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1. Introduction

The main motivation for the present paper comes from the classical Newton inequalities and Hutchinson’s
theorem, see [2,6] together with three conjectures formulated in [9], see § 5 and [1].

Our present set-up is as follows.

Notation 1. Denote by R|x] the linear space of all polynomials with real coefficients, and by R¥[z] the cone of
all polynomials with positive coefficients. Denote by R, [x] the (affine) space of monic degree n polynomials
with real coefficients and by R;f[x] C R,[z] the orthant of monic polynomials of degree n with positive
coefficients.

Denote by ]@n[x] the (affine) space of monic degree n polynomials with real coefficients and constant term
1 and by @,J{[:E] C R, [z] the orthant of monic polynomials of degree n with positive coefficients and constant
term 1.
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Now let A,, denote the discriminant of the family of polynomials " + ap_12" 1 4+ --- + ag, i.e., A, €
Zlan—1,-..,ao] is the unique (up to constant factor) irreducible polynomial such that x"+a, 12"t +---+ag
has a root of multiplicity greater than 1 implies that Ag(an—1,...,a0) = 0. Denoting by ©, C R,[x] the
zero locus of A, we will be mainly interested in its subset D, C D, consisting of polynomials in R,[z]
having a multiple real zero. (It is well-known that ©,,\ D,, has codimension 1 in ®,,. Indeed the complement
D, \ Dy, consists of real monic polynomials of degree n having at least one pair of complex conjugated roots
each having multiplicity at least 2 and therefore has real codimension 2 in R, [x] and real codimension 1 in
D).

Further, let D} C R} [z] denote the positive discriminantal locus which is the set of monic polynomials of
degree n with positive coefficients having at least one real multiple root. In other words, D, is the restriction
of D, to R [z]. Finally, let D,, be the restriction of Dy to R,[x] and D} be the restriction of Dy to R [x].

For each polynomial P(x) = ZZ:O apx® with positive coefficients, we define the sequence of (positive)
numbers
2
%=1

ax = qx(P) = oo, — 1. (1.1)

b
Ap—10k+1

In what follows we will try to generalize and reinterpret the following classical results of J. I. Hutchinson
[2] and I. Newton, see also Proposition 1 below.

Theorem H. An entire function p(x) = ag + a1x + -+ + a,x™ + ... with strictly positive coefficients has the
property that all of its finite segments a;z* + a; 127 + ... + ajzd have only real roots if and only if for
kE=1,2,...,

qr > 4. (1.2)

Theorem N. Let P(z) = > ;_, arz® € Ry [z] be a polynomial with all real roots. Then fork =1,2,...,n—1,

>k—|—1.n—k—|—1
U == n—*k

(1.3)

An easy to prove statement is that for any positive integer n, the set R, [x] \ Dy, of all real monic degree
n polynomials with all simple real roots consists of [%] + 1 contractible connected components enumerated

by the number of simple real zeros of polynomials belonging to the respective component.
Similar results hold for R [z] and ]@;:[x], see Lemma 2 and Corollary 1 below.

Notation 2. Fiz a sequence of (strict) inequality signs ¢ = (01,02,...,0,—1) of length n — 1, where each
entry is either < or >. (One can interpret & as a binary sequence). Further let € = (e1,€a,...,€5_1) be a
sequence of positive numbers. Given a pair (7,€), define the subset ]I/i;rg C @;‘;[m] as the set of all polynomials
P(r) =2" 4+ ap_12" 1+ -+ ayx + 1 satisfying the system of inequalities

{gss€¢},j=1,...,n—1

where the inequality sign in defined by o;.

Consider the map Log| - | : ]ﬁ,ﬂx] — R™~! sending the polynomial P(x) = 2" + ap_12" "1 + ap_ox™ 2 +
<o+ arx + 1 with positive coefficients to the (n — 1)-tuple (logay,logas,..., logax—1). (The map Log is a
diffeomorphism between the source and the target spaces). Denote the coordinates in the image space R"~1

by (0417042, ce 7an—1)-
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Remark 1. Observe that logarithmizing the inequality in the Hutchinson theorem we obtain the linear
inequality

2c, — p—1 — Q1 > Ind
and logarithmizing Newton’s inequality we get
2a — ag—1 — apy1 > In((k+1)(n —k+ 1)) — In(k(n — k)).

The prototype result which we want to generalize in this paper is as follows. Denote by ¥} C R\ [x] the
set of all degree n real-rooted polynomials with positive coefficients.

Proposition 1 (see Proposition 7 of [5]). (i) The polyhedral cone described by (the logarithm of) Hutchinson’s
inequalities (1.2) is the maximal polyhedral cone contained in Log(X)).
(ii) The minimal polyhedral cone containing Log (X)) is given by (the logarithm of) Newton’s inequalities.
Notation 3. For n even, consider two filtrations of R, [z],

Oy COy C-+- C Oy CR,[2] D052 D054 D Oy,
where O<gp (resp. O>a¢) is the set of all polynomials in R, [x] with fewer than (resp. at least) 2¢ real roots

(counting multiplicities).
Analogously,

Oy COyC--COpy CRY[L] D O350 Osy--- D Oy
is the restriction of the above filtrations to R, [z];

0L, cOf,c---cOf, cRix] D0, >0%,--- D03,
is the restriction of the above filtrations to R [x];

Of,cOf,c- cOt, cRf[z] 50,508, >0,

is the restriction of the above filtrations to R [z].

Similarly, for n odd, we have the following two filtrations of R, [z],
O3C0O05C---COcp CRH[I} :)(923 D) 025'-' D) OZTH

where Ocopyr (resp. Osap11) is the set of all polynomials in R, [x] with fewer than (resp. at least) 20 + 1
real Toots (counting multiplicities) and their restrictions to R, [z], R [x], and R} [z].

Remark 2. One can easily see that the terms of the left filtration are open while the terms of the right
filtration are closed in R, [z], R, [z], R} [z], and R, [z] resp. Furthermore, the first and the second filtrations
are complementary in the following sense. For any positive integer n and any 2 < £ <n, { =n mod 2 one
has,

O U Ozg = Rn[x] and O /N 025 =0.
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The intersection H; = Oy N O>, is a semi-algebraic hypersurface in R,,[z] consisting of all polynomials
having exactly ¢ real roots counting multiplicities with at least one non-simple real root. (Here O, stands
for the closure of the open domain Oy).

The hypersurface Hy splits into £ — 1 smooth parts depending on the location of the double real root
among all the real roots.

Definition 1. By a closed non-convex polyhedral cone we mean the union of an arbitrary finite collection of
closed polyhedral cones.

Definition 2. We say that a closed (probably non-convex) polyhedral cone C C R,,[z] contained in Oy (resp.
O«y) is inscribed in Oy (resp. O«/) if one cannot freely deform any of its vertices and still obtain a cone
contained in the domain.

Analogously, we say that a closed (probably non-convex) polyhedral cone C C R,,[z] containing O, (resp.
O<y) is circumscribed if one can not freely deform any of its vertices and still obtain a cone containing the
domain.

The main question we consider below is as follows.

Problem 1. Find interesting examples of inscribed and circumscribed polyhedral cones for the domains
O<g and 022.

Observe that any such cone provides a generalization of either Hutchinson theorem or Newton inequalities
respectively. Below we present some partial, but non-trivial results related to Problem 1. We are currently
looking for a more conceptual approach to this question.

Acknowledgments. The research of the second named author was supported by the Swedish Research Council
grant 2021-04900. He is grateful to Robin Stoll for topological consultations. All three authors want to
acknowledge the importance of their long-term contacts with the Professor V. Kostov of Université Cote
d’Azur to whom this note is dedicated. We highly appreciate the relevant comments of the anonymous
referee which allowed us to improve the overall exposition and correct a number of small mistakes.

2. Preliminary results

Lemma 2. The complement QU := R} [z]\ D} is the union of [%]+1 open contractible components Q;e, 0<
{<n, {=n mod 2, where Q:;e 1s the set of all monic degree n polynomials with positive coefficients having
¢ simple real (negative) roots.

Proof. Observe that Q. := R\ [z] \ D; is an open set and therefore its connected components are open
as well. Obviously the number of real and simple roots is constant within each such connected component.
Let us show that the set Q:{’Z consisting of all monic degree n polynomials with positive coefficients and
exactly ¢ distinct real roots where £ < n and £ =n mod 2 is open, non-empty, and contractible. This fact
will settle our lemma.

To prove non-emptiness observe that the polynomial

Po(@) = (@ +1)(z +2) - (z+ (2 + 1)"F

belongs to Qj; ;- To prove contractibility we will show that any compact subset of Qj; ¢ is contractible.
(The fact that contractibility of any compact subset in an open subset S C R™ implies contractibility of
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S follows from Whitehead’s theorem together with Corollary IV.5.5 of [7]). To do this we first observe the
contractibility of the subset QI ¢ C QI , consisting of all polynomials of the form

px)=(x+z)(x+z)... (x+z)(@® +prx+q)... (2% + pez + )

2

2
wherem:”T*Z,arl>0,x2>0,...,:1cg>0,p1>O,p2>0,...,pﬁ>0,andq1>%,...,qm>%ﬂ.

Indeed, we can contract 2, to the polynomial p, ¢(z) € 2, given by
Pre(x) = (x + 1) (a® + 2+ 1)".

To do this we (linearly) deform each factor w;(z) = (z + x;) into (x + 1) by using the family u;(z,t) =
t(x +1) + (1 — t)u;(z), t € [0,1]. Analogously, we can linearly deform each factor v;(z) = x? + p;z + ¢; into
22 4+ x + 1 by using the family v;(z,t) = t(x? + 2 + 1) + (1 — t)v;(z), t € [0,1]. One can easily check that

the latter deformation preserves the condition p > 0 and g > %.

Now given any compact subset of S C Q:{ ¢» We can move it within Q: , into Q:{ 0

contracted to p, ¢(x). Indeed, for any polynomial p(z) consider its deformation p;(x) = p(z + t) where
t € [0,400). One can check that for any p(z) € QF

n,e?

where it can be

there exists t, such that for all ¢ > ¢, the polynomial

p¢(z) belongs to Q;: ¢- One can easily see that ¢, depends continuously on p. Thus we can move any compact

set S C QI ¢ in QZ , and contract it. This fact along with a number of similar statements can be found in
[4]. O

Corollary 1. The complement Q;‘L‘ = @:’L_[TE] \ﬁ: is the union of [%] + 1 open contractible components

~

sz, 0<?¢<n, f=n mod2, where Qze is the set of all monic degree n polynomials with positive
coefficients and constant term 1 having £ simple real (negative) roots.

Proof. Use the quasihomogeneous action of R™ on R,[z]. O

Remark 3. Observe that any real polynomial with positive coefficients has only negative real roots.

Lemma 3. (i) In the above notation, the map Log|-| sends @;‘g to the affine cone given by affine inequalities
20 — oy — o1 Sp logej, j=1,...,n—1,

where the inequality sign of the j-th inequality is given by o;. (Here ap = o, = 0).
(ii) the affine cone Log (I@}:g) is an (affine) orthant in R™~1 in appropriate coordinates;
(iii) For two (n — 1)-tuples €V and €® of positive numbers, the set I@;E(l) is contained in the set @;,62)

if and only if €V <5 €2, which means that eél) <5 e§2), j=1,...,n—1 and the sign of the inequality is
determined by 0.

Proof. Ttem (i) follows immediately by taking the logarithm of the inequalities defining I@;g
To settle (ii), introduce x; :=logq; = 2a; — oj—1 — @j1, j =1,...,n—1. We show that (ki1,...,Kn—1)
is a coordinate system in R”~!. Indeed, one has the following relation

K1 2 -1 0 0o ... 0 a
K2 -1 2 -1 0 0 (%)

K3 0 -1 2 -1 ... 0 Qs
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The determinant of the (n — 1) x (n — 1)-matrix in the right-hand side of the latter equation equals n
which can be easily proved by induction which implies item (ii) since Log (]@;g) is given by the system of
inequalities xk; <5 loge;, j=1,...,n—1.

Ttem (iii) follows immediately from comparison of shifted coordinate orthants. O

The following lemma is straightforward.
Lemma 4. Let P(z) = Y, _, axz” € R[z].
(1) If B(z) = aP(bx) for some non-zero real values of a and b, then

(2) If P(z) = 2"P (1), then

3. Main results
3.1. Previously known facts

In [3] the first and the third authors proved the following statements.

Theorem A. For P(z) = Zi;ﬂo apr® € Ry [z], if the inequalities

1
Pr+1 < 7 (3.1)
COSs (m)
hold for all k =0,1,...,m, then P(x) > 0 for each real value of x, i.e. P(x) € (’)J<r2.
Theorem B. For P(z) = Zi:&rl arpx® € Ry [z], if the inequalities
4k% — 1 1

Q@2r < 152 e (3.2)

COS (m——',-Q)

hold for all k = 1,2,...,m, then P(x) has exactly one real (negative) root (counting its multiplicity), i.e.
P(z) € Of,.

1

Theorem C. The constants ———— in Theorem A and 4’1151 —X in Theorem B are sharp for every
cos2( z ) cosz< = )

m—+2

m € N.

Corollary 2. The assumptions of Theorems A and B can be interpreted as the fact that the logarithmic image
of the polynomials under consideration belongs to the polyhedral cone given as follows:

In case of Theorem A: 2qop+1 — Qo — Qokt2 < —2In(cos )), k=0,1,...,m.

_T
m—+2

In case of Theorem B: 2ag) — qiop—1 — Qo1 < —21n(cos (ﬁ)) + 1n(4’f11§1)} k=1,2,...,m.

Theorem C' guarantees that there exist small deformations of the above polyhedral cones which are not
contained in the logarithmic image of (91'2 and (91'3 respectively.
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Theorems A and B can be generalized to the case when some coeflicients are allowed to be negative.
Namely, the following modifications of these results hold.

Theorem D. For P(x) = Zi:o apx® € R[x], assume that asx >0, k=0,1,...,m. If the inequalities

1
Q@2k+1 < 7\ (3.3)
i (72)

hold for all k =0,1,...,m, then P(z) > 0 for each real value of x, i.e. P(z) € Os.

Theorem E. Given P(x) = i;"oﬂ arz® € R[], assume that aspy1 >0, k=0,1,...,m. If the inequalities
4k% -1 1
@2k < 12 (3.4)
P

hold for allk = 1,2,...,m, then P(x) has exactly one real root (counting its multiplicity), i.e. P(z) € O«s.

The next result follows from Theorem E and the second statement of Lemma 4.

Theorem F. Given P(z) = Z:S_l apr® € Rlx], assume that agry1 >0, k=0,1,...,m. If the inequalities
4k% —1 1
Pm+1-2k < k2 (35)
cos? (#)

hold for allk =1,2,...,m, then P(x) has exactly one real root (counting its multiplicity), i.e. P(x) € O,3.
3.2. New results

We will use the following notation.
For each real polynomial P(z), we will denote by f,(P) the number of its real roots (counting their
multiplicities).

Theorem 5. Assume that P(z) =Y ;_, arz® € R} [z], where n > 4. If §,(P) > n — 2, then

n? —3n
g >4 o 3.6
@t qn-12 (n—2)7? (3.6)
In particular,
2n? — 6 2n? — 6
either q > i noor Gn_1 > i i (3.7)

(n—2)? (n—2)%

The polyhedral domain given by inequalities (3.7) contains (’);nfz. Below we will split Theorem 5 into
Theorems 8 and 9 covering the cases of even and odd degrees respectively.
As an immediate consequence of Theorem 5 we get the following corollary.

Corollary 3. If

2n% — 6n

max(qi, gn—1) < n—272"
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then
£-(P) <n—4.
The polyhedral domain given by these inequalities is contained in (’)In_z.

Corollary 4. Assume that P, (z) = Y} _,arz® € Ry[z], where n > 4. If for some m = 2,3,...,n — 2 and
for some j =1,2,...,n—m — 1, the following two estimations are valid

(m—1)(m+1) n—j+1 j+1

q; < 2 n_ 7 (3.9)

and
e < g T .10
then
tr(Pn) <n—4.
For the proof of Corollary 4 see § 4.

Theorem 6. The estimate in Theorem 5 is sharp.
Proof. The following example

P.(z) = (z +1)"2 (x2+ Z_;lirl) (3.11)

with #,.(P,) =n—2and ¢; = ¢,—1 = % settles Theorem 6. 0O

Proposition 7. The constants in Corollary J are sharp.

For the proof of Proposition 7 see § 4.
Theorem 5 is equivalent to the following 2 statements whose rather lengthy proofs can be found in § 4.

Theorem 8. If

n—1

1

Py, = <x2 + 2tx + m) (xQ + Qajx + bj), (312)
n— j=1

where a; >0, b; >0, aizbj, 17=12,....,n—1, then
2n? — 3n

o (3.13)

q1+ Gen-12>2-

In particular,

2n2 — 3n 2n2 — 3n

m or Qon_1 > m (3.14)

either qp >
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Theorem 9. If

n—1

[ @ + 20,2 + b)), (3.15)

1
Py = P2t +
2n+1 (J,‘+C) (m + T b1b2"'bn—1c> j=1

where ¢ >0, a; >0, b; >0, a?ij i=12....n—1, then

o2n2—n—1

n>8 —————. 3.16
@+ qen = @n_ 172 (3.16)
In particular,
m?—n—1 m?—n—1
th >4 0 2 a4 T 3.17
cuherm n_132 7 =t T )2 (3:.17)
Notation 4. We will use the following standard notation for the symmetric functions. For a =
(1,9, ., Qn_1), set
o(a)=a; +as+ -+ ap_1; (3.18)
0'2(0[) = H [e71e% D) (319)
1<i<j<n—1
So(@) =a+a3+---+a’_;. (3.20)

The next claim is standard.
Lemma 10. In the above notation, o3(a) = Sa(a) + 202(a) and 203(a) < (n — 2)Sa(a).

To formulate our next result, notice that for P(z) = > ;_ arz® € R, [z], one obtains

k—1
“) ! . VE2<k<n—1. (3.21)

ap = a1 (- -
e
The following proposition is an analog of the Hutchinson theorem.

Proposition 11. Let P(z) = > ,_, axz® € Ri[z] and suppose that qu(P) > 1 for all k,1 < k <n —1. If

for some j,1 < j < n—1, we have q;(P) > 4, then there exists a point x; € (—ﬁ, —a;—’l) such that
j+1 J

(1) P(z;) > 0.

For the proof of Proposition 11 see § 4.
4. Proofs
Proof of Theorem 8. We will deal with the sequences:
a=(a1,a2,...,an-1), b= (b1,ba,...,bn_1),

1 1 1 1 a a; as an—1
- = e T e e e T - = T e T e e . 4-1
b (bl’bQ’ ’bnl), b (b1752’ ’bnl) (4.1)

ab™ 2 = (a1babz - bp_1, agbibg---by_1,..., ap_1b1ba by 2).
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Hence o1 (%)b1ba---bp—1 = o1(ab™%). We have

1 —

2n+2$2n 1( ( )

+

t)

1
+2272 ( 4toy (a) + 4oz(a) + o1 (b) + —————
bibg - by
L dg (4t0'1<abn 2) —1—402 +01 ( > +b1bg - by 1)

21 (01 (%) Fbiby - bn_lt) 1.

Therefore,
(o1(a) +1)°
Qon—1 = 4.2
2n—1 t01(0)+02(a)+i'01(b)+im ( )
and
a 2
(0’1 (3 +b1b2 . bn 1t)
q = 5 ~ 1 . (4.3)
tal(ab" )+0‘2( )+Z 0’1()+ 2b1by b,
Identities (4.2) and (4.3) can be rewritten in the form:
£+ (2 — qzn—1)o1(a)t + 07 (a) — g2n—102(a)
1 q2n—1
—Zgon_1 - /) . S 4.4
gm0 = T =0 (4.4)
and
(ble . bn_1)2t2 + (2 — ql)al(abnfz)t + 0'% (%)
a 1 1
—q102 (5) — o (5) - % “bibg b1 = 0. (4.5)

We have two quadratic equations with respect to the variable . Given that these equations have real
solutions, i.e. that their discriminants are non-negative, we obtain the following two inequalities:

q2n—1

(2 — q2n—1)?07(a) — 40i(a) + 4gan—102(a) + gan—1 - 01 (b) + —————— >0 (4.6)
biby - bp_q
and
(2 — q1)%0%(ab""2) — 4(biby - - by_1)20? (3)
ql~(b1b2~-~b ) 40’2( >+01 l +biby---b,—1 ) > 0. (47)
b b )=
The inequality (4.6) is equivalent to the estimate
4oo(a) + o1(b) + ——F—
Gon—1 24— @ ©) biba b" : (4.8)

ot(a)
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Note that
(bibz -+ bp_1)?o} (%) = of(ab""?),
and
(trba-boe)’ () = ol )
So, we can rewrite the inequality (4.7) in the form

402(&1)”_2) + (blbg cee bn,1)20'1 (%) + (b1b2 “ee bn,1)3
2 '

@ =>4-
Given that a? >bj, j=1,2,...,n—1, the following inequalities hold:
o1(b) < Sz(a)
and
(biby -+ by_1)?0y (2) < So(ab™?).

Thus, it follows from (4.8) and the first statement of Lemma 10 that

40’2((1)+Sg(a)+m 202(a)+m

Qon—1 >4 — SQ(Q)+202(G) =2 SQ(a)+2O'2(a)

and from (4.11) that
402(@1)”‘2) + Sg(ab"_Q) + (b1b2 .- 'bn_1)3
Sa(ab™=2) + 205 (ab”2)

20’2((1[77172) + (blbg cee bn,1)3
>3-
= S(ab™2) + 20 (ab"2)

g1 >4-

11

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

Inequalities (4.14) and (4.15) imply that the statement of Theorem 8 would follow from the fact that one

of the two inequalities below is valid: either

209(a) + < n?—3n+3
Sa(a) +203(a) — (n—1)2

or

202(ab”_2) + (b1b2 s bn,1)3 < n2 —3n+3
Sa(ab”=2) + 205(ab”"2) T (n—1)2

The inequality (4.16) is equivalent to

1< % ((n? = 3n+3)S2(a) — (n— 2) - 202(a)) ,

while (4.17) is equivalent to the inequality

(4.16)

(4.17)

(4.18)
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1
1<

< TRy ) (= 3t 3)5:(ab" ) — (0 = 2) - 202(ab")) (4.19)

Note that applying the second statement of Lemma 10 and after that inequalities ajz >b;, J =
1,2,...,n—1, we get

biby -+ by
W ((n® = 3n+3)Ss(a) — (n — 2) - 202(a))
biby -+ by
ﬁ ((n* = 3n+ 3)Sz(a) — (n — 2)Ss(a))
biba - - b1 biby - -bp_101(b)
= >
n-1) W)
1
=— (b3bg by + bib3 - byq +biby b2 _y), (4.20)
and
1 n— n—
TG (78S ) — (1= 2) - 20a(ab" )
1 n— n—
= (n —1)2(byby - bp_1)3 (0" = 3+ 3)Sa(ab"") = (n = 2)"52(ab" ")
1
= S (ab™ 2
(= Db b )
o (Bab - bf 07y by g +BEBE 0
B (n—1)(bibg -~ byp—1)3
-1 Y e Nl e NS N il SR e (4.21)
n—1 1 2 n—1 1 2 n—1 1 2 n—1
Denote by
1
Bi= — (b3bg by + bbby + bibo- - bo_y) (4.22)
and by
1
By =: m ((b%bg cee bn_l)_l + (blbg cee bn_l)_l + (b1b2 cee bi_l)_l) . (423)

Theorem 8 will be proved if we show that B; + By > 2. Indeed, since for each x > 0, the inequality
T+ % > 2 is valid, we get

1

In particular, at least one of the numbers By and By must be bigger than 1.
Theorem 8 follows. O

Proof of Theorem 9. (The logic of this proof is very similar to that of Theorem 8).
We have

n—1
1
P2n+1 = (CB + C) <.’L’2 —|—2t$ + m) jl;[l(xQ —|—2aj$+bj)

= 22+ | 922 (g (a) + g + i)+
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2n—1 ¢ 1
z <4t <al(a) n 2) +402(a) + 2e01(a) + 01 (8) + 5 ~-bn_1c) T

bibsy ... b, — a 2 a 1
2 (4t <001(ab”2) + %) + 4oy (g) + 201 (B) + o1 (E) + cbiby - "bn_l)

1
+2z (0'1 (%) + % + Cb1b2 s bn_1t> + 1.

Therefore,

- (o1(a) + § +1)?
Qon = t(or(a) + §) + 02(a) + §o1(a) + - 01 (b) + T g — (4.24)

S

and

(01 (%) + 5 + chiby - -~bn_1t)2

@ = = . (4.25)
¢ (CO’l(abn_Q) + blbz%) + 0y (%) + 12(Cb) + i .01 (%) + Shiby - by
The identities (4.24) and (4.25) can be rewritten in the form:
2| (9 ¢ AN
t +(2 QQn) <01(a)+2)t+ (0’1((1)+ 2) anag(a)
c 1 q2n
_Z _ = coq(b) — —— 2 4.26
2Q2n01(a) 1%n o1(b) Tcbiby - bos (4.26)
and
bibg by
(Cblbg e bn_1)2t2 + (2 — ql) (cal(ab"Q) -+ %) t
(o)) o)) 5 ()
o) Tae) TP T2
1 1 c
—p0 o (g) - % b1by - bp1 =0. (4.27)

We have two quadratic equations with respect to the variable t. Given that these equations have real
solutions, i.e. that their discriminants are non-negative, we obtain the inequalities:

(2 — gan)? (Ul(a) + 5)2 —4 (Jl(a) + 5)2

2 2
+4qon02(a) + 2¢qano1(a) + qon - 01(b) + __Pn >0 (4.28)
cbiby - bp_q
and
b1b2 b 1 2 a 1 2
(2—q) (cm(ab"?) T ) bbby 1) <m (5)+ 2
1
+q1 - (blbz cee bn_l)z (4620'2 (%) + 2coq (%) + 620'1 <5> + C3b1b2 cee bn_1> > 0. (429)

Inequality (4.28) is equivalent to the estimate

40’2(@) + 260’1((1) + Ul(b) + m
(o1(a) +5)° |

q2n >4 - (430)
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Using (4.9) and (4.10) we can rewrite (4.29) in the form
4c%aa(ab™ %) + 2(cbiby -+ - by—1)o1 (ab™2)
- bibo..bn_1 )2
(cal(ab"_Q) + 1)

(cbiby - - bn—1)201 (%) + (chiby - - bn—1)3

q1>4

— 5 . (4.31)
(ccrl (ab”=2) + 7b1b2'5b"’1)
Applying (4.12), (4.13) and Lemma 10 to (4.30) we obtain
>4 402(a)+2001(a)+52(a)+m
Gon >4 —
n Sa(a) + 202(a) + coq(a) + %
202(@) + Co'l(a) + Cb1b2-1--bn71 - % (4 32>
- Sa(a) + 204(a) + cop(a) + % ’
Using the same idea we can derive the inequality below from (4.31)
>4 4620'2(@()”_2) + 2(Cb1b2 cee bn,1)01 (ab"_Q)
n= C2SQ(an_2) + 20202(ab”—2) + (Cblbg cee bn_1)0'1 (ab"—Q) + i(blbg .- 'bn_1)2
_ CQSz(ab’%Q) + (Cblbg cee bn_l)g
0252(abn72) + 26202((11)”72) + (Cblbg s bn—l)al (ab”*z) -+ i(ble cee bn_1)2
n— bibg---by_ n— (b1ba---by,_1)?
o3 209 (ab"™?) 4 22 Inl =01 (ab 2) 4 c(brby - - by_q)® — 2=t v (4.33)

52(abn—2) +202(ab”—2) + b1b2~~-bn710.1(abn—2) + (biba--by_1)2

c 4c?

It follows from (4.32) and (4.33) that the statement of Theorem 9 would follow from the fact that one of
the two inequalities below is valid: either

2
209(a) +cor(a) + gomp——F _ 4n® —8n+7

< 4.34
Sa(a) + 209(a) + co1(a) + & (2n —1)? (4.34)
or
20’2(&()“72) + b1b2~-(;bn710,1(abn72) + c(byby - - - bn—1)3 _ (b1b2;'cl72n71)2
Sg(ab”_2) + 202(ab”—2) + b1b2~~c-bn—101(abn—2) + (b1b2;<cbzn—1)2
4n? —8n +17
The inequality (4.34) is equivalent to the following one
cbiby - bp_q 2
—————((4n* = 8n +17)S.
< D (n? — 80+ T)Sa(0)

—(4n — 6) - 209(a) — (4n — 6)cay(a) + (2n* — 3n + 2)c?) (4.36)

while (4.35) is equivalent to the inequality

1 B -
LS e (4 8 DS — (40— 6) 2oa(ab )
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b1b2 e bn—l

c

(biba---bp1)?

—(4n — 6) o1(ab" %) + (2n* — 3n + 2) = ). (4.37)

Applying the second statement of Lemma 10 and 2co(a) < Sa(a)+ (n —1)c?, and after that inequalities
a? >bj, j=1,2,...,n—1, to the right-hand part of the above inequalities we will have

b1bg -« by
%((473 — 8n+ 7)Sa(a) — (4n — 6) - 209(a)
b1bg - by
—(4n — 6)coy(a) + (2n® — 3n + 2)c?)) > %((4# —8n+7)S2(a)
—(4n — 6)(n — 2)Sa(a) — (2n — 3)(S2(a) + (n — 1)c?) + (2n* — 3n + 2)c?)
cbiby - by
= S ((4n = 2)S3(a) + (2n — 1))
b1bg - - - by —
e (4n = 2)0u(8) + (20— D)
2 3hyby - - by
> o (dﬁbg oobpoy A+ cbibg by chiby b2+ 0”'2—1) (4.38)
and
1 2 n—2 n—2
= 12c(nby b _1)3((4n —8n +7)S2(ab" %) — (4n — 6) - 202(ab™ %)
PR DY 2
—(4n — 6)%01@6"_2) +(2n® —3n+ 2)%)
1 n— n—
> G T 8 DSl — (hn — 6) (0 21508
biby -+ by_1)? biby -+ by_1)?
—(2n —3) ((n _ 1)(126—21) + Sg(ab"_2)> +(2n2 — 3n+ 2)%)
— 1 n—2 (b1b2' "bn71)2
T (20— 1)2¢(biby - by1)? ((4n 28T+ on )T
o2 (B3B3 BRbSBE- R 0RBE B2 5b) 1
—2n—1 C(blbg"‘bn_l)g QCBble"'bn_l
= 52 ((cb?by - 1)~ 4 (cbibBbs -~ -byo1) " + (cbiby - -by_ob2_) 7"
+ ) (4.39)
Denote by
2 3biby - by
B = (czﬁbz cobp_y 4 cbibE - byq + chiby b2+ C”—l)
2n—1 2
and
By = 2 b2b b -1 bib3---b -1 b1b b:_ )t !
2—m (C12"'n—1) +(012"'n—1) +(Cl2"'n_1) +m .

Theorem 9 will be proved if we show that B; + By > 1. Indeed, since for each z > 0 the inequality
T+ % > 2 is valid, we have
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B+ By >

2n71-(2(n—1)—|—1):2.

In particular, at least one of the numbers By and By must be bigger than 1.

Theorem 9 is proved. O

Next let us show how to derive Corollary 4 from Corollary 3.

Proof of Corollary 4. Consider the polynomial

1 . —
P(Jﬁ) = anxn +---+ Clm-‘,—j—&—lJfﬂhﬂjL + am+jl‘m+‘7 + am+j_1.1‘m+J

+-~-+aj+1acj+1 +ajacj +aj,11:j_1 +---+agp. (4.40)

Differentiating the polynomial P(x) (j — 1) times we get:

g ! B (m+j+1)!
pl-1) :Lnnﬁl PRSI L i LSNP L5
@) = G Ty Gmn®
m+ j)! m m+j—1)! m
R

j+1)! ! .
+ .04+ ('7 51 ) aj+1x2 + %ajm + (] - 1)!aj_1. (4'41)

_|_

Consider the polynomial

Qn—j+1(x) =2"7*1Pp (l>

x
= #!_’_1)!@n + %%nﬂ-ﬁ-lﬂ?nmjl
+o (j;—!l)!aj+1x”—j—1 + ‘%ajx"—j +(j — Dlaj_qzm It (4.42)
Differentiating the above polynomial (n —m — j — 1) times we get:
Q@) = - m- g T
S e PR LSS T USRS
+et (n _7‘;’_ DINE) ;1)!aj+1xm + 7((77’ :rji))!! . %ajxmﬂ
% “(j — Dlaj_z™*2 (4.43)
Let’s evaluate g,,,+1 and g; for the last polynomial. We have
Gt (Q;n:jizl—j—l)) _ 2(7773:12) ) jil = i;il - g (4.44)
« (Qiﬂ_ﬁfjilo - 2(7::12) ' mnj—ji 1 n i;ﬁ;i 1 dmti (4.45)
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Applying the given estimations (3.9) and (3.10), we obtain

max (a1 (QU177) samn (QU1Y)) < 2m + :ém -1 (4.46)

Note that deg le":j’j:;jfl) = m + 2. If we denote by n = m + 2, we will obtain (3.8). Therefore, by

Corollary 3

b (U ) <m -2, (4.47)
By virtue of Rolle’s theorem
8 (Qn—j+1) <n—j—3. (4.48)

It is clear that for any polynomial P(z) = Y_,_, axz”, the following identity holds true

4 (P(z)) = tr (m”P <1>) : (4.49)

x
So, by (4.42) we have
#,(PYUY)y<n—j—3. (4.50)
Applying Rolle’s theorem we can conclude that
£.(P) <n—4. (4.51)
Corollary 4 is proved. O
Proof of Proposition 7. Let
f(z) = (z +1)™(az? + bz + ¢)
be a polynomial with positive coefficients, such that the quadratic factor ax? + bz + c is irreducible. Firstly
we will prove that there exists an anti-derivative P of f with positive coefficients such that P(x) = (z +
1)+ (Az? + Bz + C), where the quadratic factor Az? + Bz + C is irreducible.

Let F be an anti-derivative of f such that F(0) = 0. Obviously, all coefficients of F' are positive. Define
the polynomial P as follows

P(z) = F(x) + C, where P(—1)=0.

So,
0
cz_ﬂ_n:/ﬁ+nmwﬂ+m+@ﬁ>o
]

Therefore,

P(z) = (x +1)™" (A2 + B2+ C) € R, [7],
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where by virtue of Rolle’s theorem the polynomial Az? 4+ Bz + C is irreducible, and P'(z) = f(z).
Now we can easily prove Proposition 7. Consider the polynomial

Pryo(z) = (¢ + 1)™(22 + B2 4 1) = gmt2 4 A2 mzl) (4.52)
+(m+2)2(m—1) M4+ (m+2)2(m—1) 372 + (m+23r(Lm—1)x +1.

Obviously, for the polynomial P, ;2 we have

2(m+2)(m —1)

Q1 = gm+1 = 3 .
m

Let us integrate the polynomial P, 4o from (4.52) (n —m — j — 1) times. We will use the statement in the
beginning of the proof to obtain the resulting polynomial with positive coefficients in the form

. ! )
Pojr1=(x+1)" 7Y A2? + Bz +C) = (m +2)! g It

(n—j+1)!
Ll R e
P +2)2(m_1) : (nmzlj+1)!:c”‘m‘j+1
it Ziim . (n— ;' T m(fj ST

Let us consider the polynomial P, ; ;(z) = " IR, i (2) = (x+ 1) (Ca? + Bz + A). We will
integrate the polynomial Pn_j_H (j — 1) times. We will use the statement in the beginning of the proof to
obtain the resulting polynomial with positive coefficients in the form

w _ n—27 7.2 B SN (m +2)! ) 0! 21
Py(z) = (x+1)""*(Az +Bx+C)—...+(n_j+1)! G-
(m+2)(m—1).(m+1)!.17!xj (m+2)(m—1) m! 2 it
T O I (==l G+ D)
(m+2)(m—1) 2! m! i1
et 2 e
+(m+2)(m— 1) 1! - (m+1)!xm+j
m (n—m-—j ! (m+j)!
0! (m+2)! S

+ ; : -
m—m—j—-1! (m+j+1)!
If we evaluate g; and g,4; for the polynomial P, we obtain

(m—1m+1) (n—j+1) (+1)
m? LT

q; =

and

(m—-—1)(m+1) (n—m—j+1) (m+j+1).

m? (n—m—j) (m +j)

qm+j =

Proposition 7 is proved. O



O. Katkova et al. / J. Math. Anal. Appl. 538 (2024) 128349 19

Proof of Proposition 11. Following Hutchinson’s idea, for a polynomial P(z) = >°;'_, axz® with positive
coeflicients, we can assume without loss of generality, that ag = a; = 1, since we can consider a polynomial
T(z) = ag ' P(apay 'z) instead of P. (We use the fact that such rescaling of P preserves the second quotients
a,(T) = qi(P) for all k.) For the sake of brevity, we further use notation g instead of gx(P). Thereafter,
we consider a polynomial

Yook
x
Q(z) = T(—x) —1—x+z “H (4.53)
=2 12 qlc 19k
instead of P (see (3.21) for the formulas for coefficients).
Suppose that x € (ai;17 a(:il) =(q1g2- .- ¢j—1,0192 - ...~ ¢j—1q;). Since g, > 1 for all k,1 <k <n—1,
it is easy to check that
x? 3 2l
1<z< =< 5= < < ==
q1 Q1Q2 41 9> R . |
and
) Jj+1 "
- > PP >
-1 j—2 1 T n-2
@B %1 90% 419 @ T —20n—1
We have

o 4 "qj—2
z it n PR
R > e Z e :2
4 92 .- Qj-1 192 .- Q5 k=j+ CIQ “qk—1

=: 51 () +g(x) + Xa(2).

We note that the terms in Xj(x) are alternating in sign and increasing in moduli, wherein the last
summand (for k = j—2) is positive, whence 31 (z) > 0. Analogously, the summands in Yo(x) are alternating
in sign and their moduli are decreasing, wherein the first summand (for k = j + 2) is positive, whence
Yo(x) > 0. Thus,

(-1)7Q(x) > g(z) for all x € (E, L) . (4.54)

aj  aj+1

So we obtain

(2) i1 T x?
9(x) = ——=—— -1+ — .
@G g NG Q-1 GG ol 1

Set xj =quqz - ¢j-1/G € (Q1q2 -+ ¢G—1, QG2+ -+~ Gj-1q5) = (agl , %) and obtain
it
g(x): i—2 j_3j '(71+\/q_j71)20
a 9 -0 gj-2

since, by our assumptions, g; > 4. Proposition 11 is proved. O
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For the sequence of real numbers (bg, b1, ...,by), let us denote by v(bg, b1, ..., b,) the number of sign
changes in this sequence (when counting the sign changes we omit zero terms).
An immediate consequence of Proposition 11 is the following statement.

Corollary 5. Let P(z) = Y }_,axz® € Ry[x] and suppose that qi,(P) > 1 for all k,1 <k <n — 1. Suppose
that there exists a sequence of indices 1 < ji < jo < jr < n —1 such that q;,(P) >4 for 1 < s < k. Then
the number of real roots of P counting multiplicities is not less than

4 ((71)()’ (71)j17 (71)j27 ) (71)%’ (71)71) .

Proof. To prove the statement, we apply Proposition 11, and for all s,1 < s < k, we find the sequence of
points z;, € (—-"% ,—%;) such that (—1)7 P(x;,) > 0. It remains to mention that, since g;(P) > 1 for
Js+1 Js

all k,1 <k <n—1, we have

whence we obtain

and

P(0) > 0, (~1) P(x;,) > 0. (~1) P(x,
(~1) P(z;,) > 0, (~1)"P(~00) >

]

e

Corollary 5 is proved. 0O
5. Related conjectures and some counterexamples

The following conjectures closely related to the topic under consideration were the original motivation
for our study. However in the process of working on this paper we were able to disprove two of them. For
the sake of completeness let us present them as well as our counterexamples.

Conjecture 1 (See Conjecture 8 of [9]). Let P(z) = Y_}_, arx® be a polynomial with positive coefficients,
and consider the related (weighted) tropical polynomial

ftrop(P) = max (log(ak) + kt + log (:)) .

The number of real zeros of P(x) does not exceed the number of points in the tropical variety defined by
ftrop(t), i.e., the number of corners of the piecewise-linear continuous function ftrop(t),t € R.

Conjecture 2 (See Conjecture 9 of [9]). Let P(z) = Y j_,arx® be a polynomial with positive coefficients.
Consider the differences

Cr, = (k + 1)&% — kak,lakﬂ,

where a_1 = an+1 = 0. Let 0 = ky < ky < --- < ky, = n be the sequence of all indices k; such that ¢, is
positive and let v(P) be the number of changes in the (binary) sequence {k; mod 2} .
The number of real zeros of P(x) does not exceed v(P).
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Conjecture 3 (See Conjecture 10 of [9]). Let P(x) = >, _, arz® be a polynomial with positive coefficients.
Consider the differences

CrL = ai —ag—1ap+1, k=0,1,....n
where a_1 = apny1 = 0. Let 0 = k1 < ko < -+ <k, = n be the sequence of all indices such that ck, is
non-negative, and let v(P) be the number of changes in the sequence {k; mod 2}".

The number of real zeros of P(x) does not exceed v(P).

Next we provide counterexamples to Conjectures 2 and 3. Consider the polynomial

19 89 83 19 9 3
_ 113 2 _ 15 14 13
@us(7) = (z+1) (360360x 720720" " 720720) 360360° 160160 < 1144"
1 b 14 1 4. 1, 3 ¢ 3. 11 4 3. 9 , 19 5 17 ,
Tt st TRt TR TRt Tt Tia® Tao” T T T ass”

+i+ 83
728 720720

Obviously, deg Q15(z) = 15 and its number of real roots in 13. One has

_ 8872 _ 99

Q10 — 802 — m < 1
_ 88112 __ 140

99 = 3z = 953 < |
_ 723256 _ 27

48 = Fimar = a8 < L.

Observe that in the sequence of indices 0 = ky < ky < --- < ky,, = n appearing in Conjecture 3 each k;
corresponds exactly to the case gy, > 1. Therefore among (ki, k2, ..., ky,) the values 8,9,10 are missing.
Thus the number of changes in the sequence {k; mod 2}, is less than or equal to 15 —4 = 11. But Q15(z)
has 13 real zeros which is a contradiction with Conjecture 3 in degree 15.

To obtain counterexamples in higher degrees let us introduce the sequence of primitives {Qn(x)}5 5
such that Q15(x) is given above and for n > 15 we set

Qulz) = / Qus (t)dt.

One easily checks that all coefficients of Q,(x) are positive and the multiplicity of the real root at —1
increases provided that the number of real roots of @, (x) equals (n — 2).
For the coefficients of the polynomial Q,,(x), we obtain

99 10-12 11-13 (n—1)-(n+1) 99 10 n+1 9

n=5= 700" "112 122 n? “100 11 100 "
140 9-11 10-12 (n—1)-(n+1) 140 9 n+1 14
=6~ 943" 702 112 n2 w3 10 n o "
27 810 9-11 (n—1)-(n+1) 27 8 n+l 6
GBS R R IR @ S®m s T T

Moreover, every ¢n_s,qn_6,qn_7 given above is strictly less than 1. By the same reason as above the
number of sign changes in {k; mod 2}, is less than or equal to n — 4 while the number of real roots of
Qn(x) is n — 2. Contradiction.

The same sequence {Q,(x)} provides counterexamples to Conjecture 2 for all sufficiently large n. Indeed,
we have that the additional factor kkﬁ tends to 1 for £ — oco. In particular, we get g,—5 < Z—:Z, Gn_g < =5

n—>57
Q-7 < Z—:g for all large n. The same argument as above provides the required counterexamples.
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6. Final remark and outlook

1. Our proofs of the main results are obtained by “brute force”. We are currently looking for their more
conceptual proofs and generalizations of the Newton inequalitites and the Hutchinson theorem.

2. Theorems 5 and 8 provide relevant inequalities on the sum of two g;’s. Such a domain will not transform
into a polytope under the logarithmic map. Maybe to obtain sharper results more sophisticate domains
should be used in the main Problem 1.

3. For the set of polynomials with positive coefficients and all real (negative) roots one can show that there
exist and unique minimal with respect to inclusion inscribed and circumscribed polytopes, see [5,8]. In
the paper [8] one can find connection of this topic with amoebas, resultants and multiplier sequences. It
seems that for the majority of domains formed by polynomials with the number of real roots exceeding or
below some given number of roots there is no uniqueness of inscribed and/or circumscribed polygons. This
question seems to be very important in this area of research and should be answered.
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