Lattice width directions and Minkowski's 39-theorem

Dedicated to Hermann Minkowski (112.Januar 1909)

Benjamin Nill
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Lattice width

Let K be a full-dimensional convex body in R?. Then
@ For u € (RY)*:

w(K, u) := (max(u, x)) — (min{u, x))
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]
Lattice width

Let K be a full-dimensional convex body in R?. Then

@ For u € (RY)*:

w(K,u) = (&n;})(((u,X)) - ()r(gi}rg(u,x))

width with respect to u.

2]
w(K) == inf(w(K,u) : 0+ ue (29))

lattice width of K.

o
D(K) :={0# ue (29" : w(K,u)=w(u)}

lattice width directions of K.
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Example

max({u, K) =1

min{u, K) = —1
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w(K,u) =22
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w(K) =2

D(K)| =4
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Question 1

What is the maximal number of lattice width directions?
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The convex hull of lattice width directions D(K)

Proposition 1

The convex hull K" of D(K) is a centrally-symmetric convex set
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N
The convex hull of lattice width directions D(K)

Proposition 1

The convex hull K" of D(K) is a centrally-symmetric convex set with

int(K’) N (29)* = {0}.
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DESSS———....
Proof of Proposition 1

w(K,—) is a norm on (RY)*,
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Proof of Proposition 1
w(K,—) is a norm on (R?)*. Therefore

K'C{y e ®)

w(K,y) < w(K)}

(1)
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DESSS———....
Proof of Proposition 1
w(K,—) is a norm on (R?)*. Therefore

K'C {y e R
Let 0 # y € int(K’)

w(K,y) < w(K)}
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DESSS———....
Proof of Proposition 1

w(K,—) is a norm on (R?)*. Therefore

K'C{y e ®Y)" : w(K,y) < w(K)}

Let 0 # y € int(K’)

(Z9)*. Then

(1)

Je>0 (1+e)yeKkK.
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Proof of Proposition 1

w(K,—) is a norm on (R?)*. Therefore
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Let 0 # y € int(K') N (Z9)*. Then
Je>0 (1+e)yeKkK.

Therefore,
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Proof of Proposition 1

w(K,—) is a norm on (R?)*. Therefore

K'C{y e ®Y)" : w(K,y) < w(K)} (1)

Let 0 # y € int(K') N (Z9)*. Then
Je>0 (1+e)yeKkK.

Therefore,
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Proof of Proposition 1

w(K,—) is a norm on (R?)*. Therefore

K'C{y e ®Y)" : w(K,y) < w(K)} (1)

Let 0 # y € int(K') N (Z9)*. Then
Je>0 (1+e)yeKkK.
Therefore,

1
w(K) S w(K. (L ) = (L+ w(K.y) > w(K.y).

a contradiction. [
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Minkowski's 39-theorem

Theorem | (Minkowski 1910)

Let P be a centrally-symmetric convex set in RY with int(P) N Z9 =

{05
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Minkowski's 39-theorem

Theorem | (Minkowski 1910)

Let P be a centrally-symmetric convex set in R? with int(P) N Z9 = {0}.
Then

PNnzd < 39

Theorem |l

Let K be a d-dimensional convex body in RY. Then

ID(K)| <39 —1.
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Question 2

What are the equality cases in Theorems | & 17
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Example for equality in Theorem Il
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Example for equality in Theorem Il

ID(K)| =32 -1
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Example for equality in Theorem |
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P=[-1,1]?

PNZ2| =32



Our main contribution

Theorem |

Let P be a centrally-symmetric convex set in R? with int(P) N Z9 = {0}.
Then

PNnz? < 39,
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Our main contribution

Theorem |

Let P be a centrally-symmetric convex set in R? with int(P) N Z9 = {0}.
Then

IPNzZd < 39,
where equality holds if and only if

P =[-1,1)

up to unimodular equivalence (action of GL4(Z)).
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Theorem |l

Let K be a d-dimensional convex body in RY. Then

ID(K)| <39 —1,
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Theorem I
Let K be a d-dimensional convex body in RY. Then

ID(K)| <39 —1,

where equality holds if and only if

K = conv(tey,...,+ey) for a lattice basis ey, ...

up to translations and scalar multiples.

, €d
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Why the implication (Theorem | =- Theorem II)
is non-trivial
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Why the implication (Theorem | =- Theorem II)
is non-trivial
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Why Theorem | is non-trivial

Theorem |

Let P be a centrally-symmetric convex set in R? with int(P) N Z9 = {0}.
Then
PNzY < 39,

where equality holds if and only if

P=[-1,1]¢

up to unimodular equivalence (action of GL4(Z)).
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Why Theorem | is non-trivial

A strengthening of Theorem | 7

Let P be a centrally-symmetric convex set in RY with int(P) N Z9 =
Then

{05

P11
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Why Theorem | is non-trivial

A strengthening of Theorem | is wrong!

3 P a centrally-symmetric convex set in RY with int(P) N Z9 = {0}
(d > 4) with
P % [_15 1]d
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Sketch of a Metric Geometry proof of Theorem |

Let P be a centrally-symmetric convex set in R? with int(P) N Z9 =

{0}
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Sketch of a Metric Geometry proof of Theorem |

Let P be a centrally-symmetric convex set in R? with int(P) N Z9 =

(0},

P+ 2x
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Sketch of a Metric Geometry proof of Theorem |
Let P be a centrally-symmetric convex set in R? with int(P) N Z9 = {0}.

@ Exists non-overlapping partition into |P N Z9| translations.
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Sketch of a Metric Geometry proof of Theorem |
Let P be a centrally-symmetric convex set in R? with int(P) N Z9 = {0}

@ Exists non-overlapping partition into |P N Z9| translations.
© The whole partition is contained in 3P.

o
|P N Z7 vol(P) < vol(3P) = 39 vol(P).
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Sketch of a Metric Geometry proof of Theorem |

Let P be a centrally-symmetric convex set in R? with int(P) N Z9 = {0}
and [P N 29| =39,

@ Exists non-overlapping partition into 39 translations.
© The whole partition subdivides 3P.

o
|P N Z9] vol(P) = vol(3P) = 39 vol(P).
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Let P be a centrally-symmetric convex set in R? with int(P) N Z9 = {0}
and |[PNZ9| =39

@ Exists non-overlapping partition into 39 translations.
© The whole partition subdivides 3P.

o
|P N Z9] vol(P) = vol(3P) = 39 vol(P).

© Theorem (Groemer 1961) = P is a parallelepiped.
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Sketch of a Metric Geometry proof of Theorem |

Let P be a centrally-symmetric convex set in R? with int(P) N Z9 = {0}
and |[PNZ9| =39

@ Exists non-overlapping partition into 39 translations.
© The whole partition subdivides 3P.
o
|P N 27 vol(P) = vol(3P) = 39 vol(P).
@ Theorem (Groemer 1961) = P is a parallelepiped.
Q@ ~ Px=[-1,1]¢ O
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Sketch of a Geometry of Numbers proof of Theorem |

Let P be a centrally-symmetric convex set in R? with int(P) N Z9 = {0}.

Proposition 2 (Minkowski 1910)
PNZ? — (Z/3Z)9 via taking congruences mod 3 is injective. J
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DESSS———....
Proof of Proposition 2

Let x,y € PN Z9 such that x — y is divisible by 3.
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Proof of Proposition 2
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Proof of Proposition 2

Let x,y € PN Z9 such that x — y is divisible by 3.

w‘

a contradiction. O
=] = = = = DA™
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Sketch of a Geometry of Numbers proof of Theorem |

Let P be a centrally-symmetric convex set in R? with int(P) N Z9 = {0}
and [P N 29| =39

Corollary 1
PNZY — (Z/3Z)9 via taking congruences mod 3 is bijective. J

Benjamin Nill (FU Berlin) A Hommage to Minkowski 35/ 45



I
Sketch of a Geometry of Numbers proof of Theorem |

The Key-Observation

Given different x and y in PN Z9

Benjamin Nill (FU Berlin)

o F
A Hommage to Minkowski



Sketch of a Geometry of Numbers proof of Theorem |

The Key-Observation

Given different x and y in PN Z¢,
then there exists z € P N Z9 (different from x, y) with
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Sketch of a Geometry of Numbers proof of Theorem |

The Key-Observation

Given different x and y in PN Z¢,
then there exists z € P N Z9 (different from x, y) with

X+y+z

PNzl
3 €
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Sketch of a Geometry of Numbers proof of Theorem |

The Key-Observation

Given different x and y in PN Z¢,
then there exists z € P N Z9 (different from x, y) with

X+y+z

PNzl
3 €

Proof:

By Corollary 1 take z as unique point in P N Z9 such that
images of x,y,z lie on a line in (Z/37Z)“. O
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Sketch of a Geometry of Numbers proof of Theorem |

Successive application of Key-Observation yields:
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Sketch of a Geometry of Numbers proof of Theorem |

Successive application of Key-Observation yields:

Proposition 3
There exists x € P N Z9 in the relative interior of a facet F. J
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Sketch of a Geometry of Numbers proof of Theorem |

Successive application of Key-Observation yields:

Proposition 3

There exists x € PN Z9 in the relative interior of a facet F.

Proposition 4
Given any y € PNZ9, y & F, then

x+yePnzd.
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Proof of Proposition 4
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Proof of Proposition 4

b

= x+ty=—-z€P O
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Sketch of a Geometry of Numbers proof of Theorem |

Proposition 4 yields bijection of lattice points.
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Sketch of a Geometry of Numbers proof of Theorem |

P is a prism over facet F.
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Sketch of a Geometry of Numbers proof of Theorem |

Induction hypothesis for F yields F = [—1,1]971.

<
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Sketch of a Geometry of Numbers proof of Theorem |
~ P2 [-1,1]9.
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