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ABSTRACT. Silverberg and Zarhin introduced the notion of a (p, ¢, a)-inertial group in the hope
of having a group theoretic characterization of the finite groups that appear as finite monodromy
groups — the groups that represent the local obstruction to semi-stable reduction — of abelian
varieties in fixed dimension ¢ + a. In this text, we provide a positive answer to their question,
that is, every (p,t,a)-inertial group is the finite monodromy group of an abelian variety in
dimension t 4+ a. To prove this, we show a structure theorem on the rational group algebra
Q[G] of ramification groups, refining a theorem of Serre and generalizing results on p-groups of
Roquette and Ford.
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1.1.1. The finite monodromy groups of abelian varieties have been introduced by Grothendieck
in [SGA7.1] exposé IX. They represent the local obstruction to semi-stable reduction. Silverberg
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and Zarhin studied these groups in [SZ98; SZ05|, and the author, in order to give an effective
version of Grothendieck’s semi-stable reduction theorem, in [Phi22a; Phi22b; Phi24].

For a fixed natural integer g > 1, the list of finite groups which can be realized as finite monodromy
groups of some abelian variety of dimension ¢ is not known. An attempt to provide this list is
made by the notion of (p, ¢, a)-inertial groups introduced in [SZ05].

Definition 1.1 ([SZ05]). Let p be a prime number or p = 0 and ¢, a positive integers. A finite
group G is said to be (p,t, a)-inertial if it satisfies the two following conditions :

i) Ifp= en G is cyclic otherwise G is a semi-produc X Z/nZ wi a p-group an

) If p = 0 then G is cyclic otherwise G i i-product T,y x Z/nZ with T), a p-g d
n an integer prime to p.

(7i) For all primes ¢ # p there is an injection

te: G — GL{(Z) X Spey(Qr)

such that the projection map onto the first factor is independent of ¢ and the characteristic
polynomial of the projection of any element onto the second factor has integer coefficients
independent of £.

It follows from the definition that the character x, of the Qg representation given by the projection
on the second factor has integer values and is independent of £. Note that from the main theorem
of [Mau68|, condition (i) is equivalent to the fact that G is a quotient of the absolute inertia
group of some local fields of equal and mixed characteristic — a ramification group at p.

It is known — see part (i) of Theorem 5.2 of [SZ98| — that finite monodromy groups are (p, t, a)-
inertial. The question is now whether the converse is true, that is, does Definition 1.1 characterize
the finite groups that appear as finite monodromy groups in dimension ¢ + a over number fields
with conditions on the toric and abelian ranks of the reduction with respect to ¢ and a. A
precise statement is given by question 1.13 of loc. cit. Specifically, the question is to realize a
(p, t,a)-inertial group G as the finite monodromy group of an abelian variety A of dimension
g =t + a at a place of residue characteristic p. In the same paper they show that the set of
(p, t,a)-inertial groups with ¢ + a = 2 are realized as finite monodromy groups of abelian surfaces
over local fields of equal characteristic p. Further, Chrétien and Matignon in [CM13] have shown
that this list is also realized with abelian surfaces over number fields by an ad hoc construction
for the last unrealized (2,0, 2)-inertial group.

1.1.2. In this text we give a positive answer to their question.

Theorem 1.2 (Corollary 4.9). Let G be a finite group. Then G is (p,t,a)-inertial if and only if
G is the finite monodromy group of an abelian variety A of dimension t + a over a number field
K at a place v of residue characteristic p and A is such that, for all extension L/K for which Af,
has semi-stable reduction at the places of L above v, the reduction of Ay, at the places above v has
toric rank t and abelian rank a.

We actually show more in Theorem 4.8. Indeed, we show that for G a ramification group and
every family of maps as in (i¢) of Definition 1.1 there is a realization of G as a finite monodromy
group of an abelian variety of dimension ¢ + a over a p-adic field such that we recover that family
of maps, up to isomorphism, by taking the /-adic representation of the semi-stable reduction of
A. In order to prove this result we deal with the rational group algebra Q|G| of such groups and
give precision to a structure theorem of Serre, Théoréme 3 of [Ser60].
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We end the last section by a series of example, showcasing how the results in this paper are used
to compute the values for which a ramification group is (p, t, a)-inertial in a simple and efficient
way.

Theorem 1.3 (Theorem 3.10). Let G be a ramification group at p. The rational group algebra
QI[G] has the following properties.
(i) The algebra Q|G| is quasi-split outside p.
(i3) If E C Q[G] is a simple factor of Q|G| then the center Z(E) of E is a CM field or a
subfield of Q(pp=).
Furthermore, if Card G is odd then no simple factor E of Q[G] is such that E @q R is a matriz
algebra over the quaternions.

Part (i) is the statement of Théoréme 3 of [Ser60]. We deal with the possible centers of the simple
factors of Q[G]. The main novelty obtained from (i) is that in the event of a simple factor E of
QIG] being a type III algebra in Albert’s classification, then there is a totally real subfield F' of
Q(p;°) such that we have ' ~ M, (F ® Hj ) for some integer n where H), », is the quaternion
algebra over Q ramified only at p and co. One notes that this is the endomorphism ring of a
supersingular elliptic curve in characteristic p.

1.1.3. The first section is devoted to the study of C-representations of simple finite dimensional
Q-algebras that are rational — the characteristic polynomials of the elements have coefficients in
Q — and that admit an invariant symplectic form, we say polarized. We are interested in such
representations as both the representation of the endomorphism algebra of an abelian variety
given by its Tate module and the representations of Q[G] coming from the second projection of
the map ¢y in Definition 1.1 have these properties. Our main goal in this section is to show a
characterization of such algebras that can be embedded in a nice way into the endomorphism
algebras of abelian varieties — see Definition 2.15 and Theorem 2.22. In order to do this, we first
show in Section 2.1 that rational and polarized representations are multiple of a minimal such
representation denoted V;.,(E). The dimension of this representation depends on the invariants of
FE and its type in the classification of Albert.

The second section is independent from the first. In the first part of the second section we work on
twisted algebras, that is Q-algebras that are obtained by the action of a group on some Q-algebra
E. Our main interest is to give some restrictions on their centers in the case of the acting group
G being cyclic of order m > 1. Such an algebra is of the form

m—1
@ Ead
1=0

with, for all z € E, ux = f(z)u for some finite order automorphism f of E. When FE is simple the
center of the twisted algebra is then a product of field extensions of a subfield of Z(FE) obtained
by extracting roots. A precise statement is given by Proposition 3.2. We then deal with the case
of E not being simple. The second part is dedicated to the proof of Theorem 1.3 which is done
by applying the previous results to the case of the rational group algebra of a ramification group
G~T, xZ/nZ.

In the last section we gather together our results and show our main theorem. First we relate the
definition of (p,t,a)-inertial groups to rational and polarized representations of group algebras.
We show that all families of maps (ps: G — Spa,(Qe))ep satisfying the rationality condition of
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Definition 1.1 (i) can be recovered from an embedding into the endomorphism algebra of an
abelian variety Ag of dimension a over a finite field. We then show that Ay can furthermore be
chosen so that the map G — End Ap ® Q has values in Aut Ag. We can thus apply Théoréme 1.1
of [Phi24] which provides A over a p-adic field whose semi-stable reduction A is isogenous to Ag
and verify that the representation from its ¢-adic Tate module recovers py again. We can add the
toric part by simply considering Ay x G¢,.

2. RATIONAL REPRESENTATIONS OF SIMPLE ALGEBRAS

In this section we start by gathering results about representations of finite dimensional simple
algebras which are rational and admit a symplectic structure. In the second part of this section
we relate these results to algebras coming from the endomorphisms of abelian varieties over finite
fields, which we call geometric, and introduce the notion of a good embedding to be used in
section 4. The main result is a characterization of the algebras that admits a good embedding.

2.1. Rational and polarizable representations of algebras

2.1.1. For the rest of this section let us fix E, a simple finite dimensional —since all algebras we
are dealing with will be finite dimensional it will be sometimes omitted for clarity — Q-algebra
and denote by F' its center. We start by studying the C-representations of such an algebra F and
whether those admit invariant bilinear forms.

Definition 2.1. A C-representation of F is a C-vector space V equipped with a linear action of
E, that is a map of Q-algebras

E— Ench

For a C-representation V' of E, let try denote the central trace of V', that is the composition
F—F—EndcV —C

where the last arrow is the trace map.
We will also consider R-representations of E in this section, which are defined in the same way.
Lemma 2.2. The simple C-representations of E are classified by their central trace.

Proof. The simple C-representations of E correspond to simple E ®q C-modules. For f the
degree of F over Q there is an integer n such that we have an isomorphism

f
E®qC ~[][Ma(C).
i=1
This isomorphism is such that ' ®q C is embedded diagonally and by the projection on each
factor we recover the embeddings o: F' — C up to multiplication by n by taking the trace.

As the simple C-representations of E correspond to a choice of such a projection, we see that
their central traces are given by the embeddings F' — C up to multiplication by n and thus they
are classified in this way. O

Let {o1,...,0¢} be the set of embeddings F — C. Then, for i € {1,..., f} we will denote
by V; the simple C-representation of E which has a multiple of o; for its central trace. The
C-representation V,.(E) = EBZJ;Vi is the minimal non trivial one with rational central trace.
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Definition 2.3. A positive involution on F is a Q-linear map *: £ — E which satisfies, for all
x,y € F,

(%) =z, (zy)" =y 2"
and Trg(zz*) > 0 for x # 0. Here, for x € E, the value Trg(z) is the trace of the map given by
left multiplication by x in E as a Q-vector space.

If F admits a positive involution we say it is polarizable.

We give some basic results on positive involutions and the trace map on E, which are standard.
The fact that an involution is positive can be checked on E' ®q R considered with the R-linear
extension of the involution. For standard results on positive involutions we refer to chapter 8 of
[Sch85]. We start with some known facts that are translated in our setting.

Lemma 2.4. Let E be a simple Q-algebra with center F of degree f over Q. Let L/F be an
extension splitting E, that is E @p L ~ My, (L). Let try, be the trace map on M, (L) and note that
E Cc M,,(L). Then for all x € E we have

Trg(z) = tr(x).

Furthermore, considering the embedding F C E ®q C with £ ®q C ~ Hzle M,,(C) with trc the
sum of the trace on each factor, then for x € E we have trc(z) = f - Trg(x).

Proof. The first part is just [Sch85] Lemma 8.5.11. The second part follows as the embedding
E C E ®q C is the diagonal embedding which recovers the embedding £ C £ ® C on each
factor. [l

For a simple R-algebra M,,(D) let us denote by } the positive involution given by the conjugate-
transpose. For a product of simple R-algebra we denote by { again the positive involution given
by the conjugate-transpose on each factor.

Lemma 2.5. Let E be a simple Q-algebra with a positive involution . Then, there is an
isomorphism

(E®@qR,+) = ([[Ma(D). D).
=1

Furthermore, there is an isomorphism E ®q C ~ Hlle M,,(C) such that x is given by the
conjugate-transpose through the corresponding embedding E C Hzle M,,(C).

Proof. The proof of the first part is identical to the proof of [Sch85] Theorem 8.13.3. The second
part follows from Remark 8.13.4 of loc. cit. in the case that D = R or D = H. If D = C, the
extension of scalars to C gives a diagonal embedding M,,(D) C M,,(C) x M,,(C). It is a simple
computation that * is recovered again by the conjugate-transpose on each factor. (I

We can now characterize polarizable Q-algebras by the use of hermitian forms.

Proposition 2.6. The following statements are equivalent.

(1) The algebra E is polarizable.
(i) All C-representation V' of E admits a positive definite hermitian form H such that the
adjunction on Endc V' induced by H leaves the image of E invariant.
(7i1) The representation V,.(E) admit a positive definite hermitian form H such that the ad-
gunction on Endc V' induced by H leave E invariant.
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Proof. For (i) = (ii), let V be a C-representation of F and consider its decomposition V' =
@Zf:lVin". The image of F®q C in Endc V is a diagonal embedding of the simple factors such that
n; # 0 repeated n; times. By the choice of a basis of V', and thus an isomorphism M,,(C) ~ End¢c V
and by Lemma 2.5 the adjunction to the standard positive definite hermitian form, which is the
conjugate-transpose, restricts to the image of F ®q C in M,,(C) by stabilizing the image of E.

The implication (i) = (i4¢) is trivial. So consider the C-representation V,.(F) and assume it
admits a positive definite hermitian form H such that the image of F in End¢ V;.(F) — note that
the sequence of maps £ — F ®q R — Endc V,(F) is injective — is stable by the adjunction
induced by H. By Lemma 2.4 this adjunction restricts to a positive involution on £ ®q R which
stabilizes E' and thus it induces a positive involution on F. O

For the rest of the section we will furthermore assume that E is polarizable with positive involution
*. We can now define the dual representation of a C-representation of E.

Definition 2.7. Let V be a C-representation of E given by the action p: E — Endc V. Then
the dual representation V'V of E is the dual vector space V'V with the action of z € E given by
p(z*)".

We say that a non degenerate bilinear form B on V is invariant if it induces an isomorphism of
C-representations V ~ V'V,

We say that V is polarized if there is a non degenerate symplectic form on V' which is invariant.

Note that for x € E and v € V'V, the action of z on v is given, in matrix form with a basis B of
V and the corresponding dual basis of V'V by

p(z")" v = (" p(a"))".

Lemma 2.8. Let V' be a C-representation of E. There is a positive definite hermitian form on
V which induces a C-anti-isomorphism V ~ V'V . In particular, the central trace tryv of V'V is
given by try .

Proof. As before we consider an hermitian form H on V such that the adjunction coincides with
* on the image of E and choose a basis for which it is the conjugate transpose. Let h: V — V'V
be the anti-isomorphism induced by H. Then for x € E and v € V, we have that

hip(z) -v) =" p(x)".

Now, since p(x)! = p(x*) we get both claims by writing the product v - p(z*) in the dual basis in
a standard way, which corresponds to transposing again. O

Lemma 2.9. Let V be a simple C-representation of E. Then try has values in R if and only if
V ~ VYV and there is an R-representation Vo of E such that V ~ Vo @r C if and only if there is
a non-degenerate bilinear symmetric form on V which is invariant.

Proof. The first part of the statement follows directly from Lemma 2.2. For the second part, if
V ~ Vp ®r C note that Vj corresponds to a simple factor of £ ®q R of the form M, (R) and not
M,,(H) as V would not be simple in that last case. In that case, the positive involution can just
be given by the transposition on Endgr Vjj and we thus recover a symmetric bilinear form on 1
which induces an isomorphism V ~ V'V after base change. For the converse, let B be the invariant
bilinear symmetric form on V. We follow the proof of [Ser77| of the corresponding statement for
group representations on p.107-108. Let H be an hermitian positive definite form such that the



THE (p,t,a)-INERTIAL GROUPS AS FINITE MONODROMY GROUPS VERSION OF September 12, 2025 7

adjunction recovers the involution on F and h: V — V" the induced map. For all z € V there is
a unique element o(z) such that for all y € Y

B(z,y) = H(p(z),y).

The map ¢ obtained in this way is antilinear and bijective. Its square ¢? is an automorphism of
V. Since B is symmetric we have for all z,y € V

H(p*(z),y) = B(e(z),y) = By, o(x)) = H(p(y), ¢(x)).

It follows that (? is hermitian as H(p(y), o(z)) = H(o(z),o(y) and thus from the previous
equality we get

From the equality, for all x € V,
H(p(z), ¢(x)) = H(*(z), z)

we see that (2 is positive definite. We thus get a unique hermitian positive definite v € Endc V
such that v? = ¢? and v commutes with ¢. Set ¢ = ¢ o v~} it is an antilinear endomorphism of
V. We get 02 = id. Let V; and V; be the eigenspaces of ¢ for the values 1 and —1 respectively.
Since o is antilinear we have V7 = iV and

V=W &iW.

But since B and H are invariant for the action of E we get that V;; and V; = il{y are stable and
V =Vy ®Rr C as desired. O

Proposition 2.10. Let V' be a simple C-representation of E and n € N. Then exactly one of the
three following possibilities holds.

(i) The representation V is not isomorphic to its dual V.
(ii) There is a non degenerate symmetric form on V which is invariant.
(7i1) There is a non degenerate bilinear symplectic form on V which is invariant.

In the first case, the smallest C-representation of E containing V™ which is polarized is V& (VV)™.
In the second case if V™ is polarized then n is even.

Proof. The distinction between the first case and the two others is just whether V ~ VV, or
whether try has values in R. If it does, then there is a non-degenerate bilinear form on V' coming
from the isomorphism V ~ VV. Let B be this form and B = By + Bj its decomposition in
symmetric and alternate parts. Both induce maps of C-representation between V' and V'V so that
by Schur’s lemma only one is non zero.

In the first two cases we see that V @ V'V is polarized by considering the standard symplectic form
on a basis adapted to the direct sum decomposition. Now let W be a representation containing
V™ which is polarized. Since W ~ WV, in the case that V is not isomorphic to its dual we must
have (V)™ € WV but also V" by the isomorphism W ~ WV.

In the second case, let A: V™ ~ (VV)™ be the isomorphism induced from an invariant symplectic
form on V™. For a simple sub-representation W C V", W ~ V, we have A(W) C W+ as the
symplectic form restricts to the zero form on W. It follows that W @ A~*(W") form a symplectic
subspace of V™. By induction we thus get that n is even. O



8 SEVERIN PHILIP

2.1.2. The skew-fields over Q of finite dimension which are polarizable have been classified by
Albert. We will recall this classification here, see [Mum08| p.186 (202) for more details. First,
we need some results on the classification of simple algebras. By class field theory, skew-fields E
over Q are classified by local invariants inv, F at the places v of the center F'. By the Brauer-
Hasse-Noether theorem these local invariants are given by an element of Q/Z which is moreover
in Z /27 if v is an infinite real place and 0 if it is a complex place, only finitely many of them are
non zero and they sum to zero in Q/Z. In general we extend this classification by Wedderburn’s
theorem. That is if F is a simple Q-algebra isomorphic to M, (D) for some skew-field D with
center F', we set inv,(E) = inv,(D) for a place v of F. These invariants classify such algebras E —
see [Sch85]| chapter 8 for an introduction to Brauer groups and Brauer equivalence and [Harl7]
for the computation of Brauer groups of local fields and the Brauer-Hasse-Noether theorem. Now,
the Albert classification has four types.

e Type I : The skew-field D is a totally real number field.
e Type II : The skew-field D is a quaternion algebra over its center F'. The number field F
is totally real and for every embedding o: F — R there is an isomorphism

R®F D~ MQ(R)

e Type III : The skew-field D is a quaternion algebra over its center F'. The number field F
is totally real and for every embedding o: F — R there is an isomorphism

RerD~H

where H is the standard quaternion algebra over R.

e Type IV : The center F' of D is a totally imaginary quadratic extension of a totally real
field Fy with conjugation - over Fy. The local invariants are such that for any finite place
v such that ¥ = v then inv, (D) = 0 and otherwise inv, (D) + invy(D) = 0.

By the theorem of Wedderburn again we extend this classification to simple and polarizable
Q-algebras of finite dimension. That is if £ ~ M,,(D) for some skew-field D is polarizable then
D is polarizable and the type of E is that of D.

We can now restate Proposition 2.10 in this context.

Proposition 2.11. Let n € N. If E is of type III then every simple representation is polarized.
If it is of type IV, for every simple representation V of E, the smallest representation containing
V™ which is polarized is V' & (VV)". If it is of type I or II, for every simple representation V.,
the representation V™ is polarized if and only if n is divisible by 2.

Proof. First we see that if E' is of type I, IT or III if and only if for every simple representation V'
the central trace has values in R. This settles the case of type IV with Proposition 2.10, as in
this case a simple representation V is not isomorphic to its dual.

For type I and II we see that every simple representation V is of the form Vj ®g C and thus the
result follows from Lemma 2.9 and Proposition 2.10.

If E is of type III we see that the simple modules V' can not be written in the form V ®@gr Vj as
we have dimc V' = 2 while simple R-representation are of dimension 4. It follows from Lemma 2.9
together with Proposition 2.10 that all such V' are polarized. U
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2.1.3. We move to consider representations that are rational and classify them. We also classify
those that are rational and polarized by the type of the polarizable algebra E.

Definition 2.12. A C-representation V of E is rational if the characteristic polynomials of the
image of the elements of F as endomorphisms of V have coefficients in Q.

From Wedderburn’s theorem we have that E ~ M,, (D) for some skew-field D /Q of finite dimension
and center F. Let us set d?> = [D : F] and f = [F : Q] as well as deg(E) = ndf.

The following is roughly Lemma 1 of chapter II of [ST61]|. We record it here for completeness.
Lemma 2.13. Let V' be a rational C-representation of E. Then V is a free F' ®q C-module.

Proof. Let again {o1,...,0y} denote the embeddings of F' in C. The representation V' is given
by the direct sum of V" and for x € F' we have

f
try (z) = nd Z n;o;(x).
i=1

We thus see that try (z) is rational for all = € F' if and only if n; is independent of i. That is, we

have
f

f
=1 i=1
as a ' ®q C-module. O

Theorem 2.14. All the rational (resp. and polarized) C-representations of E are multiples of
the representation V,.(E) (resp. a unique such representation denoted Vi, (E)). Furthermore we
have that dimg V,.(E) = deg E, V,,(E) ~ V(E) if E is of type III and 1V, and V,,(E) ~ V,(E)?
if B is of type I and I

Proof. Let V' be a rational C-representation of E. By Lemma 2.13 we have that V is a free

F ®q C-module, that is
f

V>~ (H c)m
i=1
for some m € N. It follows that mf = dimc V.

On the other hand, we have an isomorphism F ®q C ~ Hlle E; with E; ~ M,4(C) a simple
algebra whose simple module is V; = C™. Hence a decomposition

!
vV~
=1

It follows that V;" is isomorphic to C™ as a vector space and thus
ndn; = m.

Finally, we get that V ~ V,(E)nd as a C-representation of E. Note that since V,.(E) = @{:1 Vi
and dimc V; = nd the equality dimc V;(E) = deg(FE) holds.

For the last part of the statement, first note that from the first part if V' is rational and polarized
it is a multiple of V;.(E). Now, by Proposition 2.11 if E is of type III the equality V,.(E) = V;,(E)
holds. If E is of type IV, we have that f = 2f" for some f* € N and that for i € {1,..., f} the
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simple representation V; is not isomorphic to its dual V;". As we also have that V;¥ = V; for some
j€{1,...,f}, up to some renumbering we get

f+
V.(E)=PVie V.
i=1

Again Proposition 2.11 gives that V;.(E) = V;,(E) in this case.

For the remaining cases, where E is of type I and II, let V' ~ V,.(E)™ be a rational and polarized
C-representation of E. As the isomorphism V ~ V'V from the symplectic form on V respects
the action of E it induces an isomorphism between corresponding isotypic components of V' and
VV. Since in those cases, every isotypic component is isomorphic to its dual, this gives that the
symplectic form on V induces a non degenerate invariant symplectic form on each of its isotypic
components V™. Proposition 2.11 gives that m is divisible by 2. We thus have that V ~ V,.(E)%
and V,p(E) = Vo (E)% O

For the rest of the text we will keep the notation V,.(E) and V;,(E) for the unique rational or
rational and polarized C-representations of a simple polarizable Q-algebra E which generates the
others.

2.2. Geometric Albert algebras and good embeddings

2.2.1. Let us fix a prime number p. We will say that a simple Q-algebra FE of finite dimension is
quasi-split outside p if £ ®q Q¢ is quasi-split for all primes ¢ # p — an algebra is quasi-split if its
a matrix algebra over a field. This is equivalent to the fact that the local invariants of E at all
finite places not above p are 0.

Definition 2.15. Let E and E’ be polarizable simple Q-algebras. A good embedding is an
injective morphism E < E’ such that V,,(E) = V,,(E’).

Note that when there is an embedding F < E’ we have that deg(E) | deg(E’). In the case of a good
embedding, from Theorem 2.14 it follows that either deg(E) = deg(E’) or 2deg(E) = deg(E').

Lemma 2.16. A polarizable simple algebra E quasi-split outside p admits a good embedding in a
polarizable algebra E' quasi-split outside p of type IV if and only if it is not of type III.

Proof. Consider a good embedding E < E’ and denote by F and F’ the centers of E and E’
respectively. Let Fy = F N F'. We get an embedding

E®p F'— FE'.
It follows that dimc V,(E ®p, F') < dimg V;p(E') = deg(E’). As the embedding E — E’ is good
we also have that

edeg E = deg F’
where € is 1 if E is of type III or IV and 2 if it is of type I or II. Now, if F is of type III, then as
F’ is a CM field we have an inequality

dimC VT(E ®F0 F/) = deg(E ®F0 F/) > 2deg(E)
and we get a contradiction
deg E = deg B’ > 2deg E.

For the converse, if E is of type I or II we consider the embedding

FE—FE®Qr K
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for a CM field extension K/F of degree 2. Note that F®p K is a type IV simple algebra quasi-split
outside p. This embedding is good as

Vip(E) = Vo(E)? = Vo(E ®F K) = Vip(E @5 K).
O

2.2.2. For a simple abelian variety A over F7p the endomorphism algebra End A®Q is a polarizable
simple Q-algebra quasi-split outside p. By the works of Tate, if F ~ End A ® Q for some abelian
variety A over Fyn there is a description of inv, F in terms of the valuation at v of the Frobenius
of Aif p |v. A precise statement is given by [Tat71] Théoréme 1. The algebra D = End A ®z Q
is central over Q(7) where 7 is the Frobenius of A, it is quasi-split outside p and we have

inv, (D) = Q;U((;L)) - [Q(7)y: Qp] for all places v | p

inv, (D) = 0 for all places v above a prime ¢ # p

inv, (D) = & for all real places v

Furthermore, the equality 2dim A = deg D holds.

Definition 2.17. A polarizable simple Q-algebra £ quasi-split outside p is said to be geometric
if there is an abelian variety A over F), such that

EF~EndA®Q.

For simplicity, we will say that an algebra F is geometric if it is a polarizable simple Q-algebra
quasi-split outside p and it is geometric.

Let us denote by H,, o the quaternion algebra over Q quasi-split outside p such that inv,(H, o) =
inveo (Hp oo) = 1/2. The following fact is direct from |Tat71] Exemple (a) p.97.

Lemma 2.18. Let E be a geometric Q-algebra of type III. Then E is the endomorphism algebra
of a power of a supersingular elliptic curve over F,, and we have

E~M,(H, ).
Lemma 2.19. If E is of type III, quasi-split outside p and there is a good embedding E — E’

with E' polarizable, geometric and quasi-split outside p then E ~ My (F ® Hy ) for some totally
real number field F.

Proof. By Lemma 2.16 we have that E’ is of type III. Since E’ is geometric, the previous lemma
gives an isomorphism

E' ~M,y(H, ).
Let E ~ M, (D) so that deg(FE) = 2nf where f = [F : Q] with F' = Z(F) the center of E. Since
the embedding is good we have deg(E) = deg(E’) which is

2nf =2n/

so that n’ = nf. The centralizer Zg/(E) of E in E’ is a simple algebra that contains F' and from
the centralizer theorem, see [Sch85| chapter 8, Theorem 5.4 we have that

dim Zp/(E) -dim E = d?f - 4n*f = dim E' = 4n*f>.
It follows that d =1 and Zg/(E) = F. It also follows from [Sch85] chapter 8, Theorem 4.5 that
EF'®9qF~Zp(F)=F
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where ~ denotes the Brauer equivalence — that the algebras have the same local invariants. This
is equivalent to the fact that there is an isomorphism

E ~M,(F ®H, ).
0

2.2.3. In order to prove the main theorem of this section we need to recall some facts about Weil
numbers and Honda-Tate theory — see [Tat71].

Definition 2.20. Let ¢ = p™. A Weil g-number (sometimes g-Weil number) is an algebraic integer
7 such that for all embedding o: Q(7) — C we have

lo(m)| = g2.

The theorem of Honda-Tate states that there is a one-to-one correspondence between conjugacy
classes of Weil g-numbers and simple abelian varieties over F, up to isogeny. In particular, to
construct abelian varieties over finite fields it is enough to construct such algebraic integers.

Proposition 2.21. A simple polarizable Q-algebra of type IV quasi-split outside p admits a good
embedding in a geometric Q-algebra.

Proof. Let E be a simple polarizable Q-algebra of type IV quasi-split outside p. As before, let
E ~ M, (D) for some skew-field D over Q with center F'. The skew-field D is itself a simple
polarizable Q-algebra of type IV with center F' and if it admits a good embedding in a geometric
polarizable Q-algebra E’ of type IV quasi-split outside p then E < M, (E’) is a good embedding.
So we will assume E = D.

From the definition the fact that D is of type IV we have that inv, (D) + invg(D) = 0 in Q/Z for
all finite places v of F'. For all those places v above p, let us choose a non-negative representative
in Q of inv,(D) such that inv,(D) + invg(D) = [F, : Q,]. Note that if v = T we have that
[Fy : Qp] is even by the characterization of type IV so that we can avoid choosing inv, (D) = 1/2.
For a place v of F let e, be the ramification index at v. Let n € N \ {0} be such that for all
places v above p

inv, (D)
n-————=eN
[Fy Q)
and for a place v above p let
e — e inv, (D)
b ENITE Qyl

Note that we have n, + ny = ne, by construction.
Consider the ideal Hv|p prv where p,, is the prime of Of associated to the place v | p. Then, up
to multiplying n by an integer big enough we can assume this ideal is principal, given by (7). We

have
(rm) = [ oot = [105)" = ™).
vlp vlp
Thus we have 77 = p™ug with ug € Oy, . Let m € N be such that uf* = vu with u € OF, this is
possible as the norm map has finite index.
Now consider m; = 7™u . We have

D nm, . m_,—m mn
MTL=p uguy =p .
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In particular, m; is a Weil p™"-integer and the associated abelian variety by Honda-Tate theory
Ay is such that Dy = End Ay ® Q has center Fy = Q(71) and invariants

vo(71) . _omn, . ~invy(D)
vo(pmm) [Fovy  Qul = mne, Fow : Qpl = [Ey & Foy,)

invy, (Do) =

for all places p | vo | v of Q(71) above p and below v.

It follows that D = Dy ®q(r,) F and that D  End AL ™) & Q = Mz s (Do). The simple
algebra Dy has degree deg(Dp) = d - [Q(71) : Q] so that
deg(D) =df =d-[F: Q(m)] - [Q(m1) : Q] = deg(M{p.q(r,)(Do))

and the embedding is good. O

We can now state the main theorem of this section.

Theorem 2.22. A simple and polarizable Q-algebra E quasi-split outside p admits a good
embedding into a geometric Q-algebra E’ if and only if it is either not of type III or of the form
M, (F ® Hy, ) for some totally real number field F.

Proof. Assume first that F is of type III. Then by Lemma 2.19 if F admits a good embedding it
is of the required form. So assume furthermore that £ ~ M,,(F' ® H, ~) for some totally real
number field F'. Then the embedding

E — Mg, (Hp o)
is good where f = [F : Q].

In all other cases, combine Lemma 2.16 with Proposition 2.21 to get the result. O

3. THE RATIONAL GROUP ALGEBRA OF RAMIFICATION GROUPS

We start by developing some technical points on Q-algebras that are twisted by cyclic groups.
The main results is given in the second part of the section and applies the results of the first part
to give a description of the rational group algebra Q[G] of ramification groups, giving precisions
to a theorem of Serre and generalizing results of Roquette and Ford.

3.1. Twisted Q-algebras

3.1.1. Let G be a finite group. For a finite dimensional Q-algebra F and a morphism ¢: G —
Aut E we denote by E[G, ] the Q-algebra defined by €D gec E-g where the multiplication is
given, for all x,y € F and all g, h € G, by

zg - yh = zp(g)(y) - gh.

When E has a positive involution * and ¢ verifies ¢(g)(z)* = ¢(g)(z*) for all g € G and z € E,
that is (G) C Aut(E, *), then there is an induced involution on E[G, ¢] given by

1 1

(zg)* =g 'a* =g ") (=g~

Lemma 3.1. The involution induced by x on E[G, ] is positive if and only if * is.



14 SEVERIN PHILIP

Proof. For all z € E and g € G we have
(x9)(z9)" = zgp(g™)(z")g ™"
= 2¢(9) (g~ ")(=*)) g9~
= zz*.
The statement now follows as the multiplication by zz* on E[G, ¢] stabilizes the direct sum

decomposition we have Trgg o)(z2*) = Card G - Trg(zz™). O

Note that for a finite group H the rational group algebra Q[H] is equipped with a natural positive
involution — see the last section of [Lew06] for example — given for h € H by
h bt

Thus from Proposition 8.1 of [Rém17| each of the simple factor E C Q[G] that appear in the
decomposition of Q[G] is a polarizable Q-algebra. This is a particular case of the construction
presented here with ¢: G — Aut Q the trivial map and * the identity on Q.

Assume now that H is carrying a G action by a map G — Aut H. The action extends to a map
¢: G — Aut Q[H] and we have

Q[H]|G,¢] = Q[H x G].
One can check that the action of G is compatible with the natural involution on Q[H] and the
induced involution on Q[H x G| is again the natural one.

3.1.2. We will now only consider the case when the acting group G is cyclic. Let m € N be such
that G ~ Z/mZ and let 0 = ¢(1) € Aut E. In this situation we will write E[m, o] in place of
E[G, ¢]. We also write

m—1

with uz = o(x)u for x € E and v = 1.
We are interested in the center of such algebras. Let us start by a special case. The algebra E is
simple and let 7 = 0yz(g) € Aut Z(E). The order n of 7 divides m and we have that ¢ is an
automorphism of the simple algebra E central over F' = Z(F). By Skolem-Noether’s theorem we
get that there is an element y € E* such that for all z € FE we have

o"(z) =y lay.
We show that we can further choose y to be fixed by ¢ and have further properties.
Proposition 3.2. Let E be a simple algebra with an automorphism o of order m. Let T = 0|z7(p)
and n its order. Then we can choose y € E*, such that for all x € E

o"(x) =y lay,
to be fized by o. In this case, y% is an element of F™ and there is an isomorphism

b: Z(Elm,o]) = FTX]/(X 7 — y%).

Moreover, if E has a positive involution x stable by o which induces an involution noted x again
on E[m,o] we can choose v such that X* = yy*X ! in the quotient. In particular, we have
yy* € F7.
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Proof. Let us start by showing we can choose such a y to be fixed by o. Start with y € E* given
by Skolem-Noether’s theorem applied to ¢™. As the automorphisms o and ¢™ of £ commute, we
have for all z €

o(0"(2)) = oy) " o(z)o(y) = o"(o(2)) =y~ o(2)y
so that o(z)o(y)y~! = o(y)y 'o(x) and thus t = o(y)y~ ' is an element of F.

In the cyclic extension F/F™ the norm of ¢ is

n—1 n—1
NF/FT(t) = H Ti(t) = H Ui(a(y)yfl) = a"(y)y’l = 1.
=0 1=0

By the Hilbert’s theorem 90 we get an element s € F* such that ¢t = 7(s)s~!. Let us set 3/ = ys— 1.

For all x € EY we have
o (x) =y ey
as s commutes with z. The element y' verifies further
o(yf) =o(y)o(s™!) = a(y)a(t)o’(s) ™ = o*(y)o*(s) ™ = o*(y/)
which is just ¥’ = o(y’) as desired. For all x € E we also have
y’_%xy'% =" (z) = 1.
In particular, y’% is central and fixed by 7.

We will now assume that y was chosen such that it has the properties proven in the first part and
we show that there is an isomorphism ¢: E[m, o] ~ F7[X]/X » —yn. By definition we have

m—1 )
E[m,o] = @ Eu'.
i=0

Let us consider an element z € Z(E[m,c]) given by

m—1
z= Z au’.
i=0
Since zu = uz we get o(a;) = a; for all i € {0,...,m — 1} and the equality zz = zz forallz € E
gives a;0'(x) = za;. For i € {0,...,m — 1} such that n does not divide i there is an « € F' such

that o'(z) # x and thus a; = 0. Let us set b; = a,;y " for 0 <i < T — 1. For all 2 € E we have
b = Taniy " = anic™ (2)y " = aniy 'z = bz

so that b; € F and o(b;) = b; gives furthermore that b; € F7. Going back to the element z we
have

n_1
n

5 = § :biyzum
=0

with b; € F7. Conversely let us show that all elements z of this form are in the center of E[m,o].
It is enough to check that it is the case for yu”. Let x € E, we have

yu"z = yo' (x)u" = xyu”

and we also have

uyu” = o(y)u™ = yu™ - u.
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m m
n n

Thus we have Z(E[m,o]) = F7[yu"] with (yu™)» =y
For the last part, note first that for all x € E

1 *x—1 _n

_ -1 _ _
(yy*) ey =y Y eyt =yt 0 @)y = (yo (2N )y ) =
and thus yy* € F7. We now compute

n

yu(yu")" = yu"uT"y" = gy

Specifying the context again we get a more precise statement.

Proposition 3.3. Assume that E ~ My(K) where K is a CM field and * is a positive involution
on E stable by o. Let us assume furthermore that T is the complex conjugation on K and that we
have chosen y as in Proposition 3.2. Then yy* € F7 is the square of an element of K.

Proof. Let us denote by - the complex conjugation and its extension to F acting on the coefficients
on the matrices. By conjugation by an element w € E* we have * given for all x € E by
r* = w™'T'w. By Skolem-Noether’s theorem we also have that o(z) = 27Tz for an element

ze E* and all z € F.

As for x € E we have

(i) (¢*)* = x, which is (w™'T'w)* = w™?

wr(w w) =2
(ii) o(x)* = o(x*) which is w™! (x)tw = w7t
(iii) o%(z) =y~ ! 1Z2) = 271

the elements w™'w!, wzw 'z~ and Zzy~! are central. By o(y) = y we even have that y~'2z,

which is an element of K, is fixed by the complex conjugation and thus by *. We now have

7t [ o
zz—lw=z"tw lztwz
xy which is o(z~ 2 lazy =y oy

p' = Gy )z ez ) = ) P ()
= Zzy )2 22w i w w2 = (y122) 7 22w i w
= (Zzy )7 zw w1 F 2w = (Zay ) T wzw ' E - Zw L w
— —t

= (Zzy 7% ww ™ 'F zwwte ™ Pt T w.

Notice now that since w~1w" is central we have w1w! = ww 1" and thus
yy* = (Zzy ') 72 - wrw 17 zw At (w™ @) 2
= (Zzy )72 (Wew'7)? Lt

The last equality is again from the fact that wzw~'Z* is central and thus fixed by the transposition.
We finally have obtained that yy* is a square of an element of K. O

3.1.3. In order to deal with the general case, where F is not assumed simple, we will need a few
lemmas that might be well known.

Lemma 3.4. Let E be a simple Q-algebra, k,m > 1 and f € Aut E* such that f™ = 1. Then
we can choose a basis (x1,...,x) and a partition Ir,..., I, of {1,...,k} such that for every
j€{1,...,r} the action of [ stabilizes @z‘elj Ex; and acts on such a factor by

f(xb ceey xCarde) = (Uj(xCarde)axla ce a-rCarde—l)
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where o € Aut E and we have chosen a renumbering of the x}s such that i € I;.

Proof. First note that f acts on Q¥ C E* by permutation. We consider the partition Iy, ..., I,
of {1,...,k} obtained from the decomposition of the permutation action of f on Q¥ as disjoint
cycles. For j € {1,...,r} we can now consider the algebra — which is a subset of E* — which
corresponds to the subset I, is isomorphic to ECa1d1; and which is stable by f. In this subalgebra
the images of £ x 0--- x 0 are all isomorphic to E and we have an isomorphism

ECarde ~ F x f(E) Y. fCarde—l(E)‘
In a basis adapted to this isomorphism we get the result. As this holds for all j € {1,...,r}, we

are done.
O

Lemma 3.5. Let FE be a Q-algebra, m,k > 1 and o0 € Aut E of order dividing m. Then we have
an isomorphism

E[m,o)* = E¥[m, o**]
where o** € Aut E* is the product.

Proof. By definition we have

—_

m—1

k
E[m, o] :@ Eaul = @Eu

]:1 1= 7 ]21

3

I
S

Now, since @;?:1 Bl is just E¥(u*®)" where u** is the k-tuple with each coordinate being u we
thus have
E[m,o]* = EF[m, o**].
O

We go back to the situation of Lemma 3.4 to show that we are left with matrix algebras over
some algebra of the form E[m, o] for each stable factor.

Lemma 3.6. Let E be a simple algebra, m,k > 1 and f € Aut E*. Let us assume that f acts on
E* by
flx1, ... xp) = (o(zk), X1, .o, Tp—1)
for some o € Aut E with c™ = 1. Then we have
E*[mk, f] =~ Mg (E[m, o]).

Proof. Let A be the subalgebra of diagonal matrices in My (E[m,c]). By definition we have

A ~ E[m, o]
Now consider the matrix of My(E[m,c]) defined as
0 )
M = L
1 0

We have
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k—1 k—1
- @AMi = GBE[m,a]k]WZ
=0 =0

By the previous lemma, we have E[m,o]¥ ~ E¥[m,o**]. Hence we have

S

-1

Mg (E[m,o)] E*[m, o™k M

.
Il

0
-1

??‘
>—*

m . .
Efyd MY
i=0

=0

.

where on the last equality u is identified as the diagonal matrix uI. But since ul = M* we have
k—1m—1

M(E[m, o) = P 5 EFpmhit,

i=0 j=0

Let us now remark that by construction, for z € E*, we have Mx = f(x)M so that

k—1m—1 o km—1
Elm,0)] = @ € EF Mt = @ EFM? = EF[mk, f].
i=0 j=0

Our last lemma concerns the general case but with an interior automorphism.

Lemma 3.7. Let E be a Q-algebra, m > 1 and f € Int E such that f™ = 1. Then we have an
isomorphism

E[m, f] = E®zg) Z(Elm, f]).
Proof. Since f is interior, let y € E* be such that for all x € F

fla) =y ay.
As f™ =1 we have y™ € Z(FE). We further have that in E[m, f] the element yu is central. Indeed,
for all z € £ we have
zyu = yf(z)u = yf(2)y~ yu = zyu
and
uyu = f(y)u® = yu - u.
We thus have

m—1 m—1
E[m, fl= & E(yu)' = E @z P Z(E)(yu)’
i=0 i=0
From this we get
k—1
Z(E[m, f]) = @ Z(E)(yu)"
i=0
and the result follows. OJ

We can now show that the centers of the Q-algebras we are interested in have a specific form.
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Theorem 3.8. Let E be a simple algebra with positive involution x and m,k > 1. Let f €
Aut(EF, *k) with f™ = 1. Assume that Z(E) C K for some CM field K and that one of the
following holds

(1) m is odd

(2) B~ Mqy(K)

(3) E~Mqa(Q).
Then Z(E*[m, f]) is a product of CM fields and subfields of K or in case (3) a product of such
fields and of quadratic extensions of Q. Furthermore, in case (3), these are matriz algebras over
their centers.

Proof. From Lemma 3.4 the action breaks into disjoint part over which Lemma 3.6 gives a
description in terms of matrix algebras of the form M, (E[m/,o]) for some m' | m, r < k and
o € Aut E. The center of such an algebra is given by the center of E[m’, o] so we need only to
deal with the case k = 1.

Let us assume k£ = 1. We are thus in the situation of Proposition 3.2 whose notation we reuse.
Each factor of the center is thus an extension L/F7™ generated by an element « such that an e FT
and aa* = yy*. Since E[m, o] is equipped with a positive involution, each factor of its center,
and L in particular, is also equipped with such an involution. By the classification of Albert they
are thus CM or totally real.

If L is not CM, it is totally real and so is F7. In this case it follows that aa* = o? € F7. Now, if
(1) holds, note that m/n is odd so that a» € F™ and a? € F7 give a € F™ which is just L = F7.

In the case of (2), we have F™ = K7 a totally real subfield of K so that 72 is the complex
conjugation. Applying Proposition 3.3 with o = f2 we get 8 € K such that a? = yy* = 42 and
L=K"(8) CK.

In the last case, we just note again that if L is not CM it is a totally real field, quadratic over
Q. The last statement follows from Lemma 3.7 as in this case the action for K = 1 must be
interior. U

3.2. The rational group algebra of ramification groups

3.2.1. Let p be a prime number. A ramification group at p is a finite group of the form I'), X Z /nZ
where I'), is a p-group and n is prime to p. We will omit to say "at p" when the prime p is clear
from context. It is part of the main result of [Mau68] that all such groups can be realized as the
inertia group of an extension of p-adic fields. Recall from paragraph 3.1.1 that the group algebra
QIG] and each of its simple factors are equipped with a natural positive involution.

We start by a lemma in the specific case where Card G is odd and it verifies condition (By) of
[Ser60] p.409 for an odd prime ¢ # p.

(By) There exists a normal subgroup C' of G such that G/C is a q-group.

Lemma 3.9. Let G be a ramification group of odd order and satisfying (Bg) for an odd prime
q # p. Then the algebra Q|G| has no simple factor of type III.

Proof. We follow the description given by the second case in the proof of Théoréme 3 of [Ser60)].
With the fact that G is a ramification group at p, satisfies B, and is of odd order we have an
isomorphism

G ~Z/p°Z x (Z/mZ x Z/q' Z)
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for some integers e, f,m > 0 and m prime to p and ¢. Let T" be the kernel of the conjugation
action of G on Z/p°Z. By definition, Z/p°Z C T but also C C T since it is a cyclic group
containing Z/p°Z. We get that G is an extension of T' ~ Z/p°Z x Z/mq“Z, w > 1 an integer
less than f, and R = G/T ~ Z/q/~"Z. This extension is given by an element a € H?(R,T) with
values in Z/mq¥Z C T.

Now, we have Q[G] = Q[T][R, ¢] for the action ¢: R — AutT. As Aut T stabilizes the decom-
position of Q[T] into a product of cyclotomic fields it is also the case of the action of R. We
get
QG ~ P Aq
d|pemg®

where Ay is Q(uq)[R, ¢']. For d = Card T we denote Ay by A[G]. The algebra A[G] is a cyclic
algebra given by (Q(ppemqw)/F,a). All other simple factors are described in the same way as
A[G/G'] for a normal subgroup G’ C G and thus satisfies the conditions of the lemma.

By construction, the field F' C Q(ftpemgw) is the center of A[G] and contains Q(ftmqew) as the
action of R is trivial on the corresponding subgroup of G. If F' is totally real we must have
mq™ € {1,2}. Since the order of G is odd this implies mg®” = 1 but then a which has values in
Z/mq" Z is just trivial, hence A[G] is of type II. As this applies to all simple factors of Q[G],
from the fact they are all of the form A[G/G’], we have that Q[G] has no factor of type III. O

3.2.2. We can now prove our main technical result which is the following structure theorem. It
gives precision to Théoréme 3 of [Ser60] on the group algebra Q[G] and generalizes the results of
Roquette and Ford on p-groups in [Roq58; For87|.

Theorem 3.10. Let G be a ramification group at p. The rational group algebra Q[G] has the
following properties.
(i) The algebra Q[G] is quasi-split outside p.
(13) If E C Q[G] is a simple factor of Q[G] then the center Z(E) of E is a CM field or a
subfield of Q(pipe).
Furthermore, if Card G is odd then no simple factor of Q[G] is of type III.

Proof. The statement (7) is exactly Théoréme 3 of [Ser60| by the equivalence given in Proposition 1
of loc. cit.

Let us prove (ii). Since G is a ramification group it is of the form H x Z/mZ with H a p-group
and m prime to p. We thus have
Q[G] ~ Q[H][m, f]

for some f € Aut Q[H] with f™ = 1. By Proposition 1.4 of [Yam74| the center of a simple factor
of Q[H] is given by Q(x) for some character y of H. Now, since H is a p-group, this gives that
the centers of the simple factors of Q[H] are subfields of the CM field Q(upn) for some n € N.
As Q[H] is equipped with a positive involution, stable by f — see paragraph 3.1.1 — we are in
position to apply Theorem 3.8. If p = 2 then m is odd and we are in case (1). If p is odd, by
Satz 2 (and the following paragraph) of [Rog58], the simple factors of Q[H] are matrix algebras
over their center and by Theorem 1.(i) of [For87| these centers are of the form Q(spe) for some
e > 0. More precisely, except for the factor Q coming from the trivial representation we have
e > 1. Indeed, let M,,(Q(x)) = M,,(Q) be one of the factor with n > 1, for an irreducible non
trivial character x of H. By Ford, there is a linear character X\ of a subgroup of H that induces y.
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Since Q(x) = Q(A) we have that A is trivial. But then x can not be irreducible and non trivial as
a character induced by the trivial character of a proper subgroup is a permutation character, and
contains the trivial character. We are thus either in the case (2) of Theorem 3.8 or considering
the trivial action on the factor Q corresponding to the trivial representation which only yields
copies of Q.

To prove the last part of the statement we argue as the proof of Théoréme 3 in [Ser60].

Let G’ C G be a subgroup satisfying (B,) for some prime number ¢. If ¢ = p then G’ is a p-group
with p odd so that the results of Ford and Roquette ensure that no algebra of type III appears

as a simple factor of Q[G']. If ¢ # p, since Card G is odd we must have ¢ # 2 and Lemma 3.9
ensures that there are not type III algebra in the decomposition of Q[G’].

Let us remark now that for a Q-algebra E of finite dimension with positive involution we have
E ®q R is quasi-split if and only if E has no factor of type III. In particular, we see that for
all subgroups satisfying (By), for some prime ¢, of G, the algebra Q[G'] is quasi-split over R.
By Brauer’s induction theorem — see for example Proposition 2 of [Ser60| — the algebra Q[G] is
also quasi-split over R which is equivalent to the fact that there is no factor of type III in its
decomposition. O

4. THE (p,t,a)-INERTIAL GROUPS AS FINITE MONODROMY GROUPS

In this section p is a fixed prime number. The goal is to apply the results of the two previous part
to (p,t,a)-inertial groups and show that these groups are realized as finite monodromy groups of
abelian varieties of dimension g =t + a over number fields, answering a question of Silverberg
and Zarhin.

4.1. Symplectic realization of finite groups and a characterization of (p,t,a)-inertial
groups

4.1.1. We start by a lemma on rational representations of simple polarizable algebras over
the fields Q. For any field extension K/Q and a Q-algebra E we extend the definition of a
representation, a rational representation and a polarized representation of F to be a K-vector
space with an action of E which is Q-linear and having the corresponding properties. We are only
concerned with the fields Qg for £ # p. To that end, let us fix an embedding Q, C C for every
¢ # p. For a simple algebra FE quasi-split outside p, the results of Section 2.1 extend without
difficulty.

Lemma 4.1. Let E be a simple Q-algebra quasi-split outside p and £ # p a prime number. If V
is a rational C-representation of E then it is of the form V, ®q, C for a unique Qq-representation
Vi of E which is rational. In particular, the rational Qg-representation of E are the multiples of
Vi (E)¢ and the rational and polarized Qq-representations of E are the multiples of Vi, (E),.

Proof. By Theorem 2.14 it is enough to show that the C-representation V,(E) verifies the
statement.

Let us write F ~ M, (D) with D a skew-field of center F' over Q and deg F = ndf by setting
d*>=[D: F] and f = [F : Q]. We have a decomposition

'
FoqQ =[]~
=1
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and since F is quasi-split outside p we have
T
E ®q Q¢ ~ [ [ Mna(F)).
i=1

Fori € {1,...,7} let E; = F"! be the unique non trivial simple M,,4(F;)-module. We consider
the rational Qg-representation

V.(E)e = EPE:.
i=1
We have

r f

Vi(B)@q, C = @Cal = Po
i=1 i=1

Hence V;.(E), ®q, C is a rational C-representation of E of dimension deg E. It is thus isomorphic

to V,(E) which concludes.

The last part of the statement is clear for rational Qg-representations. For a rational and polarized
Qq-representation V' it is also clear that V ®q, C is rational and polarized so that V' = V,,(E)}
for some integer n € N. It thus suffices to see that V;,(E), is polarized. If E is of type I, IT and
IV this follows exactly as in the case of C-representations. For E of type III we thus need to show
that V,.(E), is polarized. From the proof of the first part we know that

Vi(E)e =D E;
i=1

and the sum runs over all simple Qg-representations of E. In particular, we have V,.(E), ~ V,(E)/.

This isomorphism induces an isomorphism V,.(E) =~ V,(E)" and the induced non degenerate
bilinear form on V;.(F) is invariant. Since there is only one and it is symplectic we are done. [

4.1.2. We will give a characterization of (p, t, a)-inertial groups through representations of algebras
but first we introduce and characterize the notion of a symplectic realization of a ramification
group. This will add clarity to the fact that we will not only realize the groups themselves but
also any choice of a representation that satisfies part (ii) of Definition 1.1.

Definition 4.2. Let G be a ramification group. A symplectic realization of G of dimension 2a
is the data of a quotient E of Q[G] and a rational and polarized C-representation V' of E of
dimension 2a.

Note that in the definition, we consider E equipped with the positive involution induced by the
natural one on Q[G] and with a map G — E.

Theorem 4.3. Let G be a ramification group. The symplectic realizations (E, V') of G of dimension
2a are in correspondence with family of maps (pe: G — Spag(Qe))ep such that the characteristic
polynomials of the elements of G have integer coefficients independent of £. The correspondence is
such that, for £ # p, the map pg: G — Spa,(Qy) is obtained by composition by the canonical map
G — FE, that is py coincides with

G — E — Endq, V;.
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Proof. Let (pe: G — Spy,(Qr))ezp be a family of maps as in the statement. Let us fix £ # p a
prime and consider E the Q-algebra generated by G in My, (Qg). The algebra E is a quotient of
QIG] by construction and one can note that it does not depend on the choice of £. It is also by
construction that E acts on Vp = Q%a and this action has an invariant symplectic form. In other
words, V; is a rational and polarized Qg-representation of F. By Lemma 4.1 the space V; ®q, C
is a C-rational and polarized representation of F.

Let E be a quotient of Q[G] and V a rational and polarized C-representation of E. Let £ # p
be a prime. Again, by Lemma 4.1, to the representation V corresponds a rational and polarized
Q-representation V;. Now, since E is a quotient of Q[G] it is equipped with a map p: G — FE
and the positive involution on E is such that p(g)* = p(¢~!). In particular, since V; is polarized
we see that p(g) is an element of the symplectic group. In other words, the restriction to the
image of G in E of the map F — Endq, V; has image in Spy,(Qy). We recover this way a family
of maps (p¢: G — Spa,(Qr))ezp which satisfy the condition.

It is clear that both constructions are inverse to each other. O

Corollary 4.4. Let G be a ramification group at p and t,a € N. Then G is (p,t,a)-inertial if
and only if there is a symplectic realization (E, V) of G and a map G — GL(Z) such that the
mnduced map
G — GL{(Z) x E
18 1njective.
Proof. By definition, if G is (p, t, a)-inertial there is a family of injective maps (1p: G — GL(Z) X
SPaq(Qr))ep for which the projections py on the second factor satisfy the condition of Theorem 4.3.
So there is a quotient E of Q[G] with a polarized V' representation of E such that py is obtained
by the composition
G — E — Endq, V;.
Since the second map is injective we have that the induced map
G — GL(Z) x E
is also injective.
The converse is straightforward from Theorem 4.3. The data of (E, V') gives a family of maps
(pe: G — SpPog(Qr))e£p which gives an injection
te: G — GL{(Z) x Spy,(Qr)
for all £ # p by construction. O
4.1.3. We finish this section by relating symplectic realizations to geometric embeddings intro-
duced in Section 2.2. We show that all realizations are geometric in the sense of the following
definition, which is the first form of our main result and the main step towards realizing the

(p, t,a)-inertial groups as finite monodromy groups. To that end, we recall some results of Tate
on abelian varieties and their Tate modules.

Let A be an abelian variety of dimension a over F,. For a prime ¢ # p, the endomorphism ring
End A acts on the ¢-adic Tate module Ty)A = @A[f”]. Let V;(A) denote the Qg-vector space

n
TyA ®z, Q. The representation of the Q-algebra E(A) = End A ®z Q given by V;(A) is rational
and polarized — see [Mum08| Theorem 4 on p. 167 (181). By Lemma 4.1 the representation V;(A)
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corresponds to a C-representation V(A) of F(A) and since the characteristic polynomials of
the representation V;(A) are independent of ¢ the C-representation V(A) is independent of /.
For an abelian variety A over a finite field, we will keep the notation E(A) and V(A) for its
endomorphism algebra and the C-representation of F(A) associated to its f-adic Tate module.
Note that when F(A) is simple, by the results of Tate on the dimension of E(A) we have in this
case that V(A) = V,,(E(A)).

Definition 4.5. A symplectic realization (E,V) of a ramification group G is said to be geometric
if there is an abelian variety A over F), and an embedding E C E(A) such that the induced
C-representation of E given by V(A) is isomorphic to V.

Theorem 4.6. Let G be a ramification group at p. All symplectic realizations of G are geometric.

Proof. Let (E,V) be a symplectic realization of G. First note that if F is not simple and we have
a decomposition in simple factors E ~ []/_; E; then V splits in a direct sum of representations
V =@, Vip(E;)"™ for some n; € N. For each i € {1,...,7} we get a symplectic representation
(BEi, Vip(E;)™) of G and it is clear that (E,V) is geometric if and only if (E;, Vi, (E;)™) is
geometric for each ¢ € {1,...,r}. We thus assume FE is simple.

We start by showing that (E,V;,(E)) is a symplectic realization of G' which is geometric. Since
G is a ramification group, by (i) of Theorem 3.10 the algebra E is quasi-split outside p. If E is of
type I, IT or IV then by Theorem 2.22 we have a good embedding E — E(A) for some abelian
variety A over F,,. We thus have that V(A4) = V;,(E(A)) = V,,(E) and the realization (E, V) is

geometric.

Let us now consider the case where F is of type III. By (ii) of Theorem 3.10 the center of E is
subfield of Q(ppn) for some n € N. But this field is totally ramified at p and thus also the center
F of E. Hence there is only one Brauer class of type III algebras over F', the algebras of the form
My (F ® Hy o). It follows that E is of that form and by Theorem 2.22 again there is A over F,
With V(4) = Vip(A) = Vi(E).

We go back to the general case, that is of a realization (E, V') of G with E simple. By Theorem 2.14
the representation V' is isomorphic to V;,(E)" for some n € N. From the previous case, let B
be an abelian variety over F,, with E < E(B) such that V(B) = V,,(E). The abelian variety
A = B"™ suits our needs. Indeed, we have a diagonal embedding £ — FE(A) ~ M, (E(B)) for
which the induced C-representation V' (A) has the desired property V(A) = V,,(E)" =V as
C-representations of F. O

4.2. The realization of (p,t,a)-inertial groups as finite monodromy groups

4.2.1. Let us start by recalling the results of [Phi24| which relate to finite monodromy groups.
For an abelian variety A over a p-adic field K, the finite monodromy group ®(A) of A is the
Galois group of the smallest field extension L4 of the maximal unramified extension K" of K
such that Ay, has semi-stable reduction — the fact that L4/K"™ is Galois is section 4 of Exposé
IX of [SGAT.1].

In [Phi24]|, based on chapter 2 of [FC90]|, there is a notion of a polarized semi-abelian variety. We
recall it here as it is used in the main theorem.
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Definition 4.7. Let Ay and A} be semi-abelian varieties over a finite field. A polarization
Ao: Ag — Ag is a map of semi-abelian varieties

0 T() > AO B() > 0
[
0 T > A By > 0

such that the induced maps Ag, is an isogeny and Ap, is a polarization. A semi-abelian variety
A equipped with a polarization )y is said to be polarized.

In the next sections of the text, we will conserve the notations Ty and By for the maximal torus
and abelian quotient of a semi-abelian variety Ag. Note that, for a prime £ # p, through the
{-adic Tate module of By there is a map

Aut Ag — GL{(Z) X Sps,(Qr)
where t is the dimension of T and a the dimension of Bg.

The main theorem of [Phi24] now states that a ramification group G is the finite monodromy
group of some abelian variety if and only if there is an embedding G C Aut(Ao, Ag) for some
polarized semi-abelian variety Ay over F), — see Théoréme 1.1 of [Phi24].

4.2.2. We can now show that all (p, ¢, a)-inertial groups are realized as finite monodromy groups
in dimension t + a. More precisely, we show that for a ramification group G all symplectic
realizations are obtained by realizations of G as a finite monodromy group. We first give the
context for a precise meaning of this last part. For an abelian variety A over a p-adic field K,
its finite monodromy group ® 4 acts on the reduction of Ay ,, which is a semi-abelian variety
Ap over F,. This action produces an injection G < Aut(Ag, A\o) and a symplectic realization
(E(By),V(Byp)). We show that all symplectic realizations of G are obtained in this way.

Theorem 4.8. Let G be a ramification group at p. Then for all family of injective maps (1p: G —
GL{(Z) % Spg,(Qe))ep with second projection corresponding to a symplectic realization (E,V') of
dimension 2a of G there is an abelian variety A of dimension t + a over a p-adic field K such
that G is the finite monodromy group of A. Moreover, the action of G on the reduction Ay of Ar,,
recover the first projection G — GL(Z) of ¢ for any £ # p and the symplectic realization (E, V)
up to isomorphism.

Proof. Let (E, V) be the symplectic realization coming from the second projection of the family
of maps (t¢)¢p. From Theorem 4.6 this realization is geometric so there is an abelian variety By
over F, such that E C E(B}) and V(B()) = V. Consider the image of the order Z[G] of Q[G] in
E(BY). It is contained in a maximal order and by Theorem 3.13 of [Wat69] there is an abelian
variety By for which E(By) = E(B{)) and V(By) = V(B},) but also such that End By C E(By)
contains the image of G. Since G is finite there is a polarization A\g of By which is stable by G
and we can consider the semi-abelian variety Ag = G!, x By over F,,. The semi-abelian variety
Ay is polarized by (id, \g) and we have an injective map

G — Aut AO = GLt(Z) x Aut BO.
By Théoréme 1.1 of [Phi24| we get an abelian variety A over p-adic field K such that G is the

finite monodromy group of A and the reduction of Ay, is isogenous to Ag. By construction, the
symplectic realization obtained by (A, G) is isomorphic to (E, V). O
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Corollary 4.9. Let G be a ramification group. Then G is (p,t,a)-inertial if and only if G is
the finite monodromy group of an abelian variety A of dimension t + a over a number field K
at a place v of residue characteristic p. Furthermore, we can choose A such that, for L/K an
extension for which Ar has semi-stable reduction at the places of L above v, the reduction of Ar,
at the places above v has toric rank t and abelian rank a.

Proof. By Theorem 4.8 we get that if G is (p,t,a) inertial such an abelian variety A’ over a
p-adic field exists. By Theorem 4.3 of [Phi22a| we get A over a number field which satisfies all
our conditions. The converse is given, for example, by Theorem 5.2 of [SZ98]. U

4.2.3. We finish by giving some examples of computations on specific groups. For a ramification
group G, we are able to determine the values for which it is (p, ¢, a)-inertial in a methodic way
with finitely many steps. Note that, from the regular representation of G, it is clear that there are
minimal integers tg,ag > 1 such that G is (p,tq,0) and (p,0, ag)-inertial. It is also clear that if
G is (p,t,a)-inertial for some t,a > 0 then it is trivially (p,t + n, a + m)-inertial for any n,m > 0.
We thus see that there is only finitely many couples (¢,a) for which G is not (p,t, a)-inertial,
inside a box of height t¢ — 1 and length ag — 1 starting from (0, 0) in the lattice Z2. Lastly, we
remark that if G is (p,t,a)-inertial with ¢,a > 1 in a non-trivial way, that is for fixed ¢ # p the
map

te: G — GL(Z) X Spy,(Qr)

has its images in each factor not GG, then G is a subdirect factor of the product of two of its non
trivial normal subgroups. In other words, there are normal proper subgroups K and H in G such
that K N H = {1} such that the natural map

G— G/K xG/H

is injective. For a group for which no such subgroups exists, the set of exceptional couples (t, a)
for which it is not (p, t, a)-inertial will exactly be the box mentioned previously.

Example 4.10. We give three examples.

(1) Let n > 1 and G = Z/nZ. Cyclic groups are ramification groups at all primes p. We
compute the list of exceptional couples (¢, a) for G, which does not depend on p. Let D,
be the set of ordered couples (r, s) of factors of n such that r is prime to s and n =17 - s.
Considering the factors Q(u,) and Q(us) of Q[G] we get a representation G — GL(,)(Z)
with image Z/rZ on one side and a symplectic realization (Q(fs), Vip(Q(is))) on the
other. This symplectic realization gives a family of maps, for all primes /£,

pe: G — Spy(s)(Qr)
with images Z/sZ. The product maps
G — GLy () (Z) X Spy(s) (Qr)

SO(S))—inertial group. It is an

2
easy check that for any value ¢t,a > 0 with t < ¢(r) —1 or a < @ — 1 for any couple

(r,s) € Dy, G is not (p,t,a)-inertial.

are injective by construction and make G into a (p, p(r),

We thus recover and generalize the result of Silverberg and Zarhin for small cyclic
groups in [SZ05].
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We consider the wreath product G = Qg?Z/2Z. This group is shown to be (2,0, 2)-inertial
by Silverberg and Zarhin in [SZ05] and was realized as a finite monodromy group over
number fields by Chrétien and Matignon in [CM13]. Note that in this group, all pair of
normal subgroups intersect non-trivially so that it can not be a (p,t, a)-inertial group
with £,a > 1 in a non-trivial way. We thus look for the smallest rational and polarized
faithful representation coming from a factor of its rational algebra in order to compute tg
and aq. Let us start by computing the rational group algebra of Qg x Qg. We have

Q[Qs x Qs] = (QAxQx QxQxHy ) ®q (QXxQxQxQxHsy)
= Q' x (Q)° x (H )" x Mu(Q)
where we regrouped the factors that are swapped by the Z/2Z-action coming from G.

The factors that are fixed get doubled in Q[G] and those that are swapped give 2 x 2
matrix algebra over the respective division algebra by Lemma 3.7. We thus have

Q[G] = Q¥ x Ma(Q)°® x My(Q)? x Ma(Ha,)".
Now, it is an easy check that we have an embedding G < My(Hz ) so that G is both
(2,0, 2)-inertial since degMa(Hz o) = 4 and it is a type III algebra, and (2,8, 0)-inertial
since the Schur index of Hy o is 2. We thus have g = 8 and ag = 2 and since G is not a
subdirect product it is not (2,¢,a)-inertial for any (¢,a) in the box delimited by (0, 0),
(7,0), (7,1) and (0, 1) except for the values in the top and right edges.
Consider the dihedral group G' = Ds3 of order 26. By the table on page 105 of [GB02| we
have

Q[G] = Q x Q x Ma(Q(C13 + (y3)-

We get a faithful representation from the factor Ma(Q((13 + Cf;)) which yield by a simple
computation tg = 6 and ag = 3. Since G is not a subdirect product again, the exceptional
values are in the box delimited by (0, 0), (5,0), (5,2) and (0, 2).

In general, given a ramification group G one can determine the values for which it is (p, t, a)-inertial
by computing the rational group algebra Q[G]| and the faithful representations given by the
quotients of Q[G]. Then, the values are computed using the dimension of the given representations
and the degrees of the polarized representation of the simple algebras in play.

[CM13]
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[GBO2]
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