind the relation between the arigleand the pai(! ,!) . Observe that

Z R+l
t ! = = S
an!t, Xi 2X1

which using the above expressions(far,y: ) gives

_ ((xC+ 9(C! x9! y*SO?+((XC+ 9yS+(C! x9yC)?! ((C! x9%+ y*S)?

tan! 2((C! x92+ y22)((S+ xCO)(C! x9! y?SO

Simplifying, we obtain

ant, = (@+ y?! 1)cos2!+ 2xsin2! _ Zcos2l+ Xsin2!
1T 2xcos2l I )@+ y2! I)sin2!  Xcos2! ! Zsin2!

16
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Dividing the numerator and denominator ¥gos2! , we get

Z +tan 2! tan! +tan 2!
tan!, = X — = o ran =tan(! + 21 ,
1! gtan2! 1! tan! tan 2!
which impliesthat ;, =! + 2!, !

Lemma 3. If a smooth distribution which is invariant under the ab&@-action is also
radial in the! -plane, then it is constant with respect to the spherical metrigRin
Proof. By formula @.1), such a distribution in thle-plane should be of the form

2y 4dxdy

dengx, y)dxdy = !

On the other hand, in the polar coordindtes) in the! -plane, the same distribution has the
form

den(r,!)drd! = R(r)drd!,

implying that
2y 4 = @ 11 - 2y = F(r).

¥+y2+ 1l (@+y2+ 12 1 0 r2+1

The lhs is a function constant on the family of circles

X+ (y! H2=1t21 1, |tf! 1

while the rhs is constant on the family of circles
X+ y?= K

which can only happen when both sides are constant. Sing&; = K, the statemeriol-
lows. !

4. Gaussian orthogonal and Gaussian unitary ensembles

The next result calculates the level crossing distribution foBBES- andGUE,-ensembles.
Theorem 5.

(i) If the matrices A and B are independently chosen fB®iE;, then the distribution of
level crossings in1(1) is uniform onCP* ! C, i.e. its density is given by the right-hand
side of 2.1).

(i) If the matrices A and B are independently chosen fBidi,, then the distribution of
level crossings i€ is given by

apicady 11y | addy “.1)
!

Paue, (X, y)dxdy = FA+x+y)3 1@ 2 1+ @+ y2)2

which matches the general formua).

17
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Remark 7. In the cylindrical coordinateg! ,Y) on CP!, where O! ! | 2" and
11! Y! 1 onehas
|

This fact establishes the equivalence of Part (ii) of the&raiith theorens.

The main argument of our proof is similar to our other proofs dealing with the cage
comp. BhZzalj; it has an advantage that one obtains more detailed information. Notice that the
ensembl&GOE, (resp.GUE,) is invariant under the conjugation by orthogonal (resp. unitary)
matrices implying that for any pair @OE,-matrices(A, B), (resp.GUE,-matrices) we can
conjugateA + | B by an orthogonal (resp. unitary) matrix to makdiagonal.

Proof of theorem 5.  We start with Part (i). By the above, we assume without loss of

|
generality thaf is a diagonal matrix, i.eA = '01 |0 , Where! 1 and: , are the eigenval
-2
ues ofA satisfying the conditioh ;! ! ;. Moreover, we can shift our matrix family so that
A= 8 IO ,Wherel= 1,1 1,1 0.

We know that level crossing points of the linear fanfly ! B are exactly the zeroes of
the discriminanDsq! ) of the characteristic polynomi&k(",t) with respect to the variable
t, where

L(",0) = de(A+ "B+ tl)= 2+ t(" Tr(B)+!)+ "2det(B)+ "byu! . (4.3)

The latter discriminant equals

Ds(!) = 1 2((boa! big)?+ 4lbigl®) + 21 1( byp! byg) +! 2, (4.4)

Therefore, since all coeflcients of the latter equation"are real and the discrimizstd('of
considered as a quadratic equatioh"ia given by

D=1 4! 2|by)?! 0,

level crossing points of a generic p@k; B) form a complex conjugate pdir, @), where
b11! o+ 2i|byol b1 ! ! 2ilbyol

= and P=1 . 45
(Boo! Bra)2+ 4bpoP? (boo! b2+ 42+
In order to Ind the distribution df, we will Irst Ind its conditional distribution assuming
that! is constant. Set := 2%z gndi = 24 giving| = e

Since byg, b ! N(0,2 and are independent, we get that! N(O,!iz). Further,
Il %|N(O, 1)|, which can be expressed usingdistribution, see e.g. Therefore, ttendk
tional PDFs of and! are given by

w2 2

|
PL() = Jbo-de

18
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and

p! (W) = b-ae , forv! O;

0, otherwise.

Since! depends obh;; andby,, while! depends ob;,, we getthat and! are independent
random variables. Therefore, their joint distribution is given by

L Ze' ) for vi O

P uv)= P! (WaPk, (= @ 5, 1 0;

e (Y (Wak v 0, otherwise.
Introduce X := ot— andY := «— implying that! = 1 = X+ iY. Since the

Jacobian of the variable change is given by

HCSI 1 _
E! (u,v); T (w22 O+ y)*,

the joint distribution o)X andY coincides with

2

2 , ! '
' de %», fory! O;

Pixy)(xy) = F0&p? ,
0, otherwise.

Therefore, the conditional distribution lofwith ! !xed equals

1 2 2

P (1) = 4,,'|| |4ée! BITZ

The distribution of pairs of eigenvalu@s;,! ) with! ;! !, of aGOE,-matrix is given
by
(| 2. !1),;%”%

P(' 1,!2): ﬁae 4 5

where!l" <! 1 Tr,<" |
Thus, the distribution df withIm !> Qs given by

("2l Ma) g tEE (Mol )Pyt p?

Pso(!) = =4 7 a————ae 17 d',d"
>o(!) e i 4 |l 2d"
s w3 1 124002 (111 2
_ ( .27' 1) & 4é.é 172 ée! 7;,.'21 d',d
Pooa g ,er 16 2&#¥2 ||
-2
S H(L+ | P

To get the actual PDF of we must divide the previous answer by 2, getting

1

Pooe() = w@a 1 e

which settles Part (i).
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Now we prove Part (ii) by using the same methods as fadB@E-ensemble to calculate
the distribution of level crossings for tlJE,-case. As in the previous case, level crossing
point! with nonnegative imaginary part is given by

bi1! boy+ 2ibys _ 1
(b2! bi)2+ 4| b2 " 1 i#’

where! := Bulbzgngi = 2kl
Sincebyy, by, ! N(0, 1) and are independent, we obtain! b " N(O, 2), and hence,
I 1 N 0,% . Therefore, the conditional PDF bfis given by

Pl (U) = +=—— 1,_ _g A= L _g vt
22T 2 |

SinceRe(br2), Im(b1z) ! N(O,3), then*-|bi| ! !, Thus, the conditional PDF of is
given by

o, )
!Tye' VA4 forv! O

P! (v) = .
0, otherwise.

The joint distribution of and! gives us the conditional distribution Hf Sinceb;, is inde
pendent ob;; andby,, then! and! are also independent random variables which implies
that the conditional PDF q]ffis the product of the PDFs bfand! , i.e.

! ! 4 !| S (U V2 214
Pl (uv)= Pl (u)aPr, (v) = 2Tve P

Introducing as in the previous caée= -+ andY = =, we gel = e = X+ Y.
As above the Jacobian of the variable change is given by

ERCSY I S
{!(u,v); T (R + )2 = 0¢+ v’

and the joint distribution ok andY coincides with

PL(WAR (v) _ y ¢ ! T4 y)

1Low) | 4 T(x2+y2)3 "~
T(uy)

P(!x,v)(xd) =

As X = Re(!) andY = Im(!), then for a given value &f, the conditional distribution df
is given by

Im(1)!, 3¢t 74 F
4 e
Finally, in order to Ind the (unconditional) distribution lof we recall that the PDF of the

joint distribution for pairs of eigenvaluég ! ! , of a random matrix belonging BUE; is
given by

P'(1)=

2
P(I l,! 2): 2:!" (| 2! !l)Ze! (! §+!g)/2: !ZTe! (! §+!g)/2.
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Therefore, since= ga,! a,, the distribution for level crossing pointwith |m1 1 Qis
given by

Pso(l) = P (1)aR("y," o) d od"y
" " <a! ap<+"

N ("2! "5 Im(1) , leain? cid
ey Q- ae Wl Zodd
" <! ap<+" 8#32 |! |6 2 !

_o8im(!)
S HAH TP

Therefore, the actual distribution for level crossing pbiht C equals
4lim(!)
(L3

which settles Part (ii). !

Peug(!) =

To conclude this section, let us brie#y discuss conjecfuaesl2 that were formulated in
the introduction.

Conjecturel states that, for eveny! 2, Part (i) of theorend actually holds if matrices
A andB are independently sampled frdBOE,. This is supported by notable numericalevi
dence. Since the conjectural distribution of level crossings in this case is unif@®t,ame
can hope that as in the case of the complex Gaussian ensembles, there exists some additional
symmetry of such pencils (beside 8@,-action presented in secti@)"which might explain
this behavior. We were unfortunately unable to !nd any group largerSampreserving the
required distributions. At the moment, the extension of Part (i) of thedismurely compu
tational and remains conceptually unexplained. On the other hamd; f@r it is impossible
to imitate the proof of Part (i) since discriminants of a random polynomials of degree-exceed
ing 2 are extremely diflcult to study analytically.

Compared to conjecturg conjecture2 is a much weaker statement, claiming only the
existence of the limiting distribution of level crossings when . Its numerical evidence
is also somewhat weaker since it is diflcult to compare results for different valne St
Igure”4 shows the monotone sequence of convex empirical CDFs of the random Vaftiable
forn= 2,...,6. (We restricted our experimentsrid 6, as whem increases the calculation
of the level crossing points quickly becomes numerically challenging and unstable.) Due to
the action ofSQ;, if one can prove that for any giventhe CDF ofY] is convex, then this
would probably imply conjectur2. At the moment we lack an insight which might help to
guess the explicit form of the asymptotic CDFYf

5. Real gaussian ensembles

Our next two results are analogs of the thedsémthe case of th6 E; -ensemble. However,
the formulas are much more cumbersome.

Theorem 6.

(i) The density of the average of the two level crossing p@intd | ) with respect to the
Lebesgue measure on the real axis is given by the following single integral
! It

Li,sn, (X) = !
—z Pt 27 2L0R2 + 1)°

(5.1)

wherex! R.
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(i) The density of the product of the two level crossing pg¢ints! , ) with respect to the
Lebesgue measure on the real axis is given by

0 g W(1x/2 o " )
5.0 =1( ) ﬁ! WTerfc( Ty)erfo T xy)dy
. . % w1+ (x! 3 TXS
H x+ D02 8(1! X)3¥2 ’ (5.2)

wherex! R anderfc(t) stands for the standard complementary error function given by
erfty = 2 € "dl.

For the actual distribution of the level crossings on the coniplgane we were only able
to obtain the following complicated claim.

t

Proposition 4.

() For! = x+ iyandy E 0, the distribution of level crossings df.{) with A and B inde
pendently taken from tH@EX-ensemble is given by the triple integral:

: 2
! ! ! ! ! ! 12+ p2+( 121 )2+ y2)+ Mﬁﬁbz)

Peer(x y)dxdy = da dr db ae 2
" 0 "l
# $ o 2 Y0 &
" nl (2 )R+ P+ XDy g2
a YT WA
&' 2b(r2! b?)?" & N . dixdly,

i 2 B2 ?
(r21 )2+ y?) + ar+ X(L ) "1 g2
(5.3)

where! is the Heavisidé -function, i.e!( t) = Ofort< Oand!( t) = 1fort> 0.

(ii)

PGEZR(X, 0)dxdy =
(5.4)
Here!y means the delta-function in thedirection concentrated on the x-axis. In other
words, the distribution of the level crossings consists of its regular part given by (i) which
is absolutely continuous with respect to the Lebesgue measure in the plane and-its singu
lar part given by (ii) which is concentrated on the x-axis.

In order to prove theorem® and propositiord, we will use the standard presentation of
real2! 2-matrices as linear combinations of Pauli matrices which was extensively applied
in [ShzZal. Namely, letA=(a.,ia ,a )& be areal 2-by-2 matrix with normal variables,
generic up to additional multiples of identity. Hére= (" 1," 2," 3) is the standard triple of
Pauli matrices. Denote the coeflcient vectar ,a ,a ) by A and consider the inner product

on such triples using a Minkowski metric:

"1 0 O
naB:=gfA" 0 11 0% B. (5.5)
0 0 1
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Notice that the discriminant &, i.e. the expression which vanishes if and gxlyas a mul
tiple eigenvalue, is given by

Da= AdA= a2 ! af +a’. (5.6)
Similarly constructB = (b, ,ib, ,b, ) & and consider the linear family

C=A+!B. (5.7)
We get

Dc = Da+ ! °Dg+ 2! AdB (5.8)

with zeroes at

, R
_ haB_h AaB | Da

! 1=, (5.9)
Dg Dg Ds
Firstly, let us prove theore®
Proof. To settle Part (i), observe th{at;'— = % which amounts to computing a single

delta. In this case we make the isometric transformdsiolf # b and leta be thecomp
onentof A alongB, which allows us to work in a Euclidean space for the purposes of comput
ing A 4B. We also use spherical coordinatesBogiven by:

b, = Rgsin! gcos"g; (5.10)
b, = Rgsin! gsin"g; (5.11)
b =1 Rgcos! g; (5.12)
Ih =
! naB | aRs a (5.13)

Ds  R(1! 2cog"p) ~ RecOS@'p)’

Note that herdRg is! 3-distributed whereasj is! 3-distributed. Next observe that cos! g
is uniformly distributed for any spherically symmetric distribution, which means that if

c==+ L then

dc
! cos! B(C)dC =

> (5.14)
zidi I ot
' !
1t 2c0s21 5()dt = 5 dt = 2! Sop (5.15)
" — 2 | R 2
Re! " z(R= IRe T2 (5.16)
So the distribution of the average of two level crossings simply becomes
Lo, (0= " x+ 21 (a R t)dadRut. (5.17)

- Rt °
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Resolving the delta with respecta@wes dx = IR \yhich implies that

! [ - R2+( xtR)2

1 " g B
dqR'Rt —L
11 o 2" 2" 2t

|
o
=

ooy (X)_

dRJLRg L (1440 S (5.18)
T 2"

' It
Pt 27 202 + 1)°

1
[oX
=3

To settle Part (ii), compute the distributiong = (b2 +b?)! b?:
(D)= "(D+y! N :(0F dxdy
0

e |y (5.19)
= = 101! Derf ' D)

. . 2(x) - .
It is worth noting that in the positive range this is %, so the probability that the discri
minant is positive i\slﬁ'
The distribution of the product, A\ = %2 is theD-ratio distribution:
Pra (x) = / [ylop(y)pp (xy)dy. (5.20)

— 00

We split the latter integral into four parts depending on the signady:

%0 ye3(1+)/2 1
= = . 5.21
P+ /0 8 2x+ 1) (:21)
0 yey(+n)/2
I / —Terfc(ﬁ)erfc(\/—xy); (5.22)
— 00

0 —y(14x)/2 1 3 — 1
ye X
| —= erfc(v/—V) = — (1 _— ]
[oo 8 “ C( y) 2(.X + 1)2 ( + \/5(1 - X)3/2>

(5.23)
oy ye (142 B 1 (x—3)v/—x
Pt _/0 g —erfe(vwy) = P <1 + M) :
(5.24)

Observe that only one integral out of four can not be computed in a closed form, but it can be
computed numerically using e.g. Mathematica. Combining terms, we get

0 e—y(14x)/2
poa () =000 | 5= = [ y";erfqﬁ)erfc(F—xy)dy]
1 3x— 14 (x—3)v/—==x
Fo [<x+ 12 <1 TR 0 ﬂ (5:29)
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which is the required expression. !
In order to settle propositichwe need the following lemma.

Lemma4. If Aand B are independently chosen from(ﬂ@-ensemble, then the probabil
ity of attaining a real pair of level crossing points in the familyC = A + \B equal%.

Proof. We use a result fronShZal saying that the proportion of real eigenvalues for a
Ixed Ais given by
1 ifDsy <0
k(ay,a—,an) = 2 (5.26)

1 a” .
1 — — arccos i ifDy >0,

see formula (5.43) inghZal. The expectation value over the set of matrices with positive
discriminant is given by

2

(K)py>0 = 1 — — arccos % plas ,a_,a )day da_day .
DA >0 ™ ay a!
(5.27)
Using spherical coordinates relative to #heaxis we can simplify the integral as:
. e 1 w "
2 € 2 C "y —
. 2lr Wdr - 1! rarccosm d(cos")= 2! 1.
2
(5.28)
On the other hand, the contribution of the set of matricesDyj# O is just
1
b0 = “(a+,a ,a )da,da das = P(Da< 0)= 1# $—=
Da< 0 2
(5.29)

where the last step follows from equati@nl@. Thus the total probability of getting a real
crossing value is

Hv= 351418 #%: #% (5.30)

Proof of proposition 4. Due to the isotropy of a normally distributed vector, we are
free to rotate the coordinate system in the, b, )-plane such thaB = (rg, by ,0). ThisB-
dependent choice of a basis has no impact on the distributidrmdfich has the normally
distributed entrie¢a;, a ,ay) in this basis.

To settle Part (i) of the proposition, assume that the level crossing poirtsx + iy are
complex conjugate, in which case we get

b\éB_ arg! a b .

x=1 = ; 5.31
BaB 13l P &30

" ) %2 & 2 2 2
y=#Day RSB Al &g, o, 532)

Dg Dg r% ! b|2
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Therefore the density of the joint distribution with respect to the Lebesgue measure in the
plane takes the form

| RN} hd

" .
. airg! a_b_ | gl a2l a§+a§'
A B r3! b2 r3! b2

| (X, y) = x2 | (#,B) (533)

Resolving the !rst delta with respect &, we get

ayrg +x(ry — b))

a_ = a ; (5.34)
da_ rg— b2

Then resolving the second delta with respeebtave obtain

2 2 2\(.2 2 aer—i—x(r%—bi) ? 2
ay=(rp —b1)(x"+y") + - —dk (5.36)

'd(“%) = [2v(r} — b2)]. (5.37)

dy

Inserting, we get

oo = [ I3 (2525
P (g — b2) (P +¥) + (aer i );(j‘zg — bz_)>2 —aj) (5.38)

Pa(@1)pr,y (r5) po, (08)ps_ (b-).
Expanding the expression and integrating!@ugives us:

oo oo oo - (“1'8*—‘/}("[2;*1’2,))2/2
o= [ [ O
’ —00 0 —00 b i - 27

aprgr2—12 )\ 2
—((r=b2) (22 Y)+ (‘,,7}) —a7) /2
&

m\/( P2 +y2) + (M)z e (5.39)

b ~ 4
2
e_a% 2/ e_h*/z
rge” B/ ———
V2T V2T
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After some extra simplilcations, we get

o] o0 o0 r
p(x,y) = / day /0 drB/ db_ ‘27{22 (r2 — b*)?

rpx(f—62)\
f<<r§fb2_><x2+y2>+(%) —&)/2

. H%‘F’%}‘H’z_
2

(S

€

' r r2—b? 2
Ny e

2
A +);(,§ - bz)) - aﬁl . (5.40)

o e

Suppressing the super#uous subscripts from the integration variables, we obtain the triple
integral from the formulation of propositigh

To settle Part (ii), observe that by formualj, the density of a distribution the level
crossings invariant under t8©,-action on the real axis should be proportionfﬂ{ﬁ%. By
lemma4 the total mass of the measure of level crossings concentrated on the real axis equals

%. Using this normalization, we arrive at the expressiof) ( !

Let us now comment on conject@enhich claims that the limit as— oo of the sequence
of the level crossing distributions with andB independently taken froGE~ is given by
the uniform distribution of€P!. Figure5 indicates that as increases, the proportion of real
level crossings decreases, the angle distribution becomes closer to the uniform, and the radial
distribution approaches the theoretical one give@ﬁ;y At the moment, it seems in priAci

ple possible to rigorously prove that the proportion of real level crossings decreases when
increases and that the angular distribution becomes more uniformly spread out. On the other
hand, we have no idea how to approach the behavior of the asymptotic radial distribution. As
the present section"shows, already the analytic study of tha sa®és highly technical. We

plan to return to this problem in the future.

6. Monodromy distribution for 3 x 3 Gaussian ensembles

In this !nal section, we initiate the study of a very important problem about the distribution of the
monodromy groups in random linear familidsl). Below, we present numerical results about

the monodromy in randofhx 3 linear matrix familiesX.1) for the cases of tH@UEs-, GOE;-,
andGES -ensembles. Some of these numerical results are rather unexpeatechzske.

General observationObserve that, for generic pairs of matrigesind B from GUE,, or

GOE,, all level crossings are simple and arise in complex conjugate(gﬁmsihem lying in

the upper half-plane ar(gi) lying symmetrically in the lower half-plane. We can additionally
assume that all level crossings in the upper half-plane have distinct real parts since-the coin
cidence of the real parts happens with probability 0. Denotg by, . .., A/ level crossing

points in the upper half-plane ordered by the increase of their real pzarts. Since generically
level crossing points are simple, gt o5, ..., 0/ be the associated sequence of transposi
tions obtained as follows, see !gureUnder ougzassumptions, for every raathe spectrum

of A+ AB s real and simple, which means that no monodromy of the spectrum occurs when
A belongs to the real axi® C C.
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Figure 7. Creating the monodromy sequence.

If \; is theith level crossing point in the upper half-plane in the order of increasing real
parts, consider the path in theplane starting on the real axis7at= Re()\;), going straight
up to\;, making a small loop encircling counterclockwise, and returning backrtoAs a
result, one gets a transpositigrof two real eigenvalues corresponding;te- Re()\;). Doing

this for each\;, i =1, ..., (;) we obtain a sequence (@ transposition{al,az, .. .,a(n)),
2
0','! Sn-
One can verify that the obtained sequenicg! ,...,! @) of transpositions satisles the
2

following two conditions:

(i) for generalA andB, they generate the symmetric grdsip

(i) the productr - 03 - ... - () coincides with the inverse permutationn! 1,...,1).
Indeed, for generah andB, the characteristic polynomial(" ,t) = det( A+ "B+ tl) is an
irreducible bivariate polynomial, which means that the above mentioned monodromy group
acts transitively on the spectrum Aft+ | B, i.e. on set of roots df(",t) w.r.t. the variable
t when! is some !xed generic number. Additionally, for genekahndB, the spectrum of
A+ ! Bis real and distinct for every relal which implies (i). To explain (ii), observe that the
product: ; &t > a. .. a (n acts on the spectrum éf+ ! B, where! is a large negative number,
by interchanging everi/ possible pair of eigenvalues. This results in the complete reversion of
the order of eigenvalues, corresponding to a large negative numem it moves along the
real axis to large positive values. (This phenomenon can be easily understood when-consider
ing a generic pair oA andB very close to a non-generic p&f, B) consisting of two real
diagonal matrices.)

Notice that the statistics of the monodromy sequences of transpositio6&JEyrand
GOE, are invariant under conjugation by the inverse permutétion— 1,..., 1), as well as
under reversing the order of the transpositions. These symmetries can be explained as conse
guences of the symmetries of the ensembles.

Namely, if the matrixA + AB has eigenvalues, s, . . . , o, then the matrix-A — AB has
eigenvalues-ay, —ay, . . ., —ay,. These matrix pencils share the same level crossing points,
and if a loop inCP' permutes the eigenvalues 4f+ \B, then it applies the same permuta
tion to the eigenvalues efA — AB. However, when we compute the monodromy associated
to a pair of matrices in our ensembles, we order the (real) eigenvalues far ezal the
transpositions associated to each level crossing point are written with respect to this ordering.
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Since the eigenvalues efA — AB will have the ordering opposite to those of+ AB, the
monodromy associated to the pé&iA, —B) will be the monodromy ofA, B), conjugated
by (n,n—1,...,1). Since the pairéA, B) and(—A, —B) have the same probability density,
each of the admissible sequences of transpositions will appear with the same frequency as its
conjugate.

The other symmetry of our data is its invariance under reversing the order of the transposi
tions. It can be similarly explained by the equal probability density for the (@aiBy and
(A, —B). If level crossing points ol + AB areA, Ay, ..., A, (n—1), then level crossing points
of A= AB are—\;,—X\,,. .., —A,u—1)- Level crossing points come in conjugate pairs, and

the same transpositions are associated to these pairs);sauif. . ., A(g) are level crossing
points of A+ AB in the upper half-plane, thea\;, — s, ..., —X(n) are level crossing points
2

of A — ABin the upper half-plane. Since we order them according to the increase of their real
parts\ which have been invert8tit now remains to show that the transposition associated

to (4, B, \;) is the same as that associate4to-B, — ;). Since the transposition associated

to the level crossing point is the same as that associated to its conjugate, we can instead con
sider(A, —B, — ;). Observe that the transposition associatéd 8, \;) is determined by the
eigenvalues of

A+ (Re(\;) + eIm(N;))B
for 0 < e < 1, and in the same way the transposition associated teB, — ;) is determined
by

A+ (Re(—N;) + elIm(—X\;))(—B) = A + (Re(N;) + elm()\;))B.

These coincide, and we conclude that the monodromy sequence assodiatedBipis the
reverse of that associated(#s B).

Statistical results fo6GUE;- and GOE;-ensembles.

Forn= 3, it is easy to check that there are only 8 triples of transpositiofs datis
fying conditions (i) and (ii). These triples ard2)(12)(13); (12)(13)(23); (12)(23)(12);
(13)(12)(12); (13)(23)(23); (23)(12)(23); (23)(13)(12); (23)(23)(13). (For comparison, for
n= 4, there are already 3840 6-tuples of transpositiofSs $atisfying (i) and (ii).)

Remark 8. Observe that, in general, for a given positive integéine number of different
sequences df;) transpositions satisfying the above conditions (i) and (ii) is closely related
to a specilc instance of the so-called simple Hurwitz numbers which in our case counts the
number of branched coverings@P' of degreen by Riemann surfaces of gen{is ") with

(;) simple aflne ramilcation points and one complicated ramil!cation point at in!nity, see e.g.
[ShShV]. Not all such coverings can be realized by plane curves, which additionally explains
why the monodromy problem is diflcult both in the deterministic and the random set-ups, see
also sectior?. (The authors want to thank an anonymous referee for bringing up this point.)

Numerical experiments were carried out in MATLAB. Namely, the MATLAB-code-com
puted the transposition associated to level crossing paht pair of matriceA, B). More
exactly, the program calculated the eigenvalues-®f(Re()) + eIm(A))B ase runs from O to
1in steps of 0.01. A typical plot of the eigenvalues during this process is shown ir8!d@ure”
e = 0 all of the eigenvalues are real, so we can number them in the increasing order. For each
newe, the new eigenvalues are assigned the same numbers as the closest eigenvalues obtained
for the previous value @f Then, when two eigenvalues collide at 1, the numbers assigned
to these two colliding eigenvalues give the transposition corresponding to level crossing point
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Im(X\)

1 1 1 1 1 1
2.5 -2 -1.5 -1 0.5 0 0.5 1 15 2
Re())

(S

Figure 8. The !rst and second eigenvalues (of totally 3) collide as the parameter
approaches a level crossing point. This results in the monodromy trasformation encoded
by the transpositio(i12).

A. By following this procedure shown in !gu&for each of level crossing points in the upper
half-plane in order of increasing real part, one obtains triples of transpositions associated to
(A, B). This triple of transpositions completely determines the monodromy of the linear family
(1.2). Because errors can occur if the real parts of different level crossing points are very close,
we discarded such pairs of matrices when gathering monodromy statistics. This procedure
was carried out in case of tiEUE;- and GOE;-ensembles. The resulting statistics for the
GUE;3- (top) and th&5OE;-ensembles (bottom) are shown in !g@e"

Statistical results foGES -ensemble.

In this case, in order to calculate the monodromy sequence for a general matrix family of
the form (L.1), we must !rst choose a base point for the system of closed pathsiipthre
which (generically) is not a level crossing point. We choose0, since typically the origin
is not a level crossing point for a general pair of matrices, and the preimages of O are precisely
the eigenvalues dk. Using\ = 0 as a base point, we need to order our level crossing points
with respect to the origin and to choose a system of paths such that

(i) each path begins and ends at 0;
(i) each path goes around exactly one level crossing point;
(iif) each path does not intersect any other path except at the origin.

30



J. Phys. A: Math. Theor. 52 (2019) 214001 T Gr¢sfield etlal

Probability

(12)(12)(13)  (12)(13)(23)  (12)(23)(12)  (13)(12)(12)  (13)(28)(23)  (23)(12)(23)  (23)(13)(12)  (23)(23)(13)
Transposition Sequence
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0
(12)(12)(13) (12)(13)(23) (12)(23)(12) (13)(12)(12) (13)(23)(23) (23)(12)(23) (23)(13)(12) (23)(23)(13)
Transposition Sequence

Figure 9. The probabilities of the monodromy triples of transpositions foiGHEs-
andGOEs-ensembles.
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Figure 10. An example of paths in theplane chosen to determine the monodromy for
pairs(A, B) from theGE; -ensemble.

Frequencies in Ascending Order
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Figure 11. Frequencies of 240 possible 6-tuples of transpositions fgrim the
ascending order.

As already mentioned, these level crossing points are all generically simplej scaas
verses a path around one level crossing point and returns to the origin, exactly two of the
eigenvalues oA will interchange. Thus we obtain a transposition in the symmetric ggoup
To do this, we have to order the preimages of our starting point (i.e. the eigenvaiyieadf
keep track of how these preimages change as we follow each path. This procedure gives us
ann(n— 1)-tuple of transpositions if,. Since the concatenation of all paths encompasses
all of our level crossing points, the product of all transpositions in the chosen order equals to
the identitypermutation. Whe®\ andB are independently chosen frdﬂﬁf, the arguments
of our levelcrossing points are uniformly distributed, and so we may order our level crossing
points by theargument. However, the choice of which level crossing point is the !rst one, and
whether the level crossing points are ordered clockwise or counterclockwise, is in our hands.
The paths we choose will start and end at 0, and go around these level crossing points in a
natural way. An example of how we choose such paths is shown in1Qure"

For A andB chosen fronGEgc, there are 240 admissible sequences of the 6-tuples of trans
positions(cy, 07, . . ., 06) from S satisfying the conditions:

(i) they generate the symmetric grobyp
(i) the product - 07 - ... - 0 coincides with the identity permutatidh, 2, 3).
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Using a similar MATLAB-code to determine the monodromy transpositions, we generated
150000 random matrix pairs 'ﬂEg and calculated their monodromy sequences.nouover
ical results show the following, see !gutd’

(i) Of the 240 possible cases, only 209 were realized and only 204 were realized more than
once.

(i) The most common monodromy sequences w3 (12)(23)(12)(23)(12), which
occurred with the frequency 2.43 % giid)(13)(13)(23)(23)(12) which occurred with
the frequency 2.29 %.

(i) Monodromy sequences in which one permutation occurs four times in a row followed
by two occurrences of another permutation and their cyclic permutations (for example,
(12)(12)(12)(12)(13)(13) or (12)(23)(23)(23)(23)(12)) were the most rare, occurring
only once or not at all.

Remark 9. One particularly strange and interesting result is that the labelling of the eigen
values seems to affect the frequencies with which certain monodromy sequences appear. In
the case oGEéC-matrices, one can relabel the three preimages=o0, i.e. the eigenvalues

of A, by using the action d&. Usually, about half of these six group elements change the
frequency by either doubling or halving the original one. The other half of the group tends to
keep the frequency the same, but exactly which membe&sdif what varies from case to

case. We have not been able to Ind a pattern of, or an explanation to, why relabelling changes
the frequencies in this peculiar way.

7. Final remarks

In connection with our topic, one can naturally ask why we only restrict ourselves to-consid
eration of the distributions of a single level crossing poin€and are not trying to obtain
information about the joint distribution of al{n — 1) level crossing points which obviously
exists in all the above cases. It turns out thainfer3, not alln(n — 1)-tuples of complex
numbers can be realized as level crossings and even the description of the loci of realizable
n(n— 1)-tuples is very complicated. This fact de!nitely means that at least $oB, to get

the joint distribution of level crossings on such loci will be a formidable (if not completely
impossible) task, comp. e. @ fSH. On the other hand, in the simplest case 2, we calcu

late and use such joint distributions below.
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