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.ilAbstra
t. In this paper we redu
e the problem 
on
erning the number of 
onne
ted 
om-ponents in the interse
tion of two real opposite open S
hubert 
ells in SLn(R)=B to a purely
ombinatorial question in the spa
e of upper triangular matri
es with F2 -valued entries. The
ru
ial step of the redu
tion uses the parametrization of the spa
e of real unipotent totallypositive upper triangular matri
es introdu
ed in [L℄ and [BFZ℄.x1. Introdu
tion and resultsFor more than hundred years S
hubert de
omposition of 
omplete and partial 
agmanifolds and S
hubert 
al
ulus has been an intertwining point of algebra, geometry,representation theory and 
ombinatori
s. In this paper we are 
on
erned with the furtherre�nement of S
hubert de
omposition theory.Our far and ambitious goal is to des
ribe the topology of interse
tion of two arbitraryS
hubert 
ells. This problem seems to be very important in 
onne
tion with representationtheory, in parti
ular, with 
al
ulationof Kazhdan{Lusztig polynomials, whi
h is known to be a very hard problem.As a minor step in this dire
tion we 
al
ulate in this paper the number of 
onne
ted
omponents in the interse
tion of two open opposite S
hubert 
ells in the spa
e of realn-dimensional 
ags. This question was raised in [A℄, and later, in 
onne
tion with 
riteria1991 Mathemati
s Subje
t Classi�
ation. Primary 14M15, Se
ondary 14N10, 14P25.1The resear
h of this author was supported by the Rashi Foundation.



2of total positivity, in [SS℄. Other topologi
al 
hara
teristi
s of pairwise interse
tions ofS
hubert 
ells (not ne

essary opposite) are 
onsidered in our previous papers [SV, SSV1,SSV2℄.Despite the fa
t that in this paper we 
onsider only real algebrai
 varieties, we hope thatour approa
h 
an give some information about 
omplex geometry as well. The reasons forthis hope are as follows.a) The 
al
ulation method is based on the beautiful and very deep (\very algebrai
")results by Berenstein, Fomin and Zelevinsky [BFZ℄ on the Lusztig parametrization of theunipotent lower triangular matri
es, whi
h form an open 
ell in the 
ag manifold. Itlooks like the same type of parametrization and 
ell de
ompositions might be used alsofor 
al
ulation of 
ertain topologi
al 
hara
teristi
s (e.g., the fundamental group) in the
omplex 
ase.b) Any real algebrai
 manifold satis�es the so-
alled Smith inequality: the sum of itsBetti numbers for homology with F2 -
oeÆ
ients is less or equal than the sum of Bettinumbers of its 
omplexi�
ation with Z-
oeÆ
ients. By the results of one of the authors(see [S℄), the interse
tion of opposite open 
ells in the spa
e of 
omplete 
ags enjoys theso-
alled M-property, i.e., the Smith inequality be
omes an equality. It is another indire
thint that real and 
omplex geometries of this interse
tion are related very 
losely.Re
all that a real 
ag f is a sequen
e of n linear subspa
es ff1 � f2 � � � � � fn�1 �fn = Rng, where dim fk = k. We denote the set of all real 
ags by Fn. In an obviousway one 
an identify Fn with the set SLn(R)=B, where B is the Borel subgroup of allupper triangular matri
es. Indeed, �x 
oordinates in Rn . Then any nondegenerate matrixprodu
es a 
ag whose i-dimensional subspa
e is generated by the �rst i 
olumns of thematrix.Two 
ags f and g are 
alled transversal if all linear subspa
es of f are transversal toall subspa
es of g, i.e., for any pair 1 6 i; j 6 ndim(f i \ gj) = � i+ j � n; if i+ j > n;0; otherwise.Let us 
hoose a pair of transversal 
ags f and g. The main obje
t of our interest is theset Unf;g of all 
ags transversal to both f and g. Evidently, Unf;g is the interse
tion of openmaximal S
hubert 
ells in S
hubert de
ompositions of the variety of 
omplete real 
agsSLn(R)=B with respe
t to the 
ags f and g. Sin
e the group SLn(R) a
ts transitivelyon pairs of transversal 
ags, all Unf;g are di�eomorphi
. We thus omit the indi
es f and gand write just Un.Let us now use the isomorphism Fn �= SLn(R)=B to introdu
e 
oordinates in Fn (and,in parti
ular, in Un). Denote by fe1; : : : ; eng the standard basis in Rn and take for fthe 
ag spanned by fe1g; fe1; e2g; : : : , and for g the 
ag spanned by feng; fen; en�1g; : : : .Then the open S
hubert 
ell of all 
ags transversal to g is identi�ed naturally with theset of all lower triangular unipotent matri
es; namely, the ith subspa
e of a variable 
agis spanned by the �rst i 
olumns of the matrix.In order to make our notation 
onsistent with that of [BFZ℄ we transpose lower triangu-lar matri
es and parametrize 
ags transversal to g with the set Nn of all upper triangularunipotent matri
es.



3Flags transversal to both f and g are des
ribed in the following way. Let l be anarbitrary subset of f1; 2; : : : ; ng, and Dl be the determinant of the submatrix formed bythe �rst jlj rows and the 
olumns numbered by the elements of l; we write Dk insteadof Dfn�k+1;n�k+2;:::;ng. The set of all 
ags transversal to both f and g 
orresponds tothe set of all upper triangular matri
es satisfying the additional restri
tion Di 6= 0 for alli = 1; : : : ; n � 1 (see [SV℄ for details). Let us denote by �i the divisor fDi = 0g � Nn,and by �n the union [n�1i=1 �i. We thus see that Un is di�eomorphi
 to the 
omplementNn n�n.The main result of the present paper is a redu
tion of the topologi
al problem of �ndingthe number of 
onne
ted 
omponents in the interse
tion of two open opposite S
hubert
ells to a purely 
ombinatorial problem of enumerating the orbits of a 
ertain linear groupa
tion in the ve
tor spa
e of upper triangular matri
es with F2 -entries.This 
ombinatorial redu
tion 
onsists of two steps. The �rst one seems very natural andwas obtained independently by K.Riets
h in a more general situation (for the 
ase of A- andD-series). It leads to a 
ombinatorial problem of enumerating the 
onne
ted 
omponentsof a 
ertain graph, see [R℄ and x2. The se
ond step allows to de
rease signi�
antly the
ardinality of the graph 
onsidered and, �nally, leads to a F2 -linear group a
tion.The resulting redu
tion of the initial problem to the group a
tion 
an be generalizedin a natural way to the 
ase when the initial 
ags f and g are not in general position.Presumably, the number of orbits of this generalized group a
tion 
oin
ides with thenumber of 
onne
ted 
omponents in Unf;g for any relative position of f and g. Strangelyenough, the �rst step of the redu
tion does not generalize dire
tly to the 
ase of anarbitrary pair (f; g). Apparently, there exists a deeper 
onne
tion between the initialproblem and the group a
tion than the one known to the authors for the present moment,see Final Remarks.Let us formulate the main result of our paper. Consider the ve
tor spa
e Nn(F2)of upper triangular matri
es with F2 -valued entries. We de�ne the group Gn as thesubgroup of GL(Nn(F2)) generated by F2 -linear transformations gij , 1 6 i 6 j 6 n� 1.The generator gij a
ts on a matrix M 2 Nn(F2) as follows. Let M ij denote the 2 � 2minor of M formed by rows i and i + 1 and 
olumns j and j + 1 (or its upper trianglein 
ase i = j). Then gij applied to M 
hanges M ij by adding to ea
h entry of M ij theF2 -valued tra
e of M ij , and does not 
hange all the other entries of M . For example, ifi < j and M ij = � a b
 d� ; then gij 
hanges M ij as follows:� a b
 d� 7! � d b+ a+ d
+ a+ d a � :Observe that ea
h gij is an involution on Nn(F2). Some other properties of Gn aregiven in Final Remarks. Apparently, an expli
it des
ription of Gn 
an be derived from theabove mentioned properties and the 
lassi�
ation 
ontained in [J1℄. The most essentialresult relating the properties of Gn to our initial question is as follows.Main Theorem. The number ℄n of 
onne
ted 
omponents in Un 
oin
ides with the num-ber of Gn�1-orbits in Nn�1(F2).The main 
onje
ture, whi
h is based on our 
omputer experiments and a detailed studyof the Gn-a
tion, is as follows.



4Main Conje
ture. The number ℄n of 
onne
ted 
omponents in Un equals 3� 2n�1 forall n > 5.Cases n = 3; 4 or 5 are ex
eptional, with ℄3 = 6, ℄4 = 20, ℄5 = 52.The stru
ture of the paper is as follows. In x2 we re
all some basi
 
onstru
tions of [L℄and [BFZ℄ and get the �rst 
ombinatorial redu
tion of the problem. Se
tion x3 is 
entralin the paper. Here we des
ribe the se
ond 
ombinatorial redu
tion and prove that it is
onsistent.We are very grateful to A. Zelevinsky for a number of stimulating dis
ussions and en-
ouragement, and to K. Riets
h who (after the talk on the topi
 given by B. Shapiro at theNortheastern University) provided us with a 
opy of her unpublished paper [R℄. B. Shapiroand A. Vainshtein express their gratitude to Volkswagen-Stiftung for the �nan
ial supportof their stay at MFO in Oberwolfa
h (under the program \Resear
h in Pairs"), where anessential progress in the proof of the above main 
onje
ture was a
hieved.x2. Chamber ansatz and the first 
ombinatorial redu
tion2.1. Signi�
ant re
ent papers [L℄ and [BFZ℄ have shown the importan
e of the followingparametrization of the set Nn>0 of totally positive real upper triangular n � n matri
es.In parti
ular, it implies a number of interesting results on 
anoni
al bases of quantumgroups, as well as new 
riteria of total positivity. Namely, denote by wn0 the permutationof the maximal length in the symmetri
 group Sn and �x some redu
ed de
ompositionwn0 = si1 : : : sim , where sij stands for the transposition (ij ; ij + 1), 1 6 ij 6 n � 1,m = n(n � 1)=2. Following G. Lusztig, one 
an fa
torize any matrix M 2 Nn>0 into theprodu
t(1) M = (11 + t1 �Esi1 )(11 + t2 �Esi2 )� � � � � (11 + tm �Esim );where Esil is the matrix with the only nonvanishing entry esil ;sil+1 = 1, and all tl,l = 1; : : : ;m, are positive.The right hand side of the above formula yields a well-de�ned mapping L� : Rm ! Nn,where � stands for the redu
ed de
omposition of wn0 
hosen above.A. Berenstein, S. Fomin and A. Zelevinsky have derived the formulas for the parametersftlg in terms of the matrix entries of M. Using their formulas, or dire
tly, one 
an getthe following expressions for Di(M), whi
h hold true for any redu
ed de
omposition �:D1(M) = t1 � : : : � tn;D2(M) = t2 � : : : � tn � tn+1 � : : : � t2n�1;: : :Dn�1(M) = n�1Yi=1 tkn� k(k+1)2 :Observe that ea
h Di is a monomial in ftig. Therefore, if ti 6= 0 for all i = 1; : : : ;m,then all the Di do not vanish. Thus, the image U� of the map L� : (R n0)m ! Nn for anyredu
ed de
omposition � of wn0 lies in Un. In fa
t, the expli
it expressions for ftlg implythe following proposition.



5Proposition. L� is a di�eomorphism of (R n 0)m onto its image U� � Un.Denote by C� the 
omplement to U� in Un, and let �n denote the set of all redu
edde
ompositions of wn0 .2.2. Lemma. The 
odimension of T�2�n C� in Un is at least 2.Proof. To prove the 
laim it suÆ
es to �nd two redu
ed de
ompositions � and � su
hthat the 
odimension of C� \ C� is already at least 2. It follows from [BFZ℄ that C�for any � 2 �n is represented as the union of irredu
ible divisors given by equationsMl = 0, where the index l runs over a 
ertain subset L� of in
reasing subsequen
es off1; 2; : : : ; ng. The expli
it expression for Ml is given by the so-
alled Chamber Ansatz of[BFZ℄. Namely, let M be an n � n matrix and [M℄+ denote the last fa
tor M2 in theGaussian LDU-de
omposition M = MT1DM2, where M1;M2 2 Nn and D is diagonal.Then Ml(M) = Dl(N ), where M = [wn0N T ℄+.Let us �x � = s1s2 : : : sn�1s1s2 : : : sn�2 : : : s1s2s1 and � = sn�1sn�2 : : : s1sn�1sn�2 : : :s2 : : : sn�1sn�2sn�1. It follows from the Chamber Ansatz thatL� = ffr; r + 1; : : : ; qg : 1 < r < q < ng;L� = ff1; 2; : : : ; sg [ fp; p+ 1; : : : ; n� 1g : 0 < s < p < ng;and thus L� \ L� = ?.Consider a matrix M of the form
M = 0BBBBBB� 1 � � � : : : � 10 1 � � : : : � 00 0 1 � : : : � 0... . . . ...0 0 0 0 : : : 1 00 0 0 0 : : : 0 1

1CCCCCCA :
It is easy to 
he
k that for a generi
 M one has Ml(M) = 0 for any l 2 L�, butMl(M) 6= 0 for l 2 L� . Sin
e the divisors Ml = 0 are irredu
ible for all l 2 L� [ L� , wethus get 
odimC� \ C� > 2. �2.3. Corollary. The number ℄n is equal to the number of 
onne
ted 
omponents of[�2�nU�.Proof. The number of 
onne
ted 
omponents does not 
hange if we delete a subset of
odimension > 2. �2.4. Transition rules. The 
oeÆ
ients ftig of fa
torization (1) depend on the 
hoi
eof the redu
ed de
omposition �. The 
orresponding transition formulas, borrowed from[BFZ℄, are given below. All redu
ed de
ompositions 
an be obtained from ea
h other by asequen
e of the so-
alled 2- and 3-moves. A 2-move is the inter
hange of neighboring sikand sik+1 in the de
omposition under the assumption that they 
ommute, and a 3-moveis the substitution of sj+1sjsj+1 instead of sjsj+1sj .



6The transition formulas for the 2-move at the positions (i; i+ 1) are as follows:(2) t0i = ti+1;t0i+1 = ti:The transition formulas for the 3-move at the positions (i; i + 1; i+ 2) are more 
om-pli
ated:(3) t0i = ti+1ti+2ti + ti+2 ;t0i+1 = ti + ti+2;t0i+2 = ti+1titi + ti+2 :2.5. Sign transition rules. Let {i stand for the sign of ti, that is, {i 2 f+;�g (weassume that ti does not vanish). Below we formulate transition rules for f{ig under any2- or 3-move.For any 2-move, the new signs are de�ned uniquely from (2):(4) {0i = {i+1;{0i+1 = {i:For 3-moves, there are two di�erent possibilities:1) in the following 
ases the new signs are de�ned uniquely from (3):(5) ({0i {0i+1 {0i+2) $ ({i {i+1 {i+2)(+ + +) $ (+ + +)(� � �) $ (� � �)(+ � +) $ (� + �)(� + �) $ (+ � +) ;2) for all the other 
ases, the 
hanges of signs are given in the following table:
(6)

({0i {0i+1 {0i+2) $ ({i {i+1 {i+2)(+ � �)(+ + �) $ or(� + +);(+ � �)(� � +) $ or(� + +);(+ + �)(+ � �) $ or(� � +);(+ + �)(� + +) $ or(� � +):



72.6. Lemma. All the 
hanges of signs listed in (6) 
an be realized.Proof. It suÆ
es to 
he
k only the 
ase (+ � �)(+ + �) $ or(� + +):Let us prove, for example, that the sign sequen
e (+ + �) 
an be transformed into both(+��) and (�++). Suppose that ti+ ti+2 > 0. Then one has ti > 0, ti+1 > 0, ti+2 < 0,and ti + ti+2 > 0. Transition formulas (3) imply t0i = ti+1ti+2ti+ti+2 < 0. In the same way onegets from (3) t0i+1 > 0 and t0i+2 > 0, and thus we get the transition (+ + �) $ (� ++).Sin
e ti and ti+2 have opposite signs, we 
an deform the initial parameters ti, ti+1, ti+2(in a nonvanishing way) into eti, eti+1, eti+2 su
h that eti+eti+2 < 0. This gives us the se
ondtransition (+ +�)$ (+��).In the same way one 
an show that all the other transitions listed in (6) 
an be realizedas well. �2.7. The graph Gn of redu
ed de
ompositions modulo 2-moves. Consider the setGn of all redu
ed de
ompositions of wn0 modulo 2-moves. Let us present Gn as a graph(whi
h we also denote by Gn). The verti
es of Gn are the equivalen
e 
lasses of redu
edde
ompositions modulo 2-moves. Two verti
es are 
onne
ted by an edge if there exists apair of representing redu
ed de
ompositions su
h that some 3-move sends one of them tothe other one.Another well-known interpretation of Gn is the set of topologi
ally di�erent arrange-ments of n+ 1 pseudolines in R2 . The set Gn was studied, e.g., in [OM, pp.247{280℄ and[Kn, pp.29{40℄, but to the best of the authors knowledge, even the 
ardinality of Gn isstill unknown for large n.Observe that if two redu
ed de
ompositions �1 and �2 are equivalent modulo 2-moves,then the 
orresponding sets U�1 and U�2 
oin
ide, by (2). Let us �x an arbitrary repre-sentative �(v) in ea
h equivalen
e 
lass v. Then it follows from Corollary 2.3 that ℄n isequal to the number of 
onne
ted 
omponents of [v2GnU�(v).2.8. The \large" graph eGn as a 
overing of Gn. Let us now 
onstru
t a 
ertain
overing eGn of Gn. Namely, a vertex of eGn is a pair 
onsisting of a vertex v of Gn anda set of m = n(n� 1)=2 signs (that is, +'s or �'s) interpreted as values of the variablesf{ig for the de
omposition �(v). Thus, the �ber over any vertex of Gn 
ontains exa
tly2m verti
es of eGn. Two verti
es of eGn are adja
ent if1) their proje
tions in Gn are adja
ent;2) the 
orresponding variables {i;{i+1;{i+2 and {0i;{0i+1;{0i+2 satisfy relations (5) or(6).Let us denote by � : eGn ! Gn the natural proje
tion.2.9. Theorem (�rst 
ombinatorial redu
tion). The number ℄n of 
onne
ted 
ompo-nents of Un is equal to that of eGn.Proof. A vertex (v;{), { = f{1; : : : ;{mg, of eGn 
an be identi�ed with the image U{�(v)of the set R{1 � � � � � R{m under the mapping L�(v). By 2.7, ℄n is just the number of
onne
ted 
omponents in the union of the above images.



8Suppose that (v;{) and (v0;{0) are adja
ent in eGn. Then there exist �̂ 2 v and �̂0 2 v0su
h that �̂0 is obtained from �̂ by a 3-move and the 
orresponding variables {̂ and {̂0(obtained from { and {0, respe
tively, via (4)) satisfy (5) or (6). Similarly to the proof ofLemma 2.6, we see that the interse
tion of U {̂̂� and U {̂0�̂0 is nonvoid. However, U {̂̂� = U{�(v)and U {̂0�̂0 = U{0�(v0). Thus, U{�(v) \ U{0�(v0) 6= ?, and hen
e U{�(v) and U{0�(v0) belong to thesame 
onne
ted 
omponent of Un.Suppose now that U{�(v) \ U{0�(v0) 6= ?. Then, by 2.1, there exists a sequen
ef�1; �1; �2; �2; : : : ; �k; �kg su
h that �1 = �(v), �k = �(v0), �j and �j are equivalentmodulo 2-moves, and �j is obtained from �j�1 by a 3-move. Denote by v00 the equiva-len
e 
lass of �2 modulo 2-moves and �x a generi
 matrixM2 U{�(v)\U{0�(v0). The matrixM and relations (4){(6) de�ne uniquely {00 su
h that the verti
es (v;{) and (v00;{00) areadja
ent in eGn. Pro
eeding in the same way, we get a path from (v;{) to some (v0; {̂0)in eGn su
h that M 2 U{�(v) \ U {̂0�(v0). However, the sets U{0�(v0) and U {̂0�(v0) for {0 6= {̂0are disjoint, and thus {0 = {̂0. Therefore, (v;{) and (v0;{0) lie in the same 
onne
ted
omponent of eGn. �The above theorem redu
es our initial problem to a purely 
ombinatorial setup. How-ever, sin
e the number of verti
es in eGn equals 2n(n�1)=2 � jGnj, a dire
t solution of this
ombinatorial problem is hardly possible.x3. Redu
tion to the fiber of � : eGn ! Gn.Theorem 3.2 below redu
es our initial problem to the 
al
ulation of the number of
onne
ted 
omponents in a smaller graph �n with \only" 2n(n�1)=2 verti
es.3.1. Constru
tion of the graph �n. Let us �x the vertex vn0 2 Gn that 
orrespondsto the equivalen
e 
lass of the redu
ed de
omposition s1s2 : : : sn�1s2s2 : : : sn�2 : : : s1s2s1.
elementary triangle

elementary diamond

Fig.1. The spe
ial vertex vn0We 
onsider vn0 as an arrangement of n pseudolines (see Fig. 1). The interse
tion pointof two pseudolines is 
alled a node; thus, vn0 has m = n(n� 1)=2 nodes that lie on n� 1horizontal levels (the ith level 
ontains n � i nodes). De�ne the vertex set of �n as theset f+;�gm of all the 
hoi
es of signs at all the nodes of vn0 . Obviously, this set is one ofthe �bers of the proje
tion � : eGn ! Gn, namely, the inverse image of vn0 .Let us now de�ne the edge set of �n. The fa
es of the arrangement vn0 are of twotypes: triangles and diamonds (see Fig. 1). Let us 
all them elementary regions. Observe



9that ea
h elementary region has exa
tly two horizontal nodes (those lying on the samehorizontal level). The number of this level is 
alled the height of the elementary region.For any elementary region A we de�ne the involution IA on the vertex set of �n: IAreverses the signs at all the nodes of A. An involution IA is 
alled admissible for a vertex{ 2 �n if the horizontal nodes of A have the opposite signs in {. Two verti
es {1 and{2 of �n are 
onne
ted by an edge if and only if there exists an elementary region A su
hthat {1 = IA({2) and IA is admissible for {1 (and thus, for {2).3.2. Theorem (se
ond 
ombinatorial redu
tion). The number of 
onne
ted 
ompo-nents of eGn is equal to that of �n.The proof of this main result of the paper splits up into two major parts and is post-poned till the end of this se
tion.3.3. Proposition. Let { and {� belong to the same 
onne
ted 
omponent of �n, then(vn0 ;{) and (vn0 ;{�) 
an be 
onne
ted by a path in eGn.Proof. Without loss of generality one 
an assume that { and {� are the endpoints of anedge in �n. Below we 
onstru
t 
ertain paths in eGn 
onne
ting (vn0 ;{) and (vn0 ;{�).Let A be the elementary region that de�nes the edge [{;{�℄. We pro
eed by indu
tionon its height h(A).Let h(A) = 1, then A is an elementary triangle. Denote the signs of its nodes in { by{i, {i+1, {i+2. Sin
e [{;{�℄ 2 �n, we have {i = {i+2 (hereinafter { stands for the signopposite to {). We thus 
an use the rules (6) twi
e to get �rst {0i = {i, {0i+1 = {i+1,{0i+2 = {i+2, and then {00i = {0i = {i, {00i+1 = {00i+1 = {i+1, {00i+1 = {0i+2 = {i+2. Hen
e,the path between (vn0 ;{) and (vn0 ;{�) eGn in this 
ase 
onsists of two edges (see Fig. 2 foran illustration). Observe that all the nodes involved in the above transitions lie on thetwo pseudolines 
ontaining the left side and the base of A.
n

+
edge

 

Γ−

 

n

+

+

~G-edge

+

G-edge~ n

Fig.2. The sign flip for the nodes of an elementary triangleAssume now that the assertion holds whenever the height of the elementary region Ade�ning the edge [{;{�℄ is at most k � 1; moreover, assume that all the nodes involvedin the ne

essary transitions lie on the two pseudolines 
ontaining the upper left and thelower right sides of A.Let now h(A) = k > 1, and hen
e A is an elementary diamond. Consider the sequen
efA1; : : : ; Akg of elementary regions de�ned as follows:



10A1 = A;the upper node of Ai is the leftmost node of Ai�1, 2 6 i 6 k;the rightmost node of Ai is the lower node of Ai�1, 2 6 i 6 k.Evidently, Ak is an elementary triangle. Applying (5) or (6) to the signs of its nodes,we 
an pass to a neighboring vertex (vn1 ;{0) of eGn (see Fig. 3).
A

of elementary regions in The corresponding sequence inThe sequence 

1

k-1

A 2

A

kA

0
nv

1
vn

Fig.3. To the proof of Proposition 3.3
Let us now delete from the arrangement vn1 the pseudoline that de�nes the right side ofthe triangle Ak in vn0 . We thus get an arrangement of n�1 pseudolines, whi
h is evidentlyisomorphi
 to vn�10 , and a sign distribution ~{0 on it, whi
h 
orresponds naturally to {0.However, the height of A in this arrangement equals k � 1, and thus, there exists a pathfrom (vn�10 ; ~{0) to (vn�10 ; ~{00) in the graph eGn�1, where ~{00 = IA(~{0) in vn�10 . Sin
e thispath involves only nodes that lie on the two pseudolines de�ning the upper left and thelower right sides of A, this path is lifted naturally to a path in eGn that 
onne
ts (vn1 ;{0)with (vn1 ;{00) su
h that {00 = {0 at the nodes of A and {00 = {0 otherwise. To 
ompletethe indu
tion step it suÆ
es to apply in the opposite dire
tion the transition that leadsfrom (vn0 ;{) to (vn1 ;{0) and to note that the nodes involved in this transition lie on theabove des
ribed pseudolines (see Fig. 4 for an illustration). �
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+
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Fig.4. The sign flip for the nodes of an elementary diamond3.4. Outline of the further strategy. Our goal is to prove the inverse of Proposi-tion 3.3, namely, that if two verti
es of �n are the endpoints of a path p in eGn, then theylie in the same 
onne
ted 
omponent of �n (see Proposition 3.16). Consider the proje
tion�(p) of su
h a path p; evidently, it is a 
losed path in Gn. We next prove the followingproperty of the paths p in eGn whose proje
tion �(p) is a 
losed path in Gn: for any psatisfying the above 
ondition there exists a sequen
e of paths in eGn su
h that ea
h pathin the sequen
e has a simple stru
ture (
anoni
al lifts and spe
ial lifts, see 3.5 and 3.6),and the 
on
atenation of all the paths in the sequen
e is a path between the endpointsof p (see Lemma 3.7). Therefore, it remains to prove that the inverse of Proposition 3.3is true for spe
ial lifts (Corollary 3.10) and for 
anoni
al lifts of 
losed paths (Corollary3.15). To obtain the �rst of these results we establish 
ertain relations between two �bers�n(u) and �n(v) over adja
ent verti
es u and v of Gn (see 3.8 and Lemma 3.9). To get these
ond one, we �nd a basis of the spa
e of 
losed paths in Gn (see 3.11 and Lemma 3.14)and prove the 
orresponding statement for all the elements of the basis (see Lemmas 3.12and 3.13).3.5. Canoni
al lifts. Consider an arbitrary edge e = [u1; u2℄ in Gn and an arbitraryvertex ~u1 = (u1;{1) 2 ��1(u1) of eGn. The sign transition de�ned by the 3-move e isgoverned either by (5), or by (6). In the �rst 
ase, there exists a unique vertex ~u2 =(u2;{2) 2 ��1(u2) su
h that [~u1; ~u2℄ is an edge of eGn. We then say that [~u1; ~u2℄ is the
anoni
al ~u1-lift of e (see Fig. 5).In the se
ond 
ase, there exist two verti
es ~u2; ~v2 2 ��1(u2) su
h that both [~u1; ~u2℄ and[~u1; ~v2℄ are edges in eGn; besides, there exists also ~v1 2 ��1(u1) su
h that both [~v1; ~u2℄ and[~v1; ~v2℄ are edges in eGn. In this 
ase, the 
anoni
al ~u1-lift of e is the edge that preserves



12the middle element {i+1 of the 
orresponding triple at ~u1 = (u1;{1) (see (6)). Observethat in this 
ase the 
anoni
al ~v1-lift of e is the only edge among [~v1; ~u2℄ and [~v1; ~v2℄ thatdoes not tou
h the 
anoni
al ~u1-lift of e. The 
anoni
al ~u1- and ~v1-lifts of e are 
alledtwins (see Fig. 5).

n

u

u 2

v 2

~

1G

~

canonical       -liftv~1

signs in the fiber above  

The second case: two possibilities  for the

in the fiber above  

The first case: uniquely defined signs 

~

u
n

G

twins

u

1

2

2

u
u~

1u u1canonical       -lift~1

1

~u1

v

u 2

~

~

u2u

canonical       -lift

2

Fig.5. Canoni
al lifts and twins
In any 
ase, if [~u1; ~u2℄ is a 
anoni
al lift of e, we write ~u2 = 
e(~u1) and {2 = 
e({1). Wedeliberately drop the subs
ript if there is no ambiguity in identifying the edge in question.Let 
 be a path in Gn. A path ~
 in eGn is said to be a 
anoni
al lift of 
 if all the edgesof ~
 are 
anoni
al lifts of edges of 
. Evidently, ea
h path 
 in Gn has a 
anoni
al lift,whi
h depends on the 
hoi
e of the initial vertex in eGn. If we �x su
h a vertex, then the
anoni
al lift of 
 is de�ned uniquely.3.6. Spe
ial lifts. Consider a path 
 in Gn su
h that some 
anoni
al lift ~e = [~u; ~v℄ ofits last edge has the twin ~e0 = [~u0; ~v0℄. Let ~
 and ~
0 be the 
anoni
al lifts of 
 
ontaining ~eand ~e0, respe
tively. We repla
e the edge ~e0 by the edge [~u; ~v0℄ and get a non
anoni
al lift
̂2 of the 
losed path 
2 in Gn obtained by traversing 
 twi
e in the opposite dire
tions.The path 
̂2 is said to be a spe
ial lift of 
2 (see Fig. 6). Observe that the number ofedges in a spe
ial lift is always even.
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G
n

u v

γ v~
u~ ~

γ

u~

~

e

e

~ v~

γ~
e

Fig.6. The spe
ial lift of 
23.7. Lemma. For any lift �
 of a 
losed path 
 in Gn there exists a sequen
e �
1; : : : ; �
kof paths in eGn su
h that �
k is a 
anoni
al lift of 
, all the other paths in the sequen
e arespe
ial lifts, and the 
on
atenation of �
1; : : : ; �
k is a path between the endpoints of �
.Proof. Indeed, let us use the following pro
edure. Go along �
 until the �rst non
anoni
aledge o

urs, then return ba
k using 
anoni
al edges only; we thus get a spe
ial lift. Thentraverse the se
ond half of the previous path in the opposite dire
tion and 
ontinue along�
 until the next non
anoni
al edge o

urs. Return ba
k using 
anoni
al edges only, andso on. The very last path in this sequen
e is a the 
anoni
al lift of 
. �3.8. Graphs �n(u). Instead of vn0 , one 
an start the 
onstru
tion pro
edure at anyvertex u of Gn, i.e., at any other arrangement of pseudolines. In this 
ase the vertex set of�n(u) is de�ned as the preimage ��1(u). Obviously, the pseudolines divide the plane intoa disjoint union of elementary regions (triangles and diamonds in the 
ase of vn0 ). Ea
helementary region has exa
tly two horizontal nodes, and one 
an de�ne edges of �n(u) byexa
tly the same rule as above, with the help of admissible involutions.



14Let u and v be two adja
ent verti
es of Gn. The edge [u; v℄ 
orresponds to a 3-move thatprodu
es the \perestroika" of the pseudoline arrangment u de�ned by some elementarytriangle A, see Fig. 7.
A

Fig.7. Perestroika of diagrams 
orresponding to a 3-move
We say that A is the e-
ore of u. Observe that there exists a natural one-to-one
orresponden
e between the elementary regions of u and v, whi
h takes the e-
ore of u tothat of v; we denote this 
orresponden
e by 
̂e (as above, we drop the subs
ipt when e isidenti�ed unambigously).3.9. Lemma. Let e = [u; v℄ be an edge of Gn, (u;{) 2 ��1(u) be a vertex of eGn, Abe the e-
ore of u, and B be an elementary region of u su
h that IB is admissible for {.Then exa
tly one of the following possibilities holds:either I
̂(B) is admissible for 
({) and 
(IB({)) = I
̂(B)(
({));or I
̂(B) is admissible for 
({), I
̂(A) is admissible for I
̂(B)(
({)), and 
(IB({)) =I
̂(A) Æ I
̂(B)(
({));else I
̂(A) is admissible for 
({), I
̂(B) is admissible for I
̂(A)(
({)), and 
(IB({)) =I
̂(B) Æ I
̂(A)(
({)).Proof. If A and B are not neighbors, then the �rst of the above possibilities is apparentlytrue.All 
ases of neighboring A and B (up to obvious symmetries) are 
onsidered in thefollowing series of pi
tures. Abusing notation we omit 
 and 
̂ to make �gures more 
lear.1. Equilateral triangle (all the nodes of A have the same sign).Below we present all possible basi
 
ases.
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Fig.8. Equilateral 
aseAll other possible 
hoi
es of signs and positions of B are symmetri
 (obtained by theglobal sign 
hange and/or symmetry w.r.t. the verti
al axis) to the ones 
onsidered.2. Isos
eles triangle (base nodes of A have the same sign).Below we present all possible basi
 
ases.
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Fig.9. Isos
eles 
aseAll other possible 
hoi
es of signs and positions of B are symmetri
 to the ones 
onsid-ered.3. S
alene triangle (base nodes of A have di�erent signs).Below we present all possible basi
 
ases.
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alene 
aseAll other possible 
hoi
es of signs and positions of � are symmetri
 to the ones 
onsid-ered.These series of pi
tures prove the lemma. �



183.10. Corollary. The endpoints of a spe
ial lift lying in a �ber ��1(u) for some u 2 Gnbelong to the same 
onne
ted 
omponent of �n(u).Proof. We prove the statement by indu
tion on l, where l is the half-length of the spe
iallift ~
 in question.Let l = 1, then ~
 is a spe
ial lift of some edge e and 
oin
ides (up to obvious symmetries)with the path fa; bg shown on Fig. 11. The existen
e of the �n(u)-edge 
 shown by the
urved arrow proves the base of indu
tion.
an

canonical

G-edge 

noncanonical

Γ

bG-edge ~

n

~n

edge c(u)-

+
-

-

- +
+

-
+

+

Fig.11. Example of a spe
ial lift of length 2Suppose now that the statement holds for l 6 K. Let us prove it for l = K + 1.Consider a path 
 = (u = u0; u1; : : : ; uK ; uK+1; uK ; : : : ; u1; u0) in Gn of length 2(K + 1)and take its arbitrary spe
ial lift ~
 in ~G. Let ~u0 and ~u00 be the endpoints of ~
, ~u1 = 
e(~u0),~u01 = 
e(~u00), where e = [u0; u1℄. Then ~u1 and ~u01 are the endpoints of a spe
ial lift of length2K, and thus they belong to the same 
onne
ted 
omponent of �n(u1). Now, by Lemma3.9, ~u0 and ~u00 belong to the same 
onne
ted 
omponent of �n(u). �3.11. The following two types of 
y
les in Gn are 
alled the 4-
y
le and the 8-
y
le,respe
tively, see Figs. 12,13.
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19Fig.12. A 4-
y
le (
ommutativity of separated transposi-tions)
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Fig.13. An 8-
y
le (Frenkel-Moore equation)3.12. Lemma. Any 
anoni
al lift of a 4-
y
le in Gn is a 
y
le in eGn.Proof. Follows from the 
ommutativity property for 4-
y
les in Gn: the resulting signtransition for two 
onse
utive noninterse
ting triples {i;{i+1;{i+2 and {k;{k+1;{k+2does not depend on their order �For 8-
y
les, the situation is more 
ompli
ated: a 
anoni
al lift of an 8-
y
le in Gn isnot ne
essarily a 
y
le in eGn. However, the following statement holds.3.13. Lemma. The endpoints of a 
anoni
al lift of an 8-
y
le (
onsidered as a loop atu 2 Gn) belong to the same 
onne
ted 
omponent of �n(u).Proof. One 
an prove this fa
t by a dire
t 
he
k of all the possibilities o

uring for dia-grams with 4 pseudolines. The authors have also written a program in Mathemati
a that
al
ulates the signs in the �nal diagram for all possible sets of signs in the initial digramand 
he
ks if these verti
es are 
onne
ted in �n(u). �3.14. Lemma. The set of all 4- and 8-
y
les in Gn form a system of generators for the�rst homology group H1(Gn;Z2).Proof. Let us introdu
e the rank of a redu
ed de
omposition as follows: �(si1si2 : : : sik) =i1+i2+� � �+ik. Obviously, the rank does not 
hange under 2-moves, thus it is well-de�nedfor verti
es of Gn. Any 3-move 
hanges the rank of a vertex exa
tly by 1.Let 
 be an arbitrary 
y
le in Gn, and denote by �(
) the maximum of the ranks ofthe verti
es in 
. We prove by indu
tion on �(
) that 
 is homologous to a sum of 4- and8-
y
les. The base of indu
tion is trivial. Assume now that the statement holds for the
y
les with the rank less than r, and fails for 
y
les of rank r. Let 
 be a 
ounterexamplewith the minimal number of verti
es of rank r. Consider an arbitrary vertex v 2 
 su
hthat �(
) = r, and its neighbours v0 and v00 in 
. The edges [v; v0℄ and [v; v00℄ 
orrespond



20to 3-moves, ea
h involving a triple of simple transpositions. We distinguish the followingthree 
ases.1. These triples 
oin
ide. Then v0 = v00, and thus 
 is homologous to a 
y
le 
� su
hthat either �(
�) = r � 1, or �(
�) = r and the number of verti
es of rank r in 
� is lessthan that in 
, a 
ontradi
tion.2. These triples are disjoint. Then there exists a vertex v� of Gn su
h that(v�; v0; v; v00; v�) from a 4-
y
le 
4; observe that �(v�) = r � 2. Let 
� = 
 + 
4, theneither �(
�) = r � 1, or �(
�) = r and the number of verti
es of rank r in 
� is less thanthat in 
. Sin
e 
 = 
� + 
4, we thus see that 
 is not a 
ounterexample.3. These triples interse
t, but not 
oin
ide. Then there exists an 8-
y
le 
8 
ontainingthe edges [v; v0℄ and [v; v00℄ su
h that the ranks of all its verti
es ex
luding v are less thanr. We then take 
� = 
 + 
8 and pro
eed as in the previous 
ase. �3.15. Corollary. The endpoints of a 
anoni
al lift of any 
losed path in Gn (
onsideredas a loop at u 2 Gn) belong to the same 
onne
ted 
omponent of �n(u).Proof. Follows from Lemmas 3.9 and 3.12-3.14. �3.16. Proposition. If the endpoints of a path in eGn belong to �n, then they lie in thesame 
onne
ted 
omponent of �n.Proof. Follows from Lemma 3.7 and Corollaries 3.10 and 3.15. �3.17. Proof of Theorem 3.2. Follows dire
tly from Propositions 3.3 and 3.16. �3.18. Gn�1-a
tion. In order to interpret the obtained results as the F2 -linear a
tiondes
ribed in the introdu
tion, we pro
eed as follows. The nodes of vn0 form the upper-triangular shape (rotate Fig. 1 by �2 ). Ea
h vertex of �n 
orresponds uniquely to anuppertriangular (n � 1) � (n � 1)-matrix with F2 -values (by 
onvention, + 
orrespondsto 1 and � to 0.) The a
tion of the operators IA in terms of F2 -matri
es is exa
tly thea
tion of Gn�1 presented in the introdu
tion. Namely, if a matrix in Nn�1(F2) has adense 2� 2-submatrix of one the following two forms:� 1 �� 0� or � 0 �� 1� ;then the 
orresponding operator IA 
hanges ea
h entry in this submatrix to the oppositeone. If a submatrix is of the form� 0 �� 0� or � 1 �� 1� ;then IA a
ts identi
ally. In both 
ases the a
tion of IA is just an addition of the tra
e ofthe submatrix to ea
h entry. This gives exa
tly the a
tion of Gn�1.x4. Final remarks.4.1. In this paper we have redu
ed the question on the number of 
onne
ted 
omponentsin the interse
tion of two open opposite S
hubert 
ell in SLn(R)=B to the 
al
ulation ofthe number of orbits of Gn�1-a
tion on the F2 -linear spa
e Nn�1(F2), see Introdu
tion.



21Let us list some relatively obvious properties of Gn.a) All generators gij of Gn are involutions and belong to the same 
onjuga
y 
lass.b) Let us 
onstru
t the following planar graph with the vertex set fgijg, 1 6 i 6 j �n�1. We 
onne
t by edges all pairs of the form (gij ; gi+1;j), (gij; gi;j+1) and (gij; gi+1:j+1),i.e., we arrange the generators gij into an equilateral triangle and pla
e them on thehexagonal latti
e in R2 with edges joining the neighboring verti
es of the latti
e. Then(i) any distant (i.e., not joined by an edge) generators 
ommute;(ii) any 2 generators a and b joined by an edge satisfy (ab)3 = 1;(iii) any 3 generators a, b, 
 pairwise joined by edges generate the group S4.
) The group Gn has a natural F2 -linear representation on the spa
e Nn�1(F2). Indeed,
onsider the linear map � : Nn(F2)! Nn�1(F2) su
h that the (i; j)th entry in the imageequals the sum of the (i; j)th and (i+ 1; j + 1)th entries in the inverse image. Sin
e ker�is invariant under the a
tion of Gn on Nn(F2), one obtains the indu
ed a
tion of Gn onNn�1(F2). It is easy to see that gij a
ts by adding the (i; j)th entry of the matrix to allits neighbors in the hexagonal latti
e.d) There exists a s
ew-symmetri
 bilinear form � on Nn�1(F2) of 
orank �n�12 � thatis preserved under the 
onjugate to the above Gn-a
tion on Nn�1(F2).Note that a similar situation was already studied earlier in 
onne
tion with the mon-odromy theory for isolated singularities, see [J1℄,[J2℄,[C℄,[W℄.Although we do not have a 
omplete group-theoreti
al des
ription of Gn, we proposethe following 
onje
ture about its orbits in Nn(F2).Conje
ture. The Gn-a
tion on Nn(F2), n > 5, have the following orbits:for n = 2k:22k orbits of length 1,2k+2(2k�1 � 1) orbits of length 2(2k+1)(k�1),2k orbits of length 2(k+1)(k�1)(2k(k�1) � 1),2k orbits of length 2(k+1)(k�1)(2k(k�1) + 1),2k+1 orbits of length 2k�1(22k(k�1) � 1);for n = 2k + 1:22k+1 orbits of length 1,2k+2(2k � 1) orbits of length 2(2k�1)(k+1),2k+1 orbits of length 2k2+k�1(2k2 � 1),2k+1 orbits of length 2k(2k2 � 1)(2k2�1 + 1).As an immediate 
orollary we get the proof of the main 
onje
ture stated in the intro-du
tion.4.2. The 
ase of nonopposite 
ags f and g. It is well known that the orbits of theSLn-a
tion on the spa
e of pairs of 
ags are parametrized by permutations. One thus
an ask for �nding the number of 
onne
ted 
omponents in the interse
tion Unf;g of openS
hubert 
ells w.r.t. 
ags f and g provided the 
ags f and g are in relative positionw 2 Sn. In the parti
ular 
ase w = (n n� 1 : : : 1) we get our initial problem 
on
erningopposite 
ells.We de�ne an aÆne pseudoline arrangement similar to usual pseudoline arrangementwith the only distin
tion: we allow parallel pseudolines (that is, interse
ting at in�nity).



22Compa
t 
onne
ted 
omponents of the 
omplement of an aÆne pseudoline arrangementwe 
all elementary regions.Given a permutation w, let us 
onsider any aÆne pseudoline arrangement P realizingw in the obvious way, 
f. [BFZ℄. Let R denote the set of interse
tion points in P,W be theF2 -ve
tor spa
e with the basis R, and V = W �. For ea
h elementary region a we de�nea linear operator ga : V ! V in the following way. Ea
h elementary region has exa
tly2 \horizontal" boundary verti
es. Let p1; p2; : : : ; pq be boundary verti
es of a and p1, p2be \horizontal". For any interse
tion point p 2 R we denote by  p 2 V the 
hara
teristi
fun
tion of the point p. Putga(f) = f + (f(p1) + f(p2))( p1 +  p2 + � � �+  pq ):Denote by G(w;P) the subgroup of GL(V ) generated by all ga. The following statementwould be a generalization of the main result of this paper.Conje
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