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§1. Introduction

Let Fn be the space of complete flags in kn (where k is R or C). With an arbi-
trary complete flag f ∈ Fn we associate the standard Schubert cell decomposition
Schf of the space Fn whose cells are enumerated by elements from Sn while the
dimension over k of such a cell equals the number of inversions in the corresponding
permutation (see for example [FF] §5.4).

Definition. The train Tnf of the flag f ∈ Fn is the union of all cells of Schf

of positive codimension.
Let cσ be the cell of the decomposition Schf corresponding to the permutation

σ and B a sufficiently small n(n− 1)/2-dimensional (over k) ball with the origin at
some point of cσ.

Definition. The manifold Aσ = B \ Tnf is called the link of the cell cσ. By
χσ we denote the Euler characteristic of Aσ :

χσ =
∑

k

(−1)k dim Hk(Aσ).

In the complex case we introduce also the numbers

χpq
σ =

∑
k

(−1)k dim Grp
F GrW

p+qH
k(Aσ)

where GrW and GrF are the associated graded objects of the weight and the Hodge
filtrations, respectively.

In this paper we describe a construction which enables us to reduce the calcu-
lation of χσ and χpq

σ for Fn to similar calculations for Fn−1 and give the results
of the calculations in low dimensions. We also formulate a relation between χσ for
the real case and χpq

σ for the complex one and establish certain properties of the
latter numbers.

§2. Sylvester manifolds, flags transversal to a given
pair of flags and links of Schubert cells

2.1. Let M be an arbitrary matrix over the ring of polynomials in d variables
with the coefficients from the field k.

Definition. The Sylvester polynomial of the matrix M is the product of all its
main minors; the Sylvester manifold of the matrix M is the complement in kd to
the set of zeros of the Sylvester polynomial of M .
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2 B. Z. SHAPIRO AND A. D. VAINSHTEIN

Let σ be an arbitrary permutation from Sn. Assign to permutation σ a following
matrix Mσ over the ring of polynomials in n(n − 1)/2 variables: take the upper
triangular matrix with unit diagonal elements and independent variables xij above
the diagonal and permutate its columns with the help of σ.

Example. Let σ = (2, 3, 1, 4), then

Mσ =


x13 1 x12 x14

x23 0 1 x24

1 0 0 x34

0 0 0 1

 .

The Sylvester polynomial of this matrix equals x14x34(x12x24 − x14).
2.2. Let e1, . . . , en be an arbitrary basis in kn.
Definition. A complete flag is called coordinate if all its subspaces are

spanned by the vectors of the basis and standard coordinate if each its i-
dimensional subspace is spanned by e1, . . . , ei.

Coordinate flags are enumerated by permutations and each Schubert cell of the
Schubert decomposition associated with a standard coordinate flag contains the
unique coordinate flag while the permutations corresponding to these flag and cell
coincide.

Given a permutation σ = (i1, i2, . . . , in), we call the permutation σ̄ = (in, . . . ,
i2, i1) transversal to σ. The coordinate flag fσ̄ corresponding to the permutation σ̄
is the unique coordinate flag transversal to fσ.

Let (f1, f2) be an arbitrary pair of flags in Fn. Evidently, there exists a basis in
kn for which f1 is the standard flag and f2 is a coordinate flag. Each such basis
can be obtained from another one via the multiplication by a nondegenerate lower
triangular matrix. Thus a permutation σ ∈ Sn is assigned to each pair of flags from
Fn. The manifold of all flags transversal to a given pair of flags will be denoted by
Vσ.

In what follows we shall often use the following fibration GLn(k) → Fn. Fix
some basis in kn thus identifying GLn(k) with the set of the nondegenerate n ×
n-matrices and map each matrix onto the flag whose i-dimensional subspace is
spanned by the first i rows of the matrix.

2.3. Lemma. The manifolds Aσ and Vσ̄ are diffeomorphic to the Sylvester mani-
fold of the matrix Mσ.

Proof. At first we prove the statement about Vσ̄. The matrix Mσ defines the
mapping of kn(n−1)/2 to GLn(k). Let us ascertain now that the set of all flags
transversal to fσ̄ can be identified with the image of this mapping. Suppose g
is such a flag and σ̄ = (i1, . . . , in). Since the line of the flag g is transversal to
the linear subspace spanned by ei1 , . . . , ein−1 , it contains a unique vector whose
projection along {ei1 , . . . , ein−1} coincides with the basis vector ein

; we place the
coordinates of this vector in the first row of our matrix. Since the 2-plane of the
flag g is transversal to the subspace spanned by ei1 , . . . , ein−2 , it contains a unique
vector whose projection along {ei1 , . . . , ein−2} coincides with the basis vector ein−1 ;
we place the coordinates of this vector in the second row of the matrix, etc. At the
end of this process we obtain a matrix belonging, obviously, to the image of the
mapping determined by Mσ. Consider now the condition that the flag g represented
by this matrix is transversal to the standard coordinate flag (represented by the
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unit matrix). The transversality of the (n−i)-dimensional subspace of the standard
flag and of the i-dimensional subspace of g is equivalent to the nondegeneracy of
the matrix constituted of the first n − i rows of the unitary matrix and the first i
rows of the matrix representing g, i.e. to the nonvanishing of the i-th main minor
of the latter.

Now we prove the statement concerning Aσ. Consider the set of all flags be-
longing to the n(n − 1)/2-dimensional ball with the origin at fσ. If the radius of
this ball is sufficiently small then all these flags are transversal to fσ̄. Therefore by
previous arguments the set of these flags is identified with the image of a small ball
under the mapping to GLn(k) defined by the matrix Mσ. Just as before, the fact
that a flag does not belong to the train of the initial (standard coordinate) flag is
equivalent to the nonvanishing of the Sylvester polynomial of the matrix Mσ.

§3. Stratification of the manifold Aσ

3.1. The n-dimensional k-torus Tn = (k \ 0)n acts on the manifold Aσ. In the
coordinate representation given in §2 this action can be described as expansions and
contractions of basis vectors. The orbits of this action have the following convenient
description.

Consider the mapping sending each flag from Aσ to its line. This line deter-
mines an n-dimensional vector of 0’s and 1’s whose i-th coordinate equals 0 if the
line belongs t the subspace spanned by eσ(1), . . . , eσ(i−1), eσ(i+1), . . . , eσ(n) and 1
otherwise. The transversality of all flags from Aσ to the given pair of flags (see
Lemma 2.3) implies that two coordinates (coinciding if the hyperplanes of these
two flags coincide) of this vector must equal 1. Clear that two flags determine the
same 0-1-vector if and only if they both belong to the same orbit. Therefore the
orbits are enumerated by 0-1-vectors having 1’s at two prescribed places (possibly
coinciding):

(1) Aσ =
⋃

w∈Wσ

Owσ

where
Wσ = {w = (w1, . . . , wn) ∈ {0, 1}n : w1 = wσ−1(n) = 1},

Owσ is the orbit in Aσ corresponding to the vector w.
We shall prove now that Owσ is diffeomorphic to the product of several copies

of k∗ by the manifold Aπ for a certain permutation π ∈ Sn−1.
Let σ ∈ Sn, w ∈ Wσ. To each pair (σ,w) we assign a permutation π(σ,w) ∈ Sn−1

in the following way.
Given an arbitrary sequence I = {i1, . . . , ik} denote by R(I) the sequence ob-

tained by the following process: put

r1 = i1, rl = max{rl−1, il}, 1 < l ≤ k,

and delete from each group of consecutive equal elements of the sequence {r1, . . . ,
rk} all elements except the first one. Now let I(w) be the ordered sequence of
the numbers i such that wi = 1. Put Jσ(w) = σ−1R(σI(w)); then a relation
1 = j1 < j2 < · · · < jm = σ−1(n) is obviously valid, m being the number of
elements in Jσ(w). Define π(σ,w) by the formulas

(2)
π(σ,w)(i) = σ(i + 1) if i 6= jl − 1, 2 ≤ l ≤ m,

π(σ,w)(jl − 1) = σ(jl−1), 2 ≤ l ≤ m.
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3.2. Lemma. The manifold Owσ is diffeomorphic to the direct product of Aπ(σ,w)

by (k∗)n(w)−1, where n(w) is the number of nonzero entries in w.

Proof. Note that Owσ
∼= Awσ × (k∗)n(w)−1, where Awσ is the Sylvester manifold

of the matrix Mwσ obtained from Mσ via replacing its first row by the vector
wσ = (wσ−1(1), . . . , wσ−1(n)). Let us prove that the Sylvester manifolds of Mwσ

and of Mπ(σ,w) are diffeomorphic. Indeed, put {r1, . . . , rm} = R(σI(w)), r0 = 0
and define the matrix L by the relations

lii = (−1)wσ(i) , 1 ≤ i ≤ n;

lij =
{ 1 if wσ(j) = 1, rk−1 ≤ j ≤ rk, k ∈ {1, . . . ,m};

0 otherwise;
i 6= j.

Since L is a nondegenerate lower triangular matrix, the Sylvester polynomials for
Mwσ and MwσL coincide up to the factor ±1. The first row of MwσL contains the
unique unity: in the last column. Hence, the Sylvester polynomial for this matrix
is equal to that for its submatrix obtained by deleting of the first row and of the
last column; however, by linear changes of variables the latter can be reduced to
Mπ(σ,w), q.e.d.

3.3. Call vectors w1, w2 ∈ Wσ equivalent (w1 ∼ w2) if π(σ,w1) = π(σ,w2).
Relations (2) imply

w1 ∼ w2 iff Jσ(w1) = Jσ(w2).

Denote by W̃σ the quotient set Wσ/ ∼ and by W̃σ(w) the equivalence class con-
taining w.

The set {1, . . . , n} can be decomposed in the disjoint union of the three subsets
N0, N1 and N01. Here N0 contains all j such that w′

j = 0 for all w′ ∈ W̃σ(w), N1

contains all j such that w′
j = 1 for all w′ ∈ W̃σ(w), N01 contains all other j’s. The

definition of Jσ implies that

i ∈ N1 iff i ∈ Jσ(w);

i ∈ N0 iff ∃l : jl < i < jl+1, σ(i) > σ(jl+1).

Define vectors w and w by the relations

wi =
{ 1 if i ∈ N1,

0 otherwise,
wi =

{ 0 if i ∈ N0,

1 otherwise,
1 ≤ i ≤ n.

It is easy to see that W̃σ(w) = {w′ : wi ≤ w′
i ≤ wi, i = 1, . . . , n}.

For an arbitrary permutation τ denote by Dτ the set of all pairs (i, k) such that
i < k and τ(i) < τ(k) and let dτ be the cardinality of Dτ .

3.4. Lemma. For arbitrary σ ∈ Sn, w ∈ Wσ

dσ − dπ(σ,w) = n(w)− 1 + 2(n− n(w)).

Proof. Let us define a mapping π∗ : Dπ → Dσ (since σ and w are fixed, we can and
will omit dependence of π and of π∗ on these parameters). To do this, decompose
each of Dσ and Dπ in 6 subsets.
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Let (i, k) ∈ Dσ. Put

(i, k) ∈ D1
σ iff i /∈ N1, k /∈ N1,

(i, k) ∈ D2
σ iff i ∈ N1, k ∈ N01,

(i, k) ∈ D3
σ iff i ∈ N01, k ∈ N1,

(i, k) ∈ D4
σ iff i ∈ N1, k ∈ N0,

(i, k) ∈ D5
σ iff i ∈ N0, k ∈ N1,

(i, k) ∈ D6
σ iff i ∈ N1, k ∈ N1.

The corresponding partition of Dπ is defined in the following way: let (i, k) ∈ Dπ,
then

(i, k) ∈ Dl
π iff (i + 1, k + 1) ∈ Dl

σ, 1 ≤ l ≤ 6.

For (i, k) ∈ D1
π put π∗(i, k) = (i + 1, k + 1). We have i + 1 < k + 1 while

σ(i + 1) = π(i) < π(k) = σ(k + 1) by (2), hence (i + 1, k + 1) ∈ D1
σ. Evidently, π∗

defines a bijection of D1
π and D1

σ.
For (i, k) ∈ D2

π we have i + 1 = jl, l > 1 (recall that jl is the l’th element in
Jσ(w)). Put π∗(i, k) = (jl−1, k + 1). Then jl−1 < jl = i + 1 < k + 1 and by (2)
σ(jl−1) = π(jl − 1) < π(k) = σ(k + 1), hence (jl−1, k + 1) ∈ D2

σ. Since (s, t) ∈ D2
σ

implies the existence of s′ ∈ N1 such that s < s′ < t, we see that π∗ defines a
bijection of D2

π and D2
σ.

For (i, k) ∈ D3
π we have k + 1 = jl, l > 1. Put π∗(i, k) = (i + 1, jl). We have

i + 1 < jl while by (2) σ(i + 1) = π(i) < π(jl − 1) = σ(jl−1) < σ(jl), hence
(i + 1, jl) ∈ D3

σ. Evidently, π∗ defines a bijection of D3
π and D3

σ.
For (i, k) ∈ D4

π we have i + 1 = jl, l > 1. Put π∗(i, k) = (jl−1, k + 1). As in
the case of D2

π we obtain (jl−1, k + 1) ∈ D4
σ. Evidently, π∗ is injective on D4

π. Let
(s, t) ∈ D4

σ; from the definition of Jσ(w) it follows that (s, t) ∈ π∗(D4
π) iff there

exists s′ such that s < s′ < t. Since for each t ∈ N0 there exists a unique s ∈ N1

such that the pair (s, t) does not possess the above property, we see that the number
of elements in D4

σ exceeds that in D4
π by cardN0 = n− n(w).

For (i, k) ∈ D5
π we have k + 1 = jl, l > 1. Put π∗(i, k) = (i + 1, jl−1). By (2)

σ(i + 1) = π(i) < π(jl − 1) = σ(jl−1). Let us prove that i + 1 < jl−1. Indeed, by
the definition of N0 the opposite inequality would imply σ(Jl−1) < σ(i + 1), i.e.
π(k) < π(i) which contradicts (i, k) ∈ D5

π. Therefore (i + 1, jl−1) ∈ D5
σ. Evidently,

π∗ is injective on D5
π. Let (s, t) ∈ D5

σ; from the definition of Jσ(w) follows that
(s, t) ∈ π∗(D5

π) iff t 6= jm (as before, m denotes the cardinality of Jσ(w)). Since
for each s ∈ N0 D5

σ contains the unique pair (s, jm), we see that the number of
elements in D5

σ exceeds that in D5
π by cardN0 = n− n(w).

For (i, k) ∈ D6
π we have i + 1 = jl, k + 1 = jr, 1 < l < r. Put π∗(i, k) =

(jl−1, jr−1). We have jl−1 < jr−1 while by (2) σ(jl−1) = π(jl − 1) < π(jr − 1) =
σ(jr−1), hence (jl−1, jr−1) ∈ D6

σ. Evidently, π∗ is injective on D6
π. Let (s, t) ∈ D6

σ;
from the definition of Jσ(w) follows that (s, t) ∈ π∗(D6

π) iff t 6= jm. Since D6
σ

contains the unique pair (s, jm) for each s ∈ N1, s 6= jm, we see that the number
of elements in D6

σ exceeds that in D6
π by cardn1 = n(w)− 1.

Therefore

dσ − dπ =
6∑

l=1

(cardDl
σ − cardDl

π) = n(w)− 1 + 2(n− n(w)),

q.e.d.
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§4. Euler characteristics of stratified manifolds
for cohomology with compact supports

4.1. It is known (see e.g. [M]) that the theory of cohomology with compact
supports is ”the theory of a single space”. It means that if Y ⊂ X is a closed
subset of a locally compact topological space X then for U = X \ Y one has
Hi

c(X, Y ) ≡ Hi
c(U) and the exact sequence of the pair can be written as

(3) · · · → Hk
c (U) → Hk

c (X) → Hk
c (Y ) → Hk+1

c (U) → . . .

thus implying

(4) χc(X) = χc(U) + χc(Y ).

The following proposition was mentioned by many authors (see e.g. [G] and espe-
cially [V]).

4.2. Lemma. Suppose X is an n-dimensional manifold represented as a finite
disjoint union of open manifolds Xi: X = ∪iXi. Then

χc(X) =
∑

i

χc(Xi).

Proof. Consider the filtration X = Xn ⊃ Xn−1 ⊃ Xn−2 ⊃ · · · ⊃ X0 = ∅, where X l

is the union of all Xi’s whose dimension does not exceed l and apply (4) consequently
to the pairs (Xn, Xn−1), (Xn−1, Xn−2) and so on.

It turns out that a similar proposition is true for χpq
c ’s of quasiprojective mani-

folds. (From now on in this section we shall follow mainly [D].)

4.3. Theorem. Suppose X is a complex quasiprojective manifold represented as
a finite disjoint union of quasiprojective manifolds Xi: X = ∪iXi. Then

χpq
c (X) =

∑
i

χpq
c (Xi).

The following property of the exact sequence (3) for quasiprojective manifolds
immediately implies the Theorem.

4.4. Lemma. Let Y ⊂ X be a closed quasiprojective submanifold of a quasiprojec-
tive manifold X and U = X \ Y . Then the exact sequence (3) is an exact sequence
of Hodge structures.

Proof. Choose a compactification X̄ ⊃ X and denote by X ′ the complement to X
in X̄, by Ȳ —the closure of Y in X̄ and by Y ′—the complement to Y in Ȳ . Then
sequence (3) is reduced to

· · · → Hk(X̄,X ′ ∪ Ȳ ) → Hk(X̄,X ′) → Hk(Ȳ , Y ′) → Hk+1(X̄,X ′ ∪ Ȳ ) → . . . .

By the excision isomorphism, the third group is isomorphic to Hk(X ′ ∪ Ȳ ,X ′),
thus (3) is reduced to the exact sequence of the triple (X̄,X ′ ∪ Ȳ ,X ′). However,
the exact sequence of a triple is an exact sequence of Hodge structures; to prove
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this it is sufficient to check that Hodge structures are respected by the connecting
homomorphism. The latter fact is implied by the similar property of the exact
sequence of a pair.

4.5. To prove Theorem 4.3 it suffices to consider the case X = X1 ∪ X2. If
both X1 and X2 are closed the Theorem is implied immediately by Lemma 4.4. In
general, let X̄1 be the closure of X1 in X and C = X̄1∩X2. Then X1 is open in X̄1

(since X1 is quasiprojective), X̄1 is closed in X and C is closed in X2. Applying
Lemma 4.4 three times we obtain

χpq
c (X) = χpq

c (X̄1) + χpq
c (X2 \ C) =

= χpq
c (X1) + χpq

c (C) + χpq
c (X2 \ C) =

= χpq
c (X1) + χpq

c (X2),

which completes the proof.

§5. Main results

5.1. Theorem. In the real case

χσ =
∑

w∈Wσ

(−1)n−n(w)2n(w)−1χπ(σ,w),

where n(w) as before is the number of unit entries in w.

Proof. From (1) and Lemma 4.2 it follows that

(5) χc(Aσ) =
∑

w∈Wσ

χc(Owσ).

Lemma 2.3 and the explicit description of the orbits Owσ (see section 3.1) imply
dim Owσ = n(n−1)

2 − (n− n(w)). Hence by Lemma 3.2.

χc(Owσ) =
∑

k

(−1)khk
c (Owσ) =

∑
k

(−1)khn(n−1)/2−n+n(w)−k(Owσ) =

=
∑

k

(−1)kh0
(
(R∗)n(w)−1

)
hn(n−1)/2−n+n(w)−k(Aπ(σ,w)) =

= 2n(w)−1
∑

k

(−1)khk+1−n(w)
c (Aπ(σ,w)) = (−2)n(w)−1χc(Aπ(σ,w)) =

= (−1)(n−1)(n−2)/2(−2)n(w)−1χπ(σ,w).

From the above relation and formula (5) follows that

χσ = (−1)n(n−1)/2χc(Aσ) =
∑

w∈Wσ

(−1)n−n(w)2n(w)−1χπ(σ,w),

q.e.d.

5.2. To handle the complex case we need the following technical proposition.
Suppose X is an arbitrary complex manifold; denote

PX(t) =
∑

i

χii(X)ti,

hij
k (X) = dim Gri

F GrW
i+jH

k(X).
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Lemma. Let X = U × Y and the following assumptions are true:
1) χij(Y ) = 0 for i 6= j;
2) hij

k (U) = 0 for i 6= j.
Then

PX(t) = PU (t)PY (t),(6)

χij(X) = 0 for i 6= j.(7)

Proof. Evidently, assumption (2) implies that

hij
k (X) =

∑
p,q,l

hpq
l (U)hi−p,j−q

k−l (Y ) =
∑
p,l

hpp
l (U)hi−p,j−p

k−l (Y ).

Hence
χij(X) =

∑
k

(−1)khij
k (X) =

∑
p,l

(−1)lhpp
l (U)

∑
k

(−1)k−lhi−p,j−p
k−l (Y ) =

=
∑
p,l

(−1)lhpp
l (U)χi−p,j−p(Y ) =

∑
p

χpp(U)χi−p,j−p(Y ).

From this relation we see that (7) follows immediately from assumption (1). Now,

PX(t) =
∑

i

∑
p

χpp(U)χi−p,i−p(Y )ti =

(∑
p

χpp(U)tp
)∑

j

χjj(Y )tj

 =

= PU (t)PY (t),

which coincides with (6).

5.3. Theorem. Put Pσ(t) ≡ PAσ
(t), then

Pσ(t) =
∑

w∈Wσ

tn−n(w)(1− t)n(w)−1Pπ(σ,w)(t),(8)

χij
σ = 0 for i 6= j,(9)

where n(w) is the same that in Theorem 5.1.

Proof. Denote Pwσ(t) ≡ POwσ (t). Lemmas 3.2 and 5.2 imply

(10) Pwσ(t) = P(C∗)n(w)−1Pπ(σ,w)(t) = (1− t)n(w)−1Pπ(σ,w)(t).
For an arbitrary complex manifold X define a polynomial

P c
X(t) =

∑
i

ti
∑

k

dim Gri
F GrW

2i Hk
c (X)

and extend on this the abbreviated notions P c
σ and P c

wσ. Evidently,

(11) P c
X(t) = tdPX(1/t),

where d is the complex dimension of X. According to Theorem 4.3 relation (1)
implies

P c
σ(t) =

∑
w∈Wσ

P c
wσ(t).

Together with (11) this implies

tn(n−1)/2Pσ(1/t) =
∑

w∈Wσ

tn(n−1)/2−n+n(w)Pwσ(1/t).

Introducing (10) in the above relation and redenoting 1
t by t we obtain (8).
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5.4. Corollary. In the complex case χσ = 0.

Proof. Evidently, χσ =
∑

i,j χij
σ . Together with (8), (9) this implies χσ =

∑
i χii

σ =
Pσ(1) = 0.

5.5. A connection between χσ for the real case (ad hoc denote it by χR
σ ) and

χii
σ is given by the following proposition.

Corollary. χR
σ =

∑
i |χii

σ |.

Proof. Follows immediately from Theorem 5.1, formula (8) and the relation
∑

i |χii
σ | =

Pσ(−1).

5.6. Theorem. For any σ ∈ Wσ

deg Pσ = dσ, χdσdσ
σ = (−1)dσ ,(12)

χii
σ = (−1)dσχdσ−i,dσ−i

σ , 0 ≤ i ≤ dσ.(13)

Proof. For an arbitrary w̃ ∈ W̃σ put

Qw̃(t) =
∑
w∈w̃

tn−n(w)(1− t)n(w)−1Pπ(σ,w)(t).

Then (8) can be rewritten as

(14) Pσ(t) =
∑

w̃∈W̃σ

Qw̃(t)

while

Qw̃(t) =
n(w)−n(w)∑

i=0

(
n(w)− n(w)

i

)
tn−n(w)+i(1− t)n(w)−i−1Pπ(σ,w)(t) =

= tn−n(w)(1− t)n(w)−1Pπ(σ,w)(t)(15)

with w satisfying W̃σ(w) = w̃.
Suppose that (12) is already proved for permutations from Sn−1 (the basis of

the induction is trivial). Then

deg Qw̃ = n− n(w) + n(w)− 1 + dπ(σ,w).

By Lemma 3.4 this relation implies deg Qw̃ = dσ −n+n(w). This means that only
one polynomial in the right hand side of (14) has degree dσ (the corresponding w
consists of all 1’s), while the degrees of all other polynomials are strictly less then
dσ. Together with (15) this implies (12).

Now note that by (12) relation (13) is equivalent to

Pσ(t) = (−t)dσPσ(1/t).

Suppose that this relation is already proved for permutations from Sn−1. From
(15) and Lemma 3.4 we see that

Qw̃(1/t) = (−t)−dσQw̃(t).

Introducing this into (14) we obtain the required relation.
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§6. Calculations for low dimensions

Theorems 5.1 and 5.3 enable us to calculate χσ and Pσ for any Sn consecutively
by n. The results for n = 1, 2, 3, 4 are displayed below.

n σ χσ Pσ

1 1 1 1

2
(1,2)

(2,1)

2
1

1− t

1

3

(1, 2, 3)

(1, 3, 2), (2, 1, 3)

(2, 3, 1), (3, 1, 2)

(3, 2, 1)

6
4
2
1

1− 2t + 2t2 − t3

1− 2t + t2

1− t

1

4

(1, 2, 3, 4)

(1, 3, 2, 4)

(1, 2, 4, 3), (2, 1, 3, 4)

(2, 1, 4, 3), (2, 3, 1, 4),

(3, 1, 2, 4), (1, 3, 4, 2),

(1, 4,2, 3)


(3, 2, 1, 4), (1, 4, 3, 2),

(2, 4, 1, 3), (3, 1, 4, 2)

}
(2, 3, 4, 1), (4, 1, 2, 3)

(3, 4, 1, 2), (2, 4, 3, 1),

(3, 2, 4, 1), (4, 1, 3, 2),

(4, 2,1, 3)


(4, 2, 3, 1), (3, 4, 2, 1),

(4, 3,1, 2)

}
(4, 3, 2, 1)

20
18
16

12

8

6

4

2

1

1− 3t + 4t2 − 4t3 + 4t4 − 3t5 + t6

1− 3t + 5t2 − 5t3 + 3t4 − t5

1− 3t + 4t2 − 4t3 + 3t4 − t5

1− 3t + 4t2 − 3t3 + t4

1− 3t + 3t2 − t3

1− 2t + 2t2 − t3

1− 2t + t2

1− t

1

Moreover, χ(1,2,3,4,5) = 52, χ(1,2,3,4,5,6) = 104.
The natural conjecture that for n fixed the maximal value ofχσ is achieved at

σ = (1, 2, . . . , n) fails. Indeed, already for n = 5 one has χ(1,3,2,4,5) = χ(1,2,4,3,5) =
56, χ(1,3,4,2,5) = 60 (the latter value is maximal for S5).

It would be interesting to study the topology of Aσ. For n = 1, 2, 3 in the
real case all Aσ are disconnected unions of cells. The same is apparently true for
n = 4 thus adding one more number—52—to the list of the numbers of connected
components of the set of all flags transversal to a given transversal pair of flags (see
[A]). For n > 4 the topology of Aσ can be nontrivial.

Note that to each permutation σ from Sn one can assign the permutation σ̂ =
(σ, n+1) from Sn+1. Evidently, Aσ̂ is homotopically equivalent to Aσ (in fact Aσ̂ is
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a cylinder over Aσ). Hence, on the set of all possible permutations one obtains the
generalized Bruhat ordering, whose maximal element is ”the inverse permutation
of all positive integers”. Does cohomology of the corresponding Aσ stabilize? If so,
find the stable cohomology ring.

It would be also interesting to find the cohomology and the mixed Hodge struc-
ture of Aσ in the complex case. We managed to obtain the answer for n ≤ 4. In all
this cases the corresponding mixed Hodge structure is pure, namely, hii

i (Aσ) = |χii
σ |

while all the other hij
k vanish. It is tempting to prove that the same is true for all

Aσ, but most likely it is a low dimensional effect. It is apparently easy to prove
(decomposing Aσ in the disjoint union of quasiprojective manifolds each diffeomor-
phic to the product of the certain numbers of copies of C’s and C∗’s) that in the
mixed Hodge structure of Aσ the hij

k always vanish for i 6= j. On the other hand,
the analogs of Aσ for Grassmann manifolds turn out to be isomorphic to GLn(C)
while the mixed Hodge structure of these fails to be pure.
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