
�¥®à¥¬  �¨£­¥à -ä®­ �¥©¬ ­ :®ââ «ª¨¢ ­¨¥ ãà®¢­¥© ¨ ¢ëà®¦¤¥­­ë¥á®áâ®ï­¨ï.�.�.�¥¬ª®¢ ¨ �.�.�ãà á®¢�­­®â æ¨ï. �§ãç îâáï á¯¥ªâà «ì­ë¥ á¢®©áâ¢  ®¯¥à â®à®¢ �à¥¤¨­£¥à  áâ®ç¥ç­ë¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï¬¨. �á­®¢­®¥ ¢­¨¬ ­¨¥ ã¤¥«¥­® ¢§ ¨¬®á¢ï§¨ ¬¥-¦¤ã ®ââ «ª¨¢ ­¨¥¬ ãà®¢­¥© (â¥®à¥¬  �¨£­¥à -ä®­ �¥©¬ ­ ) ¨ á¨¬¬¥âà¨¥©à á¯®«®¦¥­¨ï â®ç¥ç­ëå ¢§ ¨¬®¤¥©áâ¢¨©. �¢­®¥ à¥è¥­¨¥ § ¤ ç¨ ¯®§¢®«ï¥â­ ¡«î¤ âì ®ââ «ª¨¢ ­¨¥ ¬¥¦¤ã ãà®¢­ï¬¨ ¢ á«ãç ¥ ¤¢ãå æ¥­âà®¢. �«ï ¡®«ì-è¥£® ç¨á«  æ¥­âà®¢ ¨§ãç îâáï á¥¬¥©áâ¢  â®ç¥ç­ëå ¢§ ¨¬®¤¥©áâ¢¨© ¯à¨¢®¤ï-é¨¥ ª ¬ ªá¨¬ «ì­®¬ã ¢ëà®¦¤¥­¨î.��� 517.984, 530.2.�«îç¥¢ë¥ á«®¢ : â¥®à¥¬  �¨£­¥à -ä®­ �¥©¬ ­ , ¯®â¥­æ¨ «ë ­ã«¥¢®£®à ¤¨ãá , â¥®à¨ï à áè¨à¥­¨©, ®¡à â­ ï á¯¥ªâà «ì­ ï § ¤ ç .1. �¢¥¤¥­¨¥�¥â®¤ à áè¥à¥­¨© ¢ â¥®à¨¨ ®¯¥à â®à®¢ ¨á¯®«ì§ã¥¬ë© ¢ ¬ â¥¬ â¨ª¥ ¨ ¥£®á¯¥æ¨ «ì­ë© á«ãç © ­ §ë¢ ¥¬ë© ¢ ä¨§¨ª¥ ¬¥â®¤®¬ ¯®â¥­æ¨ «®¢ ­ã«¥¢®£® à -¤¨ãá  ¡ëáâà® à §¢¨¢ ¥âáï ¢ ¯®á«¥¤­¥¥ ¢à¥¬ï, çâ® ®¡êïá­ï¥âáï ¥£® ã­¨¢¥àá «ì-­®áâìî ¨ ¢®§¬®¦­®áâìî ¯à¨¬¥­¥­¨ï ª ¬­®£®ç¨á«¥­­ë¬ ä¨§¨ç¥áª¨¬ ¯à®¡«¥¬ ¬¯à¨¢®¤ïé¨¬ ª áãé¥áâ¢¥­­®¬ã ã¯à®é¥­¨î (®¡ëç­® ª  «£¥¡à ¨§ æ¨¨ § ¤ ç¨).�¨§¨ç¥áª¨¥ ¯à¨«®¦¥­¨ï à áá¬ âà¨¢ îâáï ¢ [5],   ¬ â¥¬ â¨ç¥áª ï â¥®à¨ï ¨§-«®¦¥­  ¢ [2]. � ®â«¨ç¨¨ ®â ¤àã£¨å ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢, ¯à¨ ¯à¨¬¥­¥­¨¨¬¥â®¤  ¯®â¥­æ¨ «®¢ ­ã«¥¢®£® à ¤¨ãá  á á ¬®£® ­ ç «  ¯à¨áãâáâ¢ã¥â ¢¥â¢ì ­¥-¯à¥àë¢­®£® á¯¥ªâà  ¨ á®åà ­ïîâáï â ª¨¥ ¢ ¦­ë¥ á¢®©áâ¢  ¨§­ ç «ì­®© § ¤ ç¨ª ª ã­¨â à­®áâì (¢ ®â«¨ç¨¨ ®â ¯à¨¡«¨¦¥­¨ï �®à­ ). � ¬­®£®ç¨á«¥­­ëå § ¤ -ç å ä¨§¨ª¨ ®¡ê¥ªâë ¬ «®£® à ¤¨ãá  à §­¥á¥­ë ­  ¡®«ìè¨¥ à ááâ®ï­¨ï (£ «-« ªâ¨ª¨, §¢¥§¤ë, ¯« ­¥âë,  â®¬ë ¨ ¬®«¥ªã«ë, ï¤à  ¨ í«¥¬¥­â à­ë¥ ç áâ¨æë).�  ¨áª«îç¥­¨¥¬ ­¥¬­®£¨å íª§®â¨ç¥áª¨å á«ãç ¥¢ â®«ìª® ¯à®¡«¥¬ë â¢¥à¤®£® â¥-«  ­¥ ¨¬¥îâ ¯®¤®¡­ëå á¢®©áâ¢, ­® ¤ ¦¥ ¢ íâ®¬ á«ãç ¥ ¬®¦­® à áá¬ âà¨¢ âì¢®§¡ã¦¤¥­¨ï ª ª ª¢ §¨ç áâ¨æë ®¯ïâì ¯à¨¬¥­ïï â®â ¦¥ ¬¥â®¤.�á¯®«ì§ãï ¬¥â®¤ ¯®â¥­æ¨ «®¢ ­ã«¥¢®£® à ¤¨ãá  ¬ë ¯®«ãç ¥¬ ã­¨ª «ì­ãî¢®§¬®¦­®áâì à¥è âì ª¢ ­â®¢®¬¥å ­¨ç¥áª¨¥ § ¤ ç¨ ï¢­®. �â®â ¬¥â®¤ ï¢«ï¥âáï1



2 �.�.������ � �.�.�������®¡®¡é¥­¨¥¬ ¬¥â®¤  á¥¯ à ¡¥«ì­ëå ¯®â¥­æ¨ «®¢ £¤¥ ¢§ ¨¬®¤¥©áâ¢¨¥ § ¤ ¥âáï¯à¨ ¯®¬®é¨ ­¥«®ª «ì­ëå ¯à®¥ªâ®à®¢ ­  â®â á«ãç ©, ª®£¤  ¢ ª ç¥áâ¢¥ ¢¥ªâ®à § ¤ îé¥£® â ª®© ¯à®¥ªâ®à ¢ë¡¨à ¥âáï ��äã­ªæ¨ï, çâ® ¯®§¢®«ï¥â á®åà ­¨âì«®ª «ì­®áâì ®¯¥à â®à .�¥á¬®âàï ­  â®, çâ® â¥®à¨ï ¯®â¥­æ¨ «®¢ ­ã«¥¢®£® à ¤¨ãá  å®à®è® à §¢¨â ,á«ãç © ¡¥áª®­¥ç­®£® ç¨á«  æ¥­âà®¢ ¨«¨ ¤ ¦¥ ­¥áª®«ìª¨å æ¥­âà®¢ ¢á¥ ¥é¥ ­¥¨§ãç¥­ ¯®«­®áâìî. � ­ áâ®ïé¥© à ¡®â¥ ¬ë ¨§ãç¨¬ á¢®©áâ¢  íâ¨å ¬®¤¥«¥© áâ®çª¨ §à¥­¨ï ®¡à â­®© á¯¥ªâà «ì­®© § ¤ ç¨ ¨ â¥®à¥¬ë �¨£­¥à -ä®­ �¥©¬ ­ .�­ ¬¥­¨â ï â¥®à¥¬  �¨£­¥à -ä®­ �¥©¬ ­  [10] ®¯¨áë¢ ¥â ¢¥à®ïâ­®áâì â®£®,çâ® ª®­¥ç­ ï ¬ âà¨æ  ¨¬¥¥â ¢ëà®¦¤¥­­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥. �â  ¢¥à®ïâ-­®áâì ®ª §ë¢ ¥âáï ­¨¦¥ ç¥¬ ¬®¦­® ¯à¥¤¯®«®¦¨âì: ª®à §¬¥à­®áâì ¬­®¦¥áâ¢ ¬ âà¨æ á ¤¢®©­ë¬ á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ ¢á¥£¤  ¡®«ìè¥ 1. �«¥¤®¢ â¥«ì­® ¤«ï� ¬¨«ìâ®­¨ ­®¢ § ¢¨áïé¨å ®â ¢à¥¬¥­¨ ¢¥à®ïâ­®áâì â®£®, çâ® ¤¢¥ í­¥à£¥â¨ç¥-áª¨å ªà¨¢ëå ¯¥à¥á¥ªãâáï, çà¥§¢ëç ©­® ¬ «  ¨ íâ® ï¢«¥­¨¥ ¯®«ãç¨«® ­ §¢ ­¨¥¬¥¦ãà®¢­¥£® ®ââ «ª¨¢ ­¨¥. �¡ëç­® ¤¢  ãà®¢­ï ¯¥à¥á¥ª îâáï â®«ìª® ¥á«¨ á®-®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ¨¬¥îâ à §«¨ç­ãî á¨¬¬¥âà¨î. �«¥¤®¢ -â¥«ì­® ¯®ï¢«¥­¨¥ ¢ëà®¦¤¥­­ëå ãà®¢­¥© ¬®¦­® ®¦¨¤ âì ¢ ¯¥à¢ãî ®ç¥à¥¤ì ã� ¬¨«ìâ®­¨ ­®¢ ®¡« ¤ îé¨å á¨¬¬¥âà¨¥©. � ­ áâ®ïé¥© à ¡®â¥ ¬ë ¯« ­¨àã¥¬¨§ãç¨âì íâ® ï¢«¥­¨¥ ­  ¯à¨¬¥à¥ � ¬¨«ìâ®­¨ ­®¢ á â®ç¥ç­ë¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï-¬¨ ¢ R1 ¨ R3: �®¤®¡­ë¥ ®¯¥à â®àë è¨à®ª® ¨á¯®«ì§ãîâáï ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥¨  â®¬­®© ä¨§¨ª¥ ¤«ï ¬®¤¥«¨à®¢ ­¨ï à §«¨ç­ëå ä¨§¨ç¥áª¨å ¯à®æ¥áá®¢ (á¬.[5, 2, 3] £¤¥ ¯à¨¢¥¤¥­ë ¬­®£®ç¨á«¥­­ë¥ ááë«ª¨).� ¦¤ë© � ¬¨«ìâ®­¨ ­ á N â®ç¥ç­ëå ¢§ ¨¬®¤¥©áâ¢¨© ¬®¦¥â ¨¬¥âì ­¥ ¡®«¥¥N á®¡áâ¢¥­­ëå §­ ç¥­¨©. �«¥¬¥­â à­ë©  ­ «¨§ ¯®ª §ë¢ ¥â, çâ® á®¡áâ¢¥­­ë¥§­ ç¥­¨ï ªà â­®áâ¨ N ®âáãâáâ¢ãîâ. �á­®¢­®© § ¤ ç¥© ¤ ­­®© à ¡®âë ï¢«ï¥â-áï ¨§ãç¥­¨¥ ¢®§¬®¦­®áâ¨ ¢®§­¨ª­®¢¥­¨ï á®¡áâ¢¥­­ëå §­ ç¥­¨© ¬ ªá¨¬ «ì­®¢®§¬®¦­®© ªà â­®áâ¨ N � 1.� ¡®â  ¯®áâà®¥­  á«¥¤ãîé¨¬ ®¡à §®¬. �¯¥à â®àë�à¥¤¨­£¥à  á â®ç¥ç­ë¬¨¢§ ¨¬®¤¥©áâ¢¨ï¬¨ ¢¢¥¤¥­ë ¬ â¥¬ â¨ç¥áª¨ áâà®£® ¢ à §¤¥«¥ 2 á«¥¤ãï ¢ ®á­®¢­®¬[2, 5]. �®áª®«ìªã ¤¢  «®ª «ì­ëå â®ç¥ç­ëå ¢§ ¨¬®¤¥©áâ¢¨ï ­¥ ¬®£ãâ á®§¤ âì¢ëà®¦¤¥­­®£® ãà®¢­ï (¤ ¦¥ ªà â­®áâ¨ 2), ¬ë ¨§ãç¨¬ ¬¥¦ãà®¢­¥¢®¥ ®ââ «ª¨-¢ ­¨¥ ¢ à §¤¥«¥ 3. �«ï á«ãç ï âà¥å, ç¥âëà¥å ¨ ¯ïâ¨ æ¥­âà®¢ ªà â­®áâì ãà®¢­¥©¨§ãç ¥âáï ¢ à §¤¥«¥ 4. �®ª § ­®, çâ® á¨¬¬¥âà¨ï à á¯®«®¦¥­¨ï æ¥­âà®¢ ¨£à ¥â¢ ¦­ãî à®«ì ¯à¨ ®¡à §®¢ ­¨¨ á¨«ì­® ¢ëà®¦¤¥­­ëå á®áâ®ï­¨©.2. � ¬¨«ìâ®­¨ ­ë á â®ç¥ç­ë¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï¬¨�¯¥à â®à �à¥¤¨­£¥à  á N «®ª «ì­ë¬¨ ¤¥«ìâ  ¢§ ¨¬®¤¥©áâ¢¨ï¬¨ ¢ â®çª åfyngNn=1 ä®à¬ «ì­® § ¤ ¥âáï ¢ëà ¦¥­¨¥¬L� = ��+ NXn=1 �n�(� � yn);(1)



������������ ������� � ����������� ��������� 3£¤¥ � ¥áâì ®¯¥à â®à � ¯« á  ¨ �(� � yn) - ¤¥«ìâ  äã­ªæ¨ï á ­®á¨â¥«¥¬ ¢ â®ç-ª¥ yn: �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬ë ¬®¦¥¬ ¯à¥¤¯®«®¦¨âì, çâ® ¢á¥ â®çª¨ ynà §«¨ç­ë.� ¤ «ì­¥©è¥¬ ¬ë ¤ ¤¨¬ â®ç­®¥ ®¯à¥¤¥«¥­¨¥ ®¯¥à â®à  L�. �«¥¤ã¥â ®â¬¥-â¨âì, çâ® ®¯¥à â®à á®®â¢¥âáâ¢ãîé¨© ä®à¬ «ì­®¬ã ¢ëà ¦¥­¨î (1) ®¤­®§­ ç­®®¯à¥¤¥«¥­ ¢ R1, ­® çâ®¡ë ®¯à¥¤¥«¨âì íâ®â ®¯¥à â®à ¢ R3 ­¥®¡å®¤¨¬® ¯à¨­ïâì¢® ¢­¨¬ ­¨¥ ¤®¯®«­¨â¥«ì­ë¥ á®®¡à ¦¥­¨ï.� áá¬®âà¨¬ ®¯¥à â®àë � ¯« á ��1 = � d2dx2 ¢ L2(R1); ¨ ��3 = � @2@x21 � @2@x22 � @2@x23 ¢ L2(R3);(2)ª®â®àë¥ ï¢«ïîâáï á ¬®á®¯àï¦¥­­ë¬¨ ¥á«¨ ®¯à¥¤¥«¥­ë ­  ¯à®áâà ­áâ¢¥ �®¡®-«¥¢ W 22 (Rj): �¤¥áì x ¨ ~x = (x1; x2; x3) ®¡®§­ ç îâ ª®®à¤¨­ âë ¢ R1 ¨ R3 á®â¢¥â-áâ¢¥­­®. �®£¤  ®¯¥à â®à á®®â¢¥âáâ¢ãîé¨© ä®à¬ «ì­®¬ã ¢ëà ¦¥­¨î (1) ï¢«ï-¥âáï ®¤­¨¬ ¨§ á ¬®á®¯àï¦¥­­ëå à áè¥à¥­¨© á¨¬¬¥âà¨ç­®£® áã¦¥­¨ï ��j0 ®¯¥-à â®à  ��j; j = 1; 3 ­  ¬­®¦¥áâ¢® äã­ªæ¨© ®¡à é îé¨åáï ¢ ­®«ì ¢ â®çª å¢§ ¨¬®¤¥©áâ¢¨ï ��j0 = ��jjf 2W 22 (Rj): (yn)=0;n=1;2;:::;Ng:(3)�®®â¢¥âáâ¢ãîé¨¥ ¤¥ä¥ªâ­ë¥ í«¥¬¥­âë ¤«ï � = ��2 ¥áâì ¯à®áâ® à¥è¥­¨ï ãà ¢-­¥­¨© ��j0�g + �2g = �(x� yn)g1(x; yn) = e��jx�yn j2� ¨ g3(x; yn) = e��jx�ynj4�jx� ynj ; n = 1; 2; :::; N:(4)�«¥¤®¢ â¥«ì­® ¨­¤¥ªáë ¤¥ä¥ªâ  áã¦¥­­®£® ®¯¥à â®à  à ¢­ë (N;N): �¡« áâ¨®¯à¥¤¥«¥­¨ï á®¯àï¦¥­­ëå ®¯¥à â®à®¢ ¥áâìDom(��10�) = W 22 (R1 n fyngNn=1) \ C(R1);Dom (��30�) = W 22 (R3 n fyngNn=1):(5)�«ï ®¯¨á ­¨ï á ¬®á®¯àï¦¥­­ëå à áè¨à¥­¨© ��j0 ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì £à -­¨ç­ë¥ §­ ç¥­¨ï äã­ªæ¨© ¨§ ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï á®¯àï¦¥­­®£® ®¯¥à â®à  (x) �x!yn �12 jx� ynj �n +  0n + o(1); ¤«ï R1; (x) �x!yn 14�jx� ynj �n +  0n + o(1); ¤«ï R3:(6)�®£¤  £à ­¨ç­ë¥ ä®à¬ë á®¯àï¦¥­­ëå ®¯¥à â®à®¢ ¤ îâáï ¢ëà ¦¥­¨ï¬¨h(��j0�)u; vi � hu; (��j0�)vi = NXn=1 (u0n�v�n � u�n�v0n) :(7) �¯à¥¤¥«¥­¨¥ 1. �¯¥à â®à Lj� ¥áâì áã¦¥­¨¥ á®¯àï¦¥­­®£® ®¯¥à â®à  ��j0�­  ¬­®¦¥áâ¢® äã­ªæ¨© ¨§  2 Dom(��j0�) ã¤®¢«¥â¢®àïîé¨å £à ­¨ç­ë¬



4 �.�.������ � �.�.�������ãá«®¢¨ï¬ ~ 0 = ���1 ~ �;(8)£¤¥ ~ � = ( �1;  �2; :::;  �N)T ¨ ~ 0 = ( 01;  02; :::;  0N)T ¥áâì ¢¥ªâ®àë £à ­¨ç­¨-ëå §­ ç¥­¨© äã­ªæ¨¨  : �àã£¨¬¨ á«®¢ ¬¨, ®¯¥à â®à Lj� á®¢¯ ¤ ¥â á ®¯¥à â®-à®¬ � ¯« á  ®¯à¥¤¥«¥­­®¬ ­  äã­ªæ¨ïå ã¤®¢«¥â¢®àïîé¨å (8).� à §¬¥à­®áâ¨ ®¤¨­ ¬®¦­® ¤®ª § âì, çâ® ®¯¥à â®à á®®â¢¥âáâ¢ãîé¨© ä®à-¬ «ì­®¬ã ¢ëà ¦¥­¨î (1) ¤¥©áâ¢¨â¥«ì­® § ¤ ¥âáï �¯à¥¤¥«¥­¨¥¬ 1. � à §¬¥à-­®áâ¨ âà¨ ­¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì ¤®¯®«­¨â¥«ì­ë¥ á®®¡à ¦¥­¨ï â ª¨¥ ª ª®¤­®à®¤­®áâì ®¯¥à â®à  � ¯« á  ¨ ¤¥«ìâ  ¢§ ¨¬®¤¥©áâ¢¨ï çâ®¡ë ¯®ª § âì, çâ®®¯¥à â®à á®®â¢¥âáâ¢ãîé¨© (1) § ¤ ¥âáï �¯à¥¤¥«¥­¨¥¬ 1 (á¬. [3], Section 1.5.1).�® ¬ë ­¥ ¡ã¤¥¬ ®áâ ­ ¢«¨¢ âìáï ­  íâ®¬ ¬®¬¥­â¥, ¯®áª®«ìªã ­ è¨ ¯®á«¥¤ãî-é¨¥ ¨áá«¥¤®¢ ­¨ï ®á­®¢ë¢ îâáï ­  �¯à¥¤¥«¥­¨¨ 1 ¨ ­¥ § ¢¨áïâ ®â íâ¨å ¯à¥¤-¯®«®¦¥­¨©.� ¤ «ì­¥©è¥¬ ¡ã¤ãâ à áá¬ âà¨¢ âìáï â®«ìª® «®ª «ì­ë¥ â®ç¥ç­ë¥ ¢§ ¨¬®-¤¥©áâ¢¨ï, â.¥. ¢§ ¨¬®¤¥©áâ¢¨ï á®®â¢¥âáâ¢ãîé¨¥ ¤¨ £®­ «ì­ë¬ ¬ âà¨æ ¬ �:�á-ç¥à¯ë¢ îé¥¥ ¨áá«¥¤®¢ ­¨¥ ¢®¯à®á , ª ª¨¥ â®ç¥ç­ë¥ ¢§ ¨¬®¤¥©áâ¢¨ï ï¢«ïîâáï«®ª «ì­ë¬¨ ¯à¨¢¥¤¥­® ¢ [8]. (�®¦­® ¯®ª § âì, çâ® ­¥¤¨ £®­ «ì­ë¥ ¬ âà¨æë� ¢ (8) ¯à¨¢®¤ïâ ª ­¥«®ª «ì­ë¬ ¢§ ¨¬®¤¥©áâ¢¨ï¬.) �¥§ ®£à ­¨ç¥­¨ï ®¡é­®-áâ¨ ¬ë ¯à¥¤¯®«®¦¨¬, çâ® ¢á¥ ª®íää¨æ¨¥­âë �n ®â«¨ç­ë ®â ­ã«ï. �á«¨ íâ®­¥ â ª, â® ¬­®¦¥áâ¢® á¨­£ã«ïà­ëå â®ç¥ª yn; n = 1; 2; :::; N ¬®¦¥â ¡ëâì ¯à®áâ®ã¬¥­ìè¥­®.�¥§®«ì¢¥­â  ¢®§¬ãé¥­­®£® ®¯¥à â®à  L� ¬®¦¥â ¡ëâì ¢ëç¨á«¥­  ¯à¨ ¯®¬®é¨ä®à¬ã«ë �à¥©­  [6, 7, 9], ¯®áª®«ìªã ª ¦¤ë© ¨§ ®¯¥à â®à®¢ Lj� ¥áâì ª®­¥ç­®-¬¥à­®¥ ¢®§¬ãé¥­¨¥ ®¯¥à â®à  � ¯« á  ��j ¢ à¥§®«ì¢¥­â­®¬ á¬ëá«¥. �«¥¤®-¢ â¥«ì­® áãé¥áâ¢¥­­ë© á¯¥ªâà ®¯¥à â®à  L� ç¨áâ®  ¡á®«îâ­® ­¥¯à¥àë¢­ë© ¨á®¢¯ ¤ ¥â á ¨­â¥à¢ «®¬ [0;1): (�­ ¨¬¥¥â ªà â­®áâì 2 ¢ R1 ¨ ¡¥áª®­¥ç­ãî ªà â-­®áâì ¢ R3:) �¨á«® ®âà¨æ â¥«ì­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨© ­¥ ¬®¦¥â ¯à¥¢ëè âìN (à ­£ ¢®§¬ãé¥­¨ï). � ¤®¯®«­¥­¨¥ ¬®¦­® ¯®ª § âì, çâ® ­¥ ¬®¦¥â ¯®ï¢¨âìáï¯®«®¦¨â¥«ì­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨©. �®ç¥ç­ë© á¯¥ªâà ®¯¥à â®à  § ¤ ¥âáï­ã«ï¬¨ ®¯à¥¤¥«¨â¥«ï ¢®§¬ãé¥­¨ï ª®â®àë© ¯®ï¢«ï¥âáï ¢ ä®à¬ã«¥ �à¥©­ .�à ¢­¥­¨¥ ­  ¤¨áªà¥â­ë© á¯¥ªâà ¬®¦­® ¯®«ãç¨âì ¨ ¤àã£¨¬ á¯®á®¡®¬ à á-á¬ âà¨¢ ï á«¥¤ãîé¨© Ansatz ¤«ï á®¡áâ¢¥­­ëå äã­ªæ¨© = NXn=1 angj(x; yn);(9)£¤¥ gj(x; y) ¥áâì äã­ªæ¨¨ �à¨­  ¤«ï ®¯¥à â®à  � ¯« á  § ¤ ­­ë¥ (4). �ã­ª-æ¨ï  § ¤ ¢ ¥¬ ï (9) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î ­  á®¡áâ¢¥­­ãî äã­ªæ¨î ¯à¨í­¥à£¨¨ � = ��2 Lj0� = ��2 (10)¯à¨ «î¡ëå §­ ç¥­¨ïå ª®¬¯«¥ªá­ëå ¯ à ¬¥âà®¢ an: �­  ï¢«ï¥âáï á®¡áâ¢¥­­®©äã­ªæ¨¥© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  ã¤®¢«¥â¢®àï¥â £à ­¨ç­ë¬ ãá«®¢¨ï¬



������������ ������� � ����������� ��������� 5(8). � áá¬®âà¨¬ £à ­¨ç­ë¥ §­ ç¥­¨ï äã­ªæ¨© �à¨­ g1 = g1(x� yn) ) g1�m = � 1; m = n0; m 6= n ; g10m =8>><>>: 1=2�; m = ne��jyn�ym j2� m 6= ng1 = g1(x� yn) ) g3�m = � 1; m = n0; m 6= n ; g30m = 8>><>>: ��=4�; m = ne��jyn�ymj4�jyn � ymj m 6= n
(11)
�®«ãç ¥¬ ¤¨á¯¥àá¨®­­ë¥ ãà ¢­¥­¨ï ®¯à¥¤¥«ïîé¨¥ ¤¨áªà¥â­ë© á¯¥ªâà ¢ R1 ¨R3 á®®â¢¥âáâ¢¥­­® det �1 +G1 + 2���1� = 0;(12) det ���+G3 + 4���1� = 0;(13)£¤¥ Gj ¥áâì á«¥¤ãîé¨¥ �à¬¨â®¢ë N �N ¬ âà¨æëG1nm = � e��jyn�ym j; n 6= m0; n = m ;G3nm = ( e��jyn�ymjjyn�ymj ; n 6= m0; n = m :(14)� ¤ «ì­¥©è¥¬ ¬ë ¡ã¤¥¬ ¨§ãç âì à¥è¥­¨ï íâ¨å ¤¨á¯¥àá¨®­­ëå ãà ¢­¥­¨©ª®­æ¥­âà¨àãï ­ è¥ ¢­¨¬ ­¨¥ ­  ¢ëà®¦¤¥­­®áâ¨ á®¡áâ¢¥­­ëå §­ ç¥­¨©.� àï¤ã á íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îé¨¬¨ ­  ¡¥áª®­¥ç­®áâ¨ à¥è¥­¨ï¬¨ (á®-®â¢¥âáâ¢ãîé¨¬¨ ®âà¨æ â¥«ì­ë¬ á®¡áâ¢¥­­ë¬ §­ ç¥­¨ï¬) áãé¥áâ¢ãîâ à¥è¥­¨ïã¡ë¢ îé¨¥ áâ¥¯¥­­ë¬ ®¡à §®¬ (á®®â¢¥âáâ¢ãîé¨¥ ­ã«¥¢®¬ã á®¡áâ¢¥­­®¬ã §­ -ç¥­¨î). �¡ë¢ ­¨¥ íâ¨å äã­ªæ¨© ­  ¡¥áª®­¥ç­®áâ¨ á¢ë§ ­® á § ¢¨á¨¬®áâìî ®âã£«®¢. � ª áä¥à¨ç¥áª¨ á¨¬¬¥âà¨ç­ë¥ äã­ªæ¨¨ ã¡ë¢ îâ ª ª c=r ¨ ï¢«ïîâáï­¥­®à¬¨àã¥¬ë¬¨. �á¥ ®áâ «ì­ë¥ §­ ç¥­¨ï ã£«®¢®£® ¬®¬¥­â  ¤®¯ãáâ¨¬ë (¯à¨E = 0 ). 3. �ââ «ª¨¢ ­¨¥ ¬¥¦¤ã ãà®¢­ï¬¨ ¢ R1 ¨ R3:�¢  «®ª «ì­ëå â®ç¥ç­ëå ¢§ ¨¬®¤¥©áâ¢¨ï ­¥ ¬®£ãâ ¯®à®¤¨âì ¢ëà®¦¤¥­­®£®á®áâ®ï­¨ï. �®íâ®¬ã ¬ë ¨§ãç¨¬ ¢ íâ®¬ à §¤¥«¥ ®ââ «ª¨¢ ­¨¥ ¬¥¦¤ã ãà®¢­ï¬¨.�¯¥à â®à á ¤¢ã¬ï ¤¥«ìâ  ¯®â¥­æ¨ « ¬¨ ¬®¦¥â ¡ëâì ¯ à ¬¥âà¨§®¢ ­ âà¥¬ï ¢¥-é¥áâ¢¥­­ë¬¨ ¯ à ¬¥âà ¬¨: d > 0 - à ááâ®ï­¨¥ ¬¥¦¤ã æ¥­âà ¬¨, �j; j = 1; 2 -á¨«ë â®ç¥ç­ëå ¢§ ¨¬®¤¥©á¨¢¨©.� áá¬®âà¨¬ ¢ ­ ç «¥ á«ãç © ¤¢ãå æ¥­âà®¢ ¢ à §¬¥à­®áâ¨ ®¤¨­. �¨á¯¥àá¨-®­­®¥ ãà ¢­¥­¨¥ § ¤ ¥âáï á«¥¤ãîé¥© ä®à¬ã«®© ¢ íâ®¬ á«ãç ¥(1 + 2���11 )(1 + 2���12 )� e�2�d = 0:(15)



6 �.�.������ � �.�.��������ã¤¥â ã¤®¡­® ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ¯ à ¬¥âàë
i = �12�i; i = 1; 2:(16)�®£¤  ¤¨á¯¥àá¨®­­®¥ ãà ¢­¥­¨¥ ¯à¨­¨¬ ¥â ¢¨¤(�� 
1)(�� 
2)
1
2 � e�2�d = 0:(17)� ¢ ©â¥ ®¡®§­ ç¨¬ á®®â¢¥âáâ¢ãîé¨© ®¯¥à â®à ç¥à¥§ L1(
1; 
2):�¨á¯¥àá¨®­­®¥ ãà ¢­¥­¨¥ ¤«ï ¤¢ãå æ¥­âà®¢ ¢ R3 ¨¬¥¥â ¢¨¤(��+ 4���11 )(��+ 4���12 )� e�2�dd2 = 0:(18)�¢¥¤¥¬ ¤¢  ­®¢ëå ¯ à ¬¥âà 
j = 4�=�j ; j = 1; 2;(19)¨ ¯®«ãç¨¬ ¤¨á¯¥àá¨®­­®¥ ãà ¢­¥­¨¥(�� 
1)(�� 
2)� e�2�dd2 = 0:(20)�®®â¢¥âáâ¢ãîé¨© ®¯¥à â®à ¡ã¤¥â ®¡®§­ ç âìáï ç¥à¥§ L3(
1; 
2):� à ¬¥âàë 
j â®«ìª® çâ® ¢¢¥¤¥­­ë¥ ¤«ï ®¤­®- ¨ âà¥å¬¥à­ëå § ¤ ç ¬®£ãâ¢ëâì ¨­â¥à¯à¥â¨à®¢ ­ë ª ª í­¥à£¨¨ á¢ï§ ­­ëå á®áâ®ï­¨© á®®â¢¥â¢áâ¢ãîé¨åª ¦¤®¬ã ¨§ ¤¢ãå æ¥­âà®¢ ¯® ®â¤¥«ì­®áâ¨.� áá¬®âà¨¬ ®¯¥à â®à �à¥¤¨­£¥à  á ®¤­¨¬ ¤¥«ìâ  ¢§ ¨¬®¤¥©áâ¢¨¥¬��+ ��(x):�®£¤  á®®â¢¥âáâ¢ãîé¨© ®¯¥à â®à ¨¬¥¥â ¢ â®ç­®áâ¨ ®¤­® á¢ï§ ­­®¥ á®áâ®ï­¨¥ áí­¥à£¨¥©E = �
2 = ��24 ; ¯à¨ ãá«®¢¨¨, çâ® � < 0 ¢ à §¬¥à­®áâ¨ ®¤¨­(21)¨ E = �
2 = �(4�)2�2 ; ¯à¨ ãá«®¢¨¨, çâ® � > 0 ¢ à §¬¥à­®áâ¨ âà¨.(22)�­¥à£¨¨ á®®â¢¥âáâ¢ãîé¨¥ ®â¤¥«ì­ë¬ ¢§ ¨¬®¤¥©áâ¢¨ï¬ ¬®£ãâ ¡ëâì ¯®«ãç¥-­ë ¨§ ¤¨á¯¥àá¨®­­ëå ãà ¢­¥­¨© (17) and (20) à áá¬ âà¨¢ ï ¯à¥¤¥« d ! 1:�ªá¯®­¥­æ¨ «ì­ ï äã­ªæ¨ï áâà¥¬¨âáï ª ­ã«î ¨ ®¡  ¤¨á¯¥àá¨®­­ëå ãà ¢­¥­¨ï¯à¥¢à é îâáï ¢ ãà ¢­¥­¨¥ (�� 
1)(�� 
2) = 0;ª®â®à®¥ ¨¬¥¥â ¤¢  à¥è¥­¨ï � = 
1;2 ¨ ®¯à¥¤¥«ï¥â í­¥à£¨¨ ¤¢ãå á¢ï§ ­­ëå á®-áâ®ï­¨© E1 = �
21 ¨ E2 = �
22 ¯à¨ ãá«®¢¨¨, çâ® 
1;2 > 0:�àã£ ï ¢®§¬®¦­®áâì ¯®«ãç¨âì íâ¨ á¢ï§ ­­ë¥ á®áâ®ï­¨ï § ª«îç ¥âáï ¢ à á-á¬®âà¥­¨¨ ¯à¥¤¥« , ª®£¤  ¢§ ¨¬®¤¥©áâ¢¨¥ á®®â¢¥âáâ¢ãîé¥¥ ®¤­®¬ã ¨§ æ¥­âà®¢



������������ ������� � ����������� ��������� 7¨áç¥§ ¥â. � ¬¥â¨¬, çâ® ¨áç¥§ îé¥¥ ¢§ ¨¬®¤¥©áâ¢¨¥ �j = 0 ä®à¬ «ì­® á®®â¢¥â-áâ¢ã¥â 
j = 0 ¢ R1 ¨ 
j =1 ¢ R3: �à¥¤¥«®¬ ãà ¢­¥­¨© (17) ¨ (20) ¯à¨ 
2 ! 0,á®®â¢¥âáâ¢¥­­® 
2 !1 ï¢«ï¥âáï ãà ¢­¥­¨¥�� 
1 = 0:�®á«¥¤­¥¥ ãà ¢­¥­¨¥ ®¯à¥¤¥«ï¥â ¥¤¨­áâ¢¥­­®¥ á¢ï§ ­­®¥ á®áâ®ï­¨¥ á í­¥à£¨¥©E1 = �
21 (¯à¨ ãá«®¢¨¨ çâ® 
1 < 0).� ¬ ¯à¥¤áâ ¢«ï¥âáï ¡®«¥¥ ã¤®¡­ë¬ ¨á¯®«ì§®¢ âì ¯ à ¬¥âàë 
j ¢¬¥áâ® �j¤«ï § ¤ ­¨ï ®¯¥à â®à®¢ á â®ç¥ç­ë¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï¬¨.� ¢ ©â¥ ¨§ãç¨¬ ç¨á«® á®¡áâ¢¥­­ëå §­ ç¥­¨© ¢ § ¢¨á¨¬®áâ¨ ®â §­ ç¥­¨©¯ à ¬¥âà®¢. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬ë ¬®¦¥¬ áç¨â âì, çâ® 
1 � 
2: �ë¢¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ïP 1(�) = (�� 
1)(�� 
2)
1
2 ;P 3(�) = (�� 
1)(�� 
2):�®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à  L(
1; 
2) á®®â¢¥âáâ¢ãîâ ¯®«®¦¨â¥«ì­ë¬ (¢¥-é¥áâ¢¥­­ë¬) à¥è¥­¨ï¬ ¤¨á¯¥àá¨®­­®£® ãà ¢­¥­¨ï. � ¬¥â¨¬, çâ® ãà ¢­¥­¨¥(17) ¨¬¥¥â ®¤­® "¯ à §¨â­®¥" à¥è¥­¨¥ � = 0 ª®â®à®¥ ï¢«ï¥âáï ­¥ä¨§¨ç¥áª¨¬,â.ª. ¢ íâ®¬ á«ãç ¥ ­¨ª ª ï á®¡áâ¢¥­­ ï äã­ªæ¨ï ­¥ á®®â¢¥âáâ¢ã¥â í­¥à£¨¨E = 0. �®®â¢¥âáâ¢ãîé ï äã­ªæ¨ï ­¥ «¥¦¨â ¢ �¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥.� ¢ ©â¥ ¨§ãç¨¬ âà¨ á«ãç ï ¯®ªàë¢ îé¨å ¢á¥ ¢®§¬®¦­®áâ¨ (á«ãç ¨, ª®£¤ 
1 ¨«¨ 
2 à ¢­ë ­ã«î, ¬®£ãâ ¡ëâì ¨áª«îç¥­ë ¨§ à áá¬®âà¥­¨ï), ¯® ®â¤¥«ì­®áâ¨¤«ï â®ç¥ç­ëå ¢§ ¨¬®¤¥©áâ¢¨© ¢ à §¬¥à­®áâïå ®¤¨­ ¨ âà¨� 
2 � 
1 < 0�«ï ¯®«®¦¨â¥«ì­ëå � äã­ªæ¨¨ P 1(�) ¨ e�2�d ã¤®¢«¥â¢®àïîâ á«¥¤ã-îé¨¬ ­¥à ¢¥­áâ¢ ¬ P 1(�) � 1 � e�2�d:�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ï¢«ï¥âáï áâà®£¨¬ ¤«ï � 6= 0: �®íâ®¬ã ãà ¢­¥­¨¥(17) ­¥ ¨¬¥¥â à¥è¥­¨© ¢ ¨­â¥à¢ «¥ (0;1) ¢ íâ®¬ á«ãç ¥.�ã­ªæ¨ï P 3 à áâ¥â ¤® ¡¥áª®­¥ç­®áâ¨ ¯à¨ ¯®«®¦¨â¥«ì­ëå �   äã­ª-æ¨ï e�2�d=d ï¢«ï¥âáï ã¡ë¢ îé¥©. �à ¢­¨¢ ï §­ ç¥­¨ï äã­ªæ¨© ¢ ­ã«¥¬®¦­® á¤¥« âì ¢ë¢®¤, çâ® ãà ¢­¥­¨¥ (20) ¨¬¥¥â ®¤­® à¥è¥­¨¥ â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  
1
2 < 1d2 :(23)� 
2 < 0 < 
1�ã­ªæ¨¨ P 1(�) ¨ e�2�d à ¢­ë 1 ¯à¨ � = 0. �å ¢â®àë¥ ¯à®¨§¢®¤­ë¥ï¢«ïîâáï ®âà¨æ â¥«ì­®©, á®®â¢¥âáâ¢¥­­® ¯®«®¦¨â¥«ì­®©. �­ ç¨â ãà ¢-­¥­¨¥ (17) ¨¬¥¥â ­¥ ¡®«¥¥ ®¤­®£® ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï ¨ íâ® à¥è¥­¨¥



8 �.�.������ � �.�.�������áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ dd�(e�2�d)j�=0 < dd�P 1(�)j�=0) 1
1 + 1
2 < 2d:�¥è¥­¨¥ ¯à¨­ ¤«¥¦¨â ¨­â¥à¢ «ã (0; 
1): � ¢ ©â¥ ®¡®§­ ç¨¬ íâ® à¥è¥­¨¥ç¥à¥§ �1:�à ¢­¥­¨¥ (20) ¢á¥£¤  ¨¬¥¥â ®¤­® à¥è¥­¨¥ ¢ íâ®¬ á¤ãç ¥, ¯®áª®«ìªãäã­ªæ¨ï P 3 ¢®§à áâ ¥â ¤® ¡¥áª®­¥ç­®áâ¨ ¨ ¨¬¥¥â ¯®«®¦¨â¥«ì­ë© ª®à¥­ì,  äã­ªæ¨ï e�2�d=d2 ï¢«ï¥âáï ¯®«®¦¨â¥«ì­®© ¨ ã¡ë¢ ¥â ¤® ­ã«ï. �¥è¥­¨¥¯à¨­ ¤«¥¦¨â ¨­â¥à¢ «ã (
1;1):� 0 < 
2 � 
1�ã­ªæ¨ï P 1 ®¡à é ¥âáï ¢ ­®«ì ¢ â®çª å � = 
1 ¨ � = 
2: �­  à áâ¥â¤® +1 ­  ®âà¥§ª¥ (
1;1): �«¥¤®¢ â¥«ì­® áãé¥áâ¢ã¥â à¥è¥­¨¥ ãà ¢­¥­¨ï(17) ­  ¨­â¥à¢ «¥ (
1;1): �â® à¥è¥­¨¥ ¡ã¤¥â ®¡®§­ ç¥­® �1. �â®à®¥ à¥-è¥­¨¥ ¬®¦¥â ¡ëâì à á¯®«®¦¥­® ­  ¨­â¥à¢ «¥ (0; 
2) â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  ¢ë¯®«­¥­® á«¥¤ãîé¥¥ ãá«®¢¨¥dd�(e�2�d)j�=0 < dd�P 1(�)j�=0) 1
1 + 1
2 < 2d:�â®à®¥ à¥è¥­¨¥ ¡ã¤¥â ®¡®§­ ç¥­® ç¥à¥§ �2:�­ «®£¨ç­® ãà ¢­¥­¨¥ (20) ¨¬¥¥â ¤¢  à¥è¥­¨ï �1 ¨ �2 à á¯®«®¦¥­-­ë¥ ­  ¨­â¥à¢ « å (0; 
2) ¨ (
1;1)â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­¥­®á«¥¤ãîé¥¥ ãá«®¢¨¥ 
1
2 > 1d2 :(24) � ¯à®â¨¢­®¬ á«ãç ¥ ãà ¢­¥­¨¥ ¨¬¥¥â ®¤­® à¥è¥­¨¥ à á¯®«®¦¥­­®¥ ­ ¨­â¥à¢ «¥ (
1;1):� ª¨¬ ®¡à §®¬ ¬ë ¥é¥ à § ¤®ª § «¨, çâ® ¤¨áªà¥â­ë© á¯¥ªâà ¤¢ãå à áá¬ -âà¨¢ ¥¬ëå § ¤ ç á®áâ®¨â ¨§ ­¥ ¡®«¥¥ ç¥¬ ¤¢ãå ¯à®áâëå á®¡áâ¢¥­­ëå §­ ç¥­¨©à á¯®«®¦¥­­ëå ­  ®âà¨æ â¥«ì­®© ¯®«ã®á¨. � ¢ ©â¥ ¨§ãç¨¬ á«¥¤ãîéãî ®¡à â-­ãî á¯¥ªâà «ì­ãî § ¤ çã ¤«ï íâ¨å ®¯¥à â®à®¢�®ááâ ­®¢¨âì ª®­áâ ­âë á¢ï§¨ 
1 ¨ 
2 ¤«ï ®¯¥à â®à®¢ L1(
1; 
2) ¨ L3(
2; 
3)¯® í­¥à£¨ï¬ á¢ï§ ­­ëå á®áâ®ï­¨© ��21 = E1 < E2 = ��22 < 0 ¯à¨ ä¨ªá¨à®¢ ­-­®¬ à ááâ®ï­¨¨ d ¬¥¦¤ã æ¥­âà ¬¨.�¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬ë ¬®¦¥¬ ¯®«®¦¨âì d = 1: �â  § ¤ ç  ¬®¦¥â ¡ëâìà¥è¥­  á«¥¤ãîé¨¬ ®¡à §®¬.� áá¬®âà¨¬ á­ ç «  ¤¨á¯¥àá¨®­­®¥ ãà ¢­¥­¨¥ á®®â¢¥âáâ¢ãîé¥¥ ®¤­®¬¥à­®©§ ¤ ç¥. �à¥¤¯®«®¦¨¬, çâ® �1 ¨ �2 ï¢«ïîâáï à¥è¥­¨ï¬¨ (17). �®£¤  ¯ à ¬¥âàë
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1;2 ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¥© á¨áâ¥¬¥ ãà ¢­¥­¨©8<: (�1 � 
1)(�1 � 
2) = 
1
2e�2�1(�2 � 
1)(�2 � 
2) = 
1
2e�2�2 ;(25)ª®â®à ï ¬®¦¥â ¡ëâì ¯¥à¥¯¨á ­  ª ª8><>: 
1
2 = �1�2(�1��2)�1(1�e�2�2 )��2(1�e�2�1 ) � A(�1; �2)
1 + 
2 = �21(1�e�2�2 )��22(1�e�2�1 )�1(1�e�2�2 )��2(1�e�2�1 ) � B(�1; �2) :(26)� ¦¤®¥ ¨§ ¤¢ãå ãà ¢­¥­¨© ï¢«ï¥âáï «¨­¥©­ë¬ ¯® ®â­®è¥­¨î ª 
i: �­ ç¨â íâ á¨áâ¥¬  ãà ¢­¥­¨© ¬®¦¥â ¡ëâì à¥è¥­  ¯ãâ¥¬ ¢ëà ¦¥­¨ï 
1 ¨§ ¯¥à¢®£® ãà ¢­¥-­¨ï ¨ ¯®á«¥¤ãîé¥© ¯®¤áâ ­®¢ª¨ ¢® ¢â®à®¥ ãà ¢­¥­¨¥. �  íâ®¬ ¯ãâ¨ ¯®«ãç ¥âáïª¢ ¤à â¨ç­®¥ ãà ¢­¥­¨¥, ª®â®à®¥ ¢á¥£¤  ¬®¦¥â ¡ëâì à¥è¥­®
2 �B
 +A = 0:(27)�¤­ ª® à¥è¥­¨ï ãà ¢­¥­¨ï ¬®£ãâ ®ª § âìáï ª®¬«¥ªá­ë¬¨,   â®«ìª® ¢¥è¥áâ¢¥­-­ë¥ 
j ®¯à¥¤¥«ïîâ á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à. �­ ç¨â í­¥à£¨¨ á¢ï§ ­­ëå á®-áâ®ï­¨© ­¥ ï¢«ïîâáï ¯à®¨§¢®«ì­ë¬¨,   ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ãD(�1; �2) � B2(�1; �2)� 4A(�1; �2) � 0:(28)�­ «®£¨ç­® ¤«ï âà¥å¬¥à­®© § ¤ ç¨ ¬ë ¨¬¥¥¬ á¨áâ¥¬ã ãà ¢­¥­¨©� (�1 � 
1)(�1 � 
2) = e�2�1;(�2 � 
1)(�2 � 
2) = e�2�2;(29) ) ( 
1
2 = �1�2 + �1e�2�2��2e�2�1�1��2 � A(�1; �2);
1 + 
2 = �1 + �2 � e�2�1�e�2�2�1��2 � B(�1; �2):(30)�¯ïâì áãé¥áâ¢ã¥â á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à â®«ìª® ¥á«¨ ¤¨áªà¨¬¨­ ­â (28)­¥®âà¨æ â¥«ì­ë©.�¥®à¥¬  1. �ãáâì E1 = ��21 < ��22 = E2 ï¢«ïîâáï á®¡áâ¢¥­­ë¬¨ §­ ç¥-­¨ï¬¨ ®¯¥à â®à  Lj(
1; 
2); j = 1; 3. �à¥¤¯®«®¦¨¬, çâ® í­¥à£¨ï E1 = ��21 § -ä¨ªá¨à®¢ ­ . �®£¤  ¢á¥ ¢®§¬®¦­ë¥ §­ ç¥­¨ï �2 ¯®ªàë¢ îâ ¨­â¥à¢ « [0; �max2 ]£¤¥ �max2 = �max2 (�1) ¥áâì §­ ç¥­¨¥ �2 á®®â¢¥âáâ¢ãîé¥¥ á¨¬¬¥âà¨ç­®¬ã ¢§ -¨¬®¤¥©áâ¢¨î 
1 = 
2: �­ ç¥­¨ï �max2 ï¢«ïîâáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨ï¬¨ á«¥-¤ãîé¨å ãà ¢­¥­¨©1� e��max2�max2 = 1 + e��1�1 ¨ �max2 + e��max2 = �1 � e��1;(31)¤«ï R1 ¨ R3 á®®â¢¥âáâ¢¥­­®.�®ª § â¥«ìáâ¢®. �ë ¡ã¤¥¬ ¤®ª §ë¢ âì â¥®à¥¬ã ¤«ï à §¬¥à­®áâ¥© ®¤¨­ ¨âà¨ ¯® ®â¤¥«ì­®áâ¨.



10 �.�.������ � �.�.�������� §¬¥à­®áâì ®¤¨­. �­¥à£¨¨ �1 ¨ �max2 á®®â¢¥âáâ¢ãîé¨¥ á¨¬¬¥âà¨ç­®¬ãá«ãç î 
1 = 
2 � 
 ¬®£ãâ ¡ëâì ¢ëç¨á«¥­ë ¨§ á«¥¤ãîé¥£® ãà ¢­¥­¨ï(�� 
)2 = 
2e�2� ) �� 
 = �
e��) 1 + e��1�1 = 1� e��max2�max2 :�â®¡ë ¤®ª § âì â¥®à¥¬ã ¤®áâ â®ç­® ¯®ª § âì, çâ® ¤¨áªà¨¬¨­ ­â á¨áâ¥¬ë(27) ¯®«®¦¨â¥«¥­ ª®£¤  �2 < �max2 ¨ ®âà¨æ â¥«¥­ ª®£¤  �max2 < �2: �à¨­¨¬ ï ¢®¢­¨¬ ­¨¥ çâ® ¤¨áªà¨¬¨­ ­â à ¢¥­ ­ã«î ¯à¨ �2 = �max2 ( 
1 = 
2 ¢ íâ®¬ á«ãç ¥)¤®áâ â®ç­® ¯®ª § âì, çâ® ¯à®¨§¢®¤­ ï @@�2D(�1; �2) ®âà¨æ â¥«ì­ . � áá¬®âà¨¬äã­ªæ¨î f(x) = (1 � e�2x)=x: �ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ®0 � f(x) � 2; �2 � f 0(x) � 0; 0 � f 00(x);¯à¨ ãá«®¢¨¨ x > 0: �¥£ª® ¯®ª § âì, çâ®A = �1 � �2f(�2)� f(�1) :�®£¤  ¨§ â¥®à¥¬ë ® áà¥¤­¥¬ á¤¥¤ã¥â, çâ® 0 � A(�1; �2) � 1=2: �à¨­¨¬ ï ¢®¢­¨¬ ­¨¥, çâ® B = �1+A(�1; �2)f(�1) ¯à®¨§¢®¤­ ï ¤¨áªà¨¬¨­ ­â  ¬®¦¥â ¡ëâì¢ëç¨á«¥­ @D(�1; �2)@�2 = 2 ((�1 +A(�1; �2)f(�1))f(�1)� 2) @A(�1; �2)@�2 :�â®¡ë ¤®ª § âì, çâ® ¯à®¨§¢®¤­ ï @A(�1;�2)@�2 ¯®«®¦¨â¥«ì­  ¬ë ®¯ïâì ¨á¯®«ì§ã¥¬â¥®à¥¬ã ® áà¥¤­¥¬@A(�1; �2)@�2 = f(�1)� (f(�2) + (�1 � �2)f 0(�2))(f(�1)� f(�2))2¨ ¯à¨¬¥¬ ¢® ¢­¨¬ ­¨¥, çâ® ¢â®à ï ¯à®¨§¢®¤­ ï f ¯®«®¦¨â¥«ì­ . �ëà ¦¥­¨¥¢ áª®¡ª å ®âà¨æ â¥«ì­®�1f(�1) +A(�1; �2)f2(�1)� 2 � �1f(�1) + f2(�1)=2 � 2 � 0:�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® á«¥¤ã¥â ¨§ á¢®©áâ¢ äã­ªæ¨¨ f(x) ­¥¯®áà¥¤áâ¢¥­­®. �«¥-¤®¢ â¥«ì­® D(�1; �2) ¯®«®¦¨â¥«ì­® ¯à¨ �2 < �max2 ¨ ®âà¨æ â¥«ì­® ¯à¨ �max2 <�2:� §¬¥à­®áâì âà¨. � ¢ ©â¥ ¢¢¥¤¥¬ ­®¢ë¥ ¯ à ¬¥âàë� � = 12(
1 + 
2)� = 12(
1 � 
2) ) � 
1 = � + �
2 = � � �(32)�¨á¯¥àá¨®­­®¥ ãà ¢­¥­¨¥ (20) ¯à¨­¨¬ ¥â ¢¨¤(�� �)2 � �2 � e�2� = 0:(33)�®áª®«ìªã �1 ï¢«ï¥âáï à¥è¥­¨¥¬ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¬ë ¯®«ãç ¥¬Q3(�; �) � (�� �)2 � (�1 � �)2 � e�2� + e�2�1 = 0:(34)



������������ ������� � ����������� ��������� 11�¥¯¥àì ç áâ­ ï ¯à®¨§¢®¤­ ï @�2@� ¬®¦¥â ¡ëâì ®æ¥­¥­ @�@� j�=�2 = �(�1 � �2)(�1 � �)(�2 � � + e�2�2) < 0;¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥, çâ®�2 � � + e�� = �pe�2�2 + �2 + e�2�2 � e��2(e��2 � 1) < 0:�«¥¤®¢ â¥«ì­® �2 ¯à¨­¨¬ ¥â ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ¯à¨ � = 0 â.¥. ¢ á¨¬-¬¥âà¨ç­®¬ á«ãç ¥ 
1 = 
2 � 
: �â®â á«ãç © á®®â¢¥âáâ¢ã¥â �1 ¨ �2 = �max2ã¤®¢«¥â¢®àïîé¨¬ ãà ¢­¥­¨î(�� 
)2 = e�2� ) �1 � �max2 = e��1 + e��max2 :�«¥¤®¢ â¥«ì­® ¤«ï ¢á¥å �2 : 0 � �2 � �max2 ¢ë¯®«­¥­  á«¥¤ãîé ï ®æ¥­ª �1 � �2 � e��1 + e��2:(35)� ¢ ©â¥ ¯®ª ¦¥¬, çâ® ¤¨áªà¨¬¨­ ­â ¯®«®¦¨â¥«¥­ ¤«ï ¢á¥å �2 � �max2 : �¨á-ªà¨¬¨­ ­â ª¢ ¤à â¨ç­®£® ãà ¢­¥­¨ï (30) ­  
1 ¨ 
2 à ¢¥­D(�1; �2) = (�1 � �2)2 � 2 �e�2�1 + e�2�2�+ (e�2�1 � e�2�2)2(�1 � �2)2 :�ã¬¬  ¯¥à¢®£® ¨ âà¥âì¥£® ç«¥­®¢ (�1��2)2+ (e�2�1�e�2�2)2(�1��2)2 ¬®¦¥â ¡ëâì ®æ¥­¥­ ç¥à¥§ (e��1 + e��2)2 + (e�2�1�e�2�2)2(e��1+e��2 )2 ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥, çâ® (�1 � �2)2 �e�2�1 � e�2�2 ¢ á®®â¢¥âáâ¢¨¨ á (35). �­ ç¨â ¤¨áªà¨¬¨­ ­â ¬®¦¥â ¡ëâì ®æ¥­¥­á­¨§ã D(�1; �2) � (e��1 + e��2)2 � 2 �e�2�1 + e�2�2�+ (e�2�1 � e�2�2)2(e��1 + e��2)2 = 0:�«¥¤®¢ â¥«ì­® á¨áâ¥¬  (30) ¨¬¥¥â ¢¥é¥áâ¢¥­­ë¥ à¥è¥­¨ï ¤«ï ¢á¥å 0 � �2 ��max2 (�1): 2�¥®à¥¬  ãâ¢¥à¦¤ ¥â, çâ® á¨áâ¥¬  ¤¢ãå «®ª «ì­ëå â®ç¥ç­ëå ¢§ ¨¬®¤¥©áâ¢¨©­¨ª®£¤  ­¥ ¨¬¥¥â ¢ëà®¦¤¥­­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨©. � ááâ®ï­¨¥ ¬¥¦¤ã á®¡-áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ ¬¨­¨¬ «ì­® ¢ á¨¬¬¥âà¨ç­®¬ á«ãç ¥ 
1 = 
2: �â® ¬®¦¥â¡ëâì ¯à®¨««îáâà¨à®¢ ­® á«¥¤ãîé¨¬ à¨áã­ª®¬.�¡« áâì à á¯®«®¦¥­­ ï ¬¥¦¤ã ªà¨¢ë¬¨ ï¢«ï¥âáï § ¯à¥é¥­­®©, â.¥. ­¥¢®§-¬®¦­® ¯®¤®¡à âì ¤¢  â®ç¥ç­ëå ¢§ ¨¬®¤¥©áâ¢¨ï ­  à ááâ®ï­¨¨ d = 1 â ª¨¬®¡à §®¬ çâ®¡ë á®¡áâ¢¥­­ë¥ ç¨á«  à á¯®« £ «¨áì ¢ íâ®© ®¡« áâ¨. � ¯à¥¤¥«¥�1;2 ! 1 ®¡¥ ªà¨¢ë¥ ¯à¨¡«¨¦ îâáï ª «¨­¨¨ �1 = �2. �â® ®§­ ç ¥â, çâ® ¤¢ £«ã¡®ª¨å ãà®¢­ï ¬®£ãâ à á¯®« £ âìáï ¤®áâ â®ç­® ¡«¨§ª® ¤àã£ ª ¤àã£ã. �á¥ªà¨¢ë¥ ¯¥à¥á¥ª îâ á®®â¢¥âáâ¢ãîé¨¥ ª®®à¤¨­ â­ë¥ ®á¨ ¢ â®çª å ï¢«ïîé¨åáï¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï x = 1 + e�x:�ë ¤®ª § «¨, çâ® ®¯¥à â®à �à¥¤¨­£¥à  á ¤¢ã¬ï «®ª «ì­ë¬¨ â®ç¥ç­ë¬¨¢§ ¨¬®¤¥©áâ¢¨ï¬¨ ­¥ ¬®¦¥â ¨¬¥âì ¢ëà®¦¤¥­­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨©. �®«¥¥
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2R1 R3�¨á. 1. �¥¦ãà®¢­¥¢®¥ ®ââ «ª¨¢ ­¨¥ ¤«ï ¤¢ãå æ¥­âà®¢.â®£® íâ¨ ¤¢  á®¡áâ¢¥­­ëå §­ ç¥­¨ï ­¥ ¬®£ãâ à á¯®« £ âìáï ¯à®¨§¢®«ì­® ¡«¨§-ª® ¤àã£ ª ¤àã£ã. �â® ï¢«ï¥âáï ­¥ª®â®àë¬ ®¡®¡é¥­¨¥¬ â¥®à¥¬ë �¨£­¥à -ä®­�¥©¬ ­  [10]. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥ ¢ë¯®«­¥­® ¢ á¨«ãá¯¥æ¨ «ì­®£® ¢¨¤  £à ­¨ç­ëå ãá«®¢¨© ®¯¨áë¢ ¥¬ëå ¤¨ £®­ «ì­ë¬¨ ¬ âà¨æ -¬¨. � áá¬ âà¨¢ ï ­¥«®ª «ì­ë¥ â®ç¥ç­ë¥ ¢§ ¨¬®¤¥©áâ¢¨ï ¬®¦­® ¯®«ãç¨âì ®¯¥-à â®àë á ¤¢ã¬ï ®âà¨æ â¥«ì­ë¬¨ á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ à á¯®«®¦¥­­ë¬¨¯à®¨§¢®«ì­®.4. �ëà®¦¤¥­­ë¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¢ á«ãç ¥ ­¥áª®«ìª¨åæ¥­âà®¢.�¤­®¬¥à­ë© ®¯¥à â®à �à¥¤¨­£¥à  ­¥ ¬®¦¥â ¨¬¥âì ¢ëà®¦¤¥­­ëå á®¡áâ¢¥­-­ëå §­ ç¥­¨© (§  ¨áª«îç¥­¨¥¬ á«ãç ï, ª®£¤  ®¯¥à â®à à á¯ ¤ ¥âáï ¢ ®àâ®£®-­ «ì­ãî áã¬¬ã ®¯¥à â®à®¢ ­  ¤¢ãå ­¥§ ¢¨á¨¬ëå ¨­â¥à¢ « å). �®íâ®¬ã ¬ë®£à ­¨ç¨¬áï à áá¬®âà¥­¨¥¬ âà¥å¬¥à­®£® ®¯¥à â®à  �à¥¤¨­£¥à  ®¯¨á ­­®£® ¢� §¤¥«¥ 2. �®«¥¥ â®£®, çâ®¡ë ­¥ ãá«®¦­ïâì ¨§«®¦¥­¨¥ ¬ë ¡ã¤¥¬ ¡ã¤¥¬ ¨§ãç âì¬ ªá¨¬ «ì­® ¢®§¬®¦­®¥ ¢ëà®¦¤¥­¨¥. �ëà®¦¤¥­¨ï ¡®«¥¥ ­¨§ª®£® ¯®àï¤ª  ¬®-£ãâ ¡ëâì ¨§ãç¥­ë à áá¬ âà¨¢ ï ª« áâ¥àë á®áâ®ïé¨¥ ¨§ ¬¥­ìè¥£® ç¨á«  æ¥­-âà®¢.� áá¬®âà¨¬ ¢®§¬®¦­®áâì ¢®§­¨ª­®¢¥­¨ï ¬ ªá¨¬ «ì­®£® ¢ëà®¦¤¥­¨ï N �1¤«ï á¨áâ¥¬ë ¨§ N â®ç¥ç­ëå ¯®â¥­æ¨ «®¢. �à ¢­¥­¨¥ ®¯à¥¤¥«ïîé¥¥ á®¡áâ¢¥­-­ë¥ §­ ç¥­¨ï ¨¬¥¥â ¢¨¤det0BBBBB@ ��+ 
1 e��d12d12 e��d13d13 ::: e��d1Nd1Ne��d21d21 ��+ 
2 e��d23d23 ::: e��d2Nd2Ne��d31d31 e��d32d32 ��+ 
3 ::: e��d3Nd3N::: ::: ::: ::: :::e��dN1dN1 e��dN2dN2 e��dN3dN3 ::: ��+ 
N 1CCCCCA = 0;(36)



������������ ������� � ����������� ��������� 13£¤¥ 
j = 4���1j : �â® ãà ¢­¥­¨¥ ®¯à¥¤¥«ï¥â ­¥ ¡®«¥¥ N ®âà¨æ â¥«ì­ëå á®¡-áâ¢¥­­ëå §­ ç¥­¨©. � á ¨­â¥à¥áã¥â á«ãç © ª®£¤  ®¤­® ¨§ íâ¨å §­ ç¥­¨© ¨¬¥¥â¬ ªá¨¬ «ì­® ¢®§¬®¦­ãî ªà â­®áâì N � 1. �â® ¯à®¨áå®¤¨â ¢ â®¬ á«ãç ¥, ª®-£¤  ¢á¥ áâà®ª¨ ¢ ¬ âà¨æ¥ ¯ à ««¥«ì­ë, â.¥. ª®£¤  ¤¥â¥à¬¨­ ­âë ¢á¥å 2 � 2¬¨­®à®¢ à ¢­ë ­ã«î. � ¢ ©â¥ ¯à¨ª¨­¥¬, ¤«ï ª ª®£® ç¨á«  æ¥­âà®¢ íâ® ¢®§-¬®¦­®. �«ï ¤®áâ â®ç­® ¡®«ìè®£® N (N � 3) à á¯®«®¦¥­¨¥ æ¥­âà®¢ ®¯à¥-¤¥«ï¥âáï Ngeom = 3(N � 2) à ááâ®ï­¨ï¬¨. � ¤®¯®«­¥­¨¥ ¨¬¥îâáï Next = N¯ à ¬¥âà®¢ ®¯à¥¤¥«ïîé¨å à áè¨à¥­¨ï. �«¥¤®¢ â¥«ì­® ¬ âà¨æ  ®¯à¥¤¥«ï¥âáïNpar = Ngeom + Next + 1 = 4N � 5 ¯ à ¬¥âà ¬¨ ¥á«¨ ¤®¯®«­¨â¥«ì­® ¢ª«îç¨âìá¯¥ªâà «ì­ë© ¯ à ¬¥âà �: �¡é¥¥ ç¨á«® 2�2 ¬¨­®à®¢ (n(n�1)2 )2, ­® ç¨á«® ­¥§ ¢¨-á¨¬ëå ãà ¢­¥­¨© ¢á¥£® n(n�1)2 ¨§-§  á¨¬¬¥âà¨¨ ¨ á¯¥æ¨ «ì­®© ä®à¬ë ¬ âà¨æë.�«¥¤®¢ â¥«ì­® ¢®®¡é¥ £®¢®àï ¨¬¥¥âáï Ncon = n(n�1)2 ®£à ­¨ç¥­¨© ­  ¯ à ¬¥-âàë, ª®â®àë¥ £ à ­â¨àãîâ ¬ ªá¨¬ «ì­® ¢®§¬®¦­®¥ ¢ëà®¦¤¥­¨¥. �®áª®«ìªãç¨á«® ®£à ­¨ç¥­¨© à áâ¥â ª¢ ¤à â¨ç­®,   ç¨á«® ¯ à ¬¥âà®¢ - «¨­¥©­®, ­¥¢®§-¬®¦­® ­ ©â¨ ª®­ä¨£ãà æ¨î ¯à¨¢®¤ïéãî ª ¬ ªá¨¬ «ì­®¬ã ¢ëà®¦¤¥­¨î ¯à¨¤®áâ â®ç­® ¡®«ìè¨å N . � â ¡«¨æ¥ ¢­¨§ã ¯à¨¢¥¤¥­  ¬ ªá¨¬ «ì­® ¢®§¬®¦­ ïà §¬¥à­®áâì D ¬­®¦¥áâ¢  ¯ à ¬¥âà®¢ ¯à¨¢®¤ïé¨å ª ¬ ªá¨¬ «ì­®¬ã ¢ëà®¦¤¥-­¨î. N Ngeom Next Npar Ncon D1 0 1 2 1 12 1 2 4 1 33 3 3 7 3 44 6 4 11 6 55 9 5 15 10 56 12 6 19 15 47 15 7 23 21 28 18 8 27 28 ;�ë ¢¨¤¨¬, çâ® ¤«ï ¬ «ëå N ­ è¨ "­ ¨¢­ë¥" ¢ëç¨á«¥­¨ï ¤ îâ ¯à ¢¨«ì-­ë© à¥§ã«ìâ â. � ª ¢ á«ãç ¥ ®¤­®£® â®ç¥ç­®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¨¬¥¥âáï ®¤­®-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¨¬¥îé¥¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥. �«ï ¤¢ãå æ¥­âà®¢á¥¬¥©áâ¢® ®¯¥à â®à®¢ ¨¬¥îé¨å á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ®¯¨áë¢ ¥âáï âà¥¬ï ¯ à -¬¥âà ¬¨: ¤¢  ¯ à ¬¥âà  à áè¨à¥­¨ï ¨ ®¤­® à ááâ®ï­¨¥.�«ï ¡®«ìè¨å N (N � 8) íâ  â ¡«¨æ  ¯®ª §ë¢ ¥â, çâ® á®¡áâ¢¥­­®¥ §­ ç¥­¨¥¨¬¥îé¥¥ ¬ ªá¨¬ «ì­®¥ ¢ëà®¦¤¥­¨¥ ­¥¢®§¬®¦­®. � ¤ ­­®¬ à §¤¥«¥ ¬ë ¡ã¤¥¬¨§ãç âì á«ãç © ¯à®¬¥¦ãâ®ç­ëå §­ ç¥­¨© N:�à¨ æ¥­âà . �¬¥¥âáï 9 ¬¨­®à®¢. �®áª®«ìªã ¬ âà¨æ  á¨¬¬¥âà¨ç­ , â®«ìª®6 ¬¨­®à®¢ ï¢«ïîâáï ­¥§ ¢¨á¨¬ë¬¨. �§-§  á¯¥æ¨ «ì­®© ä®à¬ë ¬ âà¨æë ç¨á«®



14 �.�.������ � �.�.�������ãà ¢­¥­¨© ã¬¥­ìè ¥âáï ¤® 3��+ 
1 = d23d12d13 e�(d23�d13�d12);��+ 
2 = d13d12d23 e�(d13�d12�d23);��+ 
3 = d12d13d23 e�(d12�d13�d23):(37)�¥®à¥¬  2. �«ï ¯à®¨§¢®«ì­®£® à á¯®«®¦¥­¨ï fy1; y2; y3g âà¥å â®ç¥ª ¢ R3¨ ¯à®¨§¢®«ì­®£® ®âà¨æ â¥«ì­®£® §­ ç¥­¨ï E = ��2 áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­-­ë© ­ ¡®à ¯ à ¬¥âà®¢ �1; �2; �3 â ª®©, çâ® ®¯¥à â®à �à¥¤¨­£¥à  á âà¥¬ï¤¥«ìâ  ¢§ ¨¬®¤¥©áâ¢¨ï¬¨ § ¤ îé¨¬¨áï ¯ à ¬¥âà ¬¨ �1; �2; �3 ¨ á®áà¥¤®â®-ç¥­­ë¬¨ ¢ y1; y2; y3 á®®â¢¥âáâ¢¥­­®, ¨¬¥¥â ¢ëà®¦¤¥­­®¥ á®¡áâ¢¥­­®¥ §­ ç¥-­¨¥ á í­¥à£¨¥© E = ��2:�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨© (37) ¤«ï ¯à®¨§¢®«ì­®-£® ­ ¡®à  ¯®«®¦¨â¥«ì­ëå ¯ à ¬¥âà®¢ d12; d13; d23; �: �â¨ ãà ¢­¥­¨ï ¯®§¢®«ïîâ­¥¯®áà¥¤áâ¢¥­­® ¢ëç¨á«¨âì 3 ¯®«®¦¨â¥«ì­ëå §­ ç¥­¨ï 
j = 4�=�j ¨ á«¥¤®¢ -â¥«ì­® à¥ª®­áâàã¨à®¢ âì ¯ à ¬¥âàë § ¤ îé¨¥ ¤¥«ìâ  ¢§ ¨¬®¤¥©áâ¢¨ï ¢ â®çª åyj: 2�¥®à¥¬  ¯®ª §ë¢ ¥â, çâ® ¤«ï ¯à®¨§¢®«ì­®© ª®­ä¨£ãà æ¨¨ â®ç¥ª - ­®á¨â¥«¥©¤¥«ìâ  äã­ªæ¨© - ¬­®¦¥áâ¢® ¯ à ¬¥âà®¢ § ¤ îé¨å ¢§ ¨¬®¤¥©áâ¢¨ï, ª®â®àë¥¯à¨¢®¤ïâ ª ¤¢®©­®¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î ¬®¦¥â ¡ëâì ¯ à ¬¥âà¨§®¢ ­® ®¤-­¨¬ ¯ à ¬¥âà®¬ - í­¥à£¨¥© ¢ëà®¦¤¥­­®£® á®áâ®ï­¨ï. �®£¤  ®¡é¥¥ ¬­®¦¥áâ¢®¯ à ¬¥âà®¢ ¯à¨¢®¤ïé¨å ª ¢ëà®¦¤¥­­®¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î ¬®¦¥â ¡ëâì®¯¨á ­® 4 ¯ à ¬¥âà ¬¨, ª ª íâ® ¨ ¡ë«® ¯à¥¤áª § ­® â ¡«¨æ¥©.�¥âëà¥ æ¥­âà . �¬¥¥âáï 36 ¬¨­®à®¢, ­® ¨§-§  á¨¬¬¥âà¨¨ ¬ âà¨æë â®«ìª®21 ¬¨­®à®¢ ­¥§ ¢¨á¨¬ë. �¯¥æ¨ «ì­ ï ä®à¬  ¬ âà¨æë ã¬¥­ìè ¥â ç¨á«® ­¥§ -¢¨á¨¬ëå ãà ¢­¥­¨© ¤® 6: �áâ¥áâ¢¥­­® à §¤¥«¨âì íâ¨ ãà ¢­¥­¨ï ­  ¤¢¥ á¨áâ¥¬ëá®áâ®ïé¨¥ ¨§ ç¥âëà¥å ¨ ¤¢ãå ãà ¢­¥­¨©8>>>>>>>>><>>>>>>>>>: ��+ 
1 = d23d13d12e�(d23�d13�d12)��+ 
2 = d34d24d23e�(d34�d24�d23)��+ 
3 = d14d34d13e�(d14�d34�d13)��+ 
4 = d12d14d24e�(d12�d14�d24)(38)¨ e�(d12+d34)d12d34 = e�(d13+d24)d13d24 = e�(d14+d23)d14d23:(39)�â®à ï á¨áâ¥¬  ®¯¨áë¢ ¥â ­¥ª®â®àãî ¢§ ¨¬®á¢ï§ì ¬¥¦¤ã à ááâ®ï­¨ï¬¨ ¨ í­¥à-£¥â¨ç¥áª¨¬ ¯ à ¬¥âà®¬. �â® ®§­ ç ¥â, çâ® ­¥ ¢á¥ ª®­ä¨£ãà æ¨¨ ç¥âëà¥å æ¥­-âà®¢ ¯à¨¢®¤ïâ ª âà®©­®¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î. � ®¡é¥¬ á«ãç ¥ ¥á«¨ ª®­ä¨-£ãà æ¨ï ï¢«ï¥âáï ¤®¯ãáâ¨¬®©, â® ®­  ®¤­®§­ ç­® ®¯à¥¤¥«ï¥â í­¥à£¨î âà®©­®£®



������������ ������� � ����������� ��������� 15á¢ï§ ­­®£® á®áâ®ï­¨ï (ªà®¬¥ á¯¥æ¨ «ì­ëå á«ãç ¥¢ ®¯¨áë¢ ¥¬ëå �¥®à¥¬®© 3).�®á«¥ íâ®£®, à ááâ®ï­¨ï ¨ í­¥à£¨ï âà®©­®£® á¢ï§ ­­®£® á®áâ®ï­¨ï ¬®£ãâ ¨á-¯®«ì§®¢ ­ë ¤«ï ­ å®¦¤¥­¨ï á¨« â®ç¥ç­ëå ¢§ ¨¬®¤¥©áâ¢¨© ¨§ ¯¥à¢ëå ç¥âëà¥åãà ¢­¥­¨© (38).�«ï á¨áâ¥¬ë ç¥âëà¥å æ¥­âà®¢ ¤ ¢ ©â¥ ¢¢¥¤¥¬ ¨§®¯¥à¨¬¥âà¨ç¥áª¨¥ ª®®à¤¨-­ âë - áã¬¬ë ¤«¨­ ¯à®â¨¢®¯®«®¦­ëå à¥¡¥à ¢ â¥âà í¤à¥ ®¡à §®¢ ­­®¬ y1; y2; y3; y4D12 = d12 + d34;D13 = d13 + d24;D14 = d14 + d23:(40)�â¨ ª®®à¤¨­ âë ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¤«ï ¯à®áâ®£® ¢ëç¨á«¥­¨ï ¯¥à¨¬¥-âà®¢ ¢á¥å ¢®§¬®¦­ëå ç¥âëà¥åã£®«ì­¨ª®¢: ¯¥à¨¬¥âàë à ¢­ë áã¬¬¥ ¤¢ãå á®®â-¢¥âáâ¢ãîé¨å ¯¥à¨¬¥âà¨ç¥áª¨å ª®®à¤¨­ â.�¥®à¥¬  3. � áá¬®âà¨¬ ®¯¥à â®à �à¥¤¨­£¥à  ¢ L2(R3) á ç¥âëàì¬ï â®-ç¥ç­ë¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï¬¨ á¨«s �1; �2; �3; �4 à á¯®«®¦¥­­ëå ¢ â®çª å y1; y2; y3; y4:�â®â ®¯¥à â®à ¨¬¥¥â âà®©­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  ®¤­® ¨§ á«¥¤ãîé¨å ãá«®¢¨© ¢ë¯®«­¥­®a) �á«¨ ¢á¥ ¯¥à¨¬¥âà¨ç¥áª¨¥ ª®®à¤¨­ âë à §«¨ç­ë, â® à ááâ®ï­¨ï ¬¥¦¤ãæ¥­âà ¬¨ ¤®«¦­ë ã¤®¢«¥â¢®àïâì ®¤­®¬ã ¨§ âà¥å íª¢¨¢ «¥­â­ëå ãá«®¢¨©ln d12 + ln d34 � ln d13 � ln d24d12 + d34 � d13 � d24 = ln d12 + ln d34 � ln d14 � ln d23d12 + d34 � d14 � d23 < 0;(41) ln d12 + ln d34 � ln d13 � ln d24d12 + d34 � d13 � d24 = ln d13 + ln d24 � ln d14 � ln d23d13 + d24 � d14 � d23 < 0;(42) ln d12 + ln d34 � lnd14 � ln d23d12 + d34 � d14 � d23 = ln d13 + ln d24 � ln d14 � ln d23d13 + d24 � d14 � d23 < 0:(43)�­¥à£¨ï âà®©­®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ®¯à¥¤¥«ï¥âáï £¥®¬¥âà¨¥© æ¥­âà®¢E = �� ln d12 + ln d34 � ln d14 � ln d23d12 + d34 � d14 � d23 �2 :(44)�­ ç¥­¨¥ ¯®áâ®ï­­ëå �j ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨¥¬ (38) (¯à¨­¨¬ ï ¢® ¢­¨¬ -­¨¥ (19)).b) �á«¨ ¤¢¥ ¯¥à¨¬¥âà¨ç¥áª¨¥ ª®®à¤¨­ âë á®¢¯ ¤ îâ, ­ ¯à¨¬¥à D12 �D13 =d12 + d34 � d13 � d24 = 0; â®£¤  ¤«¨­ë ¢ íâ¨å ¯ à å ¤®«¦­ë á®¢¯ ¤ âì, â.¥.� d12 = d13d34 = d24 ¨«¨ � d12 = d24d34 = d13 :(45)�®£¤  âà®©­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ áãé¥áâ¢ã¥â â®«ìª® ¥á«¨ ãá«®¢¨¥ (41)¢ë¯®«­¥­®, ¥£® §­ ç¥­¨¥ ®¯à¥¤¥«ï¥âáï £¥®¬¥âà¨¥© ¨ ¤ ¥âáï ä®à¬ã«®© (44).�­ ç¥­¨ï ¯ à ¬¥âà®¢ �j ®¯à¥¤¥«ïîâáï ä®à¬ã«®© (38) (¯à¨ ¯®¬®é¨ (19)).c) �á«¨ ¢á¥ ¯¥à¨¬¥âà¨ç¥áª¨¥ ª®®à¤¨­ âë à ¢­ë, â® âà®©­®¥ á®¡áâ¢¥­­®¥ §­ -ç¥­¨¥ áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ç¥âëà¥ æ¥­âà  à á¯®«®¦¥­ë¢ ¢¥àè¨­ å â¥âà í¤à  ¯® ªà ©­¥© ¬¥à¥ ®¤­®© ¨§ áâ®à®­ ª®â®à®£® ï¢«ï¥âáï



16 �.�.������ � �.�.�������¯à ¢¨«ì­ë© âà¥ã£®«ì­¨ª,   âà¨ ¤àã£¨¥ áâ®à®­ë ®¤¨­ ª®¢ë. �­¥à£¨ï âà®©­®£®á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¯à®¨§¢®«ì­  (®âà¨æ â¥«ì­ ) ¨ §­ ç¥­¨ï ¯ à ¬¥âà®¢�j (¢á¥ à ¢­ë¥) ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï íâ®© í­¥à£¨¥©.�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¢á¥ âà¨ á«ãç ï ¯® ®â¤¥«ì­®áâ¨.a) �á«¨ ¢á¥ ¯¥à¨¬¥âà¨ç¥áª¨¥ ª®®à¤¨­ âë à §«¨ç­ë, â® ¯ à ¬¥âà � ®¯à¥¤¥-«ïîé¨© í­¥à£¨î âà®©­®£® á®áâ®ï­¨ï ¬®¦¥â ¡ëâì ¢ëç¨á«¥­ ¨§ (39) ¨á¯®«ì§ãïâà¨ à §«¨ç­ëå ãà ¢­¥­¨ï� = � ln d12 + ln d34 � ln d13 � ln d24d12 + d34 � d13 � d24 ;� = � ln d12 + ln d34 � ln d14 � ln d23d12 + d34 � d14 � d23 ;� = � ln d13 + ln d24 � ln d14 � ln d23d13 + d24 � d14 � d23 :�áª«îç ï � âà¥¬ï à §«¨ç­ë¬¨ á¯®á®¡ ¬¨ ¬ë ¯®«ãç ¥¬ (41,42,43) ¯à¨­¨¬ ï¢® ¢­¨¬ ­¨¥, çâ® � ¤®«¦­® ¡ëâì ¯®«®¦¨â¥«ì­ë¬. �®á«¥ íâ®£® ¯ à ¬¥âàë �j(¨«¨ 
j) ¬®£ãâ ¡ëâì ¯®«ãç¥­ë ¨§ (38).b) �á«¨ ¤¢¥ ¨§ âà¥å ¯¥à¨¬¥âà¨ç¥áª¨å ª®®à¤¨­ â á®¢¯ ¤ îâ, ­ ¯à¨¬¥àD12 =D13, â® á¨áâ¥¬  ãà ¢­¥­¨© (39) íª¢¨¢ «¥­â­  á«¥¤ãîé¨¬ ¤¢ã¬ ãà ¢­¥­¨ï¬� ln d12 + ln d34 � ln d13 � ln d24d12 + d34 � d13 � d24 = � ln d12 + ln d34 � ln d14 � ln d23d12 + d34 � d14 � d23 > 0;d12d34 = d13d24:�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥, çâ® ¤¢¥ ¯¥à¨¬¥âà¨ç¥áª¨¥ ª®®à¤¨­ âë á®¢¯ ¤ îâ ¬ë¤¥« ¥¬ ¢ë¢®¤, çâ® ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ ¯à¨¢®¤¨â ª (45) ¨ çâ® í­¥à£¨ï âà®©­®-£® á®áâ®ï­¨ï ®¯à¥¤¥«ï¥âáï (44). � à ¬¥âàë à áè¨à¥­¨ï ®¯ïâì ®¯à¥¤¥«ïîâáïãà ¢­¥­¨ï¬¨ (38).c) �á«¨ ¢á¥ ¯¥à¨¬¥âà¨ç¥áª¨¥ ª®®à¤¨­ âë á®¢¯ ¤ îâ, â® (39) íª¢¨¢ «¥­â­®d12d34 = d13d24 = d14d23;¨ á«¥¤®¢ â¥«ì­® ç¥âëà¥ æ¥­âà  ®¯à¥¤¥«ïîâ â¥âà í¤à á ®¤­®© áâ®à®­®© ¢ ¢¨¤¥¯à ¢¨«ì­®£® âà¥ã£®«ì­¨ª . �à¨ ®áâ ¢è¨¥áï áâ®à®­ë ®¤¨­ ª®¢ë. � íâ®¬ á«ãç ¥ãà ¢­¥­¨¥ (39) ¢ë¯®«­¥­® ¯à¨ «î¡®¬ §­ ç¥­¨¨ í­¥à£¨¨ ��2: �®á«¥ ¢ë¡®à  íâ®-£® ¯ à ¬¥âà  à ¢­ë¬ ¯à®¨§¢®«ì­®¬ã ®âà¨æ â¥«ì­®¬ã ç¨á«ã ¬®¦­® ¢ëç¨á«¨âì§­ ç¥­¨ï ¢á¥å ¯ à ¬¥âà®¢ á¢ï§¨ ¨§ (38). 2�¥à¢®¥ á¥¬¥©áâ¢® â®ç¥ç­ëå ¢§ ¨¬®¤¥©áâ¢¨© ®¯¨áë¢ ¥âáï ¯ïâìî ­¥§ ¢¨á¨-¬ë¬¨ ¯ à ¬¥âà ¬¨ ª ª ¨ ¯à¥¤¯®« £ «®áì (á¬. â ¡«¨æã). �¢  ¤àã£¨å á¥¬¥©áâ¢ ®¯¨áë¢ îâáï 4 ¨ 3 ¯ à ¬¥âà ¬¨ á®®â¢¥âáâ¢¥­­®. �®á«¥¤­¥¥ á¥¬¥©áâ¢® ¯à¥¤-áâ ¢«ï¥âáï ­ ¨¡®«¥¥ ¨­â¥à¥á­ë¬ ¯®áª®«ìªã á®¤¥à¦¨â à¥£ã«ïà­ë© â¥âà í¤à -­ ¨¡®«¥¥ á¨¬¬¥âà¨ç­ãî ª®­ä¨£ãà æ¨î ç¥âëà¥å æ¥­âà®¢.�ïâì æ¥­âà®¢. �ë ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢®§¬®¦­®áâì ¤«ï íâ®© á¨áâ¥¬ë¨¬¥âì á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ªà â­®áâ¨ 4. �¥®ç¥¢¨¤­®, çâ® á®®â¢¥âáâ¢ãîé ïá¨áâ¥¬  ãà ¢­¥­¨© ¨¬¥¥â à¥è¥­¨¥. � ¡«¨æ  ¯à¥¤áª §ë¢ ¥â, çâ® á¥¬¥©áâ¢® à¥-è¥­¨© ®¯¨áë¢ ¥âáï ¯ïâìî ¯ à ¬¥âà ¬¨. �ë ¬®¦¥¬ ¯®ª § âì, çâ® áãé¥áâ¢ã¥â



������������ ������� � ����������� ��������� 17¤¢ãå¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®. � áá¬®âà¨¬ ­ ¨¡®«¥¥ á¨¬¬¥âà¨ç­®¥ à á¯®«®-¦¥­¨¥ ¯ïâ¨ æ¥­âà®¢:â®çª¨ y2; y3; y4; y5 à á¯®«®¦¥­ë ¢ ¢¥àè¨­ å ¯à ¢¨«ì­®£® â¥âà í¤à ,â®çª  y1 à á¯®«®¦¥­  ¢ æ¥­âà¥ â¥âà í¤à .�ë ®¡®§­ ç¨¬ ç¥à¥§ d ¤«¨­ã áâ®à®­ë â¥âà í¤à  ¨ ç¥à¥§ r - à ¤¨ãá ®¯¨-á ­­®© áä¥àë á®¤¥à¦ é¥© ¢á¥ ç¥âëà¥ ¢¥àè¨­ë â¥âà í¤à . �®£¤  á¨áâ¥¬  (36)¯à¨­¨¬ ¥â ¢¨¤det0BBBBB@ ��+ 
1 e��rr e��rr e��rr e��rre��rr ��+ 
2 e��dd e��dd e��dde��rr e��dd ��+ 
3 e��dd e��dde��rr e��dd e��dd ��+ 
4 e��dde��rr e��dd e��dd e��dd ��+ 
5 1CCCCCA = 0:(46)�á¥ áâà®ª¨ ¬ âà¨æë «¨­¥©­® § ¢¨á¨¬ë (á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¨¬¥¥â ªà â­®áâì4) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ��+ 
2 = ��+ 
3 = ��+ 
4 = ��+ 
5 = e��dd) 
2 = 
3 = 
4 = 
5 = �+ e��d=d¨ ��+ 
1 = �e��rr �2 =e��dd ) 
1 = �+ dr2 e�(d�2r):�«¥¤®¢ â¥«ì­® ¤«ï «î¡®£® � ¬®¦­® ¯®¤®¡à âì ¯ à ¬¥âàë �j ; j = 1; :::; 5 â ª,çâ®¡ë ®¯¥à â®à �à¥¤¨­£¥à  á ¯ïâìî â®ç¥ç­ë¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï¬¨ ¨¬¥« á®¡-áâ¢¥­­®¥ §­ ç¥­¨¥ ªà â­®áâ¨ 4: �®«ãç ¥¬ á¥¬¥©áâ¢® ®¯¨áë¢ ¥¬®¥ ¤¢ã¬ï ¯ à -¬¥âà ¬¨: à §¬¥à ¯à ¢¨«ì­®£® â¥âà í¤à  ¨ í­¥à£¨ï ¢ëà®¦¤¥­­®£® á®áâ®ï­¨ï.�¥áâì ¨ ¡®«¥¥ æ¥­âà®¢. � áá¬®âà¨¬ á¨áâ¥¬ã è¥áâ¨ æ¥­âà®¢. � ¡«¨æ ¯à¥¤áª §ë¢ ¥â, çâ® ¬­®¦¥áâ¢® ¯ à ¬¥âà®¢ ¯à¨¢®¤ïé¨å ª ¬ ªá¨¬ «ì­®© ¢ë-à®¦¤¥­­®áâ¨ ®¯¨áë¢ ¥âáï ç¥âëàì¬ï ¯ à ¬¥âà ¬¨. � ¢ ©â¥ ¯à® ­ «¨§¨àã¥¬­ ¨¡®«¥¥ á¨¬¬¥âà¨ç­ãî ª®­ä¨£ãà æ¨î è¥áâ¨ æ¥­âà®¢ - â®çª¨ à á¯®«®¦¥­­ë¥¢ ¢¥àè¨­ å ®ªâ í¤à . � âà¨æ  ¯à¨­¨¬ ¥â á«¥¤ãîé¨© ¢¨¤0BBBBBBBBBB@ ��+ 
1 e��dd e��p2dp2d d e��dd e��dd e��dde��dd ��+ 
2 e��dd e��p2dp2d d e��dd e��dde��p2dp2d e��dd ��+ 
3 e��dd e��dd e��dde��dd e��p2dp2d e��dd ��+ 
4 e��dd e��dde��dd e��dd e��dd e��dd ��+ 
5 e��p2dp2de��dd e��dd e��dd e��dd e��p2dp2d ��+ 
6 1CCCCCCCCCCA ;£¤¥ d - ¤«¨­  à¥¡à  ®ªâ í¤à . �âà®ª¨ ¯ à ««¥«ì­ë â®«ìª® ¥á«¨ ¢ë¯®«­¥­®e��dd = e��p2dp2d ;) � = � ln 22d(p2� 1) < 0:



18 �.�.������ � �.�.��������® ¯ à ¬¥âà � ¤®«¦¥­ ¡ëâì ¯®«®¦¨â¥«ì­ë¬. �«¥¤®¢ â¥«ì­® íâ  á¨áâ¥¬  ­¥¬®¦¥â ¨¬¥âì á®¡áâ¢¥­­®£® §­ ç¥­¨ï ªà â­®áâ¨ 5: �®á«¥¤­¥¥ ãà ¢­¥­¨¥ ®¯à¥¤¥-«ï¥â à¥§®­ ­á ¢¬¥áâ® á®¡áâ¢¥­­®£® §­ ç¥­¨ï. �ë ¯à¥¤¯®« £ ¥¬, çâ® á¨áâ¥¬  ¨§6 â®ç¥ç­ëå ¢§ ¨¬®¤¥©áâ¢¨© ­¥ ¬®¦¥â ¨¬¥âì á®¡áâ¢¥­­®£® §­ ç¥­¨ï ªà â­®áâ¨5. �­ «®£¨ç­® ¬ë ­¥ ¯à¥¤¯®« £ ¥¬ ­ «¨ç¨ï á®¡áâ¢¥­­ëå §­ ç¥­¨© ªà â­®áâ¨N � 1 ¤«ï «î¡®© á¨áâ¥¬ë ¨§ N â®ç¥ç­ëå ¢§ ¨¬®¤¥©á¨¢¨© ¯à¨ ãá«®¢¨¨ N > 6:�ë ¯« ­¨àã¥¬ ¢¥à­ãâìáï ª íâ®© ¯à®¡«¥¬¥ ¢ ®¤­®© ¨§ ¯®á«¥¤ãîé¨å ¯ã¡«¨ª æ¨©.� ª«îç¥­¨¥. �¢â®àë ¢ëà ¦ îâ ¡« £®¤ à­®áâì �¢¥¤áª®© �®à®«¥¢áª®©�ª ¤¥¬¨¨ � ãª ¨ �®­¤ã �ã­¤ ¬¥­â «ì­ëå �áá«¥¤®¢ ­¨© (Vetenskapsr�adet) § ä¨­ ­á®¢ãî ¯®¤¤¥à¦ªã. �¨â¥à âãà [1] �.�.�¤ ¬®¢, �.�.�¥¬ª®¢, �.�.O¡ê¥¤ª®¢, ¨ �.�. �¥¡ ­í, �®¤¥«ì ¯®â¥­æ¨ «®¢ ­ã«¥¢®£®à ¤¨ãá  ¤«ï ¬®«¥ªã«ïà­ëå á¨áâ¥¬, �¥®à. �ªá¯. �¨¬¨ï, 4 (1968), 147.[2] S. Albeverio, F.Gesztesy, R.H�egh-Krohn, and H.Holden, Solvable models in quantummechanics. Second edition. With an appendix by Pavel Exner. AMS Chelsea Publishing,Providence, RI, 2005.[3] S. Albeverio and P.Kurasov, Singular perturbations of di�erential operators. SolvableSchr�odinger type operators, London Mathematical Society Lecture Note Series, 271.Cambridge University Press, Cambridge, 2000.[4] �.�.�¥¬ª®¢, �.�.�àãª à¥¢, �.�.�ãç¨­áª¨©, �¨áá®æ¨ æ¨ï ®âà¨æ â¥«ì­ëå ¨®­®¢ ¢ ¯à¨-¡«¨¦¥­¨¨ ¯®â¥­æ¨ «®¢ ­ã«¥¢®£® à ¤¨ãá , ����, 58 (1970), 944.[5] �.�.�¥¬ª®¢ ¨ �.�.�áâà®¢áª¨©, �¥â®¤ ¯®â¥­æ¨ «®¢ ­ã«¥¢®£® à ¤¨ãá  ¢  â®¬­®© ä¨-§¨ª¥, �§¤-¢® �¥­¨­£à ¤áª®£® �­¨¢¥àá¨â¥â , �¥­¨­£à ¤, 1975.[6] �.�.�à¥©­, �¡ �à¬¨â®¢ëå ®¯¥à â®à å á ¨­¤¥ªá ¬¨ ¤¥ä¥ªâ  1, ���, 43, 131, 1944.[7] �.�.�à¥©­, �¡ �à¬¨â®¢ëå ®¯¥à â®à å á ¨­¤¥ªá ¬¨ ¤¥ä¥ªâ  ®¤¨­ II, ���, 44, 131, 1944.[8] P.Kurasov and A.Posilicano, Finite speed of propagation and local boundary conditions forwave equations with point interactions. Proc. Amer. Math. Soc. 133 (2005), 3071.[9] �.� ©¬ àª, � á¯¥ªâà «ì­®© äã­ªæ¨¨ á¨¬¬¥âà¨ç­®£® ®¯¥à â®à , �§¢¥áâ¨ï �� ����,7, 285, 1943.[10] J. von Neumann and E. Wigner, �Uber das Verhalten von Eigenwerten bei adiabatischenProzessen, Phys. Zeit., 30 (1929), 467.



English title and abstractvon Neumann-Wigner theorem:level's repulsion and degenerate eigenvalues.Yu.N.Demkov and P.KurasovAbstract Spectral properties of Schr�odinger operators with point interactionsare investigated. Attention is focused on the interplay between the level's repulsion(von Neumann-Wigner theorem) and the symmetry of the points con�guration.Explicit solvability of the problem allows to observe level's repulsion for two centers.For larger number of centers the families of point interactions leading to the highestpossible degeneracy is investigated.
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