Named variables in categories with families

Erik Palmgren

December 2, 2014

We consider a version of categories with families with named variables in the contexts.

1 Categories with families

We recall the standard version. Categories with families (Dybjer 1996) is one of several
equivalent ways of defining categorical semantics for dependent type theories (Hofmann
1997). We recall:

Definition 1.1 A category with families (cwf) consists of the following data

(a) A category C with a terminal object T. This is thought of as the category of contexts
and substitutions. For I' € C denote by er the unique morphism I' — T.

(b) For each object I' of C, a class Ty(I') and for each morphism f : A —T', a class
function Ty(f) : Ty(I') — Ty(A), for which use the notation A{f} for Ty(f)(A),
to suggest that it is the result of performing the substitution f in the type A. These
functions should satisfy, for all A € Ty(I'), and g: © —A, f: A—T"

— A{lp} = A,
— A{fog} = A{fHg}
(Thus Ty may be regarded as a functor C°? — Class.)

(c) For each A € Ty(I'), an object Ext(I', A) in C, — briefly written I""'A — and a
morphism p(A) = pr(A) : I"A—T'. This tells that each context can be extended
by a type in the context, and that there is a projection from the extended context
to the original one.

(d) For each A € Ty(I"), there is a class Tm(I", A) — thought of as the terms of type A.
It should be such that for f: A —T there is a class function Tm(f) : Tm(T", A) —
Tm(A, A{f}), where we write a{f} for Tm(f)(a). It should satisfy the following

— a{lr} =afor a € Tm(T', 4) (= Tm(T", A{1r})).
~ a{f o g} = a{fHg} for a € Tm(T’, A)
(Note: Tm(0, A{f o g}) = Tm(0, A{f}{g}).)

(e) For each A € Ty(A) there is an element v4 = vp 4 € Tm(A.A, A{p(A4)}).



(f) For any morphism f:I'— A and a € Tm(I", A{f}), there is
<f, a)A I'—AA.

This construction should satisfy

- p(A)o(f,a)a= T,
— va{(f.a)a} =q,

(Note: va{(f.a)a} € Tm(T, A{p(A)}{(f.a)4}) = Tan(T, A{f}))
— (p(A) o h,va{h})a =h for any h: I — A A.

and moreover for any g : © —T,
(fra)acg=(fog.a{g})a (1)
(Remark: a{g} € Tm(©, A{f}{g}) = Tm(©, A{fog}).) O
We define for f: © —T and A € Ty(') a morphism q(f, 4) : ©.4{f} —T.A by

a(f, A) =aet (f o P(A{f}), Varsy)a-

The following is a pullback square, satisfying well-known functoriality conditions in the
parameter f:

a(f,A)

0.A{f} T.A
p(A{f}) p(4)
e - T

Lemma 1.1 (a) q(1r,A) =1r.4
(b) a(fog,A) =a(f,A)oalg, A{f}) for f:©—T and g: A—©

PI‘0(01)"~ (a): q(1p, A) = (Ir o p(A{1r}), vaqipp)a = (P(A), va)a = 1r.a
b):

a(f, A) o q(g, A{f})

(fop(A{f});varmac (gop(A{fHab): Vagrytar) agsy

(fop(A{f}) o (gop(A{fHa}) vVairigr arry Vagsri{g o AL HID)s varsitar) agn h A
(fogop(A{fHa}):vagngha

(fogop(A{fog}),vagregy)a=a(fog,A).



1.1
Let Fm(T") be the class of families in context I" € C
{(A,B): AeTy(I'),Be Ty(l.0)}
For f: ©® —1T we wish to define a map that performs substitution in a family
Fm(T') — Fm(0O).

To do this we first define for f : ©—I"and A € Ty(I") a morphism q(f, A) : ©.A{f}—T.A
by
a(f, A) =aet (f o P(A{f});vags)a-

Suppose B € Ty(I".A). Then B{q(f,A)} € Ty(©.A{f}). Hence (A{f}, B{a(f,A)}) €
Fm(©), whenever (A, B) € Fm(I"). We write

Fmn(f)(A, B) = (A{f}, B{a(f, A)}). )
Moreover, Fm is functorial.
Corollary 1.2 The operation Fam is functorial in the sense that
(a) Fm(1r) = idpy(r)
(b) For f:©—T and g: A—0,
Fm(f o g) = Fm(g) o Fam(f).0
For (A,B) € Fm(I'), and f : © — I we write
(4, B){f} = Fm(f)(4, B).
Lemma 1.2 (f,A)o(g,N)=(fog,N). O
For I € C and A € Ty(I') we use the notation
Fam(I', A) =qe¢ Ty(I".A4).

1.2 Type generated cwfs

A cwf C is type generated, if for every I' € C there is a sequence A; € Ty(T), As €
Ty(T.A1),..., A, € Ty(T.A;g..... Ap—1), n > 0 such that

I=T.A....A,. (3)
Let © € C. There is a unique morphism lg : © — T. For a; € Tm(0, A1{le}), we have
(lo,a1)a, : © —T.A;.
For ay € Tm(©, A2{(lo,a1)4,}), we get
((lo,a1)a,,a2)4, : © —=T.A;. As.
For a3 € Tm(©, As{({lo,a1)a,,a2)4,}), we get
(({lo,a1)4,,02) Aya3) 45 : O —=T.A1.A2. A3

We write
<a17a27'--7an> = <"'<<!7a1>7a27>"'7an>
Note that () =!and (a1) = (!, a1).



1.3 II-type construction

We consider here only one variable binding type construction.

A cwf supports Il-types if for A € Ty(T") and B € Fm(T', A) there is a type IIr (A, B) €
Ty(I'), and moreover for every b € Tm(I'. A, B) there is an element Ar 4 g(b) € Tm(I', I (A4, B)),
and furthermore for any ¢ € Tm(I',IIr(A, B)) and any a € Tm(T", A) this is an ele-
ment Appr 4 p(c,a) € Tm(T, B{(1r,a)a}), such that the following equations hold for any
f:0—1I:

(8-conv) Appr 4 p(Ar,a,8(b),a) = b{(lr,a)a},
(Il-subst) IIr(A, B){f} = He(A{f}, B{a(f,A)}),
(A-subst) Ar.as(0){f} = Xe,a{s}.B{a(s,4) (0la(f, 4)}),
(App-subst) Appr 4 g(c,a){f} = ApPe, a(s},B{q(f,a)} (1} alf})-
To formulate the 7-conversion law we reason as follows. For ¢ € Tm(T, IIn(A, B)):
c{p(A)} € Tm(I".A,IIr(4, B){p(A)}) = Tm(I'. A, IIr.4(A{p(A)}, B{a(p(4), A)}))

and

va € Tm(I. 4, A{p(A)})

ADPDr A A{p(A)}, B{a(p(A),4)} (cip(A) }va) € Tm(IA, B{q(p(A), A)H(1r.a,va))}
€ Tm(T.A, B{q(p(A),A)o (1. 4,v4)})
€ Tm(T.A,B{(p(A),vs)}) = Tm(T". A, B).

The n-conversion law is thus:

(n-conv) ¢ = Ar,a,B(APPr.A,A(p(A)},B{a(p(4),4)} (({P(A)},va)) € Tm(T', IIp (4, B)).

We say that a cwf supports extensional Il-types if it supports II-types and in addition
satisfies (S-conv).

1.4 Bounded cwfs

A small variation of the notion of cwf is that of a bounded cwf. Here it is assumed that
there are sets T and E (the bounds) such that for all T' € C, and A € Ty(T),

Ty(I') €T and Tm(I", A) C E.

Any cwf can be turned into bounded cwf by letting T" and E be the images of Ty and Tm
respectively.

2 Cwfs with named variables

Let V' be an infinite discrete set. The set V is considered as the stock of variables. Let
V# denote the set of finite sequences

X =01,22,...,2n = ((-- ((),z1),22), -+ ), Tn)

from V', where z; # x; whenever i # j. Now we introduce a new notion of cwf by modifying
the definitions above.



Definition 2.1 A category with families and named variables (cwfn) consists of the fol-
lowing data

(al) A category C with a terminal object T.

(a2) A function n : Ob(C) — V# assigning each context a list of different variables
intended to be the names of projections. It is required that n(T) = (), the empty
list. Define

Fr(I') ={x € V: x is not in n(T") }.

(b) For each object T' of C, a class Ty(I') and for each morphism f : A —T, a class
function Ty(f) : Ty(I')—=Ty(A), for which use the notation A{f} for Ty(f)(A), to
suggest that it is the result of performing the substitution f in the type A. Ty is a
functor C°P — Class.

(c) For each A € Ty(I'), and each = € Fr(I'), an object Ext(I',z, A) in C, — briefly
written I'.(z : A) — and a morphism p(z : A) = pr(z: A) : T'.(z: A)—T. It is
required that

n(Ext(l, z, A)) = (n(T), z).

(d) For each A € Ty(I"), there is a class Tm(I", A) — thought of as the terms of type A.
It should be such that for f : A—T there is a class function Tm(f) : Tm(T'", A) —
Tm(A, A{f}), where we write a{f} for Tm(f)(a). It should satisfy the following

— a{lr} =a for a € Tm(T', A)
— a{fog} =a{fH{g} for a € Tm(T', A)
(e) For each A € Ty(A), and each z € Fr(A), there is an element

V(z:A) = VA, (@:4) € Tm(A. (2 : A), A{p(z : A)}).

(f) For any morphism f : ' — A, A € Ty(A), and each z € Fr(A), and a €
Tm(T, A{f}), there is
<f7 a>(x:A) : F%A(m’ : A)

We use the suggestive notation (f,z := a)4 for this morphism. It should satisfy

—plx:A)o(fiz:=a)a= ],
- V(:E:A){<f7$ = a’>A} = a,
— (p(w:A)oh,x :=va{h})a=hforany h:T —A(z: A).

and moreover for any g : © — 1T,

(fix:=a)acg=(fog,x:=a{g})a (4)

a

We define for f : © —1I', A € Ty(I'), y € Fr(©) and x € Fr(I'), a morphism
a(f, Az, y) - ©.(y : A{f}) —T.(z : A) by

q(f7 A7 z, y) —def <f © p(y : A{f})? T = V(y:A{f})>A‘

5



The following is a pullback square, satisfying well-known functoriality conditions in the

parameter f:
(f’A7x’ )
0.y : A{f}) 22 1 2k A)

p(y:A{f}) p(z:A)

S} r

2.1 [II-type construction in a cwfn

A cwin supports I-types if for A € Ty(T"), z € Fr(["), and B € Ty(I'.(z : A)) there is a type
IIr(z, A, B) € Ty(I'), and moreover for every b € Tm(I'.(x : A), B) there is an element
Ar,a,B(z,b) € Tm(I',IIp(z, A, B)), and furthermore for any ¢ € Tm(I', IIp(z, A, B)) and
any a € Tm(T', A) there is an element Appr , 4 g(c,a) € Tm(T, B{(1r, > := a)a}), such
that the following equations hold for any f: © —1I"

(B-conv) Appr 4 p(Ar,a,5(2,b),a) = b{(lp, 2 := a)a},
(Tlsubst) Tir(z, A, B){f} = Ho(y, A{f}, B{a(f, 4, z,)}), provided y € Fx(©)
(A-subst) Ar.a,B(z,0){f} = Ne a(s},B{a(f, Az} (¥ 0{a(f; A, z,y)}), provided y € Fr(O©)
(App-subst) Appr, a,5(c,a){f} = APPe y A(f}.B{a(f. A2y} ([} a{f}), provided y € Fr(©).
To formulate the n-rule, we consider the pullback square

q(p(m:A) 7A7$7y)

I(zx:A).(y: A{p(z: A)}) F.(z:A)
p(y:A{p(z:A)}) p(z:A)
I(x:A) r

p(z:A)
where y € Fr(I'.z : A). For ¢ € Tm(T",IIr(z, A, B)):

Ap(x: A)} € Tm(l.x:AIr(x, A B){p(z:A)})
= Tm(f‘x P A, HF.x:A.y:A{p(m:A) (y7 A{p(x : A)}’ B{q(p(l‘ : A), Az, y)}))

and
V(g:a) € Tm(Tz : A, A{p(z : A)})

AppF.x:A,y,A{p(;v:A)},B{q(p(ac:A),A,ac,y)}(C{p(x : A)}: v(x:A))
€ Tm(T.z: A, B{a(p(z: A), A, 2, y) H{{lr.e:4, V(z:.a)) }
€ Tm(T.z: A, B{a(p(r: A), A, x,y) o (Ir.z:a, Va:a))})

€ Tm(T.z: A, B{{p(x: A),vua))}) =Tm(l.z: A, B).

The n-conversion law is thus:

(@)



(n-conv)

¢ = Ar,a,B(T, APPr iy, Afp(2:A)}, Blap(:A), Ay} (AP 1 A} v(a)))
€ Tm(I,Ir(z, A, B)).

We say that a cwin supports extensional Il-types if it supports Il-types and in addition
satisfies (S-conv).

2.2 Analyzing the syntax

We analyze the syntax as dependent types and relations to see which arguments can be
taken as implicit.

o I': Ctx = Ty(I) : Set
o I''A: Ctx, f:Sbs(I'A), A: Ty(A) = Tysubst(I', A, f, A) : Ty(T") : Set
o I': Ctx, A: Ty(I') = Tm(I', A) : Set

o ' A : Ctx, f : Sbs(I', A),A : Ty(A),a : Tm(A,A) = Tmsubst(I', A, f,4,a) :
Tm(T, Tysubst([', A, f, A))

o I': Ctx,z : Fr(I'),A: Ty(I') = Ext(I', 2, A) : Ctx
o I': Ctx,z: Fr(I'),A: Ty(I') = p(I', x, A) : Sbs(Ext(I",z, A),T")
o I': Ctx,z : Fr(I'), A : Ty(I') = v([', z, A) : Tm(Ext(T, z, A), Tysubst(Ext(T', z, A),T, p(T', z, A), A))

o ' A: Ctx, f : Sbs(I‘ A),z : Fr(I'), A : Ty(A),a : Tm(T, Tysubst(I', A, f, 4)) =
ext(F,A,f,x,A a) : Sbs(I', Ext(A, z, A))

o I': Ctx,z : Fr(I'),A: Ty(I'), B : Ty(Ext(I',z,A)) = II(I', z, A, B) : Ty(T")

)

)
o I': Ctx,z : Fr(I'),A : Ty(I'),B : Ty(Ext(T',z,A)),b : Tm(Ext(I',z,A),B) =
ATz, A, B,b) € Tm(I',II(T", z, A, B))

o' : Ctx,z : Fr(I'),A : Ty(I'),B : Ty(Ext(I',z,A)),c : Tm(I',II(I", z, A, B)), a
m(I', A) = App(T',z, A, B, c,a) € Tm(T", Tysubst(T", Ext(T", z, A),ext(I', T, 1p, x, A, a), B))

Using hidden parameters

o I': Ctx = Ty(I') : Set

o I'A: Ctx, f: Sbs(I',A), A: Ty(A) = Tysubst(f, A) : Ty(I)

o I': Ctx, A: Ty(I') = Tm(T', A) : Set

o I''A: Ctx, f:Sbs(I'A), A: Ty(A),a: Tm(A, A) = Tmsubst(f,a) : Tm(T, Tysubst(f, A))
o I': Ctx,z : Fr(I'),A: Ty(I') = Ext(I',z, A) : Ctx

o I': Ctx,z : Fr(I'),A: Ty(I') = p(x, A) : Sbs(Ext(I",z, 4),T")

I':Ctx,z: Fr(I'),A: Ty(I') = v(z, A) : Tm(Ext(I', z, A), Tysubst(p(x, A), A))



e A : Ctx,f : Sbs(I',A),z : Fr(I'),A : Ty(A),a : Tm(T", Tysubst(f, A)) =
ext(f,x,A,a) : Sbs(T', Ext(A, z, A))

o I': Ctx,z : Fr(I"),A: Ty(I"), B : Ty(Ext(I',z, A)) = II(z, A, B) : Ty(T)

o I': Ctx,z : Fr(I'),A : Ty(I'),B : Ty(Ext(I',z,A)),b : Tm(Ext(I',z,A),B) =
Az, b) € Tm(T, IK(T, z, A, B))
(

o I': Ctx,z : Fr(I'),A : Ty(I'),B : Ty(Ext(T,z,A)),c¢ : Tm(T,II(T,z, A, B)),a :
Tm(I", A) = App(c,a) € Tm(I", Tysubst(ext(1r,z, 4, a), B))

With the notations

'—=A = Sbs(I',A)

A{f} = Tysubst(f,A)

a{f} = Tmsubst(f,a)

F(z:A) = Ext(I',z,A)
p(z:A) = p(z,A)

Viz:a) = V(z,A)
(fx:=a)a = ext(f,z,4,a)
(A, (z)B) = I(x,A,B)

A(z)b) = A(=x,b)

we can rewrite the above as

o I': Ctx = Ty(T') : Set

o I,A:Ctx, f: T —= A, A: Ty(A) = A{f} : Ty(I') : Set

e I': Ctx, A : Ty(I') = Tm(T", A) : Set

e I''A:Ctx, f: T—A,A: Ty(A),a: Tm(A, A) = a{f} : Tm(T, A{f})
o I': Ctx,z: Fr(I"),A: Ty(I') = T'.(z: A) : Ctx

o I': Ctx,z: Fr(I"),A: Ty(I') = p(z,A) : I'.(z : A) —T

o I': Ctx,z: Fr(I'),A: Ty(T') = v(z,A) : Tm(T.(z : A), A{p(z, A)})

e 'A:Ctx,f : I'— A,z : Fr(I'), A : Ty(A),a : Tm(T', A{f}) = (f,z := a)a :
N—T.(z:A)

o I': Ctx,z : Fr(I'), A: Ty(T'), B: Ty(I'.(x : A)) = II(A, (z)B) : Ty(T')

o I': Ctx,z : Fr(I"),A: Ty(T'),B : Ty('.(z : A)),b : Tm([.(x : A),B) = A((x)d) :
Tm(T, IKT, A, (x)B))

o' : Ctx,z : Fr(I'),A : Ty(I'),B : Ty(l.(x : A)),c : Tm([,II(T, A, (x)B)),a :
Tm(I", A) = App(c,a) € Tm(I", B{(lr,z :=a)a})



3 Demonstration
We drop several of the subscripts and annotations in these examples. We also write
(x1:=a1,22 :=ag,...,Tp:=ap) = (... ((,z1 :=a1),x2 := a2),..., Ty = ay)

Note that () =! and (z1 :=a1) = (|, 21 := a1).
For acontext I' = T.zy: Aj.x9: Ag. . ... Ty Ay, we note that its identity is

Ip = (21 1= Vgy, T2 := Vay, e ooy T 1= Vg, ).

Consider first a simple example with a binary relation R between two types and a
function f.

Let A,B € Ty(T). Then T.x: Ae€Candp=!:T.x: A—T. Thus B{p} € Ty(T.z:
A). Form T.z: A,y : B{p} :€C.

Let R € Ty(T.z : Ay : B{p}) and f € Tm(T.z : A, B{p}). Now 1144 : T.x :
A—T.x: A gives

(It pay=f):Taw: A—Tux: Ay: B{p}

and hence
R{<1T.x:A7y = f>} € TY<T"r : A)
Rewriting the identity and using f = f{11...4} we get
R{{z:=vg,y:= f{x:=vz})} € Ty(T.x: A).

Thus
(A, (2)R{{x :=vy,y:= f{z:=v, })}) € Ty(T).

Assume furthermore that
g€ Tm(Ta: A R{(z = vy = flz = v })}).
Rewriting the identity this becomes
g{{x :=vy)} € Tm(T.x : A, R{(x := vy, y := f{z:=v.})}).

Thus

M(2)g{(z = va)}) € H(A, () R{(z := v,y := fz = va})}) € Ty(T),

where (Ax : A)b is short for Ap 4 p(z,b). Writing Elay, ..., ay,] for E{(z1 :=a1,...,z, =
an} and F type or term in the context T.zy : Aj.zg : Ag..... ZTp : Ap, we can express this
as

A(@)glve]) € (A, () Rlva, fv]]) € Ty(T),

We can form T.y : B € C and T.y : B.x : A{p} € C. Find the variable swapping

substitution
h:Twy:Bax:A{p}eC—T.x: Ay: B{p}

First find the projection

hi:Twy:Ba:A{p} eC—T.x: A



We have ! : Ty : Bax : A{p} € C—T and v, € Tm(T.y : B.x : A{p}, A{p}{p}). But
pop=land A{pHp} = A{pop} = A{!} so

hi=qget (x:=vy)={(z:=vy): Ty:Bax: A{p}—T.x: A
We have vy, € Tm(T.y : B, B{!}) since p=!: T.x : B—T. Thus

v{p} € Tm(Toy s B s A{ph, BUHpY) = Tm(Ty: Bur: Afp}, B{})
= Tm(T.y:Ba: A{p}, B{!ohi})
= Tm(T.y: B.x: A{p}, B{'}{h1})

Hence
(hi,y =vy{p}): T.y: Bx: A{p} —T.x: Ay : B{p}.
That is
(x:=vg,y:=vy{p}) : T.y: Ba: A{p} —T.x: Ay : B{p}
Thus

R{(x :==va,y :=vy{p})} € Ty(T.y: B.x : A{p}).
With the abbreviation principle above
R[vg,vy{p}] € Ty(T.y : B.x : A{p}).

Furthermore
I(A{p}, (z)R[va, vy{p}]) € Ty(T.y : B). (5)

This suggests that projections p should be forgotten in writing out the formulas in order
to produce the standard variableful presentation. The last would then be

II(A, (z)R[vg, vy]) € Ty(T.y : B).
Consider the substitution
k=4t (y:=vg): Tax: B—T.y: B

and apply it to (5)
I(AL{p}, (2) R[va, viy{p}{(y := va) } (6)
The associated pullback square, with top most morphism
q(k, A{p}, 2,2) = (kop,z:=v.) = ((y 1= va) o p, 1= vz) = (y := vo{p}, 2 := V)

18

T.x:B.z: A{pH{[f} Wimvalphemve) T.y: Bz : A{p}

(y:=vaz)

Now (6) equals
(2 : A{pH{(y == va) DR{(z := va, y = vy {p}) H(y := v {p}, 2 := v2)}

10



provided z € Fr(T.z : B), which is clear. We simplify

Iz : A{pH{(y = va) ) R{(@ := va,y := vy {pH) H{{y := va{p}, 2 := v2)}

(T2 : Afpo {{y = va) JR{(z = vo{{y := va{p}, 2 == vo) b,y = vy {pH{(y == va{p} 2 := vo) )}
Iz : A{YR{(z :=v.,y :=vy{po (y :==vo{p},z :=v)})}

Iz : A{YR{(z := v,y == v, {{y :== v {P}) ]}

(Tz : A{)R{(z :=v.,y := vo{p})}

(T2 : A{'})R[v.,v.{p}]

But A{!} = A{p} so we have

I(A{p}, (@) R[va, vy{p}){{y := va)} = TI(A{p}, (2) R[vz, va{P}]),

as expected.

4 Projections
Let C be a cwfn. Define inductively a relation > on the contexts.
e I'>-T
e f A-T, ze€Fr(A), Ae Ty(A), then A.(z: A) = T.
Whenever A > I' there is a projection A —1I" defined as follows
eprr=1r:I'—T
® DA (z:A)r =DParop(z: A) for x € Fr(A), A€ Ty(A) and A = T.

Note that = is a well-founded partial order on any type generated cwin.

5 From cwin to cwf

Suppose that C is a cwin with variable set V. Assume furthermore that there is a variable
choice function fr(I") € Fr(T"). Define the data for the cwf C":

the underlying category is the same as that of C,

Ty'(T) =aet Ty (D),

Ext'(T', A) =gef Ext(T, fr(T), A),

pr(A) =qer pr(fr(T) : 4),

Tm/(T, A) =qer Tm(T, A),

V!4 =def V(f(a):4) for A € Ty(A),

(f,a)'s =aet {f;0)(tyay.a) for [:T—A, A€ Ty(A) and a € Tm(I', A{f}).

Theorem 5.1 IfC is a cwfn, then C' is a cwf. O
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Suppose that C is a cwfn that supports II-types. Define
II1.(4, B) = IIp (fr(I), A, B),
r.a.5(0) = Arap(E(D),b),
Appr 4 p(c,a) = APPr g(r),4,8(¢, a).

Theorem 5.2 If C is a cwfn which support II-types, then C' is a cwf which supports I1-
types. U

6 From cwf to cwin

Suppose that C is a type generated cwf. Let V be an infinite discrete set, and let V#
denote the set of finite sequences as in the previous section.

Define a new category CV of contexts, whose objects are pairs (I';x) where I' € C and
x € V# and the length of I and x are the same. A context (T.Aj..... Ap;z1,...,Ty) can
suggestively be written

(a;lel,...,xn : An)

Define n((T'; x)) = x.
Morphisms f : (I';x) — (A;y) are just morphisms f : I' — A, and composition is
inherited from C. Define
Ty" ((T;x)) = Ty(T)

and for f: (%) —(A;y),
Ty" (f) = Ty(f)-

For extending context we require a freshness condition on variables. For A € Ty" ((I';x))
and y € V not in x,
Ext”(([;x),y, 4) = (Ext(T, A), (x,y))-

The set of fresh variables for the enriched context (I';x) is
Fr((I'yx)) ={y € V:yisnot in n((I';x))} = {y € V : y is not in x}.
Then we can define the projection as
Plroo (¥ 1 A) = pr (A) - Ext¥ (T, %), 9, 4) — (T;%).

Conditions (a) — (d) are fulfilled. For (e) and (f) we need to take care of the freshness
condition, after straightforwardly defining

Tm" ((T;x), A) = Tm(T, A),

VgAa = VA

and

<f) a)};c;A) = <f7 (1>A-
Theorem 6.1 IfC is a cwf, and V is an infinite discrete set, then CV is a cwfn. O

Suppose that C is a cwf that supports II-types. Define
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ng@)(l', Aa B) = HF(Aa B)a

AK“@),A,B(‘T’ b) = Ar,a,B(b),

APD{L5) 5.4,5(¢:a) = ADPp ;4 p(c; a).

Theorem 6.2 IfC is a cwf which supports Il-types, and V is an infinite discrete set, then
CV is a cwfn which supports Il-types. O

7 Martin-Lof’s substitution calculus
The first-order part of the Substitution Calculus (Martin-Lof 1992) has the judgment forms

I' : context
I' = A : context
v:A—T
y=§0:A—T
I'= A:type
I'= A= B:type
I'=ua:A
I'=a=5b:4
One can add (as in Tasistro 1993) a judgement for context extension
I' < A : context
to explicate this notion. There are two rules for context formation

I': context I'= A :type
() : context (I'yz : A) : context

The thinning rules are:

v:A—T
v:0—T

v:A—T
v:A—0O

(O is an extension of A) (I is an extension of ©)

v: A= A:type
v:0 = A:type

v:A=a:A
vy:O0=a:A

(O is an extension of A) (© is an extension of A)

The composition rules are:
0:0—A ~:A—T
v§:0—T
v:A—T T = A:type v:A—T I'=a:A
I' = A~ : type I'=ay: Ay
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Associativity laws:

0:AN—06 §:06—A ~v:A—T
(v6)0 = ~(00) : A—T
0:0—A v:A—T T = A:type 0:0—A 7:A—T TI'==a:A

O = (Ay)d = A(76) : type O = (ay)d = a(v9) : A(y9)
Unit laws:
I' : context
() :I'—T
v:A—T v:A—T
Oy=7:A—T A()=7:A—T
['— A: type —>a:A

I'— A() = A: type N'—a()=a:A
Updating laws:
y:A—T A= a:Ay
(vyve=a): A—T,x: A
0:0—A 7:A—T A= a:Ay
(v,x=a)d = (yd,x =ad) :0@—T,z: A
y:A—T A= a:Ay y:A—T A= a:Ay
(v,z=a)=7:A—T A= z(y,x=a)=a:Ay
v A—() vy:A—T,2: A
vy=0:A—() y=(y,x=a):A—T,z: A
7:A—( 7:A4—0
v=06:A—()
y:A—Tzxz:A 6:A—T2:A y=6:A—T A= zy=2zd:Ay
y=0:A—T,z: A

Variable law:

[——— (z : A is declared in T")

References

[1] J. Cartmell. Generalized algebraic theories and contextual categories. DPhil. Thesis
Oxford 1978.

[2] J. Cartmell. Generalized algebraic theories and contextual categories. Annals of Pure
and Applied Logic, 32(1986), 209 — 243.

[3] P. Dybjer. Internal Type Theory. In: Types for Proofs and Programs (eds. S. Berardi
and M. Coppo) Lecture Notes in Computer Science, Vol. 1158, 1996, pp 120 — 134

[4] B. Jacobs. Categorical Logic and Type Theory. Elsevier 1999.

[5] M. Hofmann. Syntax and semantics of dependent types. In: Semantics and Logics of
Computation (eds. A. Pitts and P. Dybjer), Cambridge University Press 1997.

[6] P. Martin-Lof. The substitution calculus. Notes from a seminar 1992.

14



[7] A. Tasistro. Formulation of Martin-Lof’s theory of types with explicit substitutions.
Licentiate Thesis, Chalmers University and Goéteborg University 1993.

15



