HILBERT-KUNZ MULTIPLICITY OF QUADRICS VIA EHRHART THEORY
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ABSTRACT. We show that the Hilbert-Kunz multiplicity h, 4 of the d-dimensional non-degenerate
quadric hypersurface of characteristic p > 2 is a rational function of p composed from the Ehrhart
polynomials of integer polytopes. In consequence, we recover a result of Trivedi on monotonicity
of hpq for p > 0, we recover and explain the Gessel-Monsky formula for the limit lim,_, hp. 4,
and prove that h, q is a decreasing function of d for p fixed.

1. INTRODUCTION

Hilbert—-Kunz multiplicity is a multiplicity theory native to positive characteristic, one of the
numerical invariants defined via the iterates of the Frobenius endomorphism.

Definition (Monsky). Let (R,m) be a local ring of positive characteristic p > 0. Then the
Hilbert—Kunz multiplicity of R is defined as the limit
MR/mlP]
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where mP! is the ideal generated by all p°th powers of elements in m.

The ideal mP is called the Frobenius power of m; this terminology indicates the analogy to
Samuel’s definition of the classical Hilbert—Samuel multiplicity. Hilbert—-Kunz multiplicity mea-
sures the failure of flatness of the Frobenius endomorphism. The theory originates in the work of
Kunz [Kun69, Kun76]: [Kun69] shows that flatness of Frobenius characterizes regular rings, while
in [Kun76] he studies the sequence whose limit is the Hilbert—Kunz multiplicity to provide a quan-
titative measure of this failure. The invariant was defined by Monsky [Mon83], whose motivation
came from the Iwasawa theory.

From its very origins, the development of the Hilbert-Kunz theory was motivated by its use as a
tool of understanding singularities and its similarity with the Hilbert—Samuel theory. For example,
the celebrated theorem of Nagata (|[Nag62]) asserts that a local ring R is regular if and only if it
is unmixed® and its multiplicity is 1. In parallel, Watanabe and Yoshida show in [WY00] that a
local ring R of characteristic p > 0 is regular if and only if it is unmixed and egk (R) = 1.

However, there is a major difference between two theories of multiplicity: Hilbert—Kunz multi-
plicity need not be an integer; in fact, it may be even irrational ([Bre]). Overall, little is known
about the set of values of Hilbert—-Kunz multiplicity. A very natural question was raised by Blickle
and Enescu in [BEO4]: what is

inf {R | enx(R) > 1,char R = p,dim R = d}?

In other words, they asked for the best lower bound on the Hilbert-Kunz multiplicity of an unmixed

singular ring. Blickle and Enescu provided a lower bound epk(R) > 1+ ﬁ, showing that 1 is

not a limit point in the set of Hilbert—Kunz multiplicities. Another lower bound was given in

[CDHZ12)].
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IThe unmixed condition means that the completion R has no lower-dimensional components — lower-dimensional
components do not contribute to the limit.
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In a different direction, Watanabe and Yoshida [WY05] conjectured what singular rings minimize
Hilbert-Kunz multiplicity.

Conjecture 1. Let p > 2 be a prime number and define the simple (A)-singularity? by the equation
Apg i =TF[[wo, ..., xq)]/ (x5 + - - + 23).

Let (R,m) be a local ring of dimension d > 1 and characteristic p > 0, and set k = R/m. Then

(]_) Zf eHK(R) 7£ ]_, then eHK(R) Z eHK(Apvd),
(2) if R is unmized and k is algebraically closed, then enx(R) = eux(Apq) if and only if

Egk[[x0a7$d]]/(xg++x3) :Ap7d®;pk'

Conjecture 1 is now known in dimensions at most 8 ([WY05, AE08, AE13, CSA24, CR]) and
for complete intersections ([ES05, CR]).

An important subtlety is that Conjecture 1 does not directly provide a numerical lower bound,
as a closed formula for egk (A, 4) is not known. In her thesis [Han92], Han developed an algorithm
computing the Hilbert-Kunz multiplicity of diagonal hypersurfaces, which was published in a
simplified form in [HM93]. The algorithm allows to compute epx (A, ) for specific values of p and
d, but a closed formula was only presented for d < 4. However, Gessel and Monsky [GM] used the
algorithm to find the asymptotic behavior of eyx (A4,.4) as p grows large:

lim eHK(AWl) =1 + ﬁ

p—00 d!
where Ay are the Euler (zigzag) numbers given by the Taylor-Maclaurin series

Ad d
EZE.

This result motivated the following characteristic-free bound.

secx + tanx =

Conjecture 2 (Watanabe-Yoshida, [WYO05]). For any dimension d > 1 and characteristic p > 2,
one has epx (Apa) > 1+ Ag/d\.

Recently, in [Tri23], Trivedi showed that this conjecture is true for any d and p > d — 1. Even
more recently, Meng announced a complete® solution in [Men]. Combined with the result of Enescu
and Shimomoto [ES05] there is now a good characteristic-free bound on Hilbert—Kunz multiplicity
of complete intersections, but for general local rings we only have a much weaker characteristic-free
bound observed in [AE0S]:

1

enc(R) 2 1+ oo = e

Note that it is known that Ag/d! ~ 2(2/7)%+.

It is believed that the bound in Conjecture 2 is not sharp. In fact, the last named author
conjectured in the unpublished note [Yos19] that epyx(A,q) is a strictly decreasing sequence in p
for a fixed d. This is known to be true in small dimensions, where an explicit formula for epx (A4,.4)
can be computed, and for p sufficiently large (depending on d), as a byproduct of Trivedi’s approach
to Conjecture 2 in [Tri23].

2As discussed in the unpublished notes of the last-named author [Yos19] the equation of Ay 4 should be different,
see also [JNS*23, CRJ.

3Meng assumes that p > 2, but the conjecture holds for p = 2 by a direct computation in [CR] if Ay g4 is
appropriately defined.
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Results. This note provides an approach to Conjecture 2 that is drastically different from [Tri23].
Trivedi’s work is quite intricate, it builds on Achinger’s computation of Frobenius pushforwards
of vector bundles on quadrics in order to study the Hilbert—Kunz density functions (a theory
developed in [Tri18]) and then treats the densities by analytic tools. Meng’s improvement in [Men)]
results from even more sophisticated analytic tools. On the other hand, the approach of this
paper is more elementary, based on the algorithm of Han and Monsky [HM93]. For quadrics the
algorithm can be interpreted using linear algebra ([Yos19]): for the families of (2n+ 1) x (2n+ 1)
square matrices

2.2 1 0.0 [0---0 1. 0.0
T o
T,= |1 1ooeen 1| and N, = |17+ Lo 1.
_()()122_ _0()100_

one computes (Corollary 3.7) that
[T@;J](Ll) A
p? = [N[ip%ﬂ(l,l)

CHK (Ap,d) =1

Y

where [M](11) denotes the (1, 1)-entry of a matrix M. Using the special shape of the matrices T,
and N, we prove the following.

Theorem (Corollaries 3.10, 3.12, 3.14, 3.15). Let Fy(n) and E4(n) be the Ehrhart polynomials
of the d-dimensional Fibonacci and extended Fibonacci polytopes (Definition 2.1). Then for all
p > 2, the Hilbert-Kunz multiplicity of A, q is given by

25y (55)
' = Eis (%57)

eHK(And) =1+

As a consequence, for any d > 1 we have
(1) there exist polynomials f,g € Q[z] of degree |d/2] such that eux(Apq) = J;gz; forallp > 2;
(2) (Gessel-Monsky, [GM]) lim,_, enx(Apq) = 1 + Ag/d!;
(3) (Trivedi, [Tri23]) the function p — enx(A,q) is eventually decreasing for d > 4 (enx(Apa)

is constant for d < 3);
(4) enk(Apa) > enx(Apar1) for fived p > 2, i.e., the function d — enx(Apq) is decreasing.

The first corollary significantly strengthens [Tri23, Theorem (B)], which shows that epx (A, q)
is a rational function for p > 2@=1/2l(d — 3) with the degrees of the denominator and numerator
bounded by d*2. As another corollary, we obtain (Remark 3.13) an easy algorithm for computing
the rational function epx (A, q) (d fixed, p > 2 varies). In particular, we verified computationally
that for all d < 30 the function p — epk(A,4) is decreasing.

Validating Conjecture 2 and the monotonicity conjecture of [Yos19] using our approach would
require a deeper analysis of the Ehrhart polynomials®, but little is known about the Ehrhart
polynomial of the extended Fibonacci polytope. On the other hand, we recover Trivedi’s asymptotic
result by proving that

enx(Apa) = 1+ Ag/d + Cap2 + O(p™?),

4Recently, Kahane informed us [Kah] that he resolved Conjecture 2 via this approach, thus recovering Meng’s
result [Men)].
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for some Cy > 0. Our formula for eyx (A, 4) gives an expression for Cy depending on the coefficient

ey of the Ehrhart polynomial Fy(k) = Ag/d'k? + 2&{‘1)!/651*1 + eq_ok®? +---. We do not know the

value of e;_o, but, to our luck, it only suffices to show that e;_o > 0. Recently, Ferroni, Morales,
and Panova [FMP] proved that all coefficients e; are non-negative.
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2. THE FIBONACCI POLYTOPE AND ITS EHRHART POLYNOMIAL

We begin by fixing notation. We use [n] to denote {1,...,n}. If P is an integer polytope, we
use | P| to denote the number of integer points in P and kP for its k-dilation. It is known that the
function k +— |kP| is a polynomial, which is called the Ehrhart polynomial. In this work we will
need the following two families of polytopes.

Definition 2.1. For d > 1, define the d-dimensional Fibonacci polytope as a subset of [0, 1]¢ given
by inequalities
Ii+$i+1 S ]_7 ’L:]_,,d—]_
and the extended d-dimensional Fibonacci polytope as a subset of [—1,1]? given by inequalities:
|Q§'l|+|l'z+1| S 1, 1= 1,,d—1

In the terminology of [Sta86, OT20], the (extended) Fibonacci polytope is the (enhanced) chain
polytope of the zigzag poset.

Remark 2.2. All integer points in the Fibonacci polytope are its vertices; by recursion one can
show that the number of vertices is given by the Fibonacci numbers.

The numbers of integer points p(d) in the extended Fibonacci polytope of dimension d form the
Jacobsthal sequence (2912 — (—1)%+2) /3 ([Slo, A001045]). Namely, it satisfies the linear recurrence
p(d+ 1) = p(d) + 2p(d — 1) with the standard initial conditions: if we increase the dimension by
adding x4,1, then any integer point can be extended by z4.1 = 0. However, if x5 = 0, then the
point can be also extended by +1.

The number of vertices v(d) of the extended Fibonacci polytope satisfies linear recurrence v(d) =
2v(d — 2) 4+ 2v(d — 3) with the initial condition v(1) = 2,v(2) = 4 ([Slo, A107383]). First, note that
vertices correspond to words on the alphabet {—1,0,1} such that there are no consecutive nonzero
entries and no ‘0’ can be replaced by ‘1’. The last condition means that the sequence cannot start
or end with ‘00’ and cannot contain three consecutive ‘0’s. Such a sequence must therefore end
with ‘0 £ 17 or ‘0 + 10’. In the first case, removing the ending gives a word in v(d — 2) and in the
second a word from v(d — 3). The recursion follows.

By [Sta86] the Fibonaci polytope is affinely equivalent to the order polytope of the zigzag poset,
defined as the set of points in [0,1]¢ such that x; > 2o < 23 > --- by mapping z; — y; where
y; = 1 —x; if 7 is odd and y; = x; if ¢ is even. Thus, the two polytopes have equal Ehrhart
polynomials and a result of Stanley ([Sta86]) gives a canonical triangulation of the Fibonacci
polytope.
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Theorem 2.3 (Stanley). The order polytope of a poset P on [n| has a canonical triangulation
indexed by linear extensions P — [n], i.e., permutations of [n| that adhere to the partial order.

Hence the order polytope of the zigzag poset is triangulated by alternating permutations. Since
the number of such permutations is the FEuler up-down number A,, we obtain a formula for the
volume (see also ([Stal0, Section 3.8]). Note that Y. .Aqg/d! 2? = sec x + tanz [And81].

Corollary 2.4. The volume of the Fibonacci polytope of dimension d equals Aq/d!.

To the best of our knowledge, there is no closed-form description of the Ehrhart polynomial of
this polytope, but a recent paper of Coons and Sullivant [CS23| gives a combinatorial formula for
the h* vector.

Definition 2.5. Let o be an alternating permutation in S,,. Its permutation statistic swap(o) is
the number of i < n such that ¢7'(i) < ¢7!(: + 1) — 1. Equivalently, swap(c) is the number of
¢ < n such that 7 is to the left of 7+ + 1 and swapping ¢ and 7« + 1 in ¢ yields another alternating
permutation.

By [CS23, Theorem 13| the Ehrhart series of the order polytope Z; of the zigzag poset is

Zg tswap(a)

(1 —¢)d+t”
over alternating permutations. This result essentially follows from Theorem 2.3 after realizing
that the adjacency of two simplices is given by a swap ([CS23, Proposition 2.1]). Note that the
definition of swap is asymmetric to avoid double counting. Coons and Sullivant showed that the
h*-vector is symmetric and unimodal (see also [PZ25] for a generalization).

Corollary 2.6. The swap statistic provides a formula for the Ehrhart polynomial: if sq(m) =
#{o | swap(o) = m}, then

d—2 d—2 . d—2

k+d—m (k+d—1 m

|k Fa| = 25d<m>< d ) => (1) ( d—i ) (Z <¢>Sd(m>> '
m=0 =0 m=0

Proof. The first equality follows from the formula for the Ehrhart series. The second formula can

be obtained either by manipulating the binomial coefficients or by using the inclusion-exclusion

formula on the Stanley triangulation based on [CS23, Proposition 2.1]: note that (k+f;’) is the

d
Ehrhart polynomial of a (d — 7)-dimensional unit simplex. O

Remark 2.7. The numbers s4(m) are recorded in [Slo, A205497]. The table of Ziz_jo (") sa(m)
is given in [Slo, A079502] based on a paper of Kreweras [Kre76, table on page 20]. Kreweras
denotes by u” the number of alternating surjective maps f: [n] — [r], i.e., surjections satisfying
the up-down condition f(1) > f(2) < f(3) > ---. The equality u®_, = S "% (™)sn(m) can be
shown by constructing f from a permutation 7: [n] — [n] with r chosen swaps by identifying the
values 7(¢) and 7(j) with ¢ < j if they form a swap. This reduces the image to n — r numbers.
The swap condition guarantees that the map is still alternating.

Remark 2.8 (Petersen). By Corollary 2.6 we have |kFy| = (d+ 1) + s4(1), so sq(1) = F(d+1) —
(d+1) (a shift of [Slo, A001924]), where F'(n) is the Fibonacci sequence with the initial condition
F(0)=F(1) =1

Definition 2.9. A lattice polytope P is reflexive if there is an interior lattice point = such that
every facet has lattice distance one from . In this case, x is the unique interior lattice point of P.
A lattice polytope P is Gorenstein if there is some positive integer r such that r P is reflexive. In
this case, r is uniquely determined and called the index of P.
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Lemma 2.10. The Fibonacci polytope is a Gorenstein polytope of index 3 and the extended Fi-
bonacci polytope is a Gorenstein polytope of index 1.
In particular, the sequence s4(0),. .., sq(d — 2) is symmetric.

Proof. By the proof of [CS23, Theorem 32] the Fibonacci polytope F; is a Gorenstein polytope
of index 3 (i.e., a-invariant 3). Similarly, the extended Fibonacci polytope E; is a Gorenstein
polytope of index 1 (see, also [OT20, Theorem 0.1]). Hence, the h*-polynomial of Fy(z) is a
symmetric polynomial of degree d — 2. 0

Lemma 2.11. We have a relation

g msq(m) = Ag (g — 1) )

m=0

Proof. Tt was shown in [CS23, Theorem 4.1] that the sequence s4(0), ..., sq(d — 2) is symmetric.
Hence is4(i) + (d — 2 — i)sq(d — 2 — 1) = (d/2 — 1)(s4(7) 4+ sq(d — 2 — i)). Thus, the lemma easily
follows from the relation 32972 s,(m) = Aj. O

We are now able to expand the Ehrhart polynomial of the Fibonacci polytope to the next term.

Corollary 2.12. The Ehrhart polynomial Py(k) := |kEFy| of the d-dimensional Fibonacci polytope
18

Aig 3 Ad 4. 1 3+ 17d+2 | 2 (m i d s
Pa(k) = 7k + 3 (d_l)!k T a) Aq o +mzo 5 )salm) | K724+ O(k?),

In particular,

3\ _ Ay 1 32 +17d—25 <= (m o s

m=0

Proof. By Lemma 2.10 s4(0),. .., sqs(d —2) is symmetric. Hence isq(i) + (d —2 —i)sq(d —2 — i) =
(d/2 —1)(sq(1 ) + sq(d — 2 — z)) Thus, the formula for the coefficient at k?~! easily follows from
the relation Zm:() sa(m) = Ajg.

We now compute the coefficient at k%=2. By Corollary 2.6 it can be written as

Zl<i<j<d ij 2 g d-2 1 -2
= X st(M) — (d(—)l)! X mZ:Ode(m) + @2 X Z <2)8d(m).

(d—l)d(d+1)(3d+2)

Since Zl§i<j§d 1) = , it now remains to use Lemma 2.11 to compute that

Picicjcald (3) Ai (d+1)Bd+2)  As d(d—2)
dl ;)Sd( —1vzm8d (d—2)! 24 Td-2! 4
Now the conclusion can be verified straightforwardly. 0

Remark 2.13. The coefficients of the Ehrhart polynomial of the Fibonacci polytope are positive
by [FMP, Corollary 5.2].

Remark 2.14. By [OT20, Theorem 0.3] (see also [Pet07, Theorem 4.6] and [OT24]) the h*-vector
of the extended d-dimensional Fibonacci polytope is (z + 1)%pg(4x(x + 1)72), where py(x) is the
left peak polynomial of the zigzag poset. The coefficients of py(x) are counting the left peaks
(introduced in [Pet07]) of the linear extensions of the zigzag poset and hence present a statistic on
alternating permutations. We do not know an intrinsic description of this statistic.
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Here are the first few polynomials: py(z) = 1,p3(x) = 1 + z,ps(z) = 1 4 3z + 2%, ps(z) =
1+ 8z + 722, pg(x) = 1 + 18z + 3822 + 423, pr(x) = 1 + 392 + 16722 + 6523, psg(x) = 1 + 81z +
66022 + 60223 + 412, po(x) = 1 + 1662 + 243222 + 439623 + 9912

3. THE HAN—MONSKY ALGORITHM AND ITS MATRIX INTERPRETATION

3.1. Han—Monsky algorithm for computing the Hilbert—-Kunz multiplicity. In [HM93]
Han and Monsky provided an approach to the calculation of Hilbert—Kunz multiplicity for a special
class of local rings. Their key idea is based on a concept of representation ring, which is a certain
Grothendieck ring.

Let k be a fixed field and consider the subcategory Modr(k) of finitely generated k[T]-modules
with a nilpotent action of the variable 7. On pairs (M, N) of such modules there is a natural
equivalence relation: (M, Ny) = (M, N) if and only M; @& Ny = M, @ N;. The equivalence class
of a pair (M, N) will be denoted as M — N.

Definition 3.1. The representation ring I'y consists of the equivalence classes M — N with the
operations of direct sum and tensor product:

(My — Ni) X (My — No) = [(My @k Ma) & (N1 @ N2)| — [(My @ No) & (N1 @ Ma)].
The equivalence class k — 0 is the identity element of T'.
Since k[T] is a PID, any M € Modr(k) decomposes as M = &%, k[T]/(T*)®%. This shows that

[y is a free Z-module with a basis 6; = k[T]/(T%) — 0, i € Zo. The function Dy is defined by
setting

Dy(M) := dimy M/TM =)
i=1
and extending it to Iy by linearity. Thus Dy is the sum of the coordinates in the basis {d;}.
The following result is a restatement of [HM93, Lemma 5.6].

Theorem 3.2. For a given field k of positive characteristic p > 0 define
R = k[[zo, ..., zq)]/(xp° + -+ + x?).

For a fized integer e > 0 and each v = 0,...,d, define the remainder r; determined by p® = n;a;+1;,
0 <r; <n;. In the above notation,

d
dlmk R/(l’ge, ce ,ZEZG) = Dk <H(nz - Ti)(sai + T’i(sai+1) .
=0
Proof. Let us sketch the idea of the proof. For a positive integer n, consider k[z]/(zP") as a k[T-
module with the action T'f := 2" f. Denote this module as M,. Consider the division with the
remainder p¢ = an + r. Then the submodule k[T)z* = k(z*,2"t" ...) C M is isomorphic to
K[T)/(T*) if 0 <@ < r and to k[T]/(T*) if r < i < n. This gives a direct sum decomposition

M, = @ozicak[T)z" = [K[T1/(T*)]*" @ [K[T]/(T*)]*""
as a k[T]-module.
Furthermore, M, ® -+ @, My, = k[zo, ..., z4]/(x} ,...,xse) with T +— 2(° + -+ + 2}, so
dimg R/ (28 ..., a5 ) = Dp(M,, @ - - @5 M,,). O
The difficulty of using the theorem is decomposing the product of basis elements 4,0, as a linear

combination of the basis elements. Han and Monsky were able to provide the needed multiplication
rules. In particular, their work gives the following recipe.
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Corollary 3.3. Let k be a field of characteristic p > 2 and a = (p — 1)/2. Then

Dk((éa + 5a+1)d+1) - pd
pd _ (_1)a(d+1)Dk((5a+1 _ 6a)d+1) :

Proof. Essentially, this is explained in [HM93, Example 2, page 134]. Since p is odd, p = 1 can be
used in [HM93, Theorem 5.3], so [HM93, Theorems 5.5, 5.7] will show that

dimy Ay g/ (25, .. 2h) = p? enc(Ap.a) + (1 — enx(Ap.a)) De((=1)*(dat1 — 8a))

and we solve the equation for the Hilbert—-Kunz multiplicity.

tad) =1+

enk(Apa) = enx (k[[zo, . .. )/ (af +

O

3.2. A linear algebra approach. In order to use Corollary 3.3 we need some of the multiplication
rules in the representation ring I'y. Han and Monsky found it more convenient to work with
another basis of T, instead of {d;}. We set \g = §; and \; = (—=1)"(di41 — &;), so that §; =
Ao — A1+ -+ (=1)7'\;_;. Then, by definition, Dy(M — N) is the coefficient at Ay of the
decomposition of M — N in the basis {\;}.

The following is an easy restatement of [HM93, Theorem 2.5].

Theorem 3.4 (Han—Monsky). Let k be a field of characteristicp > 0 and 0 < i < j < p— 1.
Then

(1) ifi+j <p—1then M)A = 2170\

(2) ifi+j>pthen NAj = Npo1—idp_1—j.

Example 3.5. The multiplication matrices of A\; and )y in the basis {\;}’—, are given by:

01 00 0 0O 0 010 0 0O
1 110 0 00 0111 0 00
0111 0 00 1111 0 00
0 011 0 0 0 01 11 0 00
A= . . and Ay = ... ..
0 0 0O 1 10 0 0 0O 1 11
0 0 0O 1 11 0 0 0O 1 10
00 00 0 1 0] 00 00 1 0 0]

Combining this with Theorem 3.2 we get the following.

Corollary 3.6. Let k be a field of characteristic p > 0 and R = k[[zo, ..., zq]]/ (25" + -+ 25?).
For a fixed positive integer n, write p = an +r with 0 < r < n and set b = n — r. Consider the
P X p matriz

_n. nor 0.. ....... 07

r b L0

My = gl
'b.'. .

_O ........ 0 rn n

where the “triangular corners” of ‘n’ have length a, the “triangular corners” of 0’ have length
p —a — 1, the the middle rectangle has alternating r’ and b’.

Then dimy R/ (5, ..., 25) = [1, (i — 7:)8a, 4 70a,41) is the (1,1)-entry of the matriz product
My My, -+ M,,.
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Proof. We note that (n—r)d, +rday1 =n(ho— A+ -+ (=1)"tA\,_1) +r(—=1)*)\, and the matrix
of the multiplication by this element in the basis of {\;}/—, is M,, with alternating signs:

N =M (_1)a—1n (—1)%r [ 0
-n n - (=D (=D (=12 0 --- 0f

Since the signs only depend on the parity and are identical in the matrices, the product of these
matrices is again an alternating sign version of M, M,, - -- M,,. 0

We now obtain the matrix form of Corollary 3.3.

Corollary 3.7. For an integer a > 1, define the square matrices T, and N, of size (2a + 1)

22 10 0] [0-0 100
s RN
T,= 1. Lo 1| and Ny = 17+ Lo 1.
0. 1 2 0. 1.0
0.0 172" 2 0.0 1700,

Let k be a field of characteristicp > 2. If a = (p —1)/2, then

[T 40y — p?
pd = [N 1)

enk (Ap.a) = enx (k[[zo, ..., wal] /(a§ + -+ 27)) =1+
3.3. Main results. The following lemma is a partial case and a warm-up result for the main
proof.

Lemma 3.8. Fiz a positive integer n and define a (2n + 1) x (2n + 1)-matriz
1.1 0 1.1

1 1
7 = 0: ...... 0- . 0

Then [Z%) 1) = 2% (n — 1) Fy|, where Fy denotes the d-dimensional Fibonacci polytope.

Proof. By the definition of the matrix product, we may write
Z"Man = Y. ZaiZei - Ziay)-
1<y, yig<2n+1
Let S ={(1,i1,...,i4,1) | ix € [n], ir+ixgr1 <n+1forall k} and observe that the map
S (17i17-"7id71) — (il—l,ig—l,...,id—l)

is a bijection with the integer points in the (n — 1)th dilation of the d-dimensional Fibonacci
polytope Fy. Thus it suffices to verify that the number of tuples (1,4,...,44,1) such that
Ziy - Zgry # 018 298]

Now, we note that S corresponds to the products Z;,)--- Z(;,1) where each entry is in the
top-left triangular block. On the other hand, if Z;;, # 0 then it may belong to either the top-left
(which S) or bottom-left triangular blocks. These choices are equivalent and, after making either
choice, we will similarly have two possible corners for i3 and so on. O
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Theorem 3.9. Let F; denote the d-dimensional Fibonacci polytope. Consider the matrix'l;, defined
in Corollary 3.7. Then for any positive integer n, we have

[T 40y = 2n+ 1) + 2% (n — 1) Fyl.

Proof. First, we observe that (2n+1)? is the upper-left entry of 14" where T'is a (2n+1) x (2n+1)
square matrix such that I; j) = 1 for all 7, . We will work with nonzero products in the expression

[T:@i—i_l](l,l) - Z b bingio = tig1-

1<d1,..,1g<2n+1

For convenience, we label the product ¢y ;,t;, 4, - - - ti, 1 by the tuple of indices (1,4, ...,44,1). Sim-
ilarly, we use a (d + 2)-tuple (jo,. .., jar1) to label a product of elements of I. In correspondence
with the shapes of T;, and N, let us introduce 2 regions: the first is the middle rhombus R and
the second, C, consists of the four corners of length n. We will use these regions for the pairs of
positive integers.

Suppose that ¢ ¢, 4, -+~ ti,1 # 0. Due to the structure of 7', the product must be equal to 2!
for some 0 < [ < d + 1. The number of products (equivalently, tuples) which are equal to 2¢*1 is
counted easily: in this case ?;, ;, ., must always belong to the upper left corner of 7),, so there are
|(n — 1) Fy| such tuples by the proof of Lemma 3.8.

We now may assume that [ # d+1. We give a procedure P that from a given tuple (1,41, ...,44,1)

will produce 2! tuples (jo, .. ., jas1) (i-e., 2! elements of 1¢1).
Procedure 1. Let ko be the smallest integer k such that t;, ;.. = 1. We now analyze all
10,11, - - -y Iqr1 Starting from the left:

(1) set jap1 = jJo = 1;

(2) if m<kyandt = 2, then we put two values for jmi1: tme1 and 20+ 2 — iy
(3) if m > ko and t;, ;. ., =2, then we put two values for jn,: in, and 2n + 2 — ip,;

(4) if m > ko and t;,, ;... =1 (i.e., (im,ims1) €C ), then jp = ip,.

inuim+1

Claim 3.9.1. The map P has the following properties:

(a) the image of P covers all tuples (1, j1,...,ja,1) corresponding to (d + 1)-fold products of
elements in I with at least one entry in R;
(b) if (L,i1, ... ig, 1) # (L,d,.... i 1) then P(L,iy,...,ig,1) N P(L,4,, ... i\ 1) = .

Proof. First, observe that for a tuple (1,71, ...,7a4,1) € P(1,41,...,14,1), we have (j, jmi1) € R if
and only if (i,,,%,11) € R (hence, it belongs to the rhombus of 7},). This is due to the symmetry:
the transformation

(io,’il,...,im,...,id+1)P-)(io,il,...,2n+2—im,...,’id+1)

reflects (i,,—1, 4,,) horizontally and (ip,,i,41) vertically, but the two regions, R and C, are stable
under reflections. Note that the distinguished entry biging 1 = 1 1s MO different, since the values
ik, and iy 41 are operated with while checking ¢;, ;. and &, ., ;. .,. In particular, the image of
P contains only tuples with at least one entry in the rhombus R.

Now, in order to prove the two claims it suffices to show that given a tuple (1, ji, ..., jq, 1) there
is a unique tuple (1,41, ...,i4,1) such that 1, ---t;,1 # 0and (1,71,...,7a,1) € P(1,41,...,i4,1).
This is essentially due to the fact that 7;, has two corners filled with Os, so there is no ambiguity
arising in steps (2),(3). Namely, we start by observing that ky is the smallest integer k such
that I, j.,,) € R due to the preservation of the rhombus R. We know that ¢; ;.. , = 2 for all
ko > m. Thus, starting with m = 1, we set i,, = min{j,,, 2n + 2 — j,,} so that the entry (i,,_1, )
belongs to the top-left corner — this is the inverse to the step (2) of the construction of P. This
proceeds until 7g,, but ix,41 cannot be recovered this way. Instead, we approach it starting from
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the tail. Set 441 = 1 and proceed inductively reversing steps (3) and (4) of the construction of
P. Given ipyi1, (Jm, jms1) determines i,,: if (jin, jma1) € R then we set i, = j,,; otherwise, we
set i, = min{jn,2n + 2 — j,,} when i, < n or i, = max{j,,2n + 2 — jn} if i1 > n (so
that (i, ime1) is either in the top-left or the bottom-right corners). We proceed this way until
reaching m = k£ + 1 in which case all values are determined. By the construction, we see now that
(1,j1,...7jd,1)EP(l,il,...,’id,l). OJ

The claim now shows that [T7] ¢ 1) — 291 (n — 1) Fy| is the number of all tuples (1, ji, ..., ja, 1)
that contain at least one entry in the rhombus R. It remains to count the number of tuples that
have no entry in R. Lemma 3.8 shows that the number of such tuples is 2¢|(n — 1)Fy|. It now
follows that

n

(2n + 1)d = [I[d—i_l]l,l = [Td_‘_l](l,l) — 2d|<7’L — ].)Fd|
]

Corollary 3.10. Let F; and E; denote the Fibonacci and extended Fibonacci polytopes. If k is a
field of characteristic p > 2, then

2252 Ry

p?— | E |

erk (k[[o, . .., zall /(@2 + - +22) =1+

Proof. Set a = (p — 1)/2. By Corollary 3.7,

[T 0, — (2a+ 1)7

(2a 4 1) — [Nd+1 11y

By Theorem 3.9 the numerator has the required form. As for the denominator, we interpret
[Ngﬂ]u,l) = Z N1a4+1441 ° " Mat14ig,1-

—a<iy,...,ig<a

enk (K[[zo, - ., zall /(g + -+ 27)) =1+

Since we need all n; ; # 0, we must have ¢; = 74 = 0 and the remaining indices clearly correspond
to the integer points in the a-dilation of the extended Fibonacci polytope. 0

Example 3.11. By Theorem 3.9 and Remark 2.2, we see that
273
3d+1 _ 9d + (_1)d

enk (Fs[[zo, . . ., )]/ (@2 + - +22)) = 1 +

giving the sequence 2,3/2,4/3,23/19, .. ..

It immediately follows from Corollary 3.10 that p — eux(F,[[zo, ..., zd)]/ (22 + - + 22)) is a
rational function of degree d. In fact, this function is even. The following proof of our earlier
speculation was given to us by Akihiro Higashitani.

Corollary 3.12 (Higashitani). The function p — euk (F,[[xo, ..., zd]]/(x2 + - +23)) is rational.
Moreover, it can be written as f(p*)/g(p*) where f, g are polynomials of degree |d/2].

Proof. By Lemma 2.10 the h* polynomial hp,(x) of Fy(x) (resp., hg, of E;) is a symmetric poly-
nomial of degree d — 2 (resp., d). Therefore, the Ehrhart polynomials Pp,(x) and Pg,(z) satisfy
the equations

P, (z) = (—1)dPFd(—ZL‘ —3) and Pg,(z) = (—1)dPEd(—a: —1).

It now follows from Corollary 3.10 that the numerator and denominator of the rational function
2

2\ 1 2dP)Fgl(p/Z - 3/2)
P eHK(FPHxU? s 7xd“/(x0 Tt xd)) 1= pd _ PEd72<p/2 — 1/2)
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are simultaneously even or odd functions in p, depending on whether d is even or odd. Therefore,
the entire expression is a function of p? and the conclusion follows. 0

Remark 3.13. One can compute this rational function via polynomial interpolation using the
first d + 1 values for the numerator and denominator polynomials, obtained by evaluating T, ,j“
and N,f“ fork=1,...,d+ 1.

Alternatively, the initial values of the Ehrhart polynomial of the Fibonacci polytope can be
computed using a recursion® in [PZ25, Proposition 3.17], and the interpolation can be bypassed
using the method of [PZ25, Remark 3.18]. Another option is to use the recursive algorithm due to
Kreweras ([Kre76], [Slo, A079502]).

From Corollary 3.10 we recover an unpublished result of Gessel and Monsky ([GM], see also
[BLM12, Theorem 4.1]) and improve its convergence estimate.

Corollary 3.14. Let k be a field of characteristic p > 2. Then
enx (Ap.a) = enx(K[[vo, ..., zal]/(af + -+ 27)) = 1+ =% + O(p~?).
Proof. By Corollary 2.12

p—3 _ﬂd d—2

27|

Corollary 3.15. For any field k of characteristic p > 2 and any d > 0, we have
enx (Apa) > enk(Apat1).

Proof. We apply the formula in Corollary 3.10. First, observe that |aFy1| < (a + 1)|aFy|. This
follows from the definition: we add x4y such that x4 + z411 < a, so there are at most (a + 1)
options but some are not viable. Hence
29 (a = D Faa| _ (20)2%(a = DFa| _ 2%(a = 1) F|
(2a + 1)d+1 (2a 4 1)4+1 (2a + 1)4

Similarly, |aE441| < (2a+ 1)|aE,| and, therefore, (;Zf‘;)ﬂl < (Q?LIJZ'{I)dEﬁIZ‘. Thus for a = (p—1)/2

we have

20— DFanl | 20~ 1) Fyal/(2a+ 1)
(2a+ )1 — [aEy ] 1 |aBya]/(2a+ 1)@
24 (a — 1) Fy|/(2a + 1)@

= A, q).

T JaByol/a+ 1t~ )

enk (Apay1) =1+

<1+

O

Remark 3.16. The corollary also holds for p = 2 by a direct computation performed in [CR].
Notably, this result demonstrates that egx(A,q4-1) = enx(Apa/(L)) > enx(Apq) for every linear
form L. Thus, there is no analogue of superficial elements for Hilbert—Kunz multiplicity (recall

that e(R) = e(R/(L)) when L is superficial).

As the last corollary we strengthen an easy reduction for the Watanabe—Yoshida conjecture
observed in [ES05].

Corollary 3.17. [t suffices to prove Conjecture 1 for isolated singularities.

°Ts there a similar recursion for the extended Fibonacci polytope?
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Proof. Suppose that the Watanabe—Yoshida conjecture holds for isolated singularities. Let (R, m)
be a formally unmixed local ring of positive characteristic p > 0. Since Hilbert—Kunz multiplicity
does not change upon completion, we may assume that R is complete. Hence its regular locus is
open. Let p # m be a minimal prime of its singular locus. Since R is equidimensional, we have
eak (R) > enx(Rp) > enx(Apdimr,) > eux (Apdimr)- O

We now recover [Tri23, Theorem 8.6].
Proposition 3.18. For any d > 4 the function p — enx(Ap.q) is strictly decreasing for p > 0.

Proof. Plugging = = p/2 in the last formula of the proof of Corollary 3.12, it suffices to show that
Pr,(z —3/2)
zt — PEd72($ - 1/2)

X —

is eventually decreasing. By Corollary 2.12 we may write Pr, (k) := %kd % (d“i‘i)!kdfleegkd*Q—F- e
Then

A A - -
Pr(x—3/2) P+ (62 B %(d—é)!) 2972 4+ O(a"™)
¢ — Pg, (v —1/2) 2d — 2d—2%md—2 + O(zd4)
Ag 9 Ag 42 Ag 5 4
== _ D A gdag, T
d! +(62 s@—oy T2 AgTgy Jr HOET)

and it remains to note that e, > 0 by [FMP, Corollary 5.2] and 24714, 5 > 9 for all d > 5. The
case of d = 4 follows from the explicit formula

20p% 4 15
A =
ek (Ap.q) 242 + 12
O
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APPENDIX A. ASYMPTOTIC BEHAVIOR OF A MORE GENERAL FAMILY OF MATRICES

Our Theorem 3.9 was guided by experiments on a more general family of (2k 4+ 1) x (2k + 1)-

matrices
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As in Theorem 3.9, [Q(q, k)%]1.1 is a polynomial in ¢, k and, motivated by Corollary 3.7, we would
[Q(Q:k)d+1](1,1)

(2k+1)2
First, we need some combinatorial preliminaries. Following Chebikin [Che08] we introduce the

following definition.

like to compute its leading coefficient limy_, o,

Definition A.1. The index 7 is an alternating descent of a permutation 7 if either ¢ is odd and
7(i) > m(i+ 1), or ¢ is even and 7(i) < 7(i + 1).
We will use A(n, k) to denote the number of permutations of [n] having k alternating descents.

For convenience, we will also define alternating descents for a general chain of inequalities z; <
x9 < ---. We now give a key lemma.

Lemma A.2. Consider a partition of the hypercube [0,1]" by the hyperplanes z; + x;41 = 1 for
v = 1,...,n — 1. The total volume of all regions that involve exactly k >’ signs is equal to
A(n, k)/n!.

Proof. The affine transformation y; = z; for ¢ odd and y; = 1 — z; will swap inequalities at the
even place. Hence the number of the original ‘>’ is the number of alternating descents on the
new variables y;. This transformation does not change the volume. Now for each region with the
prescribed number of ‘>’ corresponds a partial order on the variables y;. We may now triangulate
the region by extending the partial order on y; to a total order. Each total order then naturally
corresponds to a permutation, by writing ¢4, ..., %, so that y;, <wy;, < ---, with the same signature
as the original region. The assertion now follows. 0

We will now use that

[Q(q. k)d+1]1,1 = Z Q1,1 Qs+ Qig_ssia 1 Qig11

1<i, .o ig<k-+1

and will plot the indices (i1, ...,74-1) as integer points on a cube [1, 2k + 1]d’1. The value of this
product is thus a function on the cube. After translating, this becomes a question about integer
points in the k-dilations of certain regions of the cube [—1,1]¢71.

The value of each @);. ;.. is given by simple inequalities depending on what region of the matrix
@ it is in. Due to the matrix multiplication rules, two consecutive elements may only be in the
same or in the adjacent regions, i.e., cannot move from the top-left to the bottom-right corner
immediately. This motivated the following regions — for convenience, we will mirror the picture to
have more natural signs.

u

c et

C_|Cyq

Since we will be working with a dilation of [—1,1]", we will similarly define regions on each pair
of consecutive coordinates (x;, z;y1).

Thus, we may use words in the alphabet £ = {b,u,c", ¢, ¢c,,c_} to encode regions of the cube
[—1,1]" corresponding to nonzero products. It is easy to say when a word defines a non-empty
region:

(1) u,c™, ¢ can be only followed by u, ¢, ¢y

(2) b,cy and c_ can be only followed by b, ¢, c_,

(3) the first letter must be either u,c™, or ¢~ and the last letter must be either u,c™, or ¢,
(this rule corresponds to the fact that @)1, # 0 and @Q;,1 # 0).
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Let W, denote the set of n-letter words on this alphabet. We define the signature of the word,
o(w), to be the number of occurrences of letters of type ¢* or c..

Example A.3. The word uc™ describes the following region in the cube [—1,1]*: z; + x5 > 1
(from ‘0’), 22 + 23 < 1 (from ‘c™’), which, after simplifications, is given by z; > 1 — x5 < 3.

Theorem A.4. Let A(n,k) be the number of permutations of [n] having k alternating descents.
Then

1
max{0,k—1}
E vol(w) = CEw] 1)!2 Aln+1,k).
weWn,o0(w)=k

Proof. We want to express the volume of the region given by a word in W,,. The substitution
x, — —x; does not change the volume of a region or the permutation defined by the word. We
define a map ¢ from W, to n-letter words on the alphabet {g,{} by sending b, u +— g and ¢*, cx — [.
Of course, a word on {g,l} can be considered as a region given by [0, 1]™ by u, ¢, in this way ¢
does not change the volume. We may identify to a word in {g,[}" a chain of inequalities given by
x; + 2y > 1 for g and x; + ;51 < 1 for [. Thus the volume of the regions with £ letters g is
A(n, k)/n! by Lemma A.2.

Now, given a word w € {g,[}" with k letters g it remains to show that |¢~!(w)]
For k = 0, this is trivial as the word w ... w is the only mapping to ¢g...g. For k =1 and ‘1" at the
1th spot, we note that a preceding ‘g’ or the boundary condition, when ¢ = 1, requires that z; > 0
and, similarly, the succeeding letter will force x;; > 0. Thus we must have ¢ in the unique lift.

Now, we may assume that £ > 2 and use induction on the length of the word to describe the
number of pieces. First, if we extend a word w to wg, then any option for v € ¢~!(w) can be only
extended to vu due to the boundary conditions. Note that this is a valid extension: if |w| = n, then
r, > 0 was a boundary condition which is now required by ‘u’. There cannot be other elements
in ¢~ (wg) for the same reason. Thus |¢p~!(w)| = |¢p~'(wg)| does not change in such a case.

Second, suppose that we extend a word w of signature k — 1 and length n to wl. Suppose w
ends with ‘g’ and write it as w = vg . ..g. Then for any lift © of v we have two lifts of w: vu...uct
and vb...bc”. Note that all lifts of w have the form vu...u due to the boundary conditions, so
we must have 2|¢~H(w)| = |¢~(wl)].

In the last case, when w is ending on ‘1 itself, say, w = vl, then for any lift of w has the form
vct or e due to the boundary condition (the actual sign may depend on ). However, in wl it
is now not affected by the boundary condition and, for example, the lift v¢~ will be extended by
both v¢™c™ and oc_c™. Thus we have 2|¢~(w)| = |¢~(wl)| again. O

— 2max{0,k—1} _

Recall that the alternating Fulerian polynomials are defined by A,(z) = Z;é A(n, k)x*.
Chebikin [Che08] computed the exponential generating function

2" sec((l—x)z) +tan((1 —2)z) — 1
ZA"@)E ~ 1—wsec((1 —x)z) — wtan((1 — z)2)

n>1

2

Corollary A.5. The leading term of k — [Q(q, k)" )11 is Qq—(A(n, 0) + A,(29)) k™.

n!
Proof.
1 - _ 1
> vol(w) = gy S 2 A LK) = g (A (2) + Al +1,0)
weWn, k=0
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