Require Import PropasTypesUtf8Notation
PropasTypesBasics_mod SwedishSetoids_mod.

Notation "p 1" := (setoidsym _ _ _ p) (at level 3,
no associativity).

Notation "p o gq" := (setoidtra _ _ _ _ g p) (at level
34, right associativity).

Notation "F [ p" := (setoidmapextensionality _ _ F _

_ p) (at level 100).

Record setoidfamily (A: setoid) :=
{

setoidfamilyobj :> A » setoid;
setoidfamilymap : vx y: A, vp: X = vy,
setoidfamilyobj x =
setoidfamilyobj vy;

setoidfamilyref : wvx: A, vy: setoidfamilyobj x,
setoidfamilymap x x (setoidrefl A x) y =~ vy;
setoidfamilyirr : vx y: A, vp q: X =y, vzZ:

setoidfamilyobj x,
setoidfamilymap x y p z =
setoidfamilymap x y q z;
setoidfamilycmp : vx y z: A, vp: X =y, vq: ¥y
z, vw: setoidfamilyobj x,
(setoidfamilymap vy z q)
((setoidfamilymap x y p) w)
~ setoidfamilymap x z

Q

(gop) w
}.

Notation "F e p" := (setoidfamilymap _ F _ _ p)
(at level 9, right associativity).

Lemma setoidfamilyrefgeneral {A: setoid} (F:
setoidfamily A):
vx: A, vp: X = X, vy: F X, Fep y ~ vy,



Proof.
intros x p vy.
apply setoidtra with (Fe(setoidrefl A x) y);
eauto using setoidtra, setoidfamilyirr,
setoidfamilyref, setoidrefl.
Defined.

Lemma setoidfamilycmpgeneral {A: setoid} (F:
setoidfamily A):

vX y z: A, vp: X =y, vq: Yy = zZ, Vr: X =~ z, vw: F
x, Feq (Fep w) ~ Fer w,
Proof.

intros Xy z p q r w;

eauto using setoidtra, setoidfamilyirr,

setoidfamilycmp.
Defined.

Definition Ae: setoid := unit_setoid ® unit_setoid @
unit_setoid.

Definition Feobj (x: Ae): setoid :=
match x with
| inl (inl _) => empty_setoid
| inl (inr _) => unit_setoid
| inr => nat_setoid
end.

Definition Femap (x y: Ae) (p: X = y): Feobj x =
Feobj vy.
repeat induction x as [x | xJ]; induction x;

repeat induction y as [y | y]; induction y; exact
idmap || contradiction p.
Defined.

Definition Fe: setoidfamily Ae.
apply (Build_setoidfamily Ae Feobj Femap).
repeat induction x as [x | xJ]; induction x;



swesetoid.
intro y. apply (Identity_refl y).
repeat induction x as [x | x]J; induction x;
repeat induction y as [y | y]; induction y;
intros; contradiction p || contradiction q ||
swesetoid.
apply (Identity_refl z).
repeat induction x as [x | x]J; induction x;
repeat induction y as [y | y]; induction y;
repeat induction z as [z | z]; induction z;
intros; contradiction p || contradiction q ||
swesetoid.
apply (Identity_refl w).
Defined.

(* some extra lemma for handling setoidfamilies *)
Lemma setoidfamilycmpinvert
{A: setoid} (F: setoidfamily A):

vx y: A, vp: X =y, vq: y = x, vww: F x, Feq (Fep w)
~ W.
Proof.

intros x y p q w

assert (F e g (Fepw ~,{Fx} F e (setoidrefl
A x) w.

apply setoidfamilycmpgeneral.

assert (F ® (setoidrefl A x) w =,{ F x } w).

apply setoidfamilyrefgeneral.

swesetoid.
Defined.

Lemma setoidfamilycmpgeneral_3
{A: setoid} (F: setoidfamily A):
vxXx: A, vvz:A vVvr:Xx=sv,VSsS:V=sz2Z,
vu:F z , ww: F x, u= Fe(sor) w -> u ~ Fes (Fer
w.
Proof.
intros x vz r s uw H.



assert (Fes (Fer w) ~ Fe(sor) w).
apply setoidfamilycmp.
swesetoid.

Defined.

Lemma setoidfamilyirrgeneral
{A: setoid} (F: setoidfamily A):
vXxXxy:A vpqg: x=y, vuv: F Xx,
u ~v -> Fep u= Feq v.

Proof.
intros x y p q u v H.
assert (Fepu=~,{Fy3} Feqgu.
apply setoidfamilyirr.
assert (Fepu=~,{Fy}Fepyv).
swesetoid. swesetoid.

Defined.

Lemma setoidfamilyirrrevgeneral
{A: setoid} (F: setoidfamily A):
vXxy:A vpqg: x=y, vuv: F Xx,
Fep u~ Feqv -> u = v.
Proof.
intros x y p q u v H.
assert (Fep "2 (Fepu =~ u).
apply setoidfamilycmpinvert.
assert (F e g * (Feqgv) =~ v).
apply setoidfamilycmpinvert.
assert (F e g 1 (Fepu ~Feqg 1 (Fegqgyv)).
apply setoidmapextensionality.
apply H.
assert (Fep 1 (Fepu)~Feq 1 (Fepu).
apply setoidfamilyirr.
swesetoid.
Defined.

Lemma setoidfamilyirrgeneraldouble



{A: setoid} (F: setoidfamily A):
v Xy: A vzw:A

vV p: X p':
q':

Z =Y,
- WRY,

X

A4
v

<

e}
X
R
=

u ~v -> Fep' (Fep u) ~ Feq' (Feq v).
Proof.
intros x y zwpp' qq' uv H.
assert (Fep' (Fepu) =~ Fe (p'op) uw.
apply setoidfamilycmp.
assert (F e gqg' (Fegv)~ Fe(qg'eoqg) v).
apply setoidfamilycmp.
assert (F e (p'op)u=~ Fe(g'oqg)vVv).
apply setoidfamilyirrgeneral.
exact H.
swesetoid.
Defined.

Theorem arrsolvel {A B: setoid} (F: setoidfamily A)
(G: setoidfamily B)
:vab: A, vcd:B, vf: Fa =Gc, vg: Fb=
G d,
vp:a=Db, vqg: c=d, (v x: Fa,

Geg (f xX) =~ g (Fep x)) -> (v x: Fb, gx = Geq
(f (Fe(p™1) xJ)).
Proof.

intros abcdfgpqP x.

specialize (P (Fe(p 1) x)).

assert (g x ~g (Fep (Fep 1 x))) as Q.

apply setoidmapextensionality.

apply setoidsym.

apply setoidfamilycmpinvert.

swesetoid.
Defined.

(* The set of stages of the construction *)



Inductive stages: Set :=
| base : stages
| triple : stages -» stages -» stages -» stages.

Definition stages_TrueFalse (n:stages): Set :=
match n with
| base => 1
| triple _ _ _ => T
end.

Definition stages_predl (n:stages):stages :=
match n with
| base => base
| triple 1 _ _ => 1
end.

Definition stages_pred2 (n:stages):stages :
match n with
| base => base
| triple _ j _ => j
end.

Definition stages_pred3 (n:stages):stages :=
match n with
| base => base
| triple _ _ k => k
end.

Lemma stages_base_not_ind (1 j k : stages) :
-Identity base (triple 1 j k).
Proof.

intro P.

assert (stages_TrueFalse (triple 1 j k)) as H.



apply tt.
destruct P.

apply H.
Defined.

Lemma stages_ind_inj_1 (1 j k 12 j2 k2 : stages):
Identity (triple 1 j k) (triple 12 j2 k2) -> Identity
1 12.
Proof.

intro P.

apply (Identity_congr stages_predl (triple 1 j k)
(triple 12 j2 k2)).

apply P.
Defined.

Lemma stages_ind_inj_2 (1 J k 12 j2 k2 : stages):
Identity (triple 1 j k) (triple 12 j2 k2) -> Identity
J 2.
Proof.

intro P.

apply (Identity_congr stages_pred2 (triple 1 j k)
(triple 12 j2 k2)).

apply P.
Defined.

Lemma stages_ind_inj_3 (1 J k 12 j2 k2 : stages):
Identity (triple 1 j k) (triple 12 j2 k2) -> Identity
k k2.
Proof.

intro P.

apply (Identity_congr stages_pred3 (triple 1 j k)
(triple 12 j2 k2)).

apply P.
Defined.

Lemma stages_DecId: DecId stages.



Proof.
intro x. induction x.
intro y. induction y.
left. split.
right.
apply stages_base_not_ind.
intro vy.
destruct vy.
right.
intro H.
apply (stages_base_not_ind x1 x2 x3).
apply Identity_sym.
apply H.
specialize (IHx1 yl1).
specialize (IHx2 y2).
specialize (IHx3 y3).
elim IHx1.
intro P1.
elim IHx2.
intro P2.
elim IHx3.
intro P3.
left.
destruct P1.
destruct P2.
destruct P3.
apply Identity_refl.
intro P3.
right.
intro H.
apply P3.
apply (stages_ind_inj_3 x1 x2 x3 yl y2 y3).
apply H.
intro P2.
right.
intro H.
apply P2.



apply (stages_ind_inj_2 x1 x2 x3 yl y2 y3).
apply H.

intro P1.

right.

intro H.

apply P1.

apply (stages_ind_inj_1 x1 x2 x3 yl y2 y3).
apply H.

Defined.

Definition stages_setoid: setoid.

apply (Build_setoid stages (fun x y => Identity x

y)).

intro x. apply Identity_refl.
intros x y P. induction P. apply Identity_refl.
intros x y z P Q. induction P. apply Q.

Defined.

Definition starsetoidbase

(Al: setoid) (Fl: setoidfamily Al)

(AZ2: setoid) (F2: setoidfamily A2)

(A3: setoid) (F3: setoidfamily A3)

: Set := 3a: Al, 3b: A2, 3c: A3, ad: A3,

c~dnA((F1a) = (F3c)) A ((F2Db) = (F3 d)).

Definition starsetoideq

(Al: setoid) (F1l: setoidfamily Al)

(A2: setoid) (FZ2: setoidfamily A2)

(A3: setoid) (F3: setoidfamily A3)

(x y: starsetoidbase Al F1 A2 F2 A3 F3):Set.

destruct x as [a [b [c [d [q [f g 11111].
destruct y as [a' [b"' [c' [d' [q" [f' g' 111111].

apply (apl: a = a', ap2: b =b', ap3: c= c',

p4: d=d’,

~

(F3 ep3) o fxf" o (Flepl) A (F3 ep4) - g
g' o (FZ e p2)).



Defined.

Definition starsetoid
(Al: setoid) (F1l: setoidfamily Al)
(AZ2: setoid) (F2: setoidfamily A2)
(A3: setoid) (F3: setoidfamily A3):setoid.
apply (Build_setoid (starsetoidbase Al F1 A2 F2 A3
F3)
(starsetoideq Al F1 A2 F2 A3

F3)).
(* Reflexivity *)
intro x.
destruct x as [a [b [c [d [q [f g 111111.
simpl.

exists (setoidrefl _ a).

exists (setoidrefl _ b).

exists (setoidrefl _ c).

exists (setoidrefl _ d).

split.

intro x.

assert ( F3 o (setoidrefl A3 ¢) (f xX) = f x ) as
H1.

apply setoidfamilyrefgeneral.

assert ( f x =,{ F3 c }f (F1 e (setoidrefl Al a) x)
) as HZ2.

apply setoidmapextensionality.

apply setoidsym.

apply setoidfamilyrefgeneral.

swesetoid.

intro x.

assert ( F3 o (setoidrefl A3 d) (g x) ~ g x ) as
H1.

apply setoidfamilyrefgeneral.

assert ( g x =~ g (F2 e (setoidrefl A2 b) x) ) as
H2.

apply setoidmapextensionality.

apply setoidsym.



~
~

apply setoidfamilyrefgeneral.

swesetoid.

(* Symmetry *)

intros x vy.

destruct x as [a [b [c [d [q [f g 11111].
destruct y as [a' [b' [c'" [d' [q" [f' g' 111111.
simpl.

intro P.

destruct P as [pl [p2 [p3 [p4 [P1 P2 1]111].

exists (setoidsym _ _ _ pl).
exists (setoidsym _ _ _ p2).
exists (setoidsym _ _ _ p3).
exists (setoidsym _ _ _ p4).
split.

intro t.

assert ( F3 @ p3 "2 ( F3 @ p3 (f (Fl1 e pl "1 t)))

F3 ep3 "1 (f' (FLepl (F1epl "1 t))))

as H1.

Q

apply setoidmapextensionality.

apply P1.

assert ( F3 e p3 "1 (F3 e p3 (f (F1 e pl "1 t)))
f (F1 epl "1 t) ) as H2.

apply setoidfamilycmpinvert.

assert (F3 e p3 "1 (f' (F1 @ p1 (F1 @ p1 1

t))) =~ F3 e p3 "1 (f' t)) as H3.

~
~

apply setoidmapextensionality.

apply setoidmapextensionality.

apply setoidfamilycmpinvert.

swesetoid.

intro t.

assert ( F3 e p4 "1 (F3 e p4d (g (F2 e p2 "1 t)))

F3 ep4 "1 (g" (F2ep2 (F2ep2 11t))))

as H1.

apply setoidmapextensionality.
apply P2.



assert ( F3 e p4 "1 (F3 e p4d (g (F2 e p2 "1 t)))
~¢g (F2 ep2 "t t) ) as H2.

apply setoidfamilycmpinvert.

assert (F3 e p4 "1 (g' (F2 ® p2 (F2 @ p2 "1
t))) =~ F3 e p4d "1 (g' t)) as H3.

apply setoidmapextensionality.

apply setoidmapextensionality.

apply setoidfamilycmpinvert.

swesetoid.

(* Transitivity *)

intros x y z.

destruct x as [a [b [c [d [q [f g 11111].

destruct y as [a' [b' [c' [d' [q' [f' g' ]11111].

destruct z as [a'' [b'' [c¢'" [d'" [q'' [f'' g"'
111111

intros P Q.

simpl.

destruct P as [pl [p2 [p3 [p4 [P1 P2 11]1].

destruct Q as [ql [g92 [g3 [q4 [Q1 Q2 11111.

exists (gl o pl).
exists (g2 o p2).
exists (g3 o p3).
exists (g4 o p4).
split.

intro t.

assert (F3 e g3 (f' (Fl1 e pl t)) =~ f'"'" (F1 e gl
(F1 e p1 t))) as H1.

simpl in Q1.

apply Q1.

assert (F3 e g3 (F3 e p3 (f t)) =~ F3 e g3 (f' (F1
® pl t))) as H2.

apply setoidmapextensionality.

simpl in P1.

apply P1.

assert (F3 e g3 (F3 e p3 (f t)) =~ f'" (F1 e g1 (F1
® pl t))) as H3.



swesetoid.

clear H1.

clear HZ2.

assert (F3 @ (g3 o p3) (f t) ~ F3 e g3 (F3 e p3 (f
t))) as H4.

apply setoidsym.

apply setoidfamilycmp.

assert (f'' (F1 e gl (F1epl t))~f"'"" (F1e (gl o
pl) t)) as HS5.

apply setoidmapextensionality.

apply setoidfamilycmp.

swesetoid.

intro t.

assert (F3 e g4 (g' (F2 e p2 t)) =~g'' (F2 e g2
(F2 ® p2 t))) as H1.

simpl 1n Q2.

apply Q2.

assert (F3 e g4 (F3 e p4 (gt)) =~F3 e g4 (g' (F2
® p2 t))) as H2.

apply setoidmapextensionality.

simpl in P2.

apply P2.

assert (F3 e g4 (F3 e p4 (g t)) ~g'"' (F2 e g2 (F2
® p2 t))) as H3.

swesetoid.

clear H1.

clear HZ2.

assert (F3 @ (g4 o p4) (gt) ~F3 e g4 (F3 ® p4 (g
t))) as H4.

apply setoidsym.

apply setoidfamilycmp.

assert (g'' (F2 @ g2 (F2 e p2 t)) =~ g'' (F2 ® (g2 o
p2) t)) as HS5.

apply setoidmapextensionality.

apply setoidfamilycmp.

swesetoid.
Defined.



Definition starsetoidfamilyobijbase
(Al: setoid) (F1l: setoidfamily Al)
(A2: setoid) (FZ2: setoidfamily A2)
(A3: setoid) (F3: setoidfamily A3)
(arg: starsetoid Al F1 A2 F2 A3 F3): Set.

destruct arg as [a [b [c [d [q [f g 11111].
apply C ax: F1 a, 3ay: F2 b, (F3 e g (f X)) = g vy).
Defined.

Definition starsetoidfamilyobjeq

(Al: setoid) (Fl: setoidfamily Al)

(AZ: setoid) (F2: setoidfamily A2)

(A3: setoid) (F3: setoidfamily A3)

(arg: starsetoid Al F1 A2 F2 A3 F3)

(u v: starsetoidfamilyobjbase Al F1 A2 F2 A3 F3
arg):Set.

destruct arg as [a [b [c [d [gq [f g 1]1111].

simpl in u.

simpl 1in v.

apply ((projTl u = projT1l v) A (projTl (projT2 u) =
projT1l (projT2 v))).
Defined.

Definition starsetoidfamilyobj

(Al: setoid) (Fl: setoidfamily Al)

(AZ: setoid) (F2: setoidfamily A2)

(A3: setoid) (F3: setoidfamily A3)

(arg: starsetoid Al F1 A2 F2 A3 F3): setoid.

apply (Build_setoid (starsetoidfamilyobjbase Al F1
A2 F2 A3 F3 arg)

(starsetoidfamilyobjeq Al F1 A2

F2 A3 F3 arg) ).

(* Reflexivity *)

destruct arg as [a [b [c [d [q [f g 11111].



intro u.
destruct u as [x [y P]1].
simpl.
split.
apply setoidrefl.
apply setoidrefl.
(* Symmetry *)
destruct arg as [a [b [c [d [q [f g 11111].
intro u.
destruct u as [x [y PI1].
intro v.
destruct v as [x' [y' P']1].
simpl.
intro H.
split.
apply setoidsym.
apply H.
apply setoidsym.
apply H.
destruct arg as [a [b [c [d [q [f g 11111].
intro u.
destruct u as [x [y PI1].
intro v.
destruct v as [x' [y' P']].
intro w.
destruct w as [x'' [y'' P'"']].
simpl.
intros Q R.
destruct Q.
destruct R.
split.
swesetoid.
swesetoid.
Defined.

Definition starsetoidfamilymapunder
(Al: setoid) (F1l: setoidfamily Al)



(A2: setoid) (FZ2: setoidfamily A2)

(A3: setoid) (F3: setoidfamily A3)

(arg arg': starsetoid Al F1 A2 F2 A3 F3) (p: arg =
arg')

: starsetoidfamilyobj Al F1 A2 F2 A3 F3 arg ->

starsetoidfamilyobj Al F1 A2 F2 A3 F3 arg'.

intro u.

destruct arg as [a [b [c [d [q [f g 11111].

destruct arg' as [a' [b' [c' [d' [q' [f' g'
111111

simpl.

simpl in u.

destruct p as [pl [p2 [p3 [p4 [P1 P2 1111]1.

destruct u as [x [y P 1].

exists (F1 e pl x).

exists (F2 e p2 y).

specialize (P2 y).

specialize (P1 x).

assert (F3 e g' (f' (F1 e p1 x)) ~F3 e q' ((F3 e
p3 o f) x)) as H.

apply setoidmapextensionality.

swesetoid.

assert (F3 e q' ((F3 e p3 - f) x) ~ F3 e gq' ((f' -
F1 e pl) x)) as Hl.

apply setoidmapextensionality.

apply P1.

assert (F3 e p4 (F3 e g (f X)) =~ F3 ® p4 (g y)) as
HZ2.

apply setoidmapextensionality.

apply P.

assert (F3 e p4 (F3 e g (f x)) ~ F3 e gq' (F3 e p3
(f x))) as H3.

apply setoidfamilyirrgeneraldouble.

apply setoidrefl.

swesetoid.
Defined.



Definition starsetoidfamilymap
(Al: setoid) (Fl: setoidfamily Al)
(A2: setoid) (FZ2: setoidfamily A2)
(A3: setoid) (F3: setoidfamily A3)
(arg arg': starsetoid Al F1 A2 F2 A3 F3) (p: arg =
arg')
: starsetoidfamilyobj A1 F1 A2 F2 A3 F3 arg =
starsetoidfamilyobj Al F1 A2 F2 A3 F3 arg'.
apply (Build_setoidmap
(starsetoidfamilyobj Al F1 A2 F2 A3 F3 arg)
(starsetoidfamilyobj Al F1 A2 F2 A3 F3 arg')
(starsetoidfamilymapunder A1 F1 A2 F2 A3 F3 arg
arg' p)).
intros u u' P.
destruct arg as [a [b [c [d [q [f g 11111].
destruct arg' as [a' [b' [c' [d' [q' [f' g'
111111
simpl in
destruct
destruct
destruct
simpl 1in
simpl.
split.
apply setoidmapextensionality.
apply P.
apply setoidmapextensionality.
apply P.
Defined.

as [pl1 [p2 [p3 [p4 [P1 P2 1]11].
as [x Ly Q 1].
"as [x'" [y' Q" 11.

T C C T T

Definition starsetoidfamily
(Al: setoid) (Fl: setoidfamily Al)
(AZ2: setoid) (F2: setoidfamily A2)
(A3: setoid) (F3: setoidfamily A3):
setoidfamily (starsetoid Al F1 A2 F2 A3 F3).

nnnlv (Rin1d <etnidfamilv
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(starsetoid A1 F1 A2 F2 A3 F3)
(starsetoidfamilyobj Al F1 A2 F2 A3 F3)
(starsetoidfamilymap Al F1 A2 F2 A3 F3)).

intros arg u.

destruct arg as [a [b [c [d [q [f g 11111].

destruct u as [x [y P 1].

simpl.

split.

apply setoidfamilyrefgeneral.

apply setoidfamilyrefgeneral.

intros arg arg' p p' z.

destruct arg as [a [b [c [d [q [f g 11111]1.

destruct arg' as [a' [b' [c¢' [d' [q" [f' ¢'
111111

simpl in

simpl 1in

simpl in z.

destruct z as [x [y P 1].

destruct p as [pl [p2 [p3 [p4 [P1 P2 1]111].

destruct p' as [pl' [p2' [p3' [p4' [P1'" P2" 1]1111.

simpl.

split.

apply setoidfamilyirr.

apply setoidfamilyirr.

N T T

intros arg arg' arg'' p p' z.

destruct arg as [a [b [c [d [q [f g 11111].

destruct arg' as [a' [b" [c¢' [d" [q" [f' ¢'
111111.

destruct arg'' as [a"' [b"' [c'' [d'" [q'" [f""
g'" 111111.

destruct p as [pl [p2 [p3 [p4 [P1 P2 1]111].
destruct p' as [pl' [p2' [p3' [p4' [P1'" P2" 1]1111.
destruct z as [x [y P 1].
simpl.



split.

apply setoidfamilycmp.

apply setoidfamilycmp.
Defined.

Fixpoint ifm (1i: stages): 3A: setoid, setoidfamily
:= match 1 with
| base => existT _ Ae Fo
| triple 1 J k =
existT _ (starsetoid _ (projT2 (ifm

1))
_ (projT2 (ifm
7))
_ (projT2 (ifm
k)))
(starsetoidfamily _ (projT2
(ifm 1))
_ (projT2
(ifm 3D
_ (projT2
(ifm k)))

end.

Definition omegalimsetoidbase (fam: stages - 3A,
setoidfamily A): Set := 3n, projT1l (fam n).

Definition transport (S:Set)(A:S -> Set)(s t: S)
(p:Identity s t): A s -> A t.

induction p. intro x. exact x.
Defined.



Definition omegalimsetoideq (fam: stages -» 3A,
setoidfamily A)
: (omegalimsetoidbase fam) -» (omegalimsetoidbase
fam) » Set.
intros u v.
exact (3p: Identity (projTl u) (projTl v),
(transport stages (fun k => projTl (fam k))
(projT1l u) (projTl v) p
(projT2 u)) =~ (projT2 v)).
Defined.

Definition cross_transport (fam: stages - 3A,
setoidfamily A)(s s':stages)

(p: Identity s s')(a: projT1l (fam s))(x: projT2 (fam
s) a):

projT2 (fam s') (transport stages (fun s=> projTl
(fam s)) s s' p a).

induction p. exact x.

Defined.

Definition omegalimsetoid (fam: stages -» 3A,
setoidfamily A): setoid.

apply (Build_setoid (an, projTl (fam n))
(omegalimsetoideq fam)).

intros [n x]. simpl. exists (Identity_refl n).
apply setoidrefl.

intros [m x] [n y] [1 e]. simpl in 1. destruct 1.

exists (Identity_refl m). simpl. simpl in e. apply
setoidsym. assumption.

intros [m x] [ny] [o z] [1 e] [J f]. simpl in 1.
destruct 1. simpl 1in e.

simpl in j. destruct j. simpl in f. exists
(Identity_refl m). exact (f o e).
Defined.

NDefinition omeaal im<setoidfamilvobhi (fam* <taae< - 3A .
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setoidfamily A)
: (omegalimsetoid fam) -> setoid.
intros [m x]. exact (projT2 (fam m) x).
Defined.

Definition omegalimsetoidfamilymaphelper (fam: stages
» 3A, setoidfamily A)

(u v: omegalimsetoid fam)

: U=~V > omegalimsetoidfamilyobj fam u ->
omegalimsetoidfamilyobj fam v.

destruct u as [s a]. destruct v as [s' a']. intros
[p q]. simpl in p. simpl in q.

intro x.

exact ((projT2 (fam s')) e g (cross_transport fam s
s' p a x)).
Defined.

Definition omegalimsetoidfamilymap (fam: stages -» 3A,
setoidfamily A)
(x y: omegalimsetoid fam)(p: x = y):
omegalimsetoidfamilyobj fam x =
omegalimsetoidfamilyobj fam y.
apply (Build_setoidmap (omegalimsetoidfamilyobj fam
X)
(omegalimsetoidfamilyobj fam
y)
(omegalimsetoidfamilymaphelper fam x y p)).
destruct x. destruct y. destruct p as [1 e]. simpl

in 1. destruct i. simpl in e |- *. intros. apply
setoidmapextensionality. assumption.
Defined.

Definition omegalimsetoidfamily (fam: stages - 3A,
setoidfamily A)

: setoidfamily (omegalimsetoid fam).

apply (Build_setoidfamily (omegalimsetoid fam)
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fam)
(omegalimsetoidfamilymap

fam)).

intros [m x] y. simpl in *. apply setoidfamilyref.

intros [m x] [n y] [p e] [q f] z. simpl in z.

simpl omegalimsetoidfamilyobj.

assert (Identity p q) as H.

apply hedberg. apply stages_DecIld.

destruct H. simpl in p. destruct p. simpl. apply
setoidfamilyirr.

intros [m x] [n y] [o z] [1 e] [J f] w. simpl in 1.
destruct 1. simpl in j. destruct j. simpl.

apply setoidfamilycmp.
Defined.

(* Now use this limit construction to define the
categorical universe *)

Definition U: setoid := omegalimsetoid ifm.
Definition T: setoidfamily U := omegalimsetoidfamily
1fm.

(* Some setoid stuff *)

Definition Jointly_monic_setoidmaps (A B C:setoid)
(h:A = B)(k:A = O):=
(vwy: A, hx~hy >kx=sky->Xx=y).

(*
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built from a graded universe
*)
(*
Require Import PropasTypesUtf8Notation

PropasTypesBasics SwedishSetoids.
Require Import ExtensionalUniverse3. *)

Record cat: Type :=

{ catobj :> setoid;
catarr : setoid;
catcms @ setoid;
catid : catobj = catarr;
catdom : catarr = catobj;
catcod : catarr = catobj;
catfst : catcms = catarr;
catsnd : catcms = catarr;
catcmp : catcms = catarr;

catKl : vx: catobj, catdom (catid x) = x;
catkK2 : vx: catobj, catcod (catid x) =~ x;
catk3 : vu: catcms, catdom (catcmp u) =
catdom (catfst u);
catk4 : vu: catcms, catcod (catcmp u) =
catcod (catsnd u);
catK5 : vu v: catcms, catfst u =~ catfst v ->
catsnd u = catsnd v -> u = v;
catke : vf g: catarr, catdom f ~ catcod g ->
au : catcms, catsnd u = f A catfst u = g;
catK? : vu: catcms, vy: catobj, catfst u =~ catid
y ->
catcmp u = catsnd u;
catkK8 : vu: catcms, vx: catobj, catsnd u =~ catid
X ->

P T s 1 Y e I
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catk9 : wvu v:catcms, v w z: catcms,

catfst w = catfst v -> catsnd v ~ catfst u ->
catsnd u = catsnd z -> catsnd w =~ catcmp u ->
catcmp v = catfst z -> catcmp w =~ catcmp z

T

(* Define a compostion predicate
Comp(f,g,h) - f o g=h*)

Definition Comp {C:cat}(f g h: catarr C): Set :=
u : catcms C, catfst Cu ~ g A catsnd Cu ~ f
A catcmp C u = h.

(* Some properties of the Comp predicate *)

Lemma cat_cong_comp (C:cat)(f f' g g' h h': catarr
O:

f=f" -> g

Comp f g

Proof.

intros H1 HZ2 H3 HC.

destruct HC as [x p].

exists X.

destruct p as [pl p2].

destruct p2 as [p2l1 p22].

split. swesetoid. split. swesetoid. swesetoid.
Defined.

~g -> h=h" ->
h -> Comp f' g' h'.

Lemma cat_unique_comp (C:cat)(f g h k :catarr O):
Comp f g h -> Comp f g k -> h = k.
Proof.
intros H1 HZ2.
destruct H1 as [x1 pl]. destruct H2 as [x2 p2].
destruct pl as [pll pl2]. destruct pl2 as [pl21
pl22].
destruct p2 as [p2l p22]. destruct p22 as [p221

w2227



pecc .

assert (x1 =~ x2).

apply (catk5 O).

swesetoid. swesetoid. swesetoid.
Defined.

Lemma cat_comp_exists (C:cat)(f g:catarr O):
catdom C f = catcod C g -> 3h:catarr C, Comp f g
h.
Proof.
intro H.
assert (qu, catsnd C u = f A catfst C u =~ g) as Hl.
apply catKe.
assumption.
destruct H1 as [x p].
exists (catcmp C x).
destruct p as [pl p2].
exists x.
split.
assumption.
split.
swesetoid. swesetoid.
Defined.

Lemma cat_associativity (C:cat)(f g h k 1L m n: catarr
C):

Comp f gk -> Compgh 1l ->Comp k hm->Comp f 1
n

->m =~ n.

Proof.

intros H1 HZ2 H3 H4.

destruct H4 as [x4 p4]. destruct H3 as [x3 p3].

destruct HZ2 as [x2 p2]. destruct Hl1 as [x1 pl].

destruct pl as [pll pl2]. destruct pl2 as [pl21
pl22].

destruct p2 as [p2l p22]. destruct p22 as [p221
p222].
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p322].

destruct p4 as [p4l p42]. destruct p42 as [p42l
p422].

assert (catcmp C x3 =~ catcmp C x4).

apply (catk9 O) with x1 x2.

swesetoid. swesetoid.

swesetoid. swesetoid.

swesetoid. swesetoid.
Defined.

Lemma cat_id_right (C:cat)(f: catarr O):
Comp f (catid C (catdom C f)) f.
Proof.
assert (3qu, catsnd C u =~ f A catfst C u = (catid C
(catdom C ))).
apply (catke O).
apply setoidsym.
apply (catkz O).
destruct H as [x p].
destruct p as [pl p2].
exists x. split.
assumption. split. assumption.
assert ((catcmp C x) =~ (catsnd C x)).
apply (catK?7 C x (catdom C f)).
assumption. swesetoid.
Defined.

Lemma cat_id_left (C:cat)(f: catarr C):

Comp (catid C (catcod C f)) f f.
Proof.

assert (3u, catsnd C u = (catid C (catcod C f)) A
catfst Cu =~ f).

apply (catke O).

apply (catkl O).

destruct H as [x p]. destruct p as [pl p2].
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assumption. split. assumption.
assert ((catcmp C x) =~ (catfst C x)).
apply (catK8 C x (catcod C f)).
assumption. swesetoid.

Defined.

(* Predicate for being a commutative square *)

Definition Square {C:cat}(f g h k: catarr C):Set :=
ap: catarr C, Comp f hp A Comp g k p.

Definition Square' {C:cat}(f g h k: catarr ():Set :=
au : catcms C, av : catcms C,
catfst Cu=h A catsnd Cu = f A
catfst C v~ k A catsnd C v = g A

catcmp C v.

catcmp C u =

Theorem Square_to_Square' {C:cat}(f g h k: catarr C):
Square f g h k -> Square' f g h k.
Proof.

intro P.

destruct P as [p [P1 P2]].

destruct P1 as [u [P11 [P12 P13]]].
destruct P2 as [v [P21 [P22 P23]]].

exists u.
exists v.
split.
apply P11.
split.
apply P12.
split.
apply P21.
split.
apply P22.

swesetoid.

- __ _ 1



verinea.

Theorem Square'_to_Square {C:cat}(f g h k: catarr C):
Square' f g h k -> Square f g h k.

Proof.

intro P.

destruct P as [u [v [P1 [P2 [P3 [P4 P5]]1111].
exists (Ccatcmp O) u).

split.

exists u.

split. apply P1l. split. apply P2. apply setoidrefl.
exists v.

split. apply P3. split. apply P4. swesetoid.
Defined.

(* Define a compostion predicate
Comp(f,g,h) - f o g=nh

Definition Comp {C:cat}(f g h: catarr C): Set :=
au : catcms C, catfst Cu ~ g A catsnd Cu =~ f
A catcmp C u =~ h. *)

Definition Jointly_monic {C:cat}Ch k: catarr ():Set

catdom C h =~ catdom C k A
vs t:catarr C, catdom C s ~ catdom C t A catcod C
s =~ catcod C t ->
vr r':catarr C,
Comp h s r AnComphtranCompksr'"aCompkHt

r
-> s =~ t.

(* Predicate for being a pullback *)



Definition Pullback {C:cat}(f g h k: catarr C):Set :

Square' f g h k A

Jointly_monic h k A

vh' k':catarr C, Square' f g h' k' »
ap:catarr C, Comp h p h' A Comp k p k'.

(* Predicate for being an arrow between specified
objects *)

Definition Mor {C:cat} (a b:catobj CO(f: catarr
0):Set :=
catdom C f ~ a A catcod C f = b.

(* Predicate for being a terminal object *)
Definition Terminal {C:cat}(t: catobj C): Set :=

va:catobj C, af:catarr C, Mor a t f A
vf':catarr C, Mor a t f' - f = f'.

(*

The construction of a category from a
proof-irrelevant family of setoids.

*)

(* Build the set or arrows from a family *)

- ~. e . e ~ ~ = -~ - e = 7 —



Detinition arr_trom_tamily {A:setoidf (F:

setoidfamily A): setoid.
apply
(Build_setoid (3a: A, (ab: A, F a = F b))
(A p g, match (p, q) with
(existT a (existT b f), existT a' (existT b' f'))

=>
Je: a~a', ad: b=x=b', wx:(F a),
Fed (f xX) =~ f' (Fee x)
end)).
intro x. destruct x as [a s]. destruct s as [b f].
exists (setoidrefl _ _).
exists (setoidrefl _ _).
intro x.

assert ( f x =~,{ F b }f (F e (setoidrefl A a) x)).

apply setoidmapextensionality.

apply setoidsym.

apply setoidfamilyrefgeneral.

assert (F ® (setoidrefl A b) (f x) ~,{ F b } (f
x)).

apply setoidfamilyrefgeneral.

swesetoid.

intro x. destruct x as [a s]. destruct s as [b f].
intro y. destruct y as [a' s']. destruct s' as [b'
f'].
intro H.
destruct H as [e s]. destruct s as [d HZ].
exists e 1,
exists d 1.
intro x.
apply setoidsym.
assert (F ed (f (Feoee 1 x)) ~,{ Fb" }f'
(Fee (Feoee 1 x))).
apply HZ2.
assert (F e d 1 (Fed(f (Fee 1 x)))

~,{Fb}
Fed (f'" (Fee (Feoee-

1



xJJ).

apply setoidmapextensionality.

assumption.

assert (Fed * (Feoed(f (Foee 1t x)=~,{FD
} f(Fee "1 x)).

assert (Fed "t (Fed (f (Fee tx))=~{FbDb
} F o (setoidrefl A b) (f (F e e "1 x))).

apply setoidfamilycmpgeneral.

assert (F ® (setoidrefl Ab) (f (Fee "1 x)) =,{F
b} f (Fee 1 x)).

apply setoidfamilyref.

swesetoid.

assert (f (Fee T x)=,{Fb}}Fed ™ (f' (Fe
e (Fee "1 x)))).

swesetoid.

assert (Fed " (f' (Foee (Foee 1 x))=~,{FDb
IFed 1 (f' x)).

apply setoidmapextensionality.

apply setoidmapextensionality.

assert (Fee (Feoee 1 x)~,{Fa"} Fe
(setoidrefl A a') x).

apply setoidfamilycmpgeneral.

assert (F ® (setoidrefl A a') x =,{ F a' } x).

apply setoidfamilyref.

swesetoid. swesetoid.

intro x. destruct x as [a s]. destruct s as [b f].

intro y. destruct y as [a' s']. destruct s' as [b'
f'].

intro z. destruct z as [a'' s'']. destruct s'' as
[b" _F"].

intro H.
destruct H as [e s].
destruct s as [d H].



intro H'.

destruct H' as [e' s'].
destruct s' as [d' H'].
exists (e'oce).
exists (d'ed).
intro x.
apply setoidtra with (F e d' ((F e d) (f x))).
apply setoidsym.
apply setoidfamilycmp.
apply setoidtra with (f'"' (F e e' ((F ® &) x))).
swesetoid.
apply setoidmapextensionality.
apply setoidfamilycmp.
Defined.

(* The 1id-map on a setoid *)

Definition idmapp (A: setoid): setoidmap A A.
apply (Build_setoidmap A A (A x: A, x)); swesetoid.

Defined.

(* The id-map on a setoid as an arrow *)

Definition catid_from_family_helper {A:setoid} (F:

setoidfamily A)(Ca: A) : arr_from_family F.
exists a.

exists a.
apply (idmapp (F a)).
Defined.

(* The 1id creator in the category *)

Definition catid_from_family
{A:setoid} (F: setoidfamily A):
A = arr_from_family F.
apply (Build_setoidmap A (arr_from_family F)
(A a:A, catid_from_family_helper F a)).



intros x y H.

exists H. exists H.
intro t.

swesetoid.

Defined.

(* The domain map in the category *)

Definition catdom_from_family_helper
{A:setoid}(F: setoidfamily A)(f:arr_from_family F):
A.
destruct f as [a s].
exact a.
Defined.

Definition catdom_from_family
{A:setoid} (F: setoidfamily A): arr_from_family
F = A.
apply (Build_setoidmap (arr_from_family F) A
(N a, catdom_from_family_helper F a)).
intros x y H.
destruct x as [a s].
destruct s.
destruct y as [b t].
destruct t.
destruct H.
swesetoid.
Defined.

(* The codomain map in the category *)

Definition catcod_from_family_helper

{A:setoid} (F: setoidfamily A)(f:arr_from_family
F): A.

destruct f as [a s].

destruct s as [b t].

exact b.



Defined.

Definition catcod_from_family
{A:setoid} (F: setoidfamily A): arr_from_family
F = A.
apply (Build_setoidmap (arr_from_family F) A
(A a, catcod_from_family_helper F a)).
intros x y H.
destruct x as [a s]. destruct s.
destruct y as [b t]. destruct t.
destruct H as [p H]. destruct H as [q H].
swesetoid.
Defined.

(* Construction of the setoid of composable arrows
These are pairs

(g f) : s.t. cod g = dom f
*J

Definition cms_from_family
{A:setoid} (F: setoidfamily A): setoid.
apply (Build_setoid (3g: arr_from_family F,
af: arr_from_family F,
catcod_from_family F g =
catdom_from_family F f)
(A p q, match (p, q) with
(existT g (existT f p),
existT g' (existT f' p'))
= g=~g Af=xf'
end)).
intro H. destruct H as [g H]. destruct H as [f
H].
split.
apply setoidrefl.



apply

intro
H].

intro
as [f1l

intro

destruct H2 as [H21 H22].

split.
apply
apply

intro
as [f1l
intro
as [f2
intro
as [f3
intro
intro
split.
apply
apply
Defined.

setoidrefl.

H. destruct H as
H1. destruct H1l as
H1].

H2.

[g H]. destruct H as [f

[gl H1]. destruct H1

[gl H1]. destruct H1
[g2 H2]. destruct HZ2

[g3 H3]. destruct H3

setoidsym. assumption.
setoidsym. assumption.
H1. destruct H1l as
H1].

HZ2. destruct HZ2 as
HZ2].

H3. destruct H3 as
H3].

H4. destruct H4 as

H5. destruct HS5 as

[H41 H42].
[H51 H52].

setoidtra with g2. assumption. assumption.
setoidtra with f2. assumption. assumption.

(* Map picking out the first map of a composable pair

*)

Definition catfst_from_family_helper

F):

arr_
destruct u as

exact
Defined.

from_family F.

g.

{A:setoid} (F: setoidfamily A)(u: cms_from_family

[g u]. destruct u as [f u].



Definition catfst_from_family

{A:setoid} (F: setoidfamily A):
cms_from_family F = arr_from_family F.

apply (Build_setoidmap

(cms_from_family F)

Carr_from_family F)

(N u, catfst_from_family_helper F u)).
intros u v H.
destruct u as [g u]. destruct u as [f u].
destruct v as [g' v]. destruct v as [f' v].
destruct H as [H1 HZ2].
exact HI1.

Defined.

(* Map picking out the second map of a composable
pair *)

Definition catsnd_from_family_helper
{A:setoid} (F: setoidfamily A)(u: cms_from_family
F):
arr_from_family F.
destruct u as [g u]. destruct u as [f u].
exact f.
Defined.

Definition catsnd_from_family
{A:setoid} (F: setoidfamily A):
cms_from_family F = arr_from_family F.

apply (Build_setoidmap

(cms_from_family F)

Carr_from_family F)

(A u, catsnd_from_family_helper F u)).
intros u v H.
destruct u as [g u]. destruct u as [f u].
destruct v as [g' v]. destruct v as [f' v].
destruct H as [H1 HZ2].

avart+ H?
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Defined.

(* The composition map in the category *)

Definition catcmp_from_family_helper

{A:setoid} (F: setoidfamily A) (u: cms_from_family

F):

arr_from_family F.

destruct u as [g u]. destruct u as [f p].
destruct g as [a s]. destruct s as [b g].
destruct f as [c s]. destruct s as [d f].
exists a.

exists d.
apply Ccomp _ f (Ccomp _ (Fep) g)).
Defined.

Definition catcmp_from_family
{A:setoid} (F: setoidfamily A):
cms_from_family F = arr_from_family F.

apply (Build_setoidmap

(cms_from_family F)

Carr_from_family F)

(A u, catcmp_from_family_helper F u)).
intros u u'.
destruct u as [g u]. destruct u as [f p].
destruct u' as [g' u']. destruct u' as [f' p'].
destruct f as [a f]. destruct f as [b f].
destruct f' as [a' f']. destruct f' as [b' f'].
destruct g as [c g]. destruct g as [d g].
destruct g' as [c' g']. destruct g' as [d' g'].
simpl.
intro H.
destruct H as [H1 HZ2].
destruct H1 as [g H1]. destruct H1 as [r H1].
destruct H2 as [s H2]. destruct H2 as [t HZ].
exists q. exists t.
intro x.



assert (F ot (F(CFep (gx))) ~{Fb'}

f' (Fes (Fep (gx).
apply HZ2.
assert (f' (Fep' (Fer (gx))) =,{FDb'}
f' (Fep' (g" (Feqgx)))).
apply setoidmapextensionality.
apply setoidmapextensionality.
apply H1.
assert (f' (F es (Feoep (gx))) =,{FDb"}
f' (Fep'" (Fer (gx)))).
apply setoidmapextensionality.
assert ((F e s (F ®p (g x))) ~,{Fa"} F e (sop)
(g xJ).
apply setoidfamilycmp.
assert ((Fep' (Fer (gx)))=~,{Fa" } Fe
(p'or) (g xJ).
apply setoidfamilycmp.
assert (F ® (p'or) (g x) ~,{ Fa' } F e (sop) (g
x)).
apply setoidfamilyirr.
swesetoid.
swesetoid.
Defined.

Definition cms_from_family_builder
{A:setoid} (F: setoidfamily A)
(g f : arr_from_family F)
(p: catcod_from_family F g ~ catdom_from_family F
):
cms_from_family F.
exists g.
exists f.
assumption.
Defined.

(*



Now combine all the above components

to build the category and prove that they
satisfies the laws.

*)

Definition cat_from_family

{A:setoid} (F: setoidfamily A): cat.

apply (Build_cat A (arr_from_family F)
(cms_from_family F)
(catid_from_family F)
(catdom_from_family F)
(catcod_from_family F)
(catfst_from_family F)
(catsnd_from_family F)
(catcmp_from_family F)

).

C* K1 *)

intro x. apply setoidrefl.

C* K2 *)

intro x. apply setoidrefl.

C* K3 *)

intro u. destruct u as [g u]. destruct u as [f p].
destruct g as [c g]. destruct g as [d g].

destruct f as [a f]. destruct f as [b f].

simpl.

apply setoidrefl.

(* K4 *)

intro u. destruct u as [g u]. destruct u as [f p].
destruct g as [c g]. destruct g as [d g].

destruct f as [a f]. destruct f as [b f].

simpl.

apply setoidrefl.

C* K5 *)

intros u u'.

intros H1 HZ2.



destruct u as [g u]. destruct u as [f p].

destruct u' as [g' u']. destruct u' as [f' p'].

swesetoid.

C* Ko *)

intros f g.

intro H.

assert ((catcod_from_family F) g ~,{ A }
(catdom_from_family F) f) as H1.

apply setoidsym.

apply H.

exists (cms_from_family_builder F g f H1).

split. apply setoidrefl. apply setoidrefl.

C* K7 *)

intro u.

intro vy.

intro H.

destruct u as [g u]. destruct u as [f p].

destruct g as [c g]. destruct g as [d g].

destruct f as [a f]. destruct f as [b f].

(*p: d=a*)

destruct H as [e H]. destruct H as [k H].

simpl.

assert ( ¢ =,{ A }a) as H2.

swesetoid.

exists H2.

assert (b =~,{ A } b) as H3.

apply setoidrefl.

exists H3.

intro x.

assert (vx : Fc, Fe k (gx) ~,{ Fy} Fe®ex)as
HS.

apply H.

clear H.

assert (F @ H3 (f (F e p (g x))) =~,{ Fb}

f (F e p (g x))) as He.

apply setoidfamilyrefgeneral.

assert (f (F ep (ax)) ~.{f Fb?lf (FeH2X)) as



H7.

apply setoidmapextensionality.

assert (y =,{ A} a) as q.

swesetoid.

assert (Feqg(Fek (gx))=,{ Fa}lFeq((Fee
X)) as HS8.

apply setoidmapextensionality.

apply H5.

clear HS5.

assert (F @ q (F @ k (g x)) =,{ Fa}l Fep (g
x)).

apply setoidfamilycmpgeneral.

assert (F e g (Feex)~,{Fa}FeH2Xx).

apply setoidfamilycmpgeneral.

swesetoid.

swesetoid.

(* K8 *)

intro u.

intro y.

intro H.

destruct u as [g u]. destruct u as [f p].

destruct g as [c g]. destruct g as [d g].

destruct f as [a f]. destruct f as [b f].

(* p:d=a*)

destruct H as [e H].

destruct H as [k H].

simpl.

assert ( ¢ ~,{ A }c) as HZ2.

apply setoidrefl.

exists HZ2.

assert (b =~,{ A} d) as H3.

apply setoidtra with y.

assumption.

apply setoidsym.

swesetoid.

exists H3.

intro x.



assert“tg (F @« HZ2 x) =,{ Fd } g x) as H0.

apply setoidmapextensionality.
apply setoidfamilyrefgeneral.
assert (F @ H3 (f (F e p (g xX))) ~,{ Fd } g x) as

assert (F @ k (f (F e p (g x))) ~,{Fy}F ee(F

p (g x)))) as H5.

apply H.

clear H.

assert (y =~,{ A } d) as He.

swesetoid.

assert ( F @ H3 (f (F e p (g x))) ~,{ Fd}
F e Ho (Fek (f (Fep (g x))))) as H7.

apply setoidsym.

apply setoidfamilycmpgeneral.

assert (F @ H6 (F @ k (f (F e p (g x)))) ~,{ Fd 1}
(F @« Ho (F @ e (F ® p (g x))))) as HS.

apply setoidmapextensionality.

assumption.

assert ( F e Ho (F e e (Feoep (gx)) =~,{Fd}gx

as H9.

assert (F e Ho (F e e (Feoep (gx)) =,{Fd}
Fe (Ho o e) (Fep (gx))) as HA.

apply setoidfamilycmpgeneral.

assert (F @ (Ho © e) (F®ep (g x)) =~,{ Fd }g x).

apply setoidfamilycmpinvert.

swesetoid.

swesetoid.

swesetoid.

(* K9 *)

intros u vw z.

destruct u as [ul u]. destruct u as [u2 up].

destruct ul as [uld ul]. destruct ul as [ulc ul].

destruct u2 as [u2d u2]. destruct u2 as [u2c uZ].

destruct v as [vl v]. destruct v as [v2 vp].

destruct vl as [vld vl1]. destruct vl as [vlc vl].
destriict v? as [wv?2d v?1 destriict v? as v?2c v?21
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destruct w as [wl w]. destruct w as [w2 wp].

destruct wl as [wld wl]. destruct wl as [wlc wl].
destruct w2 as [w2d w2]. destruct w2 as [w2c wZ2].
destruct z as [zl z]. destruct z as [z2 zp].
destruct zl1 as [zld zl1]. destruct zl1 as [zlc zl1].
destruct z2 as [z2d z2]. destruct z2 as [z2c z2].
simpl.

intros H1 HZ2 H3 H4 HS5.

destruct H1 as [pl H1]. destruct H1 as [ql H1].
destruct H2 as [p2 H2]. destruct H2 as [g2 HZ2].
destruct H3 as [p3 H3]. destruct H3 as [g3 H3].
destruct H4 as [p4 H4]. destruct H4 as [g4 H4].
destruct H5 as [p5 H5]. destruct H5 as [g5 H5].
assert (wld ~,{ A }zld) as p6.

swesetoid.

exists p6.

assert (w2c =,{ A }z2c) as go.

swesetoid.

exists go6.

intro x.

assert (vx, F e g5 (v2 (F e vp (v1 (F e p5 "1 x)
))) =,{ F zlc }z1 x) as H5'.

intro x0.

(* Fin *)

assert (F @ g5 (v2 (F ® vp (vl (F ® p5 "1 x0)))) =,
{ Fzlc} z1 (F e p5 (F @ p5 "1 x0))) as H5'".

apply H5.

assert (z1 (F e p5 (F @ p5 "1 x0)) =,{ F zlc }z1
x0).

apply setoidmapextensionality.

apply setoidfamilycmpinvert.

swesetoid.

clear HS5.

assert ( vx : F w2d, w2 x =~
Fend 1 (¢ w22 (F @ 1in (111 (F e nd
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x)))) ) as H4'.

intro x0.
assert ( vx : Fw2d, F e g4 "+ (Fe g4 (W2 x)) =~
Feqgd "+ Cuz (Feup (ul (Fepdx))))).

intro x1.

apply setoidmapextensionality.

apply H4.

assert (W2 x0 ~,{ Fw2c } F e g4 "1 (F e g4 (w2
X@))).

apply setoidsym.

apply setoidfamilycmpinvert.

swesetoid.

clear H4.

assert (vx, F @ g3 (u2 (F ® p3 "1 x)) =,{ F z2c }z2
X ) as H3'.

assert (vx, F e g3 (u2 (F e p3 "1 x)) ~,{ F z2c
}z2 (F e p3 (F e p3 "1 x))).

intro x0.

apply H3.

intro x0.

assert ( z2 (F e p3 (F @ p3 "1 x0)) ~ z2 x0).

apply setoidmapextensionality.

apply setoidfamilycmpinvert.

swesetoid.

clear H3.

assert (vx : F wld, wl x ~ F @ g1 "* (vl (F e pl
x))) as H1'.

intro x0.

assert (Wl x0 ~,{ F wlc }F e g1 "1 (F e gl (wl
x0))).

apply setoidsym.

apply setoidfamilycmpinvert.

swesetoid.

clear H1.
nccort (F @ nA (w? (F @ wn (w1l v\ ~ § F 22~ 1
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Fego (Fegs 1 (u2(Feup (ul (Feps (Few (Wl
x)))))))) as Ho.

apply setoidmapextensionality.

apply H4'.

clear H4'.

assert (z2 (F e zp (z1 (F ® p6 x)))
~{ Fz2c} Feqg3 (u2(Fep3 1 (Fezp (z1 (Fe
p6 x1)))))
as H7.

apply setoidsym.

apply H3'.

clear H3'.

assert ((F @ up (ul (F ® p4 (F e wp (Wl x)))))
~,{ Fu2zd} (Fep3 "t (Fezp (z1 (Fe p6 x))))) as
HS.

assert (
Fep3 * (Fezp (Feqg5 (vZ2 (Fevp (vl (Fep5
"t (F e pb x)))1II)
~,{ F u2d }

Fep3 * (Fezp (z1 (F e pb x)))) as HI.

apply setoidmapextensionality.

apply setoidmapextensionality.

simpl.

apply H5'.

assert C F @ up (ul (F ® p4 (F @ wp (Wl x)))) =~,{ F
uz2d }
Fep3 * (Fezp (Feqg5 (v2 (Fevp (vl (Fep5 1
(F ® p6 x)1))1))).

clear H9.

assert (
F o up (ul (F ®p4 (Few (Wl x)))) =,{ Fuad}
Feup (ul (Fepsd (Few (Feqgl * (vl (Fepl
X)))J))) as
HA.

Annlys co+nt1AmAanav+oncai anala +v
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apply setoidmapextensionality.

apply setoidmapextensionality.

apply setoidmapextensionality.

swesetoid.

assert (
F o up (ul (Fep4 (Few (Feqgl 1 (vl (Fepl
X))J)))
~,{ F u2d }

Fep3 * (Fezp (Feqg5 (v2 (Fevp (vl (Fep5

“+ (F ® p6 x)))))))) as HB.

assert ( wvx : Fv2d, v2Z2x=~ Fe®eqg2 *Cul (Fe
p2 x)) ) as H2'.

intro x0.

assert (v2 x0 ~ F e g2 "*(F e g2 (v2 x0))).

apply setoidsym.

apply setoidfamilycmpinvert.

assert (
Feg2 * (Fe g2 (v2 x0))
~,{ F v2c }F @ g2 "1 (ul (F e p2 x0))).

apply setoidmapextensionality.

apply HZ2.

swesetoid.

assert ( F @ up (ul (F ® p4 (Few (Feqgl 1 (vl
(F @ p1 D)D) »,{

F u2d }

Fep3 * (Fezp(Feqg5 (Feqg2 % (ul (Fep2 (Fe
vp (v1 (F @ p5S "t (F @ p6 x)))))))))).

apply setoidfamilycmpgeneral_3.

apply setoidfamilycmpgeneral_3.

apply setoidfamilycmpgeneral_3.

apply setoidfamilyirrgeneral.

apply setoidmapextensionality.

apply setoidfamilycmpgeneral_3.

apply setoidsym.

apply setoidfamilycmpgeneral_3.

apply setoidfamilycmpgeneral_3.

ANy cAakArd AfLAmAa T nnAAarnAnA 1
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apply setoidmapextensionality.

apply setoidfamilycmpgeneral.
swesetoid.
swesetoid.
swesetoid.

assert (F e go (F e g4 "* (u2 (F ® up (ul (F e p4
(F e wp (W1 x3)))))) =~
Feqg3 (uz (Fep3 "t (Fezp (z1 (Fepbx)))).
apply setoidsym.
apply setoidfamilycmpgeneral_3.
apply setoidfamilyirrgeneral.
apply setoidmapextensionality.
swesetoid.
swesetoid.
Defined.

Definition mapof_general
(A:setoid)(F:setoidfamily A)(f: catarr
(cat_from_family F)):

F (catdom (cat_from_family F) f) = F (catcod
(cat_from_family F) f).

destruct f as [a [b f]].

exact f.

Defined.

Theorem Jointly_monic_special (A:setoid)
(F:setoidfamily A)
(h k: catarr (cat_from_family F))
(p: (catdom (cat_from_family F) h) =~ (catdom
(cat_from_family F) k)):
Jointly_monic_setoidmaps
(F (catdom (cat_from_family F) h))
(F (catcod (cat_from_family F) h))
(F (catcod (cat_from_family F) k))
(mapof_general A F h) ((mapof_general A F k) o



(F ®p))
-> Jointly_monic h k.

Proof.

intro H.

unfold Jointly_monic.

split.

apply p.

intros s t [Q1 QZ2].

intros rl r2 [R1 [R2 [R3 R4]]].
destruct R1 as [ul [R11 [R12 R13]]].
destruct R2 as [u2 [R21 [R22 R23]]].
destruct R3 as [u3 [R31 [R32 R33]]].
destruct R4 as [u4 [R41 [R42 R43]]].
assert ((catcmp (cat_from_family F)) ul =
(cat_from_family F)) u2) as R1323.
apply ((R23 1) o R13).

clear R13.

clear R23.

clear ril.

assert ((catcmp (cat_from_family F)) u3 =

(cat_from_family F)) ud4) as R3343.
apply ((R43 1) o R33).

clear R33.

clear R43.

clear r2.

destruct h as [hd [hc h]].
destruct k as [kd [kc k]].

simpl in p.

unfold Jointly_monic_setoidmaps in H.
simpl in H.

destruct s as [sd [sc s]].
destruct t as [td [tc t]].

simpl 1in Q1.

simpl in Q2.

simpl.

destruct ul as [[ulld [ullc ull]] [[ulZd

A4O171 177

(catcmp

(catcmp

[ulZc



ulsgl pLdd.
simpl in R11.

simpl in R12.

simpl in pl.

destruct u2 as [[u2ld
uz22]] p2]].

simpl in R21.

simpl in R22.

simpl 1in p2.

destruct u3 as [[u31d
u3z]] p311].

simpl in R31.

simpl in R32.

simpl 1in p3.

destruct u4 as [[u4ld
u42]] p4ll.

simpl in R41.

simpl in R42.

simpl in p4.

simpl in R1323.

simpl in R3343.
destruct R11 as [R11ld
destruct R12 as [R1l2d
destruct R21 as [R21d
destruct R22 as [R22d
destruct R31 as [R31d
destruct R32 as [R32d
destruct R41 as [R41d
destruct R42 as [R42d

[uZ2lc

[u3lc

[udlc

[R1le
[R12e
[R21e
[R22e
[R31e
[R32e
[R41e
[R42e

u2l]] [[u22d [u22c

u3l]] [[u32d [u32c

u4l]] [[ud42d [ud2c

R11]].
R12]1].
R21]].
R22]].
R31]].
R32]].
R41]].
R42]].

destruct R1323 as [R1323d [R1323e R1323]].
destruct R3343 as [R3343d [R3343e R3343]].

exists Q1.
exists Q2.
intro x.

assert (vx, s X =

SO S mnaaly

F e Rlle (ull (F e (R11d 1)



X))) as KLL .
apply arrsolvel.

apply R11.
clear R11.

assert (vx, h x ~ F @ R12e (ul2 (F e (R12d 1) x)) )
as Ri12'.

apply arrsolvel.

apply R12.

clear R12.

assert (vx, t x = F ® R2le (u2l1 (F e (R21d 1) x)))
as R21'.

apply arrsolvel.

apply RZ21.

clear R21.

assert (vx, h x =~ F @ R22e (u22 (F e (R22d 1) x)))
as R22'.

apply arrsolvel.

apply R22.

clear R22.

assert (vx, s x ~ F ® R31e (u31 (F e (R31d 1) x)))
as R31'.

apply arrsolvel.

apply R31.

clear R31.

assert (vx, k x ~ F ® R32e (u32 (F e (R32d 1)
x))) as R32'.

apply arrsolvel.

apply R32.

clear R32.

assert (vx, t x =~ F ® R4le (u4l (F ® (R41d 1) x)))
as R41'.

= 2



applLy arrsolLvel.
apply R41.

clear R41.

assert (vx, k x ~F ® R42e (u42 (F ® (R42d ") x)) )
as R42'.

apply arrsolvel.

apply R42.

clear R42.

assert ( F o ((p ") © R32d © p3 © (R31e 1) o (Q2
1)) (FeQ2 (sx)) =
Fe ((p 1) ©R32d © p3 © (R31le 1) o (Q2
1)) (t (F ® Q1 x)) ) as goaleq.
apply H.
clear H.
specialize (R12' (F ® (p "* © R32d © p3 © R31le "t o
Q2 ") (F Q2 (s x)))).
specialize (R22" (F e (p "* © R32d © p3 © R31le "1 o
Q2 ") (t (F e Q1 x)))).
assert (F ® RlZ2e
(ul2
(F e R12d 1
(Feo(p 1T oR32d 0 p3 © R31le "1 o
Q2 ") (F Q2 (s xJ))))

F e R12e
(ul2
(F e R12d *
(Feo(p 1T oR32d 0 p3 © R31le "1 o
Q2 ") (F e Q2 (F ® R11le (ull (F e R11d "1 x)))))))

) as Ldeveloped.

apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.



apply setoidmapextensionality.

apply R11'.
assert (F ® R2Z2e
(u22
(F e R22d 1t

(Feo(p 1T oR32d 0o p3 © R31le "1 o
Q2 "1 (t (F @ Q1 x)))))
~ F ® R22e
(u22
(F e R22d 1
(Feo(p 1T oR32d 0o p3 © R31le "1 o
Q2 1) (F e R21e (u21 (F @ R21d "* (F @ Q1 x)))))))
) as Rdeveloped.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply R21"'.
assert (F e RlZe
(ul2
(F e R12d *
(F o (p "t o R32d © p3 o R3le
10 Q2 Y
(F # Q2 (F ® Rlle (ull (F e
R11d * x)))))))

F ® R22e
(u2?2
(F e R22d "1
(F e (p "t o R32d © p3 © R3le
10 Q2 Y
(F e R21e (u21 (F e R21d "1
(F @ Q1 x31))0))
) as LR.
specialize (R1323 (F e R11d 1 x)).
assert ( F e R22e (F ® R1323e (ul2 (F ® p1 (ull (F e
R11ld "* x))))) =~



F e R2Ze (u2Z2 (F ® pZ2 (uZ2l (F e R13Z23d (F e R1ld +*
x)))))) as R1323".

apply setoidmapextensionality.
apply R1323.
clear R1323.

assert ( F ® R12e
(ul?2
(F e R12d "t
(Fe(p T oR32d 0 p3 © R3le "1 0 Q2 1)
(F ® Q2 (F @ Rlle (ull (F e R11d ¢
X))JJ))) =~
F e R22e (F ® R1323e (ul2 (F ® pl1 (ull (F e R11ld ¢
X))))
) as LDevR1313.
apply setoidfamilycmpgeneral_3.
apply setoidfamilyirrgeneral.
apply setoidmapextensionality.
apply setoidsym.
apply setoidfamilycmpgeneral_3.
apply setoidfamilycmpgeneral_3.
apply setoidfamilycmpgeneral_3.
apply setoidfamilyirr.

assert (F ® R2Z2e
(u22
(F e R22d *
(Fe(p T oR32d 0o p3 © R31le "t 0 Q2 1)
(F ® R21e (u21 (F e R21d "* (F e Q1
XD ~
F ® R22e (u22 (F ® p2 (u21 (F e R1323d (F e R11ld "t
x)))))
) as RDevR1313.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidsym.
apply setoidfamilycmpgeneral_3.



apply setoidfamilycmpgeneral_3.
apply setoidfamilyirrgeneral.

apply setoidmapextensionality.

apply setoidfamilycmpgeneral_3.

apply setoidsym.

apply setoidfamilycmpgeneral_3.

apply setoidfamilyirr.

swesetoid.

apply (R22'"1 o Rdeveloped™* © LR o Ldeveloped o
R12").

specialize (R32'" (F e p (Fe (p * © R32d o p3 o
R3le "1 © Q2 ") (F ® Q2 (s x))))).
specialize (R42' (F e p (Fe (p T © R32d o p3 o
R3le "1 © Q2 1) (t (F e Q1 x))))).
assert (F ® R32e

(u32

(F e R32d *
(Fep
(Fe(p * oR32d © p3 © R31le "1

© Q2 ") (F Q2 (s x)))))

F ® R32e
(u3z
(F e R32d "1
(Fep
(Fe(p * oR32d © p3 © R31le "1
© Q2 ") (F e Q2 (F ® R31e (u31 (F e R31d 1
x))3)))))) as LDev.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply R31'.
assert ( F ® R42e



(u42
(F @ R42d 1

(Fep
(Feoe(p 1T oR32d © p3 © R31le "1
© Q2 ") (t (F e Q1 x))))))
~,{ F kc }
F e R42e
(u4?2
(F @ R42d 1
(Fep
(Feoe(p 1T oR32d © p3 © R31le "1
© Q2 ") (F e R4le (u41 (F @ R41d "t (F e Q1
X)))J)))) ) as RDev.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply R41'.
assert (F ® R3Ze
(u32
(F @ R32d "t
(Fep
(Fe(p * oR32d © p3 © R31le "1
© Q2 1)

R31d "t x3333))))
~ F ® R4Ze

(F « Q2 (F @ R31e (u31 (F e

(u4?2
(F @ R42d *
(Fep
(Fe(p "t oR32d © p3 © R31le "1
© Q2 1)
® Q1 x)))))J))

) as LR.

(F ® R4le (u4l (F ® R4ld "t (F



specialize (R3343 (F e R31d 1 x)).

assert (F ® R42e (F ® R3343e (u32 (F ® p3 (u31 (F o
R31d "t x))))) =~
F ® R42e (u42 (F ® p4 (ud4l (F @ R3343d (F e
R31d "1 x)))))) as R3343'.
apply setoidmapextensionality.
apply R3343.
clear R3343.
assert (F ® R3Ze
(u32
(F ® R32d *
(Fep
(Fe(p 1T oR32d © p3 © R31le "1 o Q2
-1y

X))JJJ))) =
F ® R42e (F ® R3343e (u32 (F ® p3 (u31 (F e R31d *
x)))))) as Left.
apply setoidfamilycmpgeneral_3.
apply setoidfamilyirrgeneral.
apply setoidmapextensionality.
apply setoidsym.
apply setoidfamilycmpgeneral_3.
apply setoidfamilycmpgeneral_3.
apply setoidfamilycmpgeneral_3.
apply setoidfamilycmpgeneral_3.
apply setoidfamilyirr.
assert (F ® R42e (u42 (F ® p4 (u4l (F @ R3343d (F e
R31d "t x)))))
~ F ® R42e
(u42
(F @ R42d 1
(Fep
(Fe(p 1T oR32d o0 p3 © R31le "1 o Q2

(F ® Q2 (F ® R31le (u3l (F ® R31d 1

-1y
(F @ R4le (u4l (F @ R41d "* (F o Q1



x)3))))))) as Right.

apply setoidmapextensionality.

apply setoidmapextensionality.

apply setoidfamilycmpgeneral_3.

apply setoidfamilycmpgeneral_3.

apply setoidfamilycmpgeneral_3.

apply setoidfamilyirrgeneral.

apply setoidmapextensionality.

apply setoidfamilycmpgeneral_3.

apply setoidsym.

apply setoidfamilycmpgeneral_3.

apply setoidfamilyirr.

swesetoid.

apply (R42'"1 o RDev't © LR o LDev o R32").
apply (setoidfamilyirrrevgeneral F
goaleq).

Defined.

Definition the_categ :cat := cat_from_family T.

Definition meetingarrowsbase (C:cat):Set :=
af: catarr C,3ag: catarr C, (catcod C f) =~ (catcod C

9).

Definition meetingarrowseq (C:cat)(u
v:meetingarrowsbase ():Set.

destruct u as [f [g pl].

destruct v as [f' [g' p']l].

apply C f =~ f' A g~ g").

Defined.

Definition meetingarrows (C:cat):setoid.
apply (Build_setoid (meetingarrowsbase C)
(meetingarrowseq 0)).

(* Reflexivity *)

intro u.



destruct u as [f [g pl].
simpl.

split.

apply setoidrefl.

apply setoidrefl.

(* Symmetry *)

intros u v.

destruct u as [f [g pl].
destruct v as [f' [g' p']].
simpl.

intro H.

destruct H as [H1 HZ2].
split.

apply (setoidsym _ _ _ H1).
apply (setoidsym _ _ _ H2).
intros u v w.

destruct u as [f [g pl].
destruct v as [f' [g' p']l].
destruct w as [f'" [g'' p'']].
simpl.

intros H K.

destruct H as [H1 HZ].
destruct K as [K1 KZ2].

split.

apply (setoidtra _ _ _ _ H1 K1).
apply (setoidtra _ _ _ _ H2 K2).
Defined.

Definition make_meetingarrows (C:cat)(f: catarr C)(g:
catarr COQ(P:(catcod C f) = (catcod C g)):
meetingarrows C.

exists f.

exists g.

apply P.

Defined.

Definition pullbackobmap: (meetingarrows the_categ) -



> (catobj the_categ).
intro m.

destruct
destruct
destruct
destruct
destruct
destruct
destruct
simpl 1in
destruct
simpl 1in
induction p.

simpl 1in q.

simpl.

exists (triple sa sb sc).
simpl.

unfold starsetoidbase.
exists a.

exists b.

exists c.

exists d.

split.

apply q.

split.

apply f.

apply g.

Defined.

as [f [g pl].
as [a [c f]].
as [b [d gll.
as [sa da].
as [sb b].
as [sc c].
as [sd d].

as [p ql.

T T T QN T QoK@ +Hh =3

Definition pullbackob: (meetingarrows the_categ) =
(catobj the_categ).
apply (Build_setoidmap (meetingarrows the_categ)
(catobj the_categ)

pullbackobmap).
intros m m' P.
destruct m as [f Ta nll.



destruct f as [a [c f]].
destruct g as [b [d g]l].
destruct a as [sa a].
destruct b as [sb b].
destruct c as [sc c].
destruct d as [sd d].
destruct m' as [f' [g' p']].
destruct f' as [a' [c' f']].
destruct g' as [b' [d' g']].
destruct a' as [sa' a'].
destruct b' as [sb' b'].
destruct c' as [sc' c'].
destruct d' as [sd' d'].
simpl in p.

simpl in p'.

destruct p as [p q].

destruct p' as [p' q'].

simpl in p. induction p.

simpl in p'. induction p'.
simpl in q.

simpl in q'.

destruct P as [P1 P2].
destruct P1 as [[rl R1] [[s1 S1] Q1]].
destruct P2 as [[r2 R2] [[s2 S2] Q2]1].
simpl.

simpl in rl. induction rl.
simpl in sl. induction sl.
simpl in r2. induction r2.
exists (Identity_refl _).
simpl 1in R1.

simpl in S1.

simpl 1in R2.

= mrdad -~

assert (Identity (Identity_refl sc) s2) as H.
apply hedberg.

apply stages_DecId.

induction H.

simpl in S2.



exiéts R1.
exists R2.

exists S1.
exists S2.
split.

intro t.
clear Q2.
simpl 1in Q1.
simpl.

apply Q1.
simpl in Q2.
simpl.

apply Q2.
Defined.

Definition mapof (f: catarr the_categ):

T (catdom the_categ f) = T (catcod the_categ f).
destruct f as [a [b f]].

exact f.

Defined.

Definition elt_builder_pullbackob (m : meetingarrows
the_categ)
(x: T ((catdom the_categ) (projTl m)))
(y: T (Ccatdom the_categ) (projTl (projT2 m))))
(p: T ® (projT2 (projT2 m))

(mapof (projTl m) x) =,{ T ((catcod the_categ)
(projT1l (projT2 m))) }
(mapof (projTl (projT2 m))) y) : T (pullbackob m).
destruct m as [f [g qll.
destruct f as [a [c f]].
destruct g as [b [d gl].
simpl 1in
simpl in
simpl 1in
simpl 1in
dactriict
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destruct b as
destruct c as
destruct d as
destruct q as
simpl in qgpf.
induction qgpf.
simpl in q.
simpl.

exists x.
exists vy.
simpl in p.
apply p.
Defined.

Definition pullbacklmaphelperunder (m :

o

the_categ):
T (pullbackob m) -> T ((catdom the_categ) (projTl

m)).
intro u.
destruct
destruct
destruct
destruct
destruct
destruct
destruct
simpl 1in
destruct
simpl 1in
simpl 1in
simpl.
simpl 1in

u

O T T T QN TaoQ +Hh =3

(b b].
[sc c].
[sd d].
Lapf a].

pl].
f17].
gll.

as [f [g
as [a [c
as [b [d
as [sa a]j
as [sb b].
as [sc c].
as [sd d].
as [p q].
. 1nduction

apply (projTl u).

Defined.

Definition pullbackZ2mabhelpberunder (m :

meetingarrows

meetinaarrows
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T (pullbackob m) -> T ((catdom the_categ) (projT1l

(projT2 m))).

intro u.

destruct m as [f [g pl].
destruct f as [a [c f]].
destruct g as [b [d gl].
destruct a as [sa a].
destruct b as [sb b].
destruct c as [sc c].
destruct d as [sd d].
simpl in p.

destruct p as [p q].
simpl in p. induction p.
simpl in q.

simpl.

simpl 1in u.

apply (projT1l (projT2 u)).
Defined.

Definition pullbacklmaphelper (m : meetingarrows
the_categ):

T (pullbackob m) = T ((catdom the_categ) (projT1l
m)).
apply (Build_setoidmap (T (pullbackob m))

(T (Ccatdom the_categ) (projT1l m)))

(pullbacklmaphelperunder m)).
intros u v P.

destruct m as [f [g pl].
destruct f as [a [c f1].
destruct g as [b [d g]].
destruct a as [sa a].
destruct b as [sb b].
destruct c as [sc c].
destruct d as [sd d].
cimnl 191 N
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destruct
simpl 1in

as [p ql.
. 1nduction p.

simpl 1in
simpl 1in
simpl 1in
simpl.
destruct u as [x [y R1].
destruct v as [x' [y' R']].
simpl.

simpl in P.

apply P.

Defined.

< €O T TT

Definition pullbackZ2maphelper (m : meetingarrows
the_categ):
T (pullbackob m) = T ((catdom the_categ) (projT1l
(projT2 m))).
apply (Build_setoidmap (T (pullbackob m))
(T (Ccatdom the_categ) (projT1l (projT2
m)))) (pullbackZmaphelperunder m)).
intros u v P.
destruct m as [f [g pl].

destruct f as [a [c f]].
destruct g as [b [d gl].
destruct a as [sa a].
destruct b as [sb b].
destruct c as [sc c].
destruct d as [sd d].
simpl in p.

destruct p as [p q].
simpl in p. 1induction p.
simpl in q.

simpl in u.

simpl in v.

simpl.
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destruct v as [x' [y' R']].
simpl.

simpl in P.

apply P.
Defined.

Definition pullbacklmap: (meetingarrows the_categ) ->
(catarr the_categ).

intro m.

exists (pullbackob m).

exists (catdom the_categ (projTl m)).

apply (pullbacklmaphelper m).

Defined.

Definition pullbackZ2map: (meetingarrows the_categ) ->
(catarr the_categ).

intro m.

exists (pullbackob m).

exists (catdom the_categ (projTl (projT2 m))).

apply (pullbackZ2maphelper m).

Defined.

Definition pullbackl: (meetingarrows the_categ) =
(catarr the_categ).
apply (Build_setoidmap (meetingarrows
the_categ) (catarr the_categ)
pullbacklmap).
intros m m' P.

destruct m as [f [g pl].
destruct f as [a [c f]].
destruct g as [b [d gl].
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u
destruct b as [sb b].
destruct c as [sc c].
destruct d as [sd d].
simpl 1in p.
destruct p as [p ql.
simpl in p. 1induction p.
simpl 1in q.
destruct m' as [f' [g' p']].
destruct f' as [a' [c' f']].
destruct g' as [b' [d' g']].
destruct a' as [sa' a'].
destruct b' as [sb' b'].
destruct c' as [sc' c'].
destruct d' as [sd' d']
simpl in p'
destruct p' as [p' q'].
simpl in p'. induction p'.
simpl in q'

simpl in P.

destruct P as [P1 P2].

destruct P1 as [[rl R1] [[s1 S1] Q1]].
destruct P2 as [[r2 R2] [[s2 S2] Q2]1].
simpl in rl. induction rl.

simpl in sl. induction sl.

simpl in r2. induction r2.

assert (Identity (Identity_refl sc) s2) as H.
apply hedberg.

apply stages_DecId.

induction H.

simpl.

assert (
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starsetoideq (projT1l (ifm sa)) (projT2 (ifm sa))
(projTl (ifm sb)) (projT2 (ifm sb)) (projTl

(ifm sc))
(projT2 (ifm sc))
(transport stages (A k : stages, projTl (ifm
kJ)
(triple sa sb sc) (triple sa sb sc) p
(existT
(A ad : projTl (ifm sa),
ab@ : projT1l (ifm sb),
3c@ : projTl (ifm sc),
3d@ : projT1l (ifm sc),
c@ ~,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa)) a@d)
((projT2 (ifm sc)) c@)
A setoidmap ((projT2 (ifm sb)) b@)
((projT2 (ifm sc)) d@)) a
(existT
(A b0 : projT1 (ifm sb),
ac@ : projTl (ifm sc),
3d® : projTl (ifm sc),
c@ ~,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa)) a)
((projT2 (ifm sc)) c@)
A setoidmap ((projT2 (ifm sb)) b0)
((projT2 (ifm sc)) do))
b
(existT
(A cO : projTl (ifm sc),
3d@ : projTl (ifm sc),
cO ~,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa)) a)
((projT2 (ifm sc)) c@)
A setoidmap ((projT2 (ifm sb))
b)
((projT2 (ifm sc)) d@)) c

((avic+T



sb)) b)
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(A dO : projTl (ifm sc),
c ~,{ projTl (ifm sc) }do

A setoidmap ((projT2 (ifm sa))

((projT2 (ifm sc)) o)
A setoidmap ((projT2 (ifm

((projT2 (ifm sc)) do))

Ca, (f, 9)31))))
(existT

(A a@ : projTl (ifm sa),

ab@ : projTl (ifm sb),

ac@ : projTl (ifm sc),

3d@ : projTl (ifm sc),

cO® ~,{ projTl (ifm sc) }do

A setoidmap ((projT2 (ifm sa)) a@d)

((projT2 (ifm sc)) c@)

A setoidmap ((projT2 (ifm sb)) b@d)

((projT2 (ifm sc)) do)) a'

(existT
(A b0 : projT1l (ifm sb),
3c@ : projTl (ifm sc),
3d@ : projTl (ifm sc),
cO ~,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa)) a')

((projT2 (ifm sc)) c@)

A setoidmap ((projT2 (ifm sb)) b0)

((projT2 (ifm sc)) do)) b’

(existT
(A cO : projT1l (ifm sc),
3d@® : projTl (ifm sc),
c@ ~,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa)) a')

((projT2 (ifm sc)) c@)

A setoidmap ((projT2 (ifm sb)) b')
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(existT

(A d0 : projT1l (ifm sc),
c' ~,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa))
a') ((projT2 (ifm sc)) c")
A setoidmap ((projT2 (ifm sb))
b')

((projT2 (ifm sc)) do)) d'
Ga', (f'5, g'22))))

) as e.

exists (Identity_refl (triple sa sb sc)).
simpl.

exists R1.

exists R2.

exists S1.

exists S2.

split.

apply Q1.

apply Q2.

exists e.

simpl in R1.

exists (existT (A p, transport stages (A k : stages,
projT1l (ifm k)) sa sa p a

~,{ projTl (ifm sa) }a')

(Identity_refl sa) R1).

intro L.

destruct L as [x [y L1].

simpl.

destruct e as [e H].

assert (Identity (Identity_refl (triple sa sb sc)) e)
as G.

apply hedberg.
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induction G.

simpl in H.

destruct H as [pl [p2 [p3 [p4 [P1 P2]]111]1.
simpl.

apply setoidfamilyirr.

Defined.

Definition pullback2: (meetingarrows the_categ) =
(catarr the_categ).
apply (Build_setoidmap (meetingarrows
the_categ) (catarr the_categ)
pullbackZmap).
intros m m' P.

destruct m as [f [g pl].
destruct f as [a [c f]].
destruct g as [b [d gl].
destruct a as [sa a].
destruct b as [sb b].
destruct c as [sc c].
destruct d as [sd d].

simpl in p.

destruct p as [p q].

simpl in p. 1induction p.

simpl in q.

destruct m' as [f' [g' p']l].
destruct f' as [a' [c' f']].
destruct g' as [b' [d' g']].
destruct a' as [sa' a'].
destruct b' as [sb' b'].
destruct c' as [sc' c'].
destruct d' as [sd' d']

simpl in p'

destruct p' as [p' q'].



simpl 1n p'. 1inhduction p'.

simpl 1in q'.

simpl in P.

destruct P as [P1 P2].

destruct P1 as [[rl R1] [[s1 S1] Q1]].
destruct P2 as [[r2 R2] [[s2 S2] Q2]1].
simpl in rl. induction rl.

simpl in sl. induction sl.

simpl in r2. induction r2.

assert (Identity (Identity_refl sc) s2) as H.
apply hedberg.

apply stages_Decld.

induction H.

simpl.

assert (
ap : Identity (triple sa sb sc) (triple sa sb sc),
starsetoideq (projTl (ifm sa)) (projT2 (ifm sa))
(projT1l (ifm sb)) (projT2 (ifm sb)) (projTl
(1fm sc))
(projT2 (ifm sc))
(transport stages (A k : stages, projTl (ifm
kJ)
(triple sa sb sc) (triple sa sb sc) p
(existT
(A ad : projTl (ifm sa),
ab@® : projTl (ifm sb),
3c@ : projTl (ifm sc),
3d@ : projT1l (ifm sc),
c@ ~,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa)) a@d)
((projT2 (ifm sc)) c@)
A setoidmap ((projT2 (ifm sb)) b@)
((projT2 (ifm sc)) d@)) a
(existT
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(A DU : projil (1Tm sp),
3c@ : projTl (ifm sc),
3d@® : projTl (ifm sc),

cO =~,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa)) a)
((projT2 (ifm sc)) c@)
A setoidmap ((projT2 (ifm sb)) b@)
((projT2 (ifm sc)) do))
b
(existT
(A c0 : projT1l (ifm sc),
3d@ : projTl (ifm sc),
cO ~,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa)) a)
((projT2 (ifm sc)) c@)
A setoidmap ((projT2 (ifm sb))

b)
((projT2 (ifm sc)) do)) c
(existT
(A d0 : projT1l (ifm sc),
c ~,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa))
a)
((projT2 (ifm sc)) o)
A setoidmap ((projT2 (ifm
sb)) b)
((projT2 (ifm sc)) do))
d

Ca, (f, 9)31))))
(existT

(A a@ : projTl (ifm sa),

ab@ : projTl (ifm sb),

3c@ : projTl (ifm sc),

3d@ : projTl (ifm sc),

cO ~,{ projTl (ifm sc) }do

A setoidmap ((projT2 (ifm sa)) a@)
((projT2 (ifm sc)) c@)
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A setoldmap ((projiZ (1tm sb)) bwv)
((projT2 (ifm sc)) d@)) a'
(existT

(A b0 : projT1l (ifm sb),
3c@ : projTl (ifm sc),
3d@ : projT1l (ifm sc),
c@ ~,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa)) a')
((projT2 (ifm sc)) c@)
A setoidmap ((projT2 (ifm sb)) b@)
((projT2 (ifm sc)) d@)) b'
(existT
(A cO : projTl (ifm sc),
3d@ : projTl (ifm sc),
cO ~,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa)) a')
((projT2 (ifm sc)) c@)
A setoidmap ((projT2 (ifm sb)) b')
((projT2 (ifm sc)) do))
C'
(existT
(A d0 : projT1l (ifm sc),
c' =,{ projTl (ifm sc) }do
A setoidmap ((projT2 (ifm sa))
a') ((projT2 (ifm sc)) c")
A setoidmap ((projT2 (ifm sb))
b')

((projT2 (ifm sc)) do)) d'
CGa', (f'5, g'22))))

) as e.

exists (Identity_refl (triple sa sb sc)).
simpl.

exists R1.

exists R2.

exists S1.



exi1sts SZ.
split.
apply Q1.

apply Q2.
exists e.
exists (existT (A p,
transport stages (A k : stages, projT1l (ifm k)) sb sb
pb
~,{ projT1l (ifm sb) }b') (Identity_refl sb) R2).

intro L.

destruct L as [x [y L]1].

simpl.

destruct e as [e H].

assert (Identity (Identity_refl (triple sa sb sc)) e)
as G.

apply hedberg.

apply stages_DecId.

induction G.

simpl in H.

destruct H as [pl [p2 [p3 [p4 [P1 P2]]11].
simpl.

apply setoidfamilyirr.

Defined.

Definition makediaghelper (m: meetingarrows
the_categ):
T (pullbackob m) -> T ((catcod the_categ) (projTl

m)).

intro w.

destruct m as [f [g P]1].
destruct f as [a [c f]].
destruct g as [b [d gl].
destruct a as [a sa].
destruct b as [b sb].
destruct c as [c sc].
destruct d as [d sd].



simpl 1in P.
destruct P as [p P].
simpl.

simpl in p. induction p.
simpl in P.

simpl in w.

destruct w as [x L[y Ql].
apply f.

apply x.

Defined.

Definition makecmsl (m: meetingarrows the_categ):
catcms the_categ.

exists (pullbackl m).

exists (projT1l m).

destruct m as [f [g P]1].

destruct f as [a [c f]].
destruct g as [b [d gl].
destruct a as [a sa].
destruct b as [b sb].
destruct c as [c sc].
destruct d as [d sd].
simpl in P.

destruct P as [p P].

simpl in p. 1induction p.
simpl in P.

simpl.

exists (Identity_refl a).
apply setoidrefl.
Defined.

Definition makecmsZ2 (m: meetingarrows the_categ):
catcms the_categ.

exists (pullback2 m).

exists (projTl (projT2 m)).

destruct m as [f [g P]1].



destruct f as [a [c f]].
destruct g as [b [d gl].
destruct a as [a sa].
destruct b as [b sb].
destruct c as [c sc].
destruct d as [d sd].
simpl in P.

destruct P as [p P].

simpl in p. induction p.
simpl in P.

simpl.

exists (Identity_refl b).
apply setoidrefl.
Defined.

Lemma Is_square_lemma (m: meetingarrows the_categ):
Square (projTl m) (projTl (projT2 m)) (pullbackl m)
(pullback2 m).

unfold Square.

exists (catcmp the_categ (makecmsl m)).

unfold Comp.

split.

exists (makecmsl m).
split.

apply setoidrefl.
split.

apply setoidrefl.
apply setoidrefl.
exists (makecms2 m).
split.

apply setoidrefl.
split.

apply setoidrefl.

destruct m as [f [g P]1].
destruct f as [a [c f]].



destruct g as [b [d gl].
simpl in P.

assert (d ~,{ U }c) as P'.
apply setoidsym.

apply P.

destruct a as [a sa].
destruct b as [b sb].
destruct c as [c sc].
destruct d as [d sd].
simpl in f.

simpl 1in g.

destruct P as [p P].
simpl in p. induction p.
simpl.

assert (

ap : Identity (triple a b ¢) (triple a b c),
starsetoideq (projT1l (ifm a)) (projT2 (ifm a))
(projTl (ifm b)) (projT2 (ifm b)) (projT1l (ifm
c))
(projT2 (ifm c))
(transport stages (A k : stages, projTl (ifm
kJ)
(triple a b ¢) (triple a b c) p
(existT
(A a@ : projTl (ifm a),
ab@ : projTl (ifm b),
ac@ : projTl (ifm c),
ad : projTl (ifm c),
cO ~,{ projTl (ifm c) }d
A setoidmap ((projT2 (ifm a)) a0d)
((projT2 (ifm c)) c@)
A setoidmap ((projT2 (ifm b)) b0)
((projT2 (ifm c)) d)) sa
(existT
(A b0 : projT1 (ifm b),



ac@ : projTl (ifm c),
ad : projTl (ifm ),
cOd =~,{ projTl (ifm c) }d

A setoidmap ((projT2 (ifm a)) sa)
((projT2 (ifm ¢c)) c@)
A setoidmap ((projT2 (ifm b)) b0)
((projT2 (ifm c)) d)) sb
(existT
(A cO : projTl (ifm ),
ad : projTl (ifm <),
cOd ~,{ projTl (ifm c) }d
A setoidmap ((projT2 (ifm a)) sa)
((projT2 (ifm c)) c@)
A setoidmap ((projT2 (ifm b))
sb) ((projT2 (ifm <)) d))
e
(existT
(A d : projT1 (ifm ),
sc =,{ projTl (ifm c) }d
A setoidmap ((projT2 (ifm a))
sa)
((projT2 (ifm c)) sco)
A setoidmap ((projT2 (ifm
b)) sb)
((projT2 (ifm c)) d)) sd
P, (f, 9)30))))
(existT
(A ad : projTl (ifm a),
ab@® : projTl (ifm b),
ac@® : projTl (ifm c),
ad : projTl (ifm <),
cO ~,{ projTl (ifm c) }d
A setoidmap ((projT2 (ifm a)) a@®) ((projT2
(ifm c)) cd)
A setoidmap ((projT2 (ifm b)) b0d)
((projT2 (ifm ¢)) d)) sa
(existT



(A b@ : projTl (ifm b),
ac@ : projTl (ifm c),
ad : projTl (ifm <),

cOd ~,{ projTl (ifm c) }d
A setoidmap ((projT2 (ifm a)) sa)
(CprojT2 (ifm c)) c@)
A setoidmap ((projT2 (ifm b)) b0)
((projT2 (ifm c)) d)) sb
(existT
(A cO : projT1l (ifm c),
ad : projTl (ifm ),
c@ ~,{ projTl (ifm c) }d
A setoidmap ((projT2 (ifm a)) sa)
((projT2 (ifm c)) c@)
A setoidmap ((projT2 (ifm b)) sb)
((projT2 (ifm c)) d)) sc
(existT
(A d : projT1 (ifm ),
sc =,{ projTl (ifm c) }d
A setoidmap ((projT2 (ifm a)) sa)
((projT2 (ifm ¢)) so)
A setoidmap ((projT2 (ifm b))
sb) ((projT2 (ifm c)) d))
sd (P, (f, 933))))

) as proppen.

exists (Identity_refl (triple a b c)).
simpl.

exists (setoidrefl _ sa).
exists (setoidrefl _ sb).
exists (setoidrefl _ sc).

exists (setoidrefl _ sd).
split.
intro x.
assert ((projT2 (ifm c))
® (setoidrefl (projTl (ifm c)) sc)



(f x) = f x) as iml.
apply setoidfamilyref.
assert (f x = f

((projT2 (ifm a))

® (setoidrefl (projTl (ifm a)) sa) x)) as im2.
apply setoidmapextensionality.
apply setoidsym.
apply setoidfamilyref.
swesetoid.
intro x.
assert ((projT2 (ifm c))

® (setoidrefl (projTl (ifm c)) sd)

(g x) =~ g x) as iml.
apply setoidfamilyref.
assert (g x =g

((projT2 (ifm b))

® (setoidrefl (projTl (ifm b)) sb) x)) as im2.
apply setoidmapextensionality.
apply setoidsym.
apply setoidfamilyref.
swesetoid.
exists proppen.
exists P'.
destruct P' as [p' P'].
assert (Identity (Identity_refl c) p') as G.
apply hedberg.
apply stages_DecId.
induction G.
simpl.
intro u.
destruct u as [x [y KI]J.
simpl.
destruct proppen as [r proppen].
assert (Identity (Identity_refl (triple a b c)) r) as
G.
apply hedberg.
apply stages_Decld.



induction G.
simpl.
simpl in proppen.

destruct proppen as [pl [p2 [p3 [p4 [prl pr2]]11]1].
simpl.
simpl in P.
simpl in P'.
assert ((projT2 (ifm c)) e P’
(g
((projT2 (ifm b))
® (setoidrefl (projTl (ifm b)) sb) y))
~ (projT2 (ifm c)) e P’
(g y)) as iml.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidfamilyref.
assert ( f
((projT2 (ifm a))
® (setoidrefl (projTl (ifm a)) sa)
((projT2 (ifm a)) e pl x))
~ f ((projT72 (ifm a)) e pl x)) as im2.
apply setoidmapextensionality.
apply setoidfamilyref.
assert (f ((projT2 (ifm a)) e pl x) =(projT2 (ifm c))
e P' (g y)) as im3.
specialize (prl x).
specialize (pr2 y).
assert ((projT2 (ifm c)) e P'
((projT2 (ifm ¢c)) e P (f x))
~ (projT2 (ifm c)) e P' (g y)) as K'.
apply setoidmapextensionality.
apply K.
clear K.
assert (f ((projT2 (ifm a)) e pl x)
~ (projT2 (ifm c)) e P'
((projT2 (ifm c)) e P (f x))) as K2.
assert ((projT2 (ifm c)) e p3 (f x)



~ (projT2 (ifm c)) e P’
((projT2 (ifm c)) e P (f x))) as K3.
apply setoidfamilycmpgeneral_3.

apply setoidfamilyirr.

assert ( f ((projT72 (ifm a)) e pl x) =
(projT2 (ifm c)) e p3 (f x)) as K4.
apply setoidsym.

apply pril.

swesetoid.

swesetoid.

swesetoid.

Defined.

Lemma equal_in_pullback
(m:meetingarrows the_categ)
C(u v : T (pullbackob m))(p:pullbacklmaphelper m u
pullbacklmaphelper m v)
(q:pullbackZmaphelper m u ~ pullbackZmaphelper m
V). u=v.
Proof.
destruct m as [f [g P1].
destruct f as [df [cf f]].
destruct g as [dg [cg gl].
destruct df as [sdf df].
destruct cf as [scf cf].
destruct dg as [sdg dg].
destruct cg as [scg cg].

simpl in P.

simpl in f.

simpl in g.

destruct P as [pfP P].
simpl in pfP.

induction pfP.

simpl in P.

simpl in u.

simpl 1in v.

~



destruct u as [pu [qu Pul].
destruct v as [pv [qv Pv]].

simpl.

simpl in p.
simpl in q.
split.
apply p.
apply q.
Defined.

Definition pb_pairing_helper
(f : catarr the_categ)
(g : catarr the_categ)

(P" : (catcod the_categ) f =~,{ the_categ }(catcod

the_categ) g)
(h : catarr the_categ)
(k : catarr the_categ)

(P : Square' f g h k): (* changed Square to

Square' *)

T (catdom the_categ h) -> T (pullbackob
(make_meetingarrows the_categ f g P')).

intro x.

destruct f as [a [c f]].
destruct g as [b [d gl].
simpl in P'.

[[w2d [w2c wZ2]]

destruct P as [w [z P]].

destruct P as [P1 [P2 [P3 [P4 P5]]]1].
destruct h as [hd [hc hm]].

destruct k as [kd [kc km]].

destruct w as [[wld [wlc wl]]

pwl].

destruct z as [[zld [zlc z1]]

pz]].

simpl in Xx.

destruct P1 as [pl [ql P1]].
destruct P2 as [p2 [q2 P2]].
destruct P3 as [p3 [a3 P311.

[[z2d [z2c z2]]



destruct P4 as Eb4 Ed4 P4jj.
destruct P5 as [p5 [g5 P5]].
assert (zlc =,{ U } z2d) as pz'.

apply pz.

apply (elt_builder_pullbackob (make_meetingarrows
the_categ
(existT (A a® : U, 3ab0 : U, T ad = T bO) a
(existT (A b0 : U, Ta =T bd) c f))
(existT (A a0 : U, 3b0 : U, T ad = T b@) b
(existT (A b0 : U, Tb =T bd) d g))
pr
(T)O (p2 @ pw © (q171)) (hm x)) (T ® (p4 © pz' ©
a3"*) (km (T e (p3 © pS o (p17*)) X)I)).

destruct a as [sa a].
destruct c as [sc c].
destruct b as [sb b].
destruct d as [sd d].
simpl in f.

simpl in g.

destruct P' as [p' P'].
simpl in p'. induction p'.
simpl in P'

destruct wld as [swld wld].
destruct wlc as [swlc wlc].
destruct w2d as [sw2d w2d].
destruct w2c as [sw2c w2c].
simpl 1in wl.

simpl in w2.

simpl 1n pw.

destruct pw as [pfpw pw].
simpl in pfpw.

induction pfpw.

simpl in pw.



destruct zld as [pfzld zld].
destruct zlc as [pfzlc zlc].

destruct z2d as [pfz2d z2d].
destruct z2c as [pfz2c z2c].
simpl in zl.
simpl 1in z2.

simpl 1in pz.

destruct pz as [pfpz pz].
simpl in pfpz.

induction pfpz.

simpl in pz.

destruct hd as [shd hd].
destruct hc as [shc hc].
simpl in hm.
destruct kd as [skd kd].
destruct kc as [skc kc].
simpl in km.

destruct pl as [spl pl].
simpl in spl.

induction spl.

simpl in pl.

destruct ql as [sql ql].
simpl in sql.

induction sql.

simpl 1in ql.

simpl in P1.

destruct p2 as [sp2 p2].
simpl in sp2.

induction sp2.

simpl 1in p2.

destruct g2 as [sq2 g2].

simnl 1in saZ.



- - - - - -

induction sqg2.
simpl 1n g2.
simpl in P2.

destruct p3 as [sp3 p3].
simpl in sp3.

induction sp3.

simpl in p3.

destruct g3 as [sqg3 g3].
simpl in sqg3.

induction sqg3.

simpl in g3.

simpl in P3.

destruct p4 as [sp4 p4].
simpl in sp4.

induction sp4.

simpl 1in p4.

destruct g4 as [sg4 g4].
simpl in sg4.

induction sg4.

simpl 1in g4.

simpl in P4.

destruct p5 as [sp5 p5].
simpl in sp5.

induction sp5.

simpl in p5.

destruct g5 as [sg5 g5].
simpl in sqg5.

assert (Identity (Identity_refl pfz2c) sg5) as G.
apply hedberg.

apply stages_Decld.
induction G.

simpl in g5.

simpl in P5.

<imnl 1n n7z'



destruct pz' as [pfpz' pz'].
simpl in pfpz'.
assert (Identity (Identity_refl pfzlc) pfpz') as G.

apply hedberg.
apply stages_Decld.
induction G.

simpl in pz'.
simpl.

assert ( vx,

hm x =~ (projT2 (ifm swlc))
(ifm swld)) e (p1 1) x))

) as P1'.
apply arrsolvel.
apply P1. clear P1.
assert (vx,

f x =~ (projT2 (ifm pfz2c)) @ g2 (w2 ((projT2
(ifm swlc)) e (p2 ") x)))

as P2'.
apply arrsolvel.
apply P2. clear P2.
assert (vx,

km x ~ (projT2 (ifm pfzlc)) e g3 (z1 ((projT2
(ifm swld)) e (p3 "1) x))) as P3'.
apply arrsolvel.
apply P3. clear P3.
assert (vx,

g X ~ (projT2 (ifm pfz2c)) e g4 (z2 ((projT2
(ifm pfzlc)) e (p4 1) x))

) as P4'.
apply arrsolvel.
apply P4. clear P4.

gl (wl ((projT2

assert (
(projT2 (ifm pfz2c)) e P'

(f ((projT2 (ifm swilc)) ® (p2 © pw © gl 1) (hm
YOI



NI SIS

~

(projT2 (ifm pfz2c)) e P'
((projT2 (ifm pfz2c)) e g2 (w2 ((projT2 (ifm

swlc)) ® (p2 1) ((projT2 (ifm swlc)) e (p2 © pw ©
gl 1) ((projT2 (ifm swlc)) ® gl (wl ((projT2 (ifm
swld)) e pl " x)))))))
) as LHS.
apply setoidmapextensionality.
specialize (P2' ((projT2 (ifm swlc)) e (p2 © pw o gl
1) (hm x))).
assert ((projT2 (ifm pfz2c)) e g2

(w2

((projT2 (ifm swlc)) e p2 1
((projT2 (ifm swlc)) ® (p2 © pw © ql

1) (hm x))))

((projT2 (ifm pfz2c)) ® g2 (w2 ((projT2 (ifm swilc))
(p2 ") ((projT2 (ifm swlc)) ® (p2 o pw © gl 1)
((projT2 (ifm swlc)) ® gl (wl ((projT2 (ifm swld)) e
pl "1 x)))))))) as LHSlemma.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply P1'.
swesetoid.
clear P1'.
clear P2'.
assert ( g
((projT2 (ifm pfzlc)) e (p4 © pz' © g3 1)
(Ckm ((projT2 (ifm swld)) ® (p3 © p5 o pl1 1)

x)))
~ (projT2 (ifm pfz2c)) ® g4 (z2 ((projT2 (ifm
pfzlc)) e p4 1
((projT2 (ifm pfzlc)) ® (p4 o pz' © g3 1)

C (projT2 (ifm pfzlc)) e g3 (z1 ((projT2
Fifm cn1AYN @ N ~1 ((nrAiT?2 (1fm cn1ANN @ N n nK



\I.IIII .JV'_I.MJJ ~ lJJ \\'JI \JJ 1 \I.IIII J".I.MJJ -~ \'J.J v l.lJ

© pl "1) x))) D))
) as RHS.
specialize (P4' ((projT2 (ifm pfzlc)) e (p4 o pz' o

a3 ")
(Ckm ((projT2 (ifm swld)) ® (p3 o p5 o pl1 1)

x)))).
assert ((projT2 (ifm pfz2c)) e g4
(z2
((projT2 (ifm pfzlc)) e p4 1
((projT2 (ifm pfzlc)) ® (p4 o pz' o
a3 ")

Ckm ((projT2 (ifm swld)) e (p3 o
pS © pl "1) x)))))
~ (projT2 (ifm pfz2c)) e g4
(z2
((projT2 (ifm pfzlc)) e p4 "1
((projT2 (ifm pfzlc)) ® (p4 o pz' o g3 1)
((projT2 (ifm pfzlc)) e g3
(z1
((projT2 (ifm swld)) e p3 ?
(CprojT2 (ifm swid)) e (p3 o
pS @ pl "1) x)11))))
) as RHSlemma.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
apply P3'.
swesetoid.
clear P3'.
clear P4'.

assert ((projT2 (ifm pfz2c)) e P’
((projT2 (ifm pfz2c)) e g2
(w2
((projT2 (ifm swlc)) e p2 1

(CnnAaT? FAfm cwilAY @4 fn? A na A



WPV e (LI DWaL )y = \(Pe Y pw W
ql ")
((projT2 (ifm swlc)) e gl
(wl ((projT2 (ifm swld)) e

Pl "t x33)))))

~ (projT2 (ifm pfz2c)) e g4
(z2
((projT2 (ifm pfzlc)) e p4 1
((projT2 (ifm pfzlc)) ® (p4 o pz' o
a3 ")
((projT2 (ifm pfzlc)) e g3
(z1
((projT2 (ifm swld)) e p3 1
((projT2 (ifm swid)) e

(p3 © pS @ pl ") x))1))))

) as LR.

specialize (P5 ((projT2 (ifm swld)) e (pl 1) x)).
assert (
(projT2 (ifm pfz2c)) e g4
((projT2 (ifm pfz2c)) e g5

w2 ((projT2 (ifm swlc)) ® pw (Wl ((projT2
(ifm swld)) e pl "' x)))))

(projT2 (ifm pfz2c)) e g4
(z2
((projT2 (ifm pfzlc)) e pz
(z1 ((projT2 (ifm swid)) e p5 ((projT2
(ifm swld)) e pl "* x))))))
as P5".
apply setoidmapextensionality.
apply P5.
clear P5.
assert ((projT2 (ifm pfz2c)) e g4
((projT2 (ifm pfz2c)) e g5
(w2

(CAanA-aT?D 2 Fm o'l A A



\W\PIVJIc (LIl DWLL ) ) ¥ pw
(wl ((projT2 (ifm swid)) e pl "1

X))
~ (projT2 (ifm pfz2c)) e P’

((projT2 (ifm pfz2c)) e g2
(w2
((projT2 (ifm swlc)) e p2 1
((projT2 (ifm swlc)) ® (p2 o pw © gl
-1y
((projT2 (ifm swlc)) e gl
(wl ((projT2 (ifm swld)) e pl1 ?
X)33))))
) as wpart.
apply setoidfamilycmpgeneral_3.
apply setoidsym.
apply setoidfamilycmpgeneral_3.
apply setoidfamilyirrgeneral.
apply setoidmapextensionality.
apply setoidsym.
apply setoidfamilycmpgeneral_3.
apply setoidfamilycmpgeneral_3.
apply setoidfamilyirrgeneral.
apply setoidrefl.
assert ((projT2 (ifm pfz2c)) e g4
(z2
((projT2 (ifm pfzlc)) e pz
(z1
(CprojT2 (ifm swid)) e p5 ((projT2

(ifm swld)) e pl “* x)))))

~

(projT2 (ifm pfz2c)) e g4
(z2
((projT2 (ifm pfzlc)) e p4 "1
((projT2 (ifm pfzlc)) ® (p4 o pz' o g3 1)
((projT2 (ifm pfzlc)) e g3
(z1

((inavnAa=T) (a2 Lun ~a1 AN a D —1



W\PI'UJIc (LI SW1IU)) »® pd>  ~
((projT2 (ifm swid)) e (p3 o

pS © pl "1) x)))))))) as zpart.
apply setoidmapextensionality.

apply setoidmapextensionality.
apply setoidfamilycmpgeneral_3.
apply setoidfamilycmpgeneral_3.
apply setoidfamilyirrgeneral.
apply setoidmapextensionality.
apply setoidfamilycmpgeneral_3.
apply setoidsym.

apply setoidfamilycmpgeneral_3.
apply setoidfamilyirrgeneral.
apply setoidrefl.

swesetoid.

swesetoid.

Defined.

Definition pb_pairing

(f : catarr the_categ)

(g : catarr the_categ)

(P" : (catcod the_categ) f =~,{ the_categ }(catcod
the_categ) g)

(h : catarr the_categ)

(k : catarr the_categ)

(P : Square' f g h k):

T (catdom the_categ h) = T (pullbackob
(make_meetingarrows the_categ f g P')).
apply (Build_setoidmap (T (catdom the_categ h)) (T
(pullbackob (make_meetingarrows the_categ f g P')))
(pb_pairing_helper f g P' h k P)).
intros x y H.

destruct f as [a [c f]].



destruct g as |b |d gl].
simpl in P'.

destruct a as [sa a].
destruct c as [sc c].

destruct b as [sb b].
destruct d as [sd d].
destruct P' as [p' P'].
simpl in p'. induction p'.
destruct h as [n [a' h]].
destruct k as [n' [b' k]].
simpl in P'.

simpl in f.

simpl in g.

destruct n as [sn n].

destruct n' as [sn' n'].

destruct P as [u [v [P1 [P2 [P3 [P4 P5]]1111].
simpl in h.

simpl in k.

destruct u as [ul [u2 pu]].

destruct v as [vl [v2 pv]].

destruct ul as [uld [ulc ul]].
destruct u2 as [u2d [uZ2c uZ]].
simpl in pu.
destruct vl as [vld [vlc v1]].
destruct v2 as [v2d [v2c vZ2]].
simpl 1in pv.

destruct uld as [suld uld].
destruct ulc as [sulc ulc].
destruct u2d as [su2d u2d].
destruct u2c as [su2c u2c].
destruct vld as [svld vld].
destruct vlc as [svlc vic].
destruct v2d as [svZ2d v2d].

A _ 1 ____ e B r_..»_ __ —



aestruct
simpl 1
simpl 1
simpl 1

ul.
uz.
vl.

simpl 1in V2.
destruct
simpl in
simpl 1in

pv as
pfpv.
pV.

destruct
simpl 1in
simpl 1in

pu as
pfpu.
pu.

P1 as
pl as
pfpl.

destruct
destruct
simpl 1in

induction pfpl.

simpl in pl.

a' as
b' as

destruct
destruct

destruct
simpl 1in
simpl 1in
simpl 1in

ql as
pfql.

ql.
P1.

P2 as
p2 as
pfp2.

destruct
destruct
simpl in

VLC AdS |LSVLC viC].

[pfpv pv].
induction pfpv.

[pfpu pu].
induction pfpu.

[p1 [ql P1]1].
[pfpl pl].

[sa' a'].
[sb' b'].

[pfql ql].
induction pfql.

[p2 [q2 P2]].
[pfp2 pl].



induction pfp2.

simpl 1in p2.

destruct
simpl 1in
simpl 1in
simpl 1in

g2 as
pfqgl.
ql.
P2.

simpl in P3.

P3 as
p3 as
pfp3.

destruct
destruct
simpl 1in
simpl 1in
destruct
simpl 1in
simpl 1in
simpl in

g3 as
pfg3.

P3.

P4.

P4 as
p4 as
pfp4.

simpl 1in
destruct
destruct
simpl 1in
simpl 1in
destruct
simpl in
simpl 1in
simpl 1in

g4 as
pfg4.

P4.

simpl in P5.

P5 as
p5 as

destruct
destruct

[pfaz qz].
induction pfqg2.

[p3  [q3 P3]].
[pfp3 p3].
induction pfp3.

[pfa3 a3].
induction pfg3.

[p4 [q4 P4]].
[pfp4 p4].
induction pfp4.

[pfa4 g4].
induction pfg4.

[p5 [g5 P5]1].
[pfpS ps].

~ -



simplL 1n ptp5. 1nduction ptp>5.
simpl 1in p5.

destruct g5 as [pfg5 g5].
simpl in pfqg5.

assert (Identity (Identity_refl sv2c) pfg5) as G.
apply hedberg.

apply stages_Decld.

induction G.

simpl in g5.
simpl in P5.
simpl in X.
simpl 1in vy.
simpl in H.

simpl.

split.

apply setoidmapextensionality.
apply setoidmapextensionality.
exact H.

apply setoidmapextensionality.
apply setoidmapextensionality.
apply setoidmapextensionality.
exact H.

Defined.

Definition make_pbpairing_arr

(m : meetingarrows the_categ)

(h : catarr the_categ)

(k : catarr the_categ)

(P : Square' (projTl m) (projTl (projT2 m)) h k):
catarr the_categ.

exists (catdom the_categ h).

exists (pullbackob m).

destruct mas [f [g P']].



simpl 1in P.

simpl.

apply (pb_pairing f g P' h k P).
Defined.

Definition makecomposable
(f g: catarr the_categ)(p: catdom the_categ f =~
catcod the_categ g):
catcms the_categ.

exists g.

exists f.

apply setoidsym.

simpl.

simpl in p.

exact p.

Defined.

Lemma dom_pullbackl: (forall m: meetingarrows
the_categ,

(catdom the_categ (pullbackl m) = pullbackob m)).
Proof.

intro m.

apply setoidrefl.

Defined.

Lemma dom_pullback2: (forall m: meetingarrows
the_categ,

(catdom the_categ (pullbackZ2 m) =~ pullbackob m)).
Proof.

intro m.

apply setoidrefl.

Defined.

Lemma Jointly: (forall m : meetingarrows the_categ,
Jointly_monic (pullbackl m) (pullbackZ2 m)).
Proof.



intro m.

assert ((catdom (cat_from_family T) (pullbackl m)) =
(catdom (cat_from_family T) (pullbackl m))) as thep.
apply (setoidrefl _(pullbackob m)).

apply (Jointly_monic_special _ _ (pullbackl m)
(pullback2 m) thep).

destruct m as [f [g P1].
destruct f as [df [cf f]].
destruct g as [dg [cg gll.
simpl in P.

destruct df as [sdf df].
destruct cf as [scf cf].
destruct dg as [sdg dg].
destruct cg as [scg cg].

unfold Jointly_monic_setoidmaps.
intros x vy.

simpl in f.

simpl 1in g.

destruct P as [pfP P].

simpl in pfP.

induction pfP.

simpl in P.

destruct thep as [sthep thep].
simpl in sthep.

assert (Identity (Identity_refl (triple sdf sdg scf))
sthep) as G.

apply hedberg.

apply stages_Decld.

induction G.

simpl in thep.

destruct thep as [pl thep].
destruct thep as [p2 thep].



destruct thep as [p3 thep].
destruct thep as [p4 thep].
destruct thep as [Ql QZ2].

simpl.

simpl 1in Xx.

simpl in y.

destruct x as [x1 [x2 Px]].
destruct y as [yl [y2 Py]l].
simpl.

intros H H'.

split.

apply H.

apply (setoidfamilyirrrevgeneral _ _ _ _ _ _ _ H').
Defined.

Lemma cod_pbpairing

(m : meetingarrows the_categ)

(h : catarr the_categ)

(k : catarr the_categ)

(P : Square' (projT1l m) (projTl (projT2 m)) h k):
(catcod the_categ (make_pbpairing_arr m h k P) =~
pullbackob m).

Proof.
apply setoidrefl.
Defined.

Theorem Pullbackexists (m: meetingarrows the_categ):
Pullback (projT1 m) (projT1l (projT2 m)) (pullbackl
m) (pullback2 m).

unfold Pullback.

split.

apply Square_to_Square'.

apply Is_square_lemma.



split.

(* joint monicity of projection *)
apply Jointly.

(* universal map exists*)

intros h k P.

exists (make_pbpairing_arr m h k P).
split.

unfold Comp.

assert (catcod the_categ (make_pbpairing_arr m h k P)
~ catdom the_categ (pullbackl m)) as q.
apply cod_pbpairing.

exists (makecomposable (pullbackl m)
(make_pbpairing_arr m h k P) q).
split.

apply setoidrefl.

split.

apply setoidrefl.

destruct m as [f [g P']1].
destruct f as [df [cf f]].
destruct g as [dg [cg gl].
simpl in P'.

unfold Square' in P.

destruct P as [u [v [P1 [P2 [P3 [P4 P5]]1111].
destruct u as [ul [u2 pu]].
destruct v as [vl [Vv2 pv]].
destruct ul as [uld [ulc ulm]].
destruct u2 as [u2d [u2c uZm]].
destruct vl as [vld [vlc vim]].
destruct v2 as [v2d [vZ2c vZm]].
simpl 1in pu.

simpl in pv.

destruct df as [sdf df].
destruct cf as [scf cf].



destruct dg as [sdg dg].
destruct cg as [scg cg].
simpl in f.

simpl in g.

destruct P' as [pfP' P'].
simpl in pfP'.

induction pfP'.

simpl in P'.

destruct uld as [pfuld uld].
destruct ulc as [pfulc ulc].
destruct u2d as [pfu2d u2d].
destruct u2c as [pfulc u2c].
destruct vld as [pfvld vid].
destruct vlc as [pfvlc vic].
destruct v2d as [pfva2d v2d].
destruct v2c as [pfv2c v2c].
simpl in ulm.

simpl in uZm.

destruct pu as [pfpu pu].
simpl in pfpu.

induction pfpu.

simpl 1in

pu.

simpl in vlm.
simpl in vZm.
destruct pv as [pfpv pv].
simpl in pfpv.
induction pfpv.

simpl 1in

pV.

destruct h as [dh [ch h]].
destruct k as [dk [ck k]].

destruct dh as [sdh dh].



destruct
destruct
destruct

ch as [sch ch].
dk as [sdk dk].
ck as [sck ck].

simpl in h.

simpl in k.

P1.
P2.
P3.
P4.
P5.

simpl 1
simpl 1
simpl 1
simpl 1
simpl 1

P1 as
P2 as
P3 as
P4 as
P5 as

destruct
destruct
destruct
destruct
destruct

[pl [ql P1]].
[p2 [g2 P2]].
[p3 [q3 P31].
[p4 [g4 P4]].
[p5 [g5 P51].
destruct pl as [pfpl pl].
simpl 1in pfpl.
induction pfpl.
simpl 1in pl.

destruct ql as
simpl in pfql.
induction pfql.
simpl in ql.

destruct p2 as
simpl in pfp2.
induction pfp2.
simpl 1in p2.

destruct g2 as
simpl 1in pfqg2.
induction pfg2.
simpl 1n g2.

destruct p3 as
simpl in pfp3.
induction pfp3.

[pfql qgl].

[pfp2 p2].

[pfaz qZ2].

[pfp3 p3].



simpl 1in p3.

destruct g3 as [pfqg3 g3].
simpl in pfqg3.

induction pfg3.

simpl in g3.

destruct p4 as [pfp4 p4].
simpl in pfp4.

induction pfp4.

simpl in p4.

destruct g4 as [pfg4 g4].
simpl in pfqg4.

induction pfg4.

simpl in g4.

destruct p5 as [pfp5 p5].
simpl 1in pfp5.

induction pfp5.

simpl in p5.

destruct g5 as [pfqg5 g5].
simpl in pfqg5.

assert (Identity (Identity_refl pfv2c) pfg5) as G.
apply hedberg.

apply stages_Decld.

induction G.

simpl in P1.

simpl 1in P2.

simpl in P3.

simpl in P4.

simpl in P5.

simpl in g5.

simpl in q.
destruct q as [pfqg q].
simpl in pfq.

assert (Identity (Identity_refl (triple pfulc pfvic
pfv2c)) pfq) as G.



apply hedberg.
apply stages_Decld.
induction G.

simpl in q.

destruct q as [gel [ge2 [ge3 [ge4 qllll.
simpl.

assert (omegalimsetoideq ifm (existT (A n : stages,
projT1l (ifm n)) pfuld dh)
(existT (A n : stages, projTl (ifm n)) pfuld dh)) as
epart.
exists (Identity_refl pfuld).
simpl.
apply setoidrefl.
exists epart.
assert (omegalimsetoideq ifm (existT (A n : stages,
projTl (ifm n)) pfulc df)
(existT (A n : stages, projT1l (ifm n)) pfulc
ch)) as dpart.
exists (Identity_refl pfulc).
simpl.
apply (gl © (pu ") o (p2 "1)).
exists dpart.
destruct dpart as [dpartl dpart2].
destruct epart as [epartl epartl].
simpl in epartl.
assert (Identity (Identity_refl pfuld) epartl) as G.
apply hedberg.
apply stages_Decld.
induction G.
simpl 1in epartZ2.
simpl in dpartl.
assert (Identity (Identity_refl pfulc) dpartl) as G.
apply hedberg.
apply stages_Decld.
induction G.



simpl in dpart2.
destruct q as [gL gR].
intro x.

simpl.

apply setoidsym.

apply setoidfamilycmpgeneral_3.

apply setoidfamilycmpgeneral_3.

apply setoidsym.

assert ((projT2 (ifm pfulc)) e ((dpart2 o gel 1) o
p2 © pu © gl 1) (h x)

~ (h x)) as eq.

apply setoidfamilyrefgeneral.

assert (h x = h ((projT2 (ifm pfuld)) e epart2 x)) as
eql.

apply setoidmapextensionality.

apply setoidsym.

apply setoidfamilyrefgeneral.

swesetoid.

(* second equation *)

unfold Comp.

assert (catcod the_categ (make_pbpairing_arr m h k P)
~ catdom the_categ (pullback2 m)) as q.
apply cod_pbpairing.

exists (makecomposable (pullbackZ m)
(make_pbpairing_arr m h k P) q).
split.

apply setoidrefl.

split.

apply setoidrefl.

destruct m as [f [g P']].
destruct f as [df [cf f11.



destruct g as [dg [cg gl].

simpl in P'.

unfold Square' in P.

destruct P as [u [v [P1 [P2 [P3 [P4 P5]]1111].

destruct u as [ul [uZ2 pul].
destruct v as [vl [v2 pv]].
destruct ul as [uld [ulc ulm]].
destruct u2 as [u2d [u2c uZm]].
destruct vl as [vld [vlc vim]].
destruct v2 as [v2d [vZ2c vZm]].
simpl in pu.

simpl 1in pv.

destruct df as [sdf df].
destruct cf as [scf cf].
destruct dg as [sdg dg].
destruct cg as [scg cg].
simpl in f.
simpl 1in g.

destruct P' as [pfP' P'].
simpl in pfP".

induction pfP'.

simpl in P'.

destruct uld as [pfuld uld].
destruct ulc as [pfulc ulc].
destruct u2d as [pfu2d u2d].
destruct u2c as [pfulc u2c].

destruct vld as [pfvld vld].
destruct vlc as [pfvlc vic].
destruct v2d as [pfva2d vad].
destruct v2c as [pfv2c v2c].
simpl in ulm.
simpl in uZm.



destruct pu as [pfpu pu].
simpl in pfpu.

induction pfpu.

simpl in pu.

simpl in vim,

simpl in vZ2m.

destruct pv as [pfpv pv].
simpl 1in pfpv.

induction pfpv.

simpl 1in pv.

destruct h as [dh [ch h]].
destruct k as [dk [ck k]].

destruct dh as [sdh dh].
destruct ch as [sch ch].
destruct dk as [sdk dk].
destruct ck as [sck ck].
simpl in h.
simpl in k.

simpl in P1.
simpl 1in P2.
simpl in P3.
simpl 1in P4.
simpl in P5.

destruct P1 as [pl [ql P1]].
destruct P2 as [p2 [g2 P2]].
destruct P3 as [p3 [g3 P3]].
destruct P4 as [p4 [g4 P4]].
destruct P5 as [p5 [g5 P5]].

destruct pl as [pfpl pl].
simpl 1in pfpl.

induction pfpl.

simnl 1in nl.



destruct ql as [pfql gl].
simpl 1in pfql.

induction pfql.

simpl in ql.

destruct p2 as [pfp2 p2].
simpl 1in pfp2.

induction pfp2.

simpl 1in p2.

destruct g2 as [pfq2 qg2].
simpl in pfq2l.

induction pfqg2.

simpl in g2.

destruct p3 as [pfp3 p3].
simpl in pfp3.

induction pfp3.

simpl 1in p3.

destruct g3 as [pfqg3 g3].
simpl 1in pfqg3.

induction pfg3.

simpl in g3.

destruct p4 as [pfp4 p4].
simpl 1in pfp4.

induction pfp4.

simpl in p4.

destruct g4 as [pfg4 g4].
simpl in pfqg4.

induction pfg4.

simpl in g4.

destruct p5 as [pfp5 p5].
simpl in pfp5.

induction pfp5.

simpl in p5.

destruct g5 as [pfg5 g5].
simpl in pfqg5.

assert (Identity (Identity_refl pfv2c) pfg5) as G.

annlv hedhera
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apply stages_Decld.
induction G.
simpl in P1.
simpl 1in P2.

simpl in P3.
simpl in P4.
simpl in P5.
simpl 1in @g5.

simpl in q.
destruct q as [pfq q].
simpl in pfq.

assert (Identity (Identity_refl (triple pfulc pfvlc
pfv2c)) pfq) as G.

apply hedberg.

apply stages_DecId.

induction G.

simpl in q.

destruct q as [gel [ge2 [ge3 [qge4 qlll].
simpl.

assert (omegalimsetoideq ifm (existT (A n : stages,
projT1l (ifm n)) pfuld dh)
(existT (A n : stages, projT1l (ifm n)) pfuld dk)) as
epart.
exists (Identity_refl pfuld).
simpl.
apply (p3 o p5 o (pl "1)).
exists epart.
assert (omegalimsetoideq ifm (existT (A n : stages,
projTl (ifm n)) pfvlc dg)

(existT (A n : stages, projTl (ifm n)) pfvic
ck)) as dpart.
exists (Identity_refl pfvlc).

<imnl



e
apply (@3 @ (pv ") o (p4 "1)).
exists dpart.

destruct dpart as [dpartl dpart2].
destruct epart as [epartl epartl].

simpl in epartl.

assert (Identity (Identity_refl pfuld) epartl) as G.
apply hedberg.

apply stages_Decld.

induction G.

simpl in epart2.

simpl in dpartl.

assert (Identity (Identity_refl pfvlc) dpartl) as G.
apply hedberg.

apply stages_DecId.

induction G.

simpl 1in dpart2.

destruct q as [qL gR].

intro x.

simpl.

apply setoidsym.

apply setoidfamilycmpgeneral_3.

apply setoidfamilycmpgeneral_3.

assert (k ((projT2 (ifm pfuld)) e epart2 x) =~
kC(projT2 (ifm pfuld)) ® (p3 © p5 o pl 1) x)) as
eql.

apply setoidmapextensionality.
apply setoidfamilyirr.
assert ((projT2 (ifm pfvlc)) e ((dpart2 o ge2 1) o
p4d © pv © g3 1)
(k ((projT2 (ifm pfuld)) @ (p3 o p5 © pl1 1) x))

(k ((projT2 (ifm pfuld)) ® (p3 © p5 o pl 1) x))) as
eql.
apply setoidfamilyrefgeneral.

cwacat+ni A
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