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ABSTRACT. In 1907, M. Petrovitch [20] initiated the study of a class of entire
functions all whose finite sections (i.e. truncations) are real-rooted polyno-
mials. He was motivated by previous studies [17] of E. Laguerre on uniform
limits of sequences of real-rooted polynomials and by an interesting result of
G. H. Hardy [10]. An explicit description of this class in terms of the coeffi-
cients of a series is impossible since it is determined by an infinite number of
discriminantal inequalities, one for each degree. However, interesting neces-
sary or sufficient conditions can be formulated. In particular, J. I. Hutchinson
[11] has shown that an entire function p(xz) = ap + a1z + ...+ anz™ + ... with
strictly positive coefficients has the property that all of its finite segments

) ) ) 2
a;xt + a1t 4+ ajx? have only real roots if and only if %ﬁm >4
11— T
for ¢ = 1,2,.... In the present paper, we give sharp lower bounds on the
2
ratios ———— (i = 1,2,...) for the class considered by M. Petrovitch. In
Aj—1a541

particular, we show that the limit of these minima when ¢ — oo equals the
inverse of the maximal positive value of the parameter for which the classi-
cal partial theta function belongs to the Laguerre-Pélya class £L — PI. We
also explain the relation between Newton’s and Hutchinson’s inequalities and
the logarithmic image of the set of all real-rooted polynomials with positive
coefficients.

1. INTRODUCTION

In what follows we will use the terms ‘real-rooted polynomial’ and ‘hyperbolic
polynomial’ as synonyms. Consider the space P,, of polynomials of the form p(z) =
14+ a1z +...4+a,z™ with real coefficients. A polynomial p(z) € P,, with all positive
coefficients is called section-hyperbolicif fori = 1, ..., n, its section 1+a;x+. . .4+a;z
is hyperbolic. Let A, C P, be the set of all section-hyperbolic polynomials of
degree n, and let A = |J,, A, be the set of all section-hyperbolic polynomials.
(Notice that by a result of E. Laguerre [17] a formal power series whose sections
belong to A is an entire function lying in the Laguerre-Pdlya class £ — PI. Recall
that an entire function is said to belong to the Laguerre-Pélya class £ — PI if it is
the local uniform limit in C of a sequence of polynomials with positive coefficients
and negative zeros, see e.g. Ch. 18 of [16]. Such functions can be presented in the
form ca™e” [[;_;(1 + z/xy), where ¢ > 0, m € NU {0}, 0 > 0, w € NU {0},
x> 0and Y 5, 1/x, < 00.)
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We will call an entire function with positive coefficients section-hyperbolic if all
its sections belong to A. The following question was posed to the second author
in April 2010 by Professors O. Katkova and A. Vishnyakova, who attributed it to
Professor 1. V. Ostrovskii (see [19], [27]).

Problem 1 (Hardy-Petrovitch-Hutchinson-Ostrovskii'). For a given positive inte-

ger i, find or estimate ,
m; = inf Giz
PEA G5 10441

Denote by Pol,, the space of all monic real polynomials of degree n, and by
¥n C Pol, the set of all such polynomials having all roots negative. Given a
polynomial p(z) = ag+ar1x+...+apz™ with a,, # 0, define its reciprocal polynomial
as P(z) = apz"+a12" 1 +...+a, = 2"p(1/x). Obviously, the map sending p to its
reciprocal P is a diffeomorphism between P,, and Pol,,. We say that a polynomial
P(x) = 2™ + a12™ ! + ... + a, is reciprocal section-hyperbolic if its sections x™ +
...+ a;z" " from the back are hyperbolic for i = 1,...,n. The reciprocal send
diffeomorphically the set A, C P, of all section-hyperbolic polynomials onto the
set of all reciprocal section-hyperbolic polynomials. By a slight abuse of notation,
we denote the latter set by A, C Pol, and will freely use both interpretations.
(In fact, the second interpretation can already be found in the original paper [20].)

Observe that the quantities % are preserved (up to a change of indices) by
taking the reciprocal.

Notice that since the natural projection 7; : A; 41 — A; ‘forgetting’ the leading
monomial is surjective, one has

2 2
m; = inf Y inf L.
PEA Q;—1G;+1  PEA41 Q10441
Thus to determine m;, it suffices to consider A;;1. Moreover, m; < 4 by Hutchin-
son’s theorem; see [11]. (Hutchinson’s theorem was rediscovered 70 years later in
[12].)

Petrovitch knew that m; =4, my = % = 3.375 and mg3 ~ 3.264 (see pp. 4243
of [20]). On p. 331 of [11], Hutchinson writes that the sequence {m;} should be
strictly decreasing to some unknown limit m., of which it is known that it should
exceed 2.

The next result was proved by O. Katkova and A. Visnyakova around 2006.

Theorem 1. The minima m; are greater than or equal to 3 fori=1,2,....

2
Remark 1. Hutchinson’s result implies that the quantities aaiiﬂ can attain ar-

i—1Q4
bitrarily large values on A,,, so it is their minimal values which are important. Also
notice that if one considers these quantities on the set 3, of all monic polynomials
with negative roots, then the famous Newton inequalities show that
2 . .
a; n—t+1)(z+1
" A R\ ()

2 ~ >1 (t=1,...,n—1).
;1011 (n—1)i ( )

1The order of the names is chronological in accordance with the years of their contributions
to the topic under consideration. According to our former advisor, the late Vladimir Igorevich
Arnold, the main reason why a mathematical concept is named after a certain mathematician
is that this particular person has never considered this particular concept. Although Arnold’s
statement seems rather extreme it turns out to be true in a surprisingly large number of cases.
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(See [18] and Proposition 7.) Moreover, the equality in (1) is attained exactly on
polynomials with all real and coinciding roots. In particular, for appropriate choices
of n and i, the quantity a?/a;_1a;11 can be arbitrarily close to 1.

1.1. Introductory results. Below we solve the Hardy-Petrovitch-Hutchinson-
Ostrovskii problem by presenting explicitly the entire function which simultaneously
realizes all the above m;. Namely, consider the following sequence of polynomials

P1 (:L') = 1 +x )
I2 1}2
pa(x) = pi(x)+ 5 = 1+ao+,
IB 1}2 ZES
ps(z) = pa(2)+ %5 = l+e+F+5,
69—11v/33)z* 2 z3 69—11+/33)z*
pa(z) = ps(x)+ ( 1385) = l+o+F +5+ : 1385) )

given by the inductive procedure:
Pn(T) = pn-1(x) + An2™,

where A,, is the maximal positive number such that p, (x) is hyperbolic. (The fact
that such A,, > 0 exists is not completely obvious and will be proven in Lemma 9.)
Set

o0

pale) = 14 3 407 = lin o).

n=2
where the limit is understood in the sense of formal power series. (This series
appears on p. 42 of [20]. One can show that po(z) is an entire function.)

The first result of this paper is as follows.

Theorem 2. For any positive integer i, one has

, a; A7
m; = inf =

)
peA a;_1ai41  Aj_1Aiq

where A; are the above coefficients. In other words, m; is attained at p;+1 € Aji1,
or, equivalently, the function poo(x) minimizes all m; simultaneously. Moreover,
(up to a scaling of the independent variable x), p;y1 is the unique polynomial in
A; 1 minimizing the quantity a?/a;_1a;11.

2
a;

By the above remark, one can also conclude that — e attains its minimum
10,

at the monic polynomial P;; € Pol;;; which is the reciprocal polynomial to p; 1.
We call the inequalities of the form
2
a’
(2) — >my,
Ai—1Qi+1
with m; defined above, Petrovitch’s inequalities, and the inequalities of the form
2
az
(3) 0>y
A —1Q541
Hutchinson’s inequalities; see footnote above. Using Theorem 1, one can show that
the m; are algebraic numbers and calculate them on a computer with arbitrary

precision. For example, the first 10 decimals of the first 18 m;’s are as follows:
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mi 4 mio | 3.2336374426
ma z myy | 3.2336368370
my | 2OHLLVED 1 3.9336367032

my 3.2403?(1)641 16 || ma3 | 3.2336366736
ms | 3.2351101647 || mq4 | 3.2336366671
meg | 3.2339623707 || m15 | 3.2336366656
my | 3.2337086596 || mie | 3.2336366653
mg | 3.2336525783 || mi7 | 3.2336366652
mg | 3.2336401824 || mig | 3.2336366652

Further calculations show that the next ten m; have the same first 10 decimals
as my7, they are monotonically decreasing, and every second time the next decimal
stabilizes. Our next result confirms this behavior.

Theorem 3. The sequence {m;};>1 is strictly monotone decreasing.

Recall that P; denotes the reciprocal polynomial for p; introduced above. (Since
the constant term of p; equals 1, P; is monic.) In Lemma 9 below, we show that
each P; has only simple negative roots except for a single double root which has the
minimal absolute value among the roots of P;. Since each root of p; is the inverse of
the corresponding root of P;, one gets that p; also has all roots simple and negative
except for a single double root which has the maximal absolute value among the
roots of p;. Denote by &; the unique double root of P;. For a positive integer i
define the scaled reciprocal polynomial P;(z) = Pi(—&x)/P;(0). The scaling of P; is
performed in such a way that its double root is placed at —1 and its constant term
equals 1.

1.2. Main result. From Theorems 1 and 3 we get that the sequence {m;} has
a limit, which we denote by ms,. The main result of this paper is the explicit
description of my, and the related entire function. To obtain this, we define the
formal power series ¥(q, u), which we, by a small abuse of notation, call the partial
theta function:

(4) U(gu) =Y ¢,
7=0

This function already appears on p. 330 of [11].

Remark 2. The standard partial theta function is usually defined by the series
O(q,u) = Z;’;O(—l)jq(g’)uj; see e.g. [1], [2], [24]. Tt is reasonable to refer both to
¥ and O as partial theta functions, since they satisfy the obvious relation

(5) U(q,u) = O(q, —qu),

which allows us to translate properties from one to the other. Several beautiful
identities satisfied by W(gq,u) were stated without proofs in Ramanujan’s “lost”
notebook. The latter was found by G. E. Andrews, who subsequently put signifi-
cant effort into proving these identities. New results about sums and products of
partial theta functions can be found in e.g. [4]. This function is also of interest in
statistical physics and combinatorics, see [25]; in Ramanujan type ¢-series, see [26];
in asymptotic analysis, see [5]; and in the theory of (mock) modular forms, see [6].
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An excellent recent survey can be found in Chapter 6 of the edited version of the
lost notebook; see [3].

In what follows, we always consider ¢ as a parameter and u as the main variable.
One can easily see that ¥(g,u) has a positive radius of convergence as a function
of w if and only if |¢| < 1. If |g| = 1, then ¥(q,u) has a radius of convergence
equal to 1; while for any ¢ with |¢| < 1 the function ¥(q,u) is entire. Moreover
for small positive ¢, the series (g, u), considered as a function of u belongs to
the Laguerre-Pélya class £ — PI, i.e. it has all roots negative; see e.g. [16], Ch.
8. (The well-known characterization of these functions was obtained almost one
hundred years ago in [22].) Notice that for ¥(g,u), the quotient

@) () =
Ai—10G5+1
The main result of our paper is as follows.

Theorem 4. The limit mo, = lim;_,o m; exists and coincides with 1/q, where
q > 0 is the mazimal positive number for which the series U(g,u) belongs to the
Laguerre-Pdélya class L — PI as a function of w. Moreover, the sequence {ﬁl} of
the scaled reciprocal polynomials (introduced after Theorem 8 above) converges to
U(q, —ux), where @ is the unique real double root of (g, u).

Notice that the constant 1/q ~ 3.2336 has earlier appeared in the papers [13]
and [14], where the authors studied functions closely related to the above partial
theta function; one of these in paper [13] is the function

ga(x) := Z g > 1.
k=0

Part 3 of Theorem 4 of [13] claims that g,(z) has only real zeros if and only if
a’? > 1/¢, and that all but some finite number of its sections are hyperbolic, if
and only if a® > 1/q¢. (Similar statements can be found in the recent preprint [9].)
Again, notice that there exists a simple relation between g, (z) and ©(g, u), namely

91/\/5(“) = —0(q, /qu).

Comparing the latter equation with (5) and using Part 3 of Theorem 4 of [13], we
conclude that the functions g1/, 5(u), ¥(g,u) and ©(q,u) belong to £ — PI exactly
on the same interval (0, ) of values of q. The approximate value of ¢ to 10 decimal
places is 0.3092493386; see Figure 1. We will later show that ¢ is a root of the
transcendental equation (12).

Theorem 2 of [14] claims the following.

Theorem 5. Let f(z) = Z;io ajz?, a; > 0 be an entire function and S, (z) =
> im0 aja’ be its sections. Suppose that there ewists a subsequence {n;}3>, C N
such that Sy, (x) is hyperbolic for j =1,2,.... If

2

n—=00 Up—10n41
m

zJ
exists, then for any positive integer m, Z — 15 section hyperbolic.

2 (o)
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FIGURE 1. ¥(q,u) in the intervals [—40,0] and [—150,0]. (The
value u of the negative double root of ¥(g, u) to 10 decimal places
is —7.5032559833.)

As a corollary of Theorem 5 one obtains that if for sufficiently large n all sections
14+ajz+---+a,z™ of f are hyperbolic hyperbolic and do.(f) exists, then do (f) >
1/q.

1.3. Further directions and miscellanea. Notice that ¥(g, z) belongs to £ — PI
if and only if ¢ € (0, q] where ¢ is the constant appearing in Theorem 4, see Theorem
4 of [13].

Definition. We call the set & of all ¢* € C, |¢*| < 1 such that the partial theta
function ¥(¢*,u) (as a function of u) has a double root the spectrum of ¥(q,u).

The following additional statement is proven in the forthcoming paper [15].

Theorem 6. The spectrum & contains infinitely many positive values 0 < q =
G1 < do < -+ < gy < --- <1, i.e there exists an infinite sequence {{;}i>1 of
numbers in (0,1) such that for each positive integer i the function ¥(§;,u) has a
negative double root in the variable u.

Interesting numerical information about the positive part of & was recently
obtained by two talented high school students A. Broms and I. Nilsson together with
a Ph.D. student of the second author P. Alexandersson. Namely, they calculated
the first 40 values of §; presented below to 10 decimal places.

g1 | 0.3092493386 || g11 | 0.8723052796 || Go1 | 0.9296892842 || g31 | 0.9514695286
g2 | 0.5169593598 || g1z | 0.8819492604 || g2 | 0.9327105022 || g3z | 0.9529270933
Gs | 0.6306283161 || g13 | 0.8902367613 || Gosg | 0.9354824750 || ¢33 | 0.9542995777
Ga | 0.7012650701 || 14 | 0.8974353356 | Gog | 0.9380348437 || 34 | 0.9555942239
Gs | 0.7492689316 || g15 | 0.9037465007 || Gos | 0.9403927267 || G35 | 0.9568174745
Ge | 0.7839844578 || g1 | 0.9093249273 || Gag | 0.9425775510 || 36 | 0.9579750799
g7 | 0.8102506509 || ¢17 | 0.9142913049 || g27 | 0.9446077062 || g37 | 0.9590721890
gs | 0.8308155811 || g1s | 0.9187411894 || Gog | 0.9464990647 || g3s | 0.9601134256
Go | 0.8473534437 || q1g | 0.9227512224 || Gag | 0.9482653982 || G39 | 0.9611029540
G1o | 0.8609417724 || G20 | 0.9263835914 || ¢3o | 0.9499187138 || Gao | 0.9620445345
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FIGURE 2. The first 40 values of ﬁ

The plot of the values of 1/(1 — §;) against the number i as given in Fig. 2

suggests that
1

©0.6388i + 0.8022°

G~ 1

Problem 2. What is the asymptotics of the sequence {§;} when i — oo ?
Let us also mention the following question posed by Professor A. Sokal.
Problem 3. Is it true that & is empty within the open disk |¢| < ¢ ?

Finally let us mention a technical result of independent interest very much in the
spirit of the modern study of amoebas of complex hypersurfaces, and, in particular,
of discrimininants, see e.g. [8]. Denote by LY, C R™ (respectively LA, C R")
the image of ¥,, C Pol,, (respectively of A,, C Pol,) under taking coefficientwise
logarithms.

Proposition 7. (i) The polyhedral cone described by Hutchinson’s inequalities (3)
(coinciding with the logarithmic image of the set of two-sided section-hyperbolic
polynomials) is the mazimal polyhedral cone contained in LA,,. The same cone is
the maximal polyhedral cone contained in LY,.

(ii) The minimal polyhedral cone containing LAy is given by Petrovitch’s inequal-
ities (2) while the minimal polyhedral cone containing LY., is given by Newton’s
inequalities (1); see Remark 1.

Notice that Hutchinson’s cone is, on the other hand, the recession cone of the
logarithmic image of the set of sign-invariant hyperbolic polynomials; see [21]. A
fact similar to Proposition 7 is proven in Theorem F of [14].

Acknowledments. The authors want to thank Professors O. Katkova and A. Vish-
nyakova of Kharkov National University for the formulation of the problem and their
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proof of Theorem 1, which they kindly allowed us to include in the present paper.
They also gave us important hints and contributed to the proof of Lemma 18.
We are sincerely grateful to Professors A. Eremenko and A. Sokal and, espe-
cially, Professor G. E. Andrews for valuable information about partial theta func-
tions. The second author wants to acknowledge the hospitality of Laboratoire de
Mathématiques, Université de Nice during his visit in April-May 2011, when this
project was carried out. Finally, we thank our anonymous referees for their useful
remarks which allowed us to considerably improve the quality of exposition.

2. PROVING THEOREMS 1 - 3
We start with Theorem 1.
Proof. Take some polynomial r,(z) = ag+a1z+. ..+ a,z" belonging to P,, and set

ri(@) =ao+az+...+a;z" (i=2,3,...,n). By our assumption, the polynomials
r;(x) are hyperbolic for all i. Set
dizt o Gy

Vi = ) (S’L = = .
a; Vi1 Qi-20G4

Let us fix an arbitrary i = 3,4, ...,n. Denote by 0 > xii) > xéi) > .2 :vz(-i) the

zeros of r;(x) and by N;(X®) their Newton power sum 3 _ (27)7. Using the
Cauchy inequality with \:cy) |1/2 ;Z) |3/2

and |z we get

N(XP)N3(X D) > (Ny(X D)% .
From the standard identities for (elementary) symmetric functions, we get

Ni(XD) = —;
No(XD) = iy = 29i-1)
N3(X®) = —5;(v2 = 3vivi—1 + 3vic17%i—2) -

Substituting these identities in the above inequality and dividing by v2~;_1, we
obtain

Yi —4vi-1+37%i—2 = 0.
Dividing the latter inequality by ;2 and using ¢;’s, we get the following inequality:

(6) 52-61-,1 — 4(57;71 + 3 Z 0

Since i = 3,4, ...,n is an arbitrary index, we get from (6) the following system of
inequalities:

(7) 515171—4(51714‘320 (z:3,4,,n)

Since r9(x) is hyperbolic, we have d; > 4. Suppose that the statement of the
theorem is not true, and denote by j the smallest index such that §; < 3, so that
dj—1>3and 0; <3 (j=3,4,...,n). We rewrite (7) for i = j in the form

(0; —4)6;-1+3>0.
Since 0; —4 < 0, and 6; < J;—1, the above inequality implies that
(6; —4)6; +3 > 0;
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whence §; € (—o0,1) (3, 4+00). By our assumption, r;(z) is a hyperbolic polyno-
mial; thus ; € (—o0,1) is impossible. We conclude that ¢; > 3. O

To prove Theorem 2, we need some preliminaries. Observe that rescaling of
the independent variable x by an arbitrary positive constant acts on all spaces
of polynomials we introduced above, preserving the quantities a?/a,_1a,. This
action allows us to normalize a; = 1 in Pol,,, and analogously a; = 1 in P, and
therefore to reduce the number of parameters by one. Define P! as the space of
polynomials of the form p(z) = 1+ 2 + asz? + ... + a,2", and POI; as the space
of polynomials of the form P(z) = 2™ + 2"~ ! + az" 2 + ... + a,. Notice that
taking the reciprocal sends P} onto Pol}l and that our main polynomials p; belong
to P}, while their reciprocal polynomials P; belong to Polil. From now on, instead
of working in A,, C Pol,,, we will work in Al C Pol}l which is the restriction of A,
to Pol}L. The above group action carries our proofs from one space to the other.

Define the standard embedding

emy , : Pol} — Pol}” ji<n

(respectively Pol; — Pol,,), given by multiplication of a monic polynomial of degree
j < n by 2"77. Obviously, the image emjm(Pol}) C Pol}l coincides with the
coordinate subspace of all monic polynomials having all coefficients of degree less
than n — j vanishing. Denote by D; C Pol} the standard discriminant consisting
of all monic polynomials of degree j having at least one real root of multiplicity
at least 2. Embedding D; into Pol}, using em;,, let us define the discriminant
D;., C Pol}, by taking the trivial (n — j)-dimensional cylinder over em; ,(D;) along
all coefficients of degree less than (n — j). Define AL C Pol} and B! c Pol} as the
restrictions of A,, and X, to Polrll. Finally, consider the closure Z,ll C Pol}l of the
set AL C Poll.

Lemma 8. (i) The set Z,ll has a natural stratification of an (n — 1)-dimensional
simplex with vertices P, = a"+a" "1, Py = a"+a" 14a""2/4, P3, ..., P,. Distinct
(n—2)-dimensional (boundary) faces oniL belong to distinct D;, j =0,1,2,...,n;
see Figure 3.

(ii) The natural projection m, ‘forgetting’ the constant term sends Z,ll onto Z;_l.

(iil) Any polynomial in Z,ll can be connected to P, by a smooth path along which
all coefficients are non-decreasing.

Remark 3. The original set A,, (respectively A,) is the cylinder over Al (respec-
tively A,,) obtained by the group action of rescaling of x by positive constants.

Proof of Lemma 8. The first two statements are rather obvious and proved by in-
duction. The inductive step of statement (i) looks like this: denote by F' C Z:L—1
a face of maximal dimension such that the hyperbolic polynomials defined by its
points have all roots distinct. For P € F, the values of ¢ > 0 for which the poly-
nomial P + c¢ is hyperbolic is a segment or a point. Thus F gives rise to a face

F* C Z:L which is a one-dimensional cylinder over F'. Distinct faces F' of Z:l—1

o -~ —~1 S -1 . —1
give rise to distinct faces F* of A,,. The interior AL _; of A,,_; is a face Fy of A,,.
. -1 . . . . .
There is exactly one face Fy of A, which is not created in this way. It is a graph
of a continuous function defined in Al ;. Hence F,y and F; are distinct from all

other (n — 2)-dimensional faces of Z:L (and do not coincide with each other).
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FIGURE 3. Domains ¥} and A} for the family 2%+ +az+b. (X}
is the larger curvilinear triangle containing the smaller curvilinear
triangle Al.)

To prove (ii) just observe that the projection m, sends each of the three sets AL,
Fy and Fy onto AL _,. It also sends F* to F for the rest of the (n — 2)-dimensional
faces of Z}z.

Z}L_l is naturally embedded in the hyperplane a,, = 0 of Pol}, using the mul-
tiplication of polynomials of degree n — 1 by z. Then Z,ll is fibered over the im-
age of Ziﬂ in Pol! along the constant term. To prove (iii) we show that the
face D,, of the boundary of Z:L can be expressed as a,, = a,(ag,...,a,—1), where
(ag,...,an—1) € Z:L—].' Moreover, one has da,/da; > 0 for i =2,...,n — 1 in the
whole open set AL_,. Indeed, denote by x; < 0 the roots of P(z). The double
root is denoted by x,_1 = x,. Since a; > 0 for ¢ = 1,...,n it will be convenient

to consider them as elementary symmetric functions in the positive quantities —x;.
One has

da, = dan/O(—x;)
aai o ;

The quantities a,, da,/d(—z;) and da;/0(—x;) are given by homogeneous poly-
nomials with positive coefficients in all —x;. This fact implies that the directional
derivative of the function a,, is non-negative along any vector in Al ; with all
non-negative coordinates. Using this statement together with induction on n, we
get that any polynomial in Al can be connected to P, by a smooth path with
non-decreasing coordinates. (|

Remark 4. In Lemma 9 below, we will prove that each polynomial in Al has
either simple negative roots or at most one double root (in which case it belongs
to D,,), which is the rightmost among all roots of the considered polynomial.

Proof of Theorem 2. Given some reciprocal section-hyperbolic polynomial P(x) =
2"+t 4axz?+. . .+a, of degree n > 4 consider the function 6, := a2 _; /a,_2a.,.
We want to show that m,,_; = minA}I 0y, is attained at P, (x), which is the reciprocal
polynomial to p, (z) defined in the Introduction. For fixed as, ..., an_1, the function
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0, is minimal when a,, is maximal, in which case the polynomial P(z) belongs to
D,,. Thus, we can restrict our consideration to Al > P(z) € D,. Since each
P(z) can be connected to P,(z) by a smooth path along which each coefficient is

non-decreasing it is enough to show that for i = 2,...,n — 1 the partial derivative
09,,/0a; is negative when 4, is restricted to D,,.
Recall that a,—1 = (=1)""te,_1(z1,...,2,) and a, = (=1)"en(x1,...,20),

where z; are the zeros of P and e; is the ith elementary symmetric polynomial.
There are three different cases to consider: (1) i <n —2; (2) i = n — 2 and (3)
i =mn—1. For « <n — 2 one has

96, 00y Oay, a?_ | Oday,

Oa;  Oa, Oa; an—2a2 Oa;

Since all a; > 0 and Oa,/da; > 0 on D, by Lemma 8, case (1) is settled. Analo-
gously, we have
00p o Gp A+ an_2(0a,/0a, )
a5 "t (an—2an)?
Again since all a; > 0 and 9a,,/0a,—2 > 0 on D, case (2) is settled.
Finally, one has

8671 _ 2anfl _ aifl(aa"ﬂ/aa’nfl) o an71(2an - anfl(aan/aanflw

- - b
Oan_1  Qn_20y an—202 (an—2a2)
where
n—1
. Oan, " Z Oan, /aa,H
n—1 = Un-1 .
80%71 im1 8(—:51) 8(—@)

For i # n—1one has a,,_1 = f;—x;g;, where f; and g; are homogeneous polynomials
in the positive variables —xy, k # i, having all their coefficients positive. Therefore
for i #n — 1 one has

0a,_1 da,, Oty —o Oda,,
8) an—1 > —Tigi = —x; d  an- —T; :
®) o> g = g aagrts [ o g
Fori=n—1one has a,,—1 = —x,—1v + x%flw and
0tn—1 2
n— = —dn-— 2x;, _qw.
x 18(_9%71) Tp_1U + 22, _jw

Here v and w are homogeneous polynomials with positive coefficients in —z;, j #
n — 1. (Their explicit formulas are unnecessary for our purposes.) Therefore, one
has
Tn—1 aan—l
an—1 > ————FF————~-
n—1 2 8(_1:”71)

Thus

Oan 1! Oan

n
20y, — <2, +=5 <n(2—7)§0.
n = nag = <2 +2;m8(—xi) ¢ 2
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For the homogeneous polynomial a,, of degree n we used Euler’s identity:

By the above argument, any directional derivative 94, /94 is non-positive if @ is
an arbitrary vector in A}_; with all non-negative coordinates. Moreover since any
polynomial P € Al can be connected with P,, by a smooth path with nondecreasing
(and on some subintervals strictly increasing) coordinates, the value of ,, at P, is
strictly smaller than at any other such P # P,. In the bigger set A, this means
that only polynomials obtained from P, by scaling of the variable x can have the
same value of §,, = m,,_1 as P, has. The result follows. [l

Now we settle Theorem 3 by induction.

Proof. The base of induction is 4 = my > my = %. Assume now that the statement
is proved for m;_q; we want to show that m; 1 > m;. By Theorem 2, m;_;
is attained as the quotient a?_l /a;—2a; at the polynomial P; which is a monic
polynomial of degree i. Moreover, up to scaling of z, P; is the unique polynomial
in Pol;, where this minimum is attained.

Set Pi(r) = > vjzd, v; = 1. The quotient vi/v27y coincides with m;_j.
Given a polynomial R, denote by R the result of the k-th truncation of R from
the back, i.e. the polynomial obtained by removing all terms of R of degree smaller
than k.

Consider a perturbation R(x) := P;(x) + eQ(z), where € > 0 and @ is a monic
polynomial of degree i+1. We choose @ such that for k = 0, ...,i—2, the truncation
Q¥ has a root at the unique negative double root of JALN (Notice that P; (i=1] has
a single negative real root, which we do not have to worry about.)

Setting @ := z"*! + Z;:g ajxj, one can easily see that the latter condition
yields a triangular linear system for the undetermined coefficients ;. Hence it has
a unique real solution, which we denote by Q*.

For & > 0 small enough, all coefficients of the polynomial R*(z) = P;(z)+eQ*(x)
are positive. All roots of all polynomials R* [k], k=0,...,7— 1, are distinct and
negative. Moreover, for the perturbation R* the quantity

(71 +ea1)?/(v2 + eaz) (vo + ca)

tends to m;_1 as € — 0. Therefore m; < m;_1. To prove that the latter inequality
is strict we argue as follows.

The quantity 77 /9270 does not change when one performs a linear change of
the variable z. Perform such a change, after which the polynomial R* (up to a
constant factor) becomes x*T! + z* + .... The linear change and the subsequent
multiplication by a positive number increase the coefficient of 2! and decrease
the coefficients of 2! for [ < 4. The latter tend to 0 as € — 0.

Now consider P; 1. The foregoing means that one can find § > 0 and a sequence
Z of reciprocal section-hyperbolic polynomials of degree i+ 1 remaining outside the
ball Bs centered at P;1; and of radius §, for which the quantity 7% /9270 tends to
m;. Indeed, all coeflicients of P;;1 are positive, while some of the coeflicients of
polynomials belonging to {Z} tend to 0.
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One knows that (up to a scaling) the minimal value of the quantity 7% /v270
in Pol;y; is attained only at P;y;. Therefore there exists n > 0 such that for all
reciprocal section-hyperbolic polynomials from dBs the quantity v2/y270 exceeds
m; + 1.

On the other hand, similarly to what we did while proving part (iii) of Lemma 8,
one can define a procedure of continuously changing a polynomial Z into the poly-
nomial P;; so that the quantity v3 /270 strictly decreases. The continuous defor-
mation intersects Bs. Hence Bs contains section-hyperbolic polynomials of degree
i+1 whose quantity 72 /v20 is both greater than m;+n and less than some number
arbitrarily close to m;_1. Hence m; < m;_1. O

In Lemma 8, we proved that Al is a curvilinear (n—1)-dimensional simplex with
vertices Py = o™ + 2" Py = a" +a" 1 + 2" 2/4, P;, ..., P,. Next we present a
corollary of Theorem 3 and Lemma 8 describing the behavior of §,, = a%_l [Gn—2an,
on n— 1 edges of this simplex connecting the (most important) new vertex P,, with
already existing vertices P, ..., P,_1.

Corollary 1. Fori=1,...,n — 2, the restriction of 6, = a>_,/a,_2a, onto the
edge e; n, of AL connecting P; to P, is monotone decreasing from the value my,_;_1
to my_1. On the remaining edge e€,_1,y, the function 6, decreases from 400 to
Mp—1-

Notice that formally §,, is undefined at P, ..., P,_1, so the claim
6n(Pz) = Mp—i—1

in Corollary 1 should be understood as a limit.

3. PROVING THEOREM 4

We now proceed with Theorem 4, whose proof requires a number of intermediate
steps. Its main claim is that the sequence {E} of the scaled reciprocal polynomials
converges to ¥(q, —ux).

For technical reasons it will be convenient, in parallel with the sequence {P;},
to work with the sequence {S;} of polynomials given by

S; = x P,

(hence deg S; =i+ 1). In order to prove Theorem 4 we have to study in detail the
behavior of the roots and the critical points in the sequences { P;} and {S;} as well
as of their scaled versions.

We will first prove that each P; has all its zeros negative. Moreover, exactly one
of these roots, &;, the rightmost one, is a double root the rest being simple. This
circumstance implies that, for ¢ > 3, the point &; is the rightmost critical point of
S;_1, and it is a local minimum. Moreover, the critical values of S;_; at all other
local minima are smaller than S;_1(&;), i.e. the absolute values of all other local
minima are larger than the one at &;; see Lemma 9 below.

This will imply the recurrence:

(9) A, = —51;1(&'), PZ(.Z') = Si,1($) + A;, and Sl(,T) = $(5i71($> + Al)

Formula (9) is well-defined if ¢ := deg P; > 2. In the exceptional case deg P; = 2
we set Sy = x.57.
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Lemma 9. The following holds:

(1) The polynomials P; have all roots negative.

(2) Ezactly one of these roots (namely, the one at &;) is a double root and the
rest are simple.

(3) For i > 3 the point &; is the rightmost critical point of S;—1; it is a local
minimum; the critical values of S;_1 at all other local minima are smaller
than S;—1(&;), i.e. the absolute values of all other local minima are larger
than the one at &;.

(4) Fori > 5 the critical values of S;_1 at its mazima form a strictly decreasing
sequence and the critical values at its minima form a strictly increasing
sequence when the critical points are listed in the increasing order.

Proof. Recall that polynomials p, ps, ps and ps are listed in the Introduction
and one can check that the current Lemma holds for ¢ = 1, 2, 3 and 4 directly.
Additionally, item (1) follows from the definition of the polynomials p;, i > 1 and
the fact that P; is the reciprocal of p;.

We will use induction. Suppose that Lemma 9 holds for ¢ — 1 (i > 5). When
obtaining S; from S;_1 (resp. P; from P;_1) using (9), one first subtracts S;_1(&).
This operation preserves the order of the critical values at the local minima (resp.
maxima) when the critical points are listed in the increasing order. The rightmost
minimum becomes a double zero of P;. All other roots of P; are simple and smaller
than this zero. This follows from part (3) of the present lemma which holds for
Si—1. Hence parts (1) and (2) of the lemma hold for P,.

Then in order to get S; one multiplies P; := S;_1(x) — S;—1(&) by z. If P; has
a maximum (minimum) between its zeros u < v, then S; = zP; has a minimum
(maximum) on (u,v).

Consider four consecutive zeros u < v < w < h of P;. Denote by pu; and us
(resp. M; and Ms) the critical values of S;_1(x) — S;—1(&;) (resp. S;) on (u,v)
and (w, h) respectively. Then |u1| > |p2| and |M1| > |p1l|v], | Ma| < |pzl||w|, hence
‘M1| > |M2|

Recall that P;(§—1) = Pi(0) (because S;—1(§—1) = Si—1(0) = 0). Consider
the minimum of S; at &1 € (&,0). Denote by p’ the value of S; at the second
minimum from the right, i.e. the next to the left w.r.t. &;+1. The corresponding
critical point is < &_1. Indeed, (zP;)’|z=¢, , = P;(§—1) > 0. Thus

'] > &1l Pi(&i-1)] > |&il| Pi(&i-1)]  and

1Si(&i+1)| < &1 |[Pi(0)] = ||| P (&—1)| < 1] -
The next to last inequality follows from the fact that P;_; is monotone increasing
on (&;,0). Hence items (3) and (4) of Lemma 9 hold for S;. O

Our further plan is as follows. Lemmas 10, 11, 12 and 13 summarize additional
properties of the polynomials S;. Lemmas 10 and 13 give upper and lower bounds
for the ratio &;4+1/&. Lemma 11 gives an estimation of how fast the quantities
—S5;_1(&) decrease; this estimate is then used in the proof of Lemma 12. The
latter states that for ¢ fixed the sequence S;(&,) is sign alternating.

Lemma 10. The ratio £;+1/&; is less than or equal to 1/3 for i > 2. Moreover,
the equality takes place only for i = 2.
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Proof. Recall that degS; =i+ 1 and P; := S;_1(x) — S;—1(&). The quantity &1
satisfies the equation &1 P/ (&§i+1) + P;(§i+1) = 0. Changing the variable x to —&;x

we can w.l.o.g. assume that £, = —1. Hence
1 P 2 =2
(10) _ — 1,(€+1) _ _’_27 7
Eir1 PilGiv)  Gntl & —ay

where a; are the roots of P; smaller than —1 (enumerated in the increasing order).
The equation
1 2

11 - -

(1D Civ1 & +1
has the unique solution &; 1 = —1/3. One can easily check that —1/3 is the solution
of (10) only for ¢ = 2 in which case (up to rescaling of )

Pi=(x+2), Si=x(x+2), Sy=zx(z+1)>%

For larger i the presence of the additional summand 23;21 1/(&i41—¢y) in the right-
hand side implies that the graphs of the Lh.s. and the r.h.s. of (10) intersect each
other closer to the origin than —1/3. Indeed, the function —1/&;,1 is increasing on
(—1,0) while the functions 2/(&;+1+1) and 22;21 1/(&4+1—«;) are decreasing there.
Each of these functions takes positive values on (—1,0). The functions —1/&; 41 and
2/(&+1+ 1) tend to 400 when their arguments tend to 0 and —1 respectively. O

Recall that A; = —S;_1(&;), i.e. A; is the absolute value of the largest minimum
of Si—l-

Lemma 11. The inequality A; < Ay, (4]€,,])' =™ /30— U=m+5)/2 holds for | > m >
1.

Proof. By Taylor’s formula applied at &, we get
Sm—1(z) = Sm-1(&m) = (z — fm)2b(tz)7

where z € (£,,,,0], tz € (&n,2) and b= S/, /2. Hence S,,(z) = z(x — &,)%b(t.).

The function b is non-decreasing on [£,,, 0] and for m > 2 it is strictly increasing.
Indeed, b(t) is the second derivative of the hyperbolic polynomial S,,_; having all
its nonzero roots smaller than &,,. Therefore, b(&,,) > 0.

For m > 2 the quantity ¢, is an increasing function of x. Indeed, consider the
functions F := (z — &,,)2b(t;) and G := (z — &,,)*b(ty, ). For 0 > xy > 21 > &, we
get F(x1) = G(z1) and F(z2) > G(x2). Therefore b(t,,) > b(ty,) hence t,, > t,,.

Consider the quantity |Sy,(z)] = |z(x — &n)?b(t,)]. Its maximum on [, 0]
equals A;11 = |Sm(Emi1)|. Set R(z) := |z(z — &,)?]. Hence

_p(&m_ 4 3
zem[gng]R(x)R(g S

On the other hand,
Amir = 1Sm(Emin)l = RlEmiblle,.n) < (%) blto)

= £l&nle2b(to) = o|ém|Am -
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This is the required inequality for [ = m + 1. To obtain it for [ = m + 2 recall that
|€m+1] < |&m]/3, by Lemma 10. Hence

4 1[4\
A, — i1l Amar < = (=) 2 A, .
+2 < 27|§ +1[Amy1 < 3 (27> &m
Suppose that A; < A, (4|&,[1=™)/30=m)=m+5)/2 Then |&] < |£,,|/3"™ and

At < HGIA S F Al 3]} 302

= Al /30-mD-mre)/2
which proves Lemma 11 by induction on . O
Lemma 12. The sign of S;(&) equals (—1)1=™ for 2 <m <1 —1.
Proof. By definition Sp,4+1(z) = 2(Sm(z) + Am41). Hence for I > m

l
Si(z) = 2'=™8,, () + Z A=t

j=m+1

As S5, (&) =0, we get Si(€n) = Z;:m_H A;€EL-I+L The signs of the terms in this
sum alternate (because &,, < 0 and A; > 0). By Lemma 11 their absolute values
decrease rapidly, and the sign of A, 1£,-™ defines the sign of S;(&,,). Indeed,

compare this term with the quantity

! 4j—m—1

l l

,_ el—j+1 Jel—j+1 -

B = Z Ajgmj < Z AJ|£m] | < Aerl‘gmm' Z 3(j7m71)(j7m+4)/2 .
j=m+2 j=m+2 j=m+2

The sum in the right-hand side is bounded from above by Y07 4¥/3% = 4/23.

Thus

4 19
B< —A L=m > A Lom
=93 m+1|§m | 3 |Sl(§m)| =93 ’m+1|£m ‘

implying sgn S;(&,,) = sgn £ = (—1)I=™, [
Lemma 13. &;1/&; > 0.2864887043 for i > 1.

Proof. The claim can be checked directly for i = 2,3 (see polynomials pi, pa, p3, P4
in the Introduction). Assume that ¢ > 4 and use the same notation as in the proof
of Lemma 10. The right-hand side of equation (10) is bounded from above by
2/(&ig1 + 1)+ 23;21 1/(&+1 + 37) on the interval (—1,0). Indeed, by Lemma 12,
we get a; € (&,&;+1). To bound from above the r.h.s. of (10) one can first replace
1/(&i+1 — @) by 1/(§i+1 — &) As & < &1 <0, one has 1/(&41 —&;) > 0.

Recall that —1 < &1 < 0. Additionally, |£;| > 3°77|¢;| = 3'77 by Lemma 10.
Hence 1/(&41 — &) < 1/(377 — 1) and

ST
= Siv1 — & = 3i=i -1 = 3 -1

Since 37 — 1 > 2(37~! — 1) for j > 2 we get
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> ! > 1 1 1 11
Z?)j :Z3J—1+Z3ﬂ +8+%+%+ﬁ 16’
7j=1 j=1 j=5

where
i Lo 1 =1 1
37— 35 -1 2 121°
j=5 j=0
Therefore &1 will be bounded from above by the solution of the equation
1 2 11

B T — + -

&v1 &y +1 16
which belongs to (—1,0). The latter equals —0.2864887043... implying that
Ei1/E > 0.2864887043. -

Remark 5. Lemmas 10 and 13 imply

0.2864887043 < 55—“ < %

The above upper and lower bounds for &;11/&; are quite close to one another and

imply that the quantities |¢;| decrease approximately as a geometric progression
with a common ratio belonging to the interval [0.2864887043,1/3].

Set

1 2 N
q) = - = e ——
(z) r x+1’ v(r) ; 1—ritl
The next result is central in the proof of Theorem 4.

Theorem 14. (i) The limit A = lim;_, o &§41/&; exists;
(ii) A is the unique solution of the equation

(12) (—A) =(N),
belonging to (0,1).
Proof. Set ly := 0.2864887043 ... and rg = 1/3. Lemmas 10 and 13 imply that if

A exists, then it belongs to Iy := [ly,70]. As in the proof of Lemma 10 rescale the
variable x to obtain &; = —1.
We construct a sequence of closed intervals Iy, := [l,7x], where I < lp4q <

k41 < 7k, such that for each k fixed the interval Ij; contains all accumulation
points of the sequence {¢;}.
Consider equation (10) and set

U Z §z+1 - O[]

One can view ;1 as a variable and ayq, ..., a;_o as parameters. Lemma 12 implies
the inclusion o € (§;,&;41) for j > 1, where o are the roots of P; in the increasing
order. We can decrease the value of U for every &1 € (—1,0) fixed by assuming
that for j =1, ..., 7 — 2 one has o; = ¢;, and then by requiring &; to be as small
as possible. The last condition means that &,,4+1/&n =loform=1,...,i—2.
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Set Z(c) := 22;21 1/(&i+1 + ¢7). Equation (10), when modified as above, looks

like this:

1 2

(13) §it1 Gt 1
where Y = Z(1/ly). For each i fixed the solution &, | to the last equation is > —1/3
(by a reasoning analogous to the proof of Lemma 10). The solutions & ; increase
with ¢ because more and more terms are added to Z(1/ly) when i increases. Denote
by —ry the limit of these solutions as i — oo. We get 71 < 19 = 1/3 (the equality
r1 = 7o is impossible because the sequence {£;,,} is increasing).

It is clear that if the limit A\ exists, then it must belong to the interval [lg, r1].
Moreover, all accumulation points of the sequence of solutions to the original equa-
tion (10) belong to [lp,r1] when ¢ — oco.

Analogously, the value of U increases on (—1,0) if one sets a; = &1 (j > 1)
and requires &1 to be the maximal possible. In this case &mni1/&m = 7 for
m=1,...,i—2 and the modified equation (10) is equation (13) with Y = Z(1/ry).

Hence for each i fixed the solution to (the modified as above) equation (10) will
be smaller than —Iy because —ly was obtained when the ratios &,,+1/&,, were equal
to rg > r1. Denote by —I; the limit of these solutions as i — oo. We get that
l1 > lp (we do not need to prove that actually I; > ly). Thus iy <13 <r; <rg.

The construction of all further quantities I and 7 follows a similar pattern.
Namely, consider for £ > 0 the interval Ij(¢) := [l — €, + €]. Suppose that for
i > ip(e) the solutions to equation (10) belong to the interval Iy (). (This is true
for k = 0 and 1.) Hence all accumulation points of the sequence of solutions to
equation (10) belong to the interval Jyy1(g) := [lg+1(€), rk+1(g)], where ri11(e)
(resp. lg+1(g)) is the limit as i — oo of the solutions to equation (13) with ¥ =
Z(1/(lx —¢)) (resp. with Y = Z(1/(r, — €))).

Set Iy := lime_o Jrt1(e). Hence the accumulation points mentioned above
belong to the interval Ix11. One has Iy < 11 < rpq1 < rg (this is shown in the
same way as for k = 0 above).

Let us show that when k — oo the lengths of the intervals I tend to 0 as fast as
a geometric progression with a common ratio less than 1. Therefore their common
intersection is a single point. In other words, there is only one accumulation point
of the sequence of solutions to the initial equation (10) as ¢ — oco.

To do this present equation (10) in the form ®(z) = U(x) and let ¢ — co. The
limits as ¢ — oo of the modified equations (10) are the ones of equation (13) with
respectively Y = Z(1/r) and Y = Z(1/ly), i.e.

+Y,

(14) ®(z) = p(r,z) and P(z) = (I, z),
where
Py— = 1
p(r,z) = ; W

The left (respectively right) equation in (14) has —lx41 (respectively —ry11) as its
solution on (0,1). The series ¢ converges uniformly on [ly, 9] X [—1,0].

Each of the functions ¢(rg, x) and ¢(lg, x) is decreasing on (0,1). The inequality
o(rg, ) > o(lk, z) holds for each fixed = € (0,1). Therefore the intersection points
of the graph of ®(x) with that of ¢(rg,x) and ¢(lg,x) belong to the rectangle

(=7, —=lk) ¥ [k, =lk), (ks —7k)]-
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For z € [~rg,—lp] one has 1/2? > 9 and 2/(z + 1)® > 3, hence |®'(z)| > 12.
Therefore

1
71 = lea] < S le(re, =7x) = o, —l)] -
To simplify the notation we write r instead of r and [ instead of lj. Set

Z =1+ Vi (r —1)

(I —pdth)(1 —1+1)

M = o(r,—r) — p(l,-1)

]:1

For each j there exists 0; € (I,r) such that 7/ — 7 = j@;fl(r =) < jri=Yr —1).
As ] <r <1/3, one has

. . 2 2 4 o ri—1
1 — ity — g+t Z2) = = J <
1-r"H1 -1 )><3> 5 and 1l < 5

9 = 1 L
Thus 0 < M < 4(T_l)j; (j + 9> I=1. Recall that
= 1 9 = 1 3
ed—1 < Z d j—1 _ <2
g‘” Q—r2=-1™ ;T 1-r =2
1 1 9/9 1 3 re — i .
Therefore |T'k+1 - lk+1| < EM S E . Z (4 + § . 2) (Tk - lk) < ; which

proves part (i) of the theorem.
To settle part (ii) one has to observe that both the solution —l;41 of (14) and
the parameter —ry tend to —A\, while

oo

rd
o(r,—r) = Z; 1+ U(r) .
J:
Therefore A solves (12). O
The number A is defined as
_ €l+1
A ’LLOO gl

where ;11 is the rightmost critical point of the function S;(x) = xP;(z). Recall
that

(15) Pi(z) = 2Pi1(z) — §Pim1 (&)

_We now move further along in the proof of Theorem 4. Recall that the sequence
{P;} of scaled reciprocal polynomials is defined by

P,(x) = Pi(=&w)/ Pi(0).
Each P,(z) satisfies the conditions
Pi(-1)=P/(-1)=0 and P;(0) =
Dividing both sides of (15) by —&;P;—1(&;) and substituting « — —&;x we get:
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Pi_1(—¢&; Pi_1(M\ie
:1+l‘ 7 1( ézx) :1+.T~’L 1()\1 lx)7

= _ Pi(ix) ;
—&iPi_1(&) P;_1(&) P_1(—=Xi—1)

(16) Pi(z) :=

where \i_1 =& /& 1.

Theorem 15. (i) There exists a limiting function V' = lim;_, B (This limit is

understood as a formal series.)
2

(ii) The limit lim; oo m; = lim; o0 # exists and equals 1/A.

Proof. Set P, := Z 0 ¢z Equation (16) implies that ¢o; = 1 and for j > 1 one
has ¢j11, = )\gflc],z_l/Pq,_l( Ai—1). Hence for j > 1 the equality

S 2 . 2 . . . .
Cji = j+1,i/CJ,zCJ+2,z = Cj,ifl/cjfl,zflcjﬂyzfl

holds.

Recall that by Theorem 2 which is already proven, for i fixed, ¢y, is minimal
among the quantities ¢;;. Denoting the first three coefficients of the polynomial
ﬁi_l by a, b and c resp. (these are the coefficients of 1,  and x?), we obtain that the
first three coefficients of B are 1, a/é 1(— /\1 1) and b)\i_l/lsi_l(—/\i_l). Further,
the first three coefficients of P;41 equal 1 1/P( ;) and a);/P;_ 1(=Aim DPi(—=Ni).
Finally, the first three coefficients of Piy are equal to 1,1/P1(=Ai41) and

Z_5_1/P,( 1)Pl+1( Ai+1). Hence

Coit2 = Pi(=Xi)/Pis1(=Xis1)Nit1-

This quantity tends to a finite positive limit as ¢ — co; see Theorem 2. As this is the
case for A;1 as well, then the ratio P;(—);)/P,41(—Ai+1) also has a finite positive
limit which we temporarily denote by 7. In fact, 7 = 1. To show this observe
that if 7 < 1, then lim;_,oo P;(—);) = oo which is impossible since P;(z) € [0,1]
for x € [-1,0]. If 7 > 1, then lim; Pl( A;) = 0. This again is impossible.
Indeed, one has P, = (z 4 1)2 H;;Zl(l + z/a;;), where the positive constants a; ;
are bounded from below (for all ¢ simultaneously) by a geometric progression with
common ratio > 2; see Lemmas 12 and 13. The latter presentation of the function
E implies that:

(1) There exists ¢ € (0,1) such that P;(—\;) > ¢ for all i.
(2) For each r > 0 there exists C(r) > 0 such that |P;(z)| < C(r) for z € [—r,7]
and for all i.

(3) For each r > 0 there exists g(r) > 0 such that |]3l’(:c)| < g(r) for x € [—r,7]
and for all 1.

For brevity we write C' and g instead of C(r) and g(r). Our final task is to show
that the sequence {P;(z)} is a Cauchy sequence on any closed interval of R. To do
this, we need to estimate the differences Pj(z) — P;(x) on such intervals. Consider
the difference Wy := Py(z) — P;(z) = Fy(x) + By(z) + Hy(z), | > 1, where
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Fi(@) = 55 Paiae) = o)

Bi(z) = m(ﬁiq()\kw) — P 1 (\i1))
_ D. ) 1 _ 1

Hl(x) B xPZ*l()\Zilx) (131—1(*/\1—1) f’i—l(*)\i—l))

_ x?i—l(Ai—lm) (1 _ IEL—l(*)\L—l))
P_1(=Xi-1) Pi_1(—Xi—1)

Present the difference Wy := P,_1(Nj—12) — P,—1(A\—12) in the form Fy(N_1z) +

Bo(MN—12)+ Ha(M\—12), where the functions Fy, Bs and Hs are defined with respect

to Ws in the same way as Fy, By and H; are defined with respect to Wi. That is,

Fy(Noiz) = %(Efﬂ/\lfQ)\lflx) — Pia(NaN17)

By(N—iz) = %(1242()\%2)\17155) - ﬁi72()\i72>\l71$)) ,
_ )\lflfﬁi_g()\i_g)\lflm) _ ﬁL72(7)\l72)

H2(>\l71x) - P_a(—Xi—2) (1 1371—2(—%'—2)) ’

Continue in the same way with W3 := 151_2(/\[_2)\1_11}) — ]51-_2()\;_2)\1_11:) etc. To
simplify the notation we denote by v any of the quantities Ay and by D any of the
ratios x/P;(—\;) or 2Py (v°xz)/P;(—A;). Thus

VVS = E—s+1(7571x) - Pi—s—&-l(’YSilx) ) Es = D’ySile-&-l ’

By = Dy (Pi—s(v*x) — Pios(v°z)) ,  Hs =Dy~ !(1 - ﬁl—S(_’Y)/Pi—s(_”V)) .
It is clear that |W;| < 2C for any s. Set

Us = Pi—s(v’z) — Pi—s(v°x) , Rs:==1— P_s(—)/Pi—s(—7) .
As v denotes different quantities Ag, Uy is not identically 0. So for any v < min(¢,)
the difference W7 is of the form

(17) w1 =Y D&u, + 3 DGR, + DA EW, |
s=1 s=1

Recall that 0 < v < 1/3 (see Lemma 10). Denote by d some upper bound of all
quantities D (valid for all € [—r,r] and for all indices k, j and s; by properties

(1) and (2) such a d > 0 exists). Denote by o the sum of the series Y °_, dm/3(’;).
As |W,| and |D| remain bounded, the last summand in (17) tends to 0 as v — oc.

For any € > 0 there exists v so large that for i —s > v, [ —s > v one has
|Rs| < e/40 (this follows from 7 = 1). Hence the absolute value of the second
summand in (17) is bounded from above by €/4. The absolute value of the first
one is

<o max Ug(x)<ogr max |v* —~°| , see property (3).
s<v

T s<vx€[—r,r]
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This absolute value is < €/4 if i and [ are large enough. Indeed, the difference
% — % is close to 0 for s sufficiently large because v € (0,1/3]. For the remaining
finitely many values of s it can be made arbitrarily close to 0 by choosing the indices
1 and [ large enough because each factor 7 is a quantity Ag, the indices k are close
to [ or i and the limit limy_, . Ap exists.

Thus if v (hence ¢ and [ as well) is large enough, then maxs<, |y*—7°®| < &/(4dogr),
1> DSV(E)US| < &/4 and [W| < 3¢/4 < e. Hence the sequence {P;(x)} of
polynomials is a Cauchy sequence on any interval [—r,r] and has a limit. This
proves part (i) of the theorem.

To prove part (ii) recall that ¢g ;42 = ﬁi(_)\i)/,ﬁi+1(_)\i+1))\i+17 lim; 00 Ajy1 =
A and llml_>oc ﬁi(_ki)/ﬁi-&-l(_Ai-l—l) = 1. Hence hmz_,oo &071‘4_2 = 1/)\ On the
other hand, 5071'_;,_2 = A12+1/(A1AH_2) O

Proposition 16. The function V defined in part (i) of Theorem 15 enjoys the
following properties:
(i) V belongs to the Laguerre-Pdlya class L — PI, i.e. the limit in Theorem 15
can be understood as the uniform convergence on compact sets in C;

(ii) V satisfies the functional relation: V(z) = 1+ 2V (dx)/V(=N).

Notice that the latter relation implies that for any choice of A one has V(0) =1
and V(—1) = 0. On the other hand, V/(—1) = 0 is an additional condition which
together with (ii) determines A.

Proof of Proposition 16. To prove part (i) notice that the function V is a limit
of a sequence of hyperbolic polynomials ]52 with negative roots. If the roots are
numbered in the order of increasing absolute values, then for every fixed j the root
—a;,; has a finite limit —o; when ¢ — oo.

Indeed, for i fixed the absolute values of the roots —a;; increase faster than a
geometric progression with ratio 2.6 (see Lemmas 10, 12 and 13). Hence there exist
a > 0 and b > 0 such that |131’| >bforz € [—ai; —a,—aq,;+a] and for all ¢ (—aq;
is the first root of R to the left of —1). As V := lim;_, ﬁi exists, there exists
also the lower bound of the values of h < 0 such that V' > 0 for x € (h,—1]. It is
clear that V' (k) = 0 (V is continuous), hence lim; ,o(—a1 ;) = h and one can set
a1 = —h. Tt is also clear that —«qy is a simple root of V' and that V'(—ay) > b.

Having proved the existence of the limits —a; for j < jo one proves the existence
of —ayj, = lim;_,o0 (—0vj, ;) by analogy.

The absolute values of the roots —c«; increase at least as fast as a geometric
progression with ratio 2.6. Hence the sequence of polynomials ]3Z is uniformly
convergent on any compact set 2. Indeed, consider the product Hjoi N1 +2z/aj).
The absolute value of its logarithm is bounded from above by C3 7% v |v/qyl,
where C' > 0 depends only on the set {2. Obviously, C’Z;’iN |z/c;| can be made
arbitrarily small uniformly on € if one chooses N sufficiently large. To prove this
notice that

|
11yl
where y = x/a;. For j large enough the expression |y|/(1— |y|) is smaller than 2|y|.
Thus we have proven uniform convergence of the above sequence of polynomials on

[log(L+y)| < |yl + >+ yl> +... =
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compact sets in C and the limit of this sequence belongs to the class £ — PI by
definition.

To prove part (ii) recall the equality Sp41(z) = (S (z) — Sm(Em+1)) or, equiv-
alently, P11(2) = 2Pp(x) — &ma1 Pm(&m+1). The function V' is the limit when
m — oo of the polynomials P, () = P (—&ma) /P (0). O

In order to finish the proof of Theorem 4 we determine which entire functions
satisfy conditions (i) and (ii) of Proposition 16. The following definition is crucial

for our further considerations. Recall that ¥(q,u) = Z;io q(];l)uj.

Definition. We say that a pair (¢, a) is critical for ¥(q,u) if |¢] < 1 and ¥(g, u)
considered as a function of u has a double root at u.

Theorem 17. There exists a function V(x) analytic in a disk |z| <r, r > 1 and
satisfying for some 4 € C* and || < 1 the relation:

(18) V(z) = —ag(zV(gz) + V(=9))

together with the boundary condition V'(—1) = 0 if and only if the pair (§,4) is
critical.

Notice that (18) is exactly the relation (ii) of Proposition 16 with an undefined
scalar factor .

Proof of Theorem 17. Assume that V (x) is analytic in some disk |z| <r, r > 1 and
satisfies the relation V(z) = —uq(zV (¢z) + V(—q)) for some fixed u # 0 and g # 0.
W.lo.g. we can assume V(0) = 1 which is equivalent to Sy = 1. Substitution of
Viz) =372, B;z7 in the latter relation gives

o0 oo

> Bt = —quV(—q) — qua Y _ Biga’ .

j=0 j=0
Comparing the coefficients at equal powers in the latter relation we get the system
of equalities

(19) —quV(—q) =1, and

Bl = —qu, 62 = —QQUBM 53 = _q3u527 .o 7ﬂk = —qkuﬁk—h cee

implying 8; = q(jgl)(—u)j (j = 1,2,3,...). Substituting these coefficients in
V(z) we get V(z) = Z;io q(]gl)(—ux)j. In terms of the partial theta function
U(q,u) given by (4) one gets V(z) = ¥(gq, —ux) and condition (19) takes the form
U(q,qu) = — o

Let us show that it is equivalent to U(q,u) = 0. Indeed, expanding U(q,qu) =
_q% we get quy < q(%l)(qu)j =-1&1+>,, q(ng)(qu)jJrl =0 1+
ijo q(];rg)ufr1 =0 < U(g,u) = 0. Notice that for the power series expressing
V(x) to have a radius of convergence exceeding 1 it is necessary and sufficient

to have |g| < 1 in which case V(z) is entire. Now we use the last boundary
condition V/(—1) = 0. With V(z) = ¥(q, —uz) we get V'(z) = —ud¥(q, —uzx),
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where 0 stands for the partial derivative w.r.t. second argument. Finally, V'(—1) =
—uW! (¢g,u). Thus one gets the system

U(q,u) =0 U(q,u) =0
{qu,u)o @{wq,u)o

since u = 0 is never a solution of ¥(g,u) = 0.

An arbitrary solution (g, %) of the latter system is exactly a critical pair in the
above definition, i.e. ¢ is such that the function ¥(g,u) as a function of u has a
double root at . (]

Finally to finish the proof of Theorem 4 notice that by Proposition 16 and
Theorem 17 the function V' (z) satisfies the functional relation (ii), V/(—1) = 0 and
belongs to £ — PI which implies that A = ¢ and the function V equals ¥ (g, —uzx)
where u is the double root of the function ¥(q, x). |

Remark 6. A somewhat mysterious equation (12) describes the set of all criti-
cal points of the limiting function ¥(g, —az) of which @ is the only critical point
belonging to the interval (0, 1).

4. PROVING MISCELLANEOUS RESULTS
Denote by g,(z) the series and the function Y7~ ok =d(q%2/q),0< g< 1
and by Sn(q,z) = > 1_, ¢"" 2" its n-th section.
Lemma 18. For every q € (0,1) there exists a number m € N such that for all

n > 2m + 2 the number of non-real zeros of Sy (q,x) is not greater than 2m + 2.

Proof. We will use the following well-known identity
a 1-— qk > k k2
S
k
po L k=1
valid for |g| < 1, (see e.g. [23], Chapter 1, Problem 56). By this identity we have

1+2) (-1 >0, g€ (0,1).
k=1
Thus for every g € (0,1) there exists m = 2s + 1 € N such that the inequality
m
(20) 1+23 (-1)F¢* >0
k=1

holds. Then for every n > 2m+2 and k satisfying the condition m+1 < k < n—m—1
we get:

(D¢ Sn(q, —q72F) = YT o(—1)7kqU=R*

k—m—1 k+m n i k)2
(Zj:() +Zj:k—m+2j:k+m+l> (—1) kq(j k)

= X1 +X+33.

We see that the summands in 3, are sign-alternating and their absolute values are
increasing. Therefore the sign of ¥; coincides with that of the (kK —m — 1)-th sum-
mand which means that it is equal to (—1)k=m717F = (—1)7m~1 = (—1)72572 = 1.
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Analogously the summands in X3 are sign-alternating and their absolute values are
decreasing. So the sign of X3 coincides with that of the (k 4+ m + 1)-st summand.
In other words, sgn¥3 = (—1)ktm+i=F — (_1)m+l = (—1)25+2 = 1. Therefore
¥ >0 and X3 > 0. By (20) we have

k+m m
Sp =g D (~1) TR = <1 + 22(1)’“(1’“2) >0.
j=k—m k=1

Therefore (—1)%S,,(q, —q%) > 0 for every k such that m+1 <k <n—m—1. Thus
Sn(q, z) has not less than n — 2m — 2 real zeros for n > 2m + 2 (and the number
of non-real zeros of S, (g, z) is not greater than 2m + 2). O

Corollary 2. For every real ¢ € (0,1) the functions g4(x) and ¥(q,z) have a
finite number of non-real zeros. Moreover, the number of non-real zeros is a non-
decreasing function of parameter q.

Proof. Since ¥(g,x) is obtained from g,(z) by rescaling of x it suffices to consider
gq(x) only. To prove the first statement fix an arbitrary ¢ € (0,1). By Lemma 18
we know that there exists m such that the number of non-real roots of any section
Sy(g, x) for n sufficiently large does not exceed m. Assume that the function g,(x)
has [ > m non-real roots. Take small circles surrounding these roots and not
intersecting the real axis. By the Hurwitz theorem all sections with large n should
have exactly [ roots in the union of disks bounded by these [ circles. This is a
contradiction.

To prove the second statement consider the sequence of sections. We prove that
the number of real roots of any section S,(¢,z) and g4(z) itself is a monotone
non-increasing function of ¢ € (0,1). Indeed, the sequence ¢™ is a complex zero
decreasing sequence (CZDS) for any g € (0,1); see e.g. [7]. (We recall that the
sequence {cg }r>o is a CZDS if for any polynomial ag+ajz+. . .+a,z™ the inequality

n n
Ze (Z Ck%d:'“) < Ze <Z ‘W“k> ’
k=0 k=0

is valid, where Z, is the number of non-real zeros of a polynomial counting multiplic-
ities.) For any 0 < g1 < g2 < 1 one obtains the section with the value of parameter
¢1 from that of ¢» multiplying the coefficients of the former by (q;/ g2)™ . Since the
latter sequence is CZDS the result for all finite sections follows. For g,(z) itself the
same argument applies since it only has finitely many non-real zeros and is of genus

0. (]

We finally prove the remaining Proposition 7. Denote by Pol:lr C Pol,, the set
of all monic degree n polynomials with all positive coefficients. It contains ¥,,, the
set of degree n polynomials with all roots negative. Let p(x) = a,x™ + ... + ag be
a polynomial.

Lemma 19. Forany k =1,2,...,n—1 there exists a polynomial p € Poli, pE X,
for which one has a? > 4a;_1a;+1 for i # k and ai < 4dap_1aK41-

Proof. Fix the triple of coefficients (ag_1,ag,ar+1) such that a% < dag_1aK11-
Hence the polynomial g := 2*~!(aj4 122 +arz+ak_1) has a root at 0 of multiplicity
k — 1 and a complex conjugate pair.
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For i > k+1 (resp. fori < k—1) set a; = b;e® %~ (resp. a; = b;e"*~17%), where

€ (0,1]. Choose the coefficients b; > 0 such that the inequalities a? > 4a;_1a;41
hold for ¢ # k and € = 1. One can do this choice consecutively. First we choose
bi+2 > 0 sufficiently small to ensure a%_H > 4ayby42, then we choose by 3 satisfying
bi+2 > 4by4sak41 etc. Proceed analogously with bg_o, bi—3 etc.

If the inequalities a? > 4a;_1a;41 (i # k) hold for ¢ = 1, then they hold for any
e € (0,1] (to be checked directly).

For ¢ small enough the polynomial p is a perturbation of the polynomial g. Fix
two circles centered at the complex roots of g and not intersecting the real axis. For
¢ > 0 small enough one has |p — g| < |g| on these circles. By the Hurwitz theorem
p has a root inside each of them. Hence p & %,,. (Il

Proof of Proposition 7. To prove (i) notice that by Lemma 5 of [21] Hutchinson’s
cone is the minimal polyhedral cone containing the set of the so-called sign-
independently hyperbolic polynomials and is, on the other hand, contained in
A, C X,. (A sign-independently hyperbolic polynomial is a hyperbolic polynomial
with all positive coefficients such that all polynomials obtained by arbitrary sign
changes of its coefficients are hyperbolic as well; see [21].) By Lemma 19 we see that
an arbitrarily small parallel translation ‘outward’ of any of the hyperplanes defining
the logarithmic image of Hutchinson’s cone results into getting outside the logarith-
mic image of the largest set 3,,. Therefore the logarithmic image of Hutchinson’s
cone is the largest polyhedral cone contained in LA, and, analogously, in LY.
To prove (ii) observe that Theorem 2 can be interpreted as follows. Consider
Hutchinson’s cone in the space Pol,ll and its image under the logarithmic map. Then
it has a unique apex, i.e. the vertex where all inequalities become equalities. Look
for a parallel translation of the logarithmic image of Hutchinson’s cone containing
the whole LA,,. Then if you take the parallel translation such that this apex is
placed at the logarithmic image of P,, then the whole LA,, is covered. Since the
translated cone and LA, still have a common point this position is minimal for
containment. Exactly the same argument using the known properties of Newton’s
inequalities tells us that placing the apex at the logarithmic image of (x 4+ 1/n)"
does the job. |

5. APPENDIX. AN INTERESTING ITERATION SCHEME

The main ingredient in the proof of Theorem 4 is a construction of the sequence
{S;} starting from a hyperbolic polynomial S; with all simple roots the rightmost
of which is at the origin. The next polynomial is obtained from the previous one
by subtracting its minimum of smallest absolute value followed by multiplication
by z. We have shown that after appropriate scaling the limiting entire function is
a specialization of a partial theta function and also that the critical point at which
this minimum is located asymptotically stabilizes. In view of these results one can
ask what happens if we consider a similar iterative procedure where the point at
which we take a value to subtract is fixed from the beginning. A more detailed
consideration leads to the following natural set-up.

Given an initial analytic function f;(z) defined (at least) in a small open neigh-
borhood of the interval [—1,0] on the real line and a number 0 < g < 1 define the
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FIGURE 4. ¥(1/4,u) in the intervals [—40, 0] and [—200, 0].

sequence {f;}i>1 given by

(21) fila) = (1+”;f(<_qq))) i>2.

Obviously, fi(z) will be well-defined and analytic in the same neighborhood of
[—1,0] unless —q is a root of f;_i(x). For generic choices of f; the latter circum-
stance never happens. One can easily check that if f; is well-defined, then it satisfies
the normalization conditions f;(0) =1 and f;(—1) = 0.

Looking at the first part of the proof of Theorem 17 before we use the additional
condition V'(—1) = 0 one can see that the fixed points of (21), i.e. the analytic
functions satisfying on [0, 1] the functional relation

r= (1 )

are exactly of the form F(x) = ¥(q, —az) where with ¢ € (0,1) fixed and @ is one
of the real roots of the equation ¥(g,u) = 0.

Thus for any fixed ¢ € (0,1) the iteration scheme (21) considered as a self-
map of an appropriate space of functions analytic in a neighborhood of [—1,0] has
countably many fixed points. At the moment it is completely unclear what local
properties these fixed points have. For example, which of the above fixed points
are repelling and which are attracting? Under which additional assumptions on f;
the sequence {f;} obtained via scheme (21) converges?

Our computer experiments and Theorem 4 suggest that the following statement
should be true.

Conjecture 1. For any positive ¢ < q and any initial function of the form
f1 = (& + 1)Q(x) where Q(x) is a hyperbolic polynomial with all negative roots
smaller than —1, the polynomial sequence {f;(x)} converges uniformly on [—1,0]
with any number of derivatives to the function ¥(q, —u(q)x), where u(q) is the
negative solution of the equation U(q,u) = 0 with the minimal absolute value.

Remark 7. Seemingly, under the condition 0 < ¢ < ¢ the attraction domain
of the latter fixed point is much larger than f; of the form given in the above
conjecture. In particular, iterations starting with f; = sin ma converge very quickly
to the same limit. On the other hand, if ¢ > ¢ numerical experiments show that
iterations typically diverge; see Fig 3. It might be that for ¢ > ¢ all the fixed points
of (21) become repelling. There are superficial similarities of the scheme (21) and
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FIGURE 5. Convergence of iterations for ¢ = 1/4 (left) and the
critical ¢ (right).

FIGURE 6. Divergence of iterations for ¢ = 1/2. The number of
iterations on the left is 10 and on the right is 50.

the famous logistic map in dynamical systems which also depends crucially on the
value of the additional parameter q.
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