
ELECTRON IN A HOMOGENEOUS CRYSTAL OF POINT ATOMS WITH 

INTERNAL STRUCTURE. II 
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A spectral analysis is made of a SchrSdinger operator with zero-range 
potential of the type of a one- or two-dimensional lattice in the 
presence of internal structure. The relationship between the 
resonances of an isolated atom and the spectral properties of the 
crystal is established. 

In the first part of the present work [i], the following problem was solved in a model 
situation: How does the presence of resonances of the isolated atom affect the spectrum 
of the corresponding crystal? It was found that sharp resonances at least can lead to the 
appearance of gaps in the bands of the continuum of the corresponding crystal and will in 
all cases lead to changes in the multiplicity of the spectrum, specifically, to the 
disappearance of some Bloch waves. The method of zero-range potentials with internal 
structure used in [i] can also be applied to the corresponding problem of one- and two- 
dimensional crystals in R 3. This problem was solved earlier in [2], as was pointed out 
to the authors by V. M. Borodin. The translation of the results of [2] into a rigorous 
language requires analysis in a Hilbert space with indefinite metric. In contrast to this, 
the approach that employs zero-range potentials with internal structure brings out the 
connection between the resonances of an isolated atom and the structure in the spectrum of 
a one-dimensional chain (or two-dimensional lattice) at the level of explicit formulas 
already in an ordinary Hilbert space of the form L~(R3)~E with finite-dimensional orthogonal 
auxiliary E. We show that the presence of resonances in the isolated atom leads to the 
appearance in the spectrum of the crystal of gaps in real waveguide bands and, in agreement 
with [2], to the appearance of resonance bands; we also describe their localization under 
the condition that the resonances are made sharp. These bands are situated on the unphysi- 
cal sheet, sometimes directly below the real ("physical") bands of waveguide type, to which 
there correspond Bloch functions quasiperiodic along the chain (lattice) and decreasing 
with increasing distance from it. Besides these bands, the spectrum of the one-dimensional 
(two-dimensional) crystal in R 3 contains a real branch (0, =), to which there correspond 
scattered waves parametrized by unit vectors in R3; this branch is completely analogous 
to the corresponding branch in the spectrum of the Laplacian. 

I. Laying down in R 3 a one- or two-dimensional lattice 

x~=ne, n=0,  ~ i ,  •  (xn=nte~+n2e2, # = 0 ,  • 1 7 7  . . .  ),  

a l o n g  t h e  v e c t o r  e ( r e s p e c t i v e l y ,  i n  t h e  p l a n e  (e~,e~)), we fo rm t h e  o r t h o g o n a l  sum 
L~(Bs)~E, o f  t h e  s p a c e  o f  a l l  s q u a r e - s u m m a b l e  f u n c t i o n s  i n  R 3 and a c o u n t a b l e  number o f  

a u x i l i a r y  s p a c e s  En, w h i c h ,  i n  t h e  s i m p l e s t  c a s e ,  we s h a l l  assume a r e  i d e n t i c a l :  E n = E 0. 
We s h a l l  a s sume t h a t  on e a c h  o f  t h e  s p a c e s  E n t h e r e  a c t s  t h e  o p e r a t o r  A n . Hav ing  i n  mind 
t h e  c o n s t r u c t i o n  o f  a mode l  o f  a homogeneous  c r y s t a l ,  we s h a l l  assume h e r e  t h a t  A n = A0. 
W i t h o u t  l o s s  o f  g e n e r a l i t y ,  i t  can  be  assumed  t h a t  t h e  o p e r a t o r  A 0 h a s  a s i m p l e  s p e c t r u m .  
We r e s t r i c t  e a c h  o f  t h e  o p e r a t o r s  A n t o  a s y m m e t r i c  o p e r a t o r  A~ w i t h  d e f i c i e n c y  i n d e x  ( 1 ,  1) 
i n  such  a way t h a t  t h e  d e f i c i e n c y  e l e m e n t  ~ i s  a g e n e r a t i n g  e l e m e n t ,  and  we form a b o u n d a r y  
form* c o r r e s p o n d i n g  t o  i t  f o r  ~ ,  ~OD(A~ ~*): 

<A. ~ *~., ~ > - < ~ ,  A~ ~ * ~ . > = ~ n , ~ . o - ~ o ~ , =  [ ~ ,  ~.]~. 

*In the case when the domain of definition of the restricted operator is not dense in E n, 
one can also form a boundary form with analogous properties [3]. 
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It is symplectic in the space of boundary values {$n0, gnu} of elements ~ in D(A~ 
the operator A~~ ~ there corresponds the total boundary form 

Y~, [~.,n.].=[~,no] ~n, 

To 

whose arguments are infinite vectors of boundary values ~0=~0j = fl \l ,, ] ~  . We denote the 

infinite-dimensional space of these vectors by E~ n. 

Besides the symmetric operator A~n , we also consider the symmetric restriction --A ~ of 
the Laplacian in R 3 to the set of all smooth functions that vanish near the points x n of 
the lattice. Elements in the domain of definition of the adjoint operator have near the 
points x n an asymptotic behavior whose coefficients have the meaning of boundary values: 

u (x) = + U.o+O (t). 
4 ~ l x - x ~  

The boundary form corresponding to this restriction is also symplectic in the space E~ xt of 

infinite-dimensi~ b~ vect~ U~176 =_~: 

<(--A~ Z)>--<U, (--A~ (1.~nO~n----Un-~nO) ~--[ Uo, Vo] ext. 

Our immediate aim is to describe the self-adjoint extensions of the symmetric operator 
Ain~176 which has infinite deficiency indices. As in the case of finite deficiency 
indices (see [3]), the matter reduces to separating in the boundary space of maximal 
neutral subspaces N the total boundary form: 

[~,~]'~+[uo, vA=~=o; (Uo,~),(V~,~)~N. 

Membership of the boundary vectors of the element (U, ~) to a given maximal neutral 
subspace N (Lagrangian plane) fixes the self-adjoint boundary condition that determines 
the self-adjoint extension~N of the symmetric operator AI=~176 For convenience of 
the reader, we give here without proof the general description of self-adjoint boundary 
conditions. 

Let J[$, N] be the symplectic form on the Hilbert space H defined on the orthogonal 

(~ I)The subspaces E0 and El can be decomposition H=E0@EI by the Bloch matrix J= _ 0 " 

assumed to be identical: E 0 = E l = E. Then vectors $ in H can be expressed in two-component 
form ($0, $i), and ][~,N]=<~,N0>--<~0, Ni>. The eigenspaces of the matrix J corresponding to 

}{( ) } the eigenvalues • consist of vectors of the form h i ' I g ' respectively, and every 

isometry 9 from N+ to N_ is uniquely determined by a unitary operator V that acts on E: 

PROPOSITION i. The family of all maximal neutral subspaces of the symplectic form can 
be described by any of the three following equivalent ways. 

I. Let 9 be an arbitrary isometry from N+ to N_. Then to it there corresponds the 
neutral subspace L V = (I + ~)N+, and every neutral subspace can be obtained in this way 
(up to a J-unitary transformation). 

2. Let Fs, s = 0, I, be any orthogonal subspaces in E (one or both of them may be 
trivial), G=E@[Fo@FI] be their orthogonal complement, and A be a self-adjoint operator 
on G. Then the closureof every !inea! in H distinguished by the boundary conditions 
~o=[~+g, [~FiI g~D(A); ~t=]o+Ag, [o~Fo, or ~o=f~+Ag, f~6F~; ~=[o+g, [o6Fo, g~O(A), is a neutral sub- 
space, and every neutral subspace can be obtained in this way up to a J-unitary transforma- 
tion. 

3. Let A be an arbitrary self-adjoint operator on E. Then the closures in H of the 
lineals distinguished by the boundary conditions $0 = A$I or $i = AGo are neutral subspaces 
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in H. All the neutral subspaces can be obtained in this way up to a J-unitary transforma- 
tion. 

Description 3 corresponds to the usual description of Lagrangian planes in terms of 
generating functions except for the replacement of the bilinear forms by the corresponding 
operators. We note that the simplest J-unitary transformation is (t0, ~1)-+(--t~, t0). There- 
fore, to construct self-adjoint extensions of the operator A~n ~ ~ , we shall in what 
follows use two types of boundary condition ensuring homogeneity of the crystal: (') (r): ( U,~o 

~ ~ l 1 ) 
= ( n )  �9 .. F ~ * F ? F o F z F ~ . . .  

(n) 

(B): ( ~ : : ) = ( n ) . . . B , * B , * B o B , B ~ . .  

We shall assume that the infinite Hermitian matrices r and B that determine the extensions 
are Toeplitz matrices, B s = Bg; moreover, we shall limit ourselves to taking into account 
the interaction of only the nearest neighbors: B s = F s = 0, Isl > M. By virtue of Part 3 
of Proposition i the conditions (F) and (B) (together with the analogous conditions in 
which the matrices F and B occur on the left) exhaust all self-adjoint extensions A,n~ ~ 
corresponding to homogeneous crystals in which overlapping of the atomic orbitals of only 
the nearest neighbors is taken into account. Further, we consider only extensions corre- 
sponding to the matrices 

F,=( 3 o)=r_,*, 0<Ill<M, 

Bo=([~oo ~oi~ r'o (~oo ~o,) Im~, i=Im~, ,=O.  
IL, ~,J' =-% ~,, ' 

2. The operators . ~ r , - ~  that are the self-adjoint extensions of .A,.~ ~ with the 
boundary conditions F and B have a purely continuous spectrum consisting of two branches. 
First, there are scattered waves parametrized by a unit vector v#e~. Their components in 
the external and internal spaces have the form Z etklx_nl 

W.(x,k)=e-ik<*,'>"F 4~lx_n ] e-**<~">p(x), ~ * l e ~] --~<~ '" ) n=n%~+n%,, n~=0, •  • ~n  - - ~ 0  o ~ . . . .  

(n) 

(2) 

Second, there are Bloch waves 

cP(x'k)= Z g~k-lx--~l e-~<n't>, tn'=~0 "e-i<n''>, n=n'e~+n'~e2, n'=O, • • ..... 
<.> 4 ~ I x - n l  

The connection between the spectral parameter I = k 2 and the quasimomenta x and I t of the 
scattered waves ~w and the eigenfunctions of waveguide type are determined from the 
boundary conditions 

p + t - t -  - -  0 . 
n ~ o  " " ~ 

I < [ I I < M  

( 3 )  

( 01) + _ ~ ~e-*~a,*>~ ' 
I < I I [ < M  
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(r, ~): 
+ T~-TE'T e-~<"' t> 

n:#O 
h Yo' Y::/ ~o + Z 'lhe-~<t't>7~~ ' 

I<I~I<M 

(B,  q~): ~o = \ ~ o l  - - ~ 1  + - -  Z l~te-i<l' t>~l " 
l<ll{<M 

Here, we denote by 1 the integral vector l'e,+12e2 in the case of the two-dimensional 
lattice, or the vector le in the case of a one-dimensional lattice. 

Solving these equations, we must use the fact that the boundary values of the 
elements gn of the internal subspaces that belong to the domain of definition of A ~ are 
connected by the relation (see [3]) 

~,~o-'=< (A-XI)- '(I+XA)~, ~ > . ~ h  (Z). 

On the right-hand side here we have the Schwartz integral of the operator A on the deficiency 
element ~. This enables us to find the external and internal components of the scattered 
waves in terms of lattice sums, 

e~Mnl 
Y2,x (k, T) ~k Z = ' T f f  + 4~ In-----[ e-~<", % ~ = k v ,  (4) 

n~0, nEZ 2, ~I 

and the external and internal components of the eigenfunctions of waveguide type in terms 
of the same lattice sums with the parameter T replaced by the quasimomentum t. In the 
case of the one-dimensional lattice, the lattice sums are calculated in explicit form: 

ik ei~lnl i i 
~ (cos k --  cos t) 

n#-o, nEE 

Here, the branch of the logarithm is fixed by the condition which ensures that ~1(k, t) 
can be continued analytically into the upper half-plane Im k > 0. The imaginary part of 
the function YI is piecewise constant and in the strip Itl<~, --~<k<~ takes values that 
are multiples of 1/4 (see Fig. i). The real part has logarithmic singularities on the 
lines k • t = 2~n, n = 0 • i, ..., i.e., becomes 4-o0 on them. On the ovals cos k -- cos t = 
• we have Re Y1 = 0, and within the ovals Re 71 < 0. For complex k with small imaginary 
part, $l(k, t) can be calculated in accordance with the formula 

l sin (Re k) 
~, (k, t) ~?,  (Re k, t) + ~ cos (Re k) - cos t i Imk. (5) 

For purely imaginary k, corresponding to negative values of the energy, ~ < 0, the 
function YI is real and smooth. It decreases monotonically, tending to --~. 

The lattice sum 72(k,t) cannot be calculated explicitly. Nevertheless, its properties 
have been fairly well studied in [4], in which, in particular, it was shown that: 

i. For fixed value of the spectral variable k ?z(k, t) is an even function of each of 
the components (t l, t 2) of the quasimomentum. 

2. With respect to the spectral variable ~ = k 2 the function,is analytic and has 
positive imaginary part in the upper half-plane and a cut on the half-axis Itlz<%<~, on the 
upper edge of which Im?~(~, t)>0. On the half-axis --~<E<[t] 2 the function 72(~,t) is real 
and increases monotonically from --~ to +co. 

3. On the half-axis --~<%<Itl 2 

072 
at' = -- s in  #'/t (~, t ) ,  

where h(X,t) a r e  smooth s t r i c t l y  p o s i t i v e  f u n c t i o n s .  

4. T2(O, ~, ~) < O. 

5. The derivative a~2/~ ~ has the representation 
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----, I-%-- 
i 

Fig. i 

nfiZ' 

where the branches of the roots are chosen to satisfy the condition Im ~2"Im ~ ~ 0. 

It follows from properties 1-5 in particular that in the cylinder Itl, tsl<~ , -~<k<~ 
the function T2 is real for 0<k<]tl, and, further, on the passage through the surface on 
which kS=12~n+tr, it does not, in contrast to 7l, have a discontinuity but acquires 
additional singularities corresponding to the corresponding terms in Eq. (5): 

Zs (k s -  12~n§ I ~§ -~s  (k s -  12gn§ ] s -6)  ~ 2 ( i -  l.____~) 
F8 

The f u n c t i o n  ~2 does  n o t  have  o t h e r  s i n g u l a r i t i e s  in  t h e  c y l i n d e r .  

We u s e  t h e  o b t a i n e d  r e s u l t s  t o  c o n s t r u c t  t h e  s c a t t e r e d  waves  and e i g e n f u n c t i o n s  of  
wavegu ide  t y p e ,  and a l s o  f o r  q u a l i t a t i v e  i n v e s t i g a t i o n  of  t h e  s p e c t r u m .  

PROPOSITION 2. The s c a t t e r e d  waves c o r r e s p o n d i n g  t o  t h e  bounda ry  c o n d i t i o n s  F and B 
a r e  d e t e r m i n e d  by f o r m u l a  ( 2 ) ,  in  which  i t  i s  n e c e s s a r y  t o  t a k e  f o r  t h e  c o n d i t i o n s  r and B, 
respectively, 

p~ (kv, ~ ) =  

A §  2 'Y ~e-ih<~'l> 

I<II[<M 

p~ ( k v  ~) = - 
i<]ll<M 

i<:ll]<M 

Here, k = k + i0, and T is the projection of the vector kv, which determines the energy and 
direction of incidence of the plane wave, onto the plane (line) of the lattice. For the 
eigenfunctions of waveguide type, the dispersion relations connecting the energy k = and 
quasimomentum t of the electron in the lattice have the form 

(F): (~ (k, t) --Too) ( A--,,l-- Z Tle-i<l't))---~]~oi] ~;" 
i<ill<M 

(B): (~ (k, ~) --~OO) ( --i-i--~t{ - ~ ,le-i(l't))=l~oo,2. 
i<[ll<~r 

Here, as X in the case of the one- and two-dimensional lattice one must take the corre- 
sponding lattice sums (4) for p or the corresponding sums with quasimomentum for the 
dispersion relations. 

Bearing in mind that for all elements $ in the domain of definition of A ~ the 
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boundary values are related by the equation $i = A~o, we write the equations (F) and (~) 
in the form 

t +pr ~/=?00pr+T~ 

t<tll<M 

from which we obtain the value of the parameter OF in the formula for the scattered wave: 

h - - ~  ti - -  Z e-ik"v'l> 
t<ilI<M 

t+pr  (~--~00) = I~o,['pr , pr = 

t<[II<M I<[II<M 
Everywhere on the  r i g h t - h a n d  s i d e  the  v a l u e s  of  the  a n a l y t i c  f u n c t i o n s  ~ a re  to  be under-  
s tood  as t he  l i m i t i n g  v a l u e s  as k ~ k + i0 (from t he  upper  h a l f - p l a n e ) .  

The o b t a i n e d  formula  i s  e q u a l l y  v a l i d  f o r  t he  two- and one-d imens iona l  l a t t i c e s .  I t  
i s  mere ly  n e c e s s a r y  to s u b s t i t u t e  in i t  t h e  co r r e spond ing  l a t t i c e  sum ?=7(k, k") ,  where k # i s  
the  p r o j e c t i o n  of  the  v e c t o r  k, which de te rmines  t he  d i r e c t i o n  of  i nc idence  of  the  p lane  wave, 
onto the plane (line) of the lattice. 

Similarly, for the scattered waves for the boundary condition B we obtain the 
equations 

from which we find the value of PB: 

~B 

~0=~0,ps-~,,A~0-A~o Z ~ ze-i~<'''>' 
l<Jli<M 

t<[I[<M 

i<II[<M 

i<[I[<M 

, k = k + i O .  

For the eigenfunctions of waveguide type, we obtain the equations 

(r, r { ~ (k, t) =~oo+~o,~o, 
A~o=r162 2 ~ ~e-"u>, 

t<III<M 

(B, O: { ~(k' t)=~00-A~0,g0, 
~0=~0t-A~0~l-A~0 2 ~ ~e-~''t> 

l<:llj<M 

from which we obtain dispersion relations connecting the energy k 2 to the quasimomentum of 
the electron in the lattice: 

(F,q)): ( , ( k , t ) - , o o ) ( A - , ~ -  2 ,~e-~<',t>)=,,o~,2 , 
I<]II<M 

I<IIJ<M 

3. We now study the band structure of the one-dimensional lattice that is generated 
by the eigenfunctions of waveguide type, making the assumption, for example, that the 
coupling constants ~01 and 601 of the external and internal channels are small and that 
the overlap integrals of the atomic orbitals 7s and 6s are zero. Having marked in Fig. 1 
with the vertical broken lines the roots of the equation A -- Y11 = 0 that lie in the 
interval [--~, ~], we note that in the regions in which t 2 > k 2, Itl < ~ we have Im ~ = O, 
and the solutions of the dispersion relation are real and lie near the lines where A = 711, 
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= 700 (however, not on them). 
dispersion relation are complex, 
the representation (5), 

i i sin(Re k) 
? (k , t )  ~ Re? (Re  k , t ) •  I m k ,  

4 4~ cos (Re ~) - c o s  

which  f o r  t h e  b o u n d a r y  c o n d i t i o n s  ~ g i v e s  

IRe ? (Re k, t) -?00+i{ sin(Re k) I m k  i 
cos (Re k ) -  cos t • -4-} ] ( A - ~ " )  = [ 7~ l ~' 

But in the regions in which Im 7 = il/4 the roots of the 
and to find them near the discontinuity lines we must use 

i cos(Re k) - -  cos t k ~ N t  ~ 
[Re ? ( R e k ,  t)--?00](A--~ii)~l?0~p, I m k =  

4 sin(Re k) ' N . 

F o r  ~00 > 0,  t h e  s o l u t i o n s  o f  t h e  o b t a i n e d  e q u a t i o n  a r e  p r o j e c t e d  o n t o  t h e  k a x i s  in  
the form of two real bands separated by a gap near the resonance of the isolated atom and 
next to it a quasistationary band, which is situated below this gap on the unphysical 
sheet Im k < O: 

t cos (Re k)-- cos t 
Im k ~ w (k>0,  k<0 ,  k f > t f ) .  

4 sin (Re k) 

I n  a l l  t h e  o t h e r  r e g i o n s  in  wh ich  Im X ~ 0 t h e r e  a r i s e  o n l y  q u a s i s t a t i o n a r y  b a n d s ,  
c o r r e s p o n d i n g  t o  complex  v a l u e s  o f  t h e  e n e r g y .  Fo r  e x a m p l e ,  i f  t h e  l i n e  o f  t h e  r o o t  
h -  $11 = 0 p a s s e s  t h r o u g h  t h e  p o i n t  k0 ,  ~ < k 0 < 2~,  t h e  c o r r e s p o n d i n g  d i s p e r s i o n  
r e l a t i o n s  h a v e  o n l y  complex  r o o t s .  The l i n e s  o f  r o o t s  n e a r  t h e  s t r a i g h t  l i n e s  k • t = 2~ 
a r e  

[ Re?(Rek'~)-~~176 ~'1~ 

Here, i t  i s  necessary to take the 1/4 or 1/2 in the round brackets in accordance wi th  the 
value of Im ~ in the corresponding region,  We obta in 

-('1<  o (Re k ) -  t 
I m k =  x , / z /  s in (Rek)  , k •  [ R e ? ( R e k ,  t )--~0ol(A-ff ,0~i?011t  

Fo r  n e g a t i v e  v a l u e s  o f  t ( i m a g i n a r y  k ,  Im k > 0) t h e  l a t t i c e  sum ~ d e c r e a s e s  m o n o t o n i -  
c a l l y  as  - - r  a t  i n f i n i t y .  T h e r e f o r e ,  n e a r  e a c h  n e g a t i v e  r o o t  o f  t h e  e q u a t i o n  
A ( t )  -- $1z = 0 f o r  s m a l l  c o u p l i n g  c o n s t a n t s  I~101 < 1 t h e r e  i s  a n a r r o w  band ,  which  i s  
o b t a i n e d  by p r o j e c t i n g  o n t o  t h e  I a x i s  t h e  l i n e  o f  r o o t s  o f  t h e  c o r r e s p o n d i n g  d i s p e r s i o n  
r e l a t i o n :  

[1 ( ~ ,  t)-?00] (A(s =]~0,1 ". 

I n  a d d i t i o n ,  one  f u r t h e r  band ( i n  g e n e r a l ,  a b r o a d e r  one )  i s  g e n e r a t e d  by t h e  l i n e  o f  
r o o t s  o f  t h e  l a t t i c e  sum ? ( 4 ~ ,  t )  -- ~00 = 0. I f  t h i s  band c o n t a i n s  a n e g a t i v e  e i g e n s t a t e  
o f  t h e  i s o l a t e d  a tom,  A ( t )  -- ~11 = 0, t h e n  n e a r  i t  t h e r e  a r i s e s  a n a r r o w  gap  i n  t h e  same 
way as  o c c u r s  in  a t h r e e - d i m e n s i o n a l  c r y s t a l .  

In the case of the two-dimensional lattice, the picture of the real bands generated 
by the "lattice" band {%: ?z(~, t)--700=O, It~l, It21~} and bound states of the isolated atom 
remains as before, but the form of the quasistationary bands is changed by the presence 
of singularities on the discontinuity surfaces %=lip. 

When a direct interaction of the nearest neighbors is switched on through nontrivial 
overlap integrals the lines of the roots A(1) -- ~i = 0 are curved. This leads to a 
broadening of the corresponding real bands and, perhaps, to overlapping of the gaps due 
to the resonances. 

Thus, as in the case of a three-dimensional crystal, a resonance in the spectrum of 
the isolated atom leads in the crystal to the appearance of gaps or, at least in the 
presence of overlapping, to a change in the multiplicity of the spectrum. An important 
difference of these lower-dimension lattices is the presence of quasistationary bands, 
which when k2>Itl z are situated in the cylinder It~l, It'l~, --~<k<~. In physics studies 
(see, for example, [2]) the quasistationarity of these bands is attributed to the fact 
that the quasimomentum t of the waveguide functions that corresponds to them can be 
obtained by projecting onto the lattice the momentum kw of the scattered wave having the 
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same energy. One says that a transition between the waveguide state of an electron in the 
lattice and the corresponding scattered wave is possible. 

An interesting question related to the quasistationary bands is their dependence on 
the resonances of the isolated atom. This question will be discussed in a following 
publication. 

4. Finally, we calculate the S matrices corresponding to the considered crystals of 
"incomplete dimension" in three-dimensional space. In accordance with Proposition 2 of the 
present paper, the scattered waves can be expressed in terms of the lattice sums 7s, s = 
I, 2, as follows: 

eiklx-nl Z 8-i~'(v, n> ~ r ,  B (x, v) ~ e -~<~, v> + t~r, B ((k + i0) v) 4 ~  I x - -  n I 
n6Z s 

Z e~[x_nl 
We use the formula given in [6] to calculate the asymptotic behavior of the sum [x_n I 

e -~<v,n> as Ixl-~=: 

e~l~-"l e'~t~l e'~l~l Z 6 (2an + k ((o +v ) ) .  z~ 4=Ix"nT e-~<~' n> ~ 4~Ixl ~ exp@ <n!~ + ">)-- a~Ix i .ez' 
n~Z s nEg s 

This gives for the scattering amplitudes the formulas 

/r ,  B (to, v) = Pr, B (k -~ i0, ~) Z 5 (2nn ~- k (co -~- v)),. 
nEE s 

w h e r e  T i s  t h e  p r o j e c t i o n  o f  t h e  v e c t o r  kv, w h i c h  d e t e r m i n e s  t h e  e n e r g y  and  d i r e c t i o n  o f  
incidence of the plane wave, onto the plane (line) of the lattice. Because of the presence 
of the 6 functions, the scattering amplitude is nonzero only for directions m, v whose 
projections P~, P, onto the plane (line) of the lattice are connected by the Laue conditions: 
k(P -P~)=2xn, where n is an integral vector of the lattice. It follows from the explicit 
form of the function that in the Laue directions at energies near sharp resonances of the 
isolated atom sharp resonances will also be observed. 

5. We now compare the results obtained in our study with the investigations of other 
authors. A mathematically rigorous and complete solution to the spectral problem corre- 
sponding to scattering by one- and two-dimensional lattices of zero-range potentials was 
given by Karpeshina [4-7]. Earlier expositions of these problems are contained in [8,9]. 
These studies described the scattered waves and identified the waveguide band responsible 
for propagation of electron perturbations along the chain (respectively, lattice). In our 
work, we have given a rigorous version of a considerably fuller model, which, in particular, 
contains all the details in the earlier studies and also some new ones. Thus, in our 
model there may be one or several waveguide bands. In addition, we have the resonance 
bands whose existence was noted earlier in physics studies (see [2]). Finally, in our 
model it can be clearly seen that the resonances of the isolated atom lead to diverse 
spectral phenomena of the type of the occurrence of forbidden bands. In the ordinary 
model of zero-range potentials, these last two effects could be observed only in the case 
of a complicated geometry of the individual clusters that form the lattice. In the case 
of simple cubic point lattices, these effects do not occur. 

The appearance in the spectrum of a gap due to a sharp resonance is evidently not 
related to the regularity of the lattice and can also be observed in the general case of 
nonperiodic (even random) potentials. Physical arguments for this assertion are put forward 
in [i0]. 

We thank the referee for drawing our attention to the paper [9]. 
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ON DISCRETENESS OF THE SPECTRUM OF SOME OPERATOR SHEAVES 

ASSOCIATED WITH A PERIODIC SCHRODINGER EQUATION 

V. V. Dyakin and S. I. Petrukhnovskii 

Three-dimensional periodic SchrSdinger operators with potentials that 
are square integrable on the unit cell (single-electron model of a 
crystal) are considered. A description is given of the class of 
rational curves that do not have more than a finite number of common 
points with any isoenergy surface (in particular, the Fermi surface) 
of an arbitrary operator of the considered form. A consequence of 
a theorem proved in the paper is the absence on the isoenergy 
surfaces of elements of planes, cones, and cylinders with straight 
generators, and all possible paraboloids and hyperboloids. Another 
interesting consequence is the following assertion: The topological 
dimension of an isoenergy manifold does not exceed two, which 
justifies the use of the word "surface." The results generalize 
the assertion of Thomas's theorem on the absence on isoenergy 
surfaces of straight edges. 

I. In quantum solid-state theory an important role is played by the single-electron 
model of a crystal [1,2], in which the ensemble of electrons, which interact with one 
another and the ion core, is replaced by an ideal gas of quasiparticles in the field of a 
periodic potential. Such a model leads to the study of a family of eigenvalue problems 
for "Bloch" Hamiltonians [3] with periodic boundary conditions on the unit cell f (the 
periodicity cell of the potential): 

(--A-2~kV+k~+V(x) )a(x, k)=~(k)~(x, k), ( 1 . 1 )  

where  t h e  p o t e n t i a l  Y(x)  i s  a r e a l  f u n c t i o n  in  L 2 ( ~ ) ,  and the  wave v e c t o r  k b e l o n g s  to  t h e  
B r i l l o u i n  zone  ~B t h a t  c o r r e s p o n d s  t o  t h e  c e l l  ~. I n  t h e  p r e s e n t  p a p e r ,  t o  be  d e f i n i t e ,  
we c o n s i d e r  t h e  c a s e  ~ = [0 ,  2~] 3 c RS; t h e  c o r r e s p o n d i n g  B r i l l o u i n  zone  i s  fiB = [0 ,  113; 
t h e  r e s u l t s  can  be e x t e n d e d  t o  t h e  c a s e  o f  any  p e r i o d i c i t y  in  R 3. 

Fo r  t h i s  p r o b l e m  we h a v e  t h e  f o l l o w i n g  p r o p o s i t i o n s  [ 1 , 3 , 4 ] .  

THEOREM 1. Fo r  e v e r y  f i x e d  k ,  t h e  o p e r a t o r  T ( k )  d e t e r m i n e d  by t h e  d i f f e r e n t i a l  
e x p r e s s i o n  

T (k) ~ - A - - 2 i k  V +k~+V (x) 

w i t h  domain  o f  d e f i n i t i o n  W~(~) i s  s e l f - a d j o i n t ,  bounded  b e l o w ,  and p o s s e s s e s  a compac t  
r e s o l v e n t  i n  L 2 ( ~ ) .  

H e r e  and b e l o w ,  we d e n o t e  by W~(~) t h e  S o b o l e v  s p a c e  o f  f u n c t i o n s  p e r i o d i c  on ~ and 
p o s s e s s i n g  g e n e r a l i z e d  p a r t i a l  d e r i v a t i v e s  t o  t h e  s e c o n d  o r d e r  i n c l u s i v e l y  t h a t  b e l o n g  
to L2(~). 

COROLLARY i. The spectrum Z(T(k)) of the operator T(k) for any fixed k is discrete 
and has finite multiplicity with an accumulation point at infinity, i.e., the eigenvalues 
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