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Point interactions for the second derivative operator in one dimension are studied. Every 
operator from this family is described by the boundary conditions which include a 2 × 2 real 
matrix with the unit determinant and a phase. The role of the phase parameter leading to 
unitarily equivalent operators is discussed in the present paper. In particular, it is shown that 
the phase parameter is not redundant (contrary to previous studies) if nonstationary problems 
are concerned. It is proven that the phase parameter can be interpreted as the amplitude of 
a singular gauge field. Considering the few-body problem we extend the range of parameters 
for which the exact solution can be found using the Bethe Ansatz. 
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1. Introduction 

The problem of  describing point interactions for one-dimensional  Schr tdinger  op- 
erators attracts considerable attention by researchers in various disciplines, since the 
spectral structure of  such operators can easily be investigated and eigenfunctions can 
be calculated explicitly. This problem is similar to the one of  describing point in- 
teractions for the Laplace operator in I~ 3 analyzed first by F. A. Berezin and L. 
D. Faddeev [7]. F rom the mathematical  perspective the problem in one dimension 
is not complicated,  since all operators with point interactions are extensions of  one 
symmetr ic  operator with deficiency indices (2, 2) and their resolvents can be cal- 
culated using Krein 's  formula [3, 6, 4, 12, 14, 20]. The problem of  describing all 
these operators as singular perturbations of  the free second-derivative operator has 
been solved in [14]. It  has been proven that the four-parameter family of  point inter- 
actions can be realized as a combinat ion of  a singular potential, a singular density 
and a singular gauge field. Therefore all point interactions for the second-derivative 
operator in one dimension have been classified. In particular, the one-parameter  fam- 
ily of  point interactions corresponding to the heuristic Schr tdinger  operator with a 
~'-potential has been found, supporting the conclusions of  [13]. The distribution the- 
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ory with discontinuous test functions has been used to justify the proofs [14, 16]. 
This approach has been generalized to include finite-rank perturbations of arbitrary 
self-adjoint operators [5]. The relations between this description of point interactions 
and the symmetry properties of the corresponding heuristic Hamiltonians have been 
clarified in [2]. 

F. A. B. Coutinho et al. [10] pointed out that changing one of the parameters 
describing these point interactions (the so-called phase parameter) one gets a family 
of operators which are unitarily equivalent. In accordance to the classification given 
in [14] this parameter corresponds to a singular gauge field concentrated at the 
origin. Therefore it is not surprising that this parameter leads to the one-dimensional 
family of unitarily equivalent operators, since the gauge field in one dimension can 
easily be removed by a unitarily transformation. In the current paper we further 
clarify these relations and show that the phase parameter is not redundant as far as 
the nonstationary problem is concerned. These results are generalized to the case of 
a system of N one-dimensional particles interacting via two-body point interactions 
discussed recently in [1, 11, 15] following the main ideas of [19]. It is proven that the 
scattering states and bound state functions can be calculated for a 2(N) + 1-parameter 
family of Hamiltonians, which includes the system of one-dimensional particles with 
delta two-body interactions as a special case. It is well known that the ground state 
eigenfunction for N-particle Hamiltonians with 8-interactions possesses a boson-like 
symmetry [17, 18, 21]. 

2. Unitary equivalence of operators with point interactions 

The family of point interactions for the one-dimensional Schr6dinger operator 
d 2 dx2 can be described by unitary 2 × 2 matrices via von Neumann formulae for 

self-adjoint extensions of symmetric operators, since the second-derivative operator 
restricted to the domain C~( ]~ \  {0}) has deficiency indices (2, 2) (see [3, 6, 9, 20]) 
(We supposed here for simplicity that the point interaction is situated at the origin). 
It is more convenient to describe the same family of operators by certain boundary 
conditions at the origin imposed on the functions from the domain of any seff-adjoint 
extension. In what follows we are going to consider only the self-adjoint extensions 
that cannot be presented as an orthogonal sum of two seff-adjoint operators acting 
in L 2 ( - ~ ,  0) and L2(0, ~ )  (the half axes cannot be separated). Then the boundary 
conditions describing the operator have the following form 

(a : e ~  
\~p ' (+O)]  c d ~p'(-O) 

(1) 

where ~o, a, b, c, d ~ ~,  a d -  bc = 1. Let us denote by L~o,a,b,c,d the correspond- 
ing self-adjoint operator defned on the functions from W2(~ \ {0}) satisfying the 
boundary conditions (1). It has been noted in [10] that the operators L~,a,o,¢,d and 
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LO,a,b,c, d are unitarily equivalent. In fact, consider the function 

/ 1, x < 0, (2) 
X (x) 

/ e ~°, x _> 0. 

Multiplication by the function X(x) (which has modulus 1) establishes the unitary 
equivalence between the operators L~a,bcd and LOabcd,  

X* L~o,a,b,c,d ~( = Lo, a,b,c,d. (3) 

The function X is not continuous. Therefore the domains of the operators L~o,a,b,c,d 
and Lo,a,b,c,d do not coincide. The unitary equivalence of the operators implies that 
all important physical quantities determined by these operators are essentially the 
same as long as the stationary problem is concerned. 

The authors of [10] concluded that the parameter ~0 is redundant, since it pro- 
duces no interesting effect. In what follows we are going to show, however, that 
this parameter can play an important role in the study of nonstationary problems 
and for these problems interesting effects can be observed. Consider for example 
the following equation, 

L~(t),l,O,O, l q/ (x, t) = -~ ~-; ~p (x, t ), (4) 

where the phase parameter ~0 depends on the time (time-dependent gauge field). 
The unitarily transformation (3) 

~O(x, t) ~ dp(x, t) = X*~(x ,  t), (5) 

which is t imedependent as well, maps Eq, (4) into the Schr6dinger equation with 

f 
1 0 11, x > 0  

(L0,1,0,0,1 -- ID(x)qg'(t)) q~(x, t )  = ~ - ~ b ( x ,  t ) ,  (9 = / -- (6) 
0, x < 0  

The operator L0,1,0,0,1 -- L coincides with the free second-derivative operator on the 
line. Consider now the simplest case where the derivative of ~o is equal to a negative 
constant ~o'(t) = - h  < 0. Then the latter equation coincides with the Schr6dinger 
equation with the time-independent step potential h®(x) .  For this problem one can 
observe total reflection of incoming plane waves with small energies 0 < k 2 < h. 
This is in contrast to the free evolution determined by 

1 0  
L4~(x, t) = 7 ~ ( x ,  t). 

This example illustrates the importance of the phase parameter ~o describing the 
family of point interactions for the second-derivative operator for nonstationary prob- 
lems. 

time-dependent step potential 
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3. Gauge field and point interactions 
We are going to discuss the physical interpretation of the phase parameter ~0. 

It has been proven in [14] that this parameter is related to a singular gauge field 
concentrated at the origin. The following heuristic operator has been considered in 
[14], 

(i 0 )2 02 ( 0 - ~  ) L~ = ~xx -t" O/t~(X) --  0128(X) 2 ~ 0-~- 2 + iot 2 ~(x) - -  ~(1)(X) , (7) 

where by t~ (1) w e  denote the first (generalized) derivative of the 8-function. It has 
been proven in [14] that the latter operator coincides with the second-derivative 

02 operator La = - a - ~  defined on the domain 

Dom(L~)=[ap~W~(ii~\{O}:I~P(+O)~_2+ia (1  O )  ( a p ( - O ) ~ ]  
~ ' ( + 0 ) }  2--i--a 0 1 ~ 0 ' ( - 0 ) }  " 

We get boundary conditions from the family (1) if we put 

• 2+iot  
e ~° -- - -  (8) 2 - iot 

and a =d = l,b=c=O. 
The whole four-parameter family of boundary conditions for the second-derivative 

operator has been classified in [14] in terms of operators with singular interactions. 
The singular interactions included a singular potential, a singular density and a 
singular gauge field. It has been also proven in [14] that a nontrivial phase in the 
boundary conditions appears if and only if the singular gauge field is present. 

The fact that the operators with and without singular magnetic field are unitar- 
ily equivalent is not surprising and reminds us about the well-known fact that the 
one-dimensional Schr6dinger operator with a smooth gauge field is unitarily equiva- 
lent to the second-derivative operator 1. In fact, let us consider the one-dimensional 
magnetic Schr6dinger equation 

i 0 )2 1 0 ~x + a(x) ap(x, t) ---- ~-~p(x ,  t), (9) 

where a ~ C1(~) n L I ( ~ ) .  Then the domain of the operator 

L(a)=(i~x+a(x)) 2 

1physicists like to express this fact by saying that "Gauge field does not exist in one space dimension". 
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coincides with the Sobolev space W2(~), and the operator L(a) is self-adjoint on 
this domain. Consider the following new unitary function 

Xa ( x )  ~ e i ff-~¢ a(x')dx' 

The operator of multiplication by X establishes the unitary equivalence of the op- 
erator L(a) and the free second-derivative operator L, 

X* L(a) Xa = L. (10) a 

One can observe that for small t~ and ~o, [ot[, I~o[ << 1, formula (8) reduces to 

q9 : Ot "-[- O ( o t 2 ) .  

This is not surprising, since the operators L~ and L(otS) differ heuristically by 
a term proportional to ot 2. Then substituting a(x) = a3(x) heuristically into the 
formula for Xa(X) we get 

f 
eit~®(x) . ~ .  ~ 1, X < 0; 

! e '~, x >__ 0, 

which just coincides with (2). 

4. Few-body problem 
The unitary transformation discussed in the previous section for two-body prob- 

lems with point interactions can easily be generalized to include the case of few 
body interactions. Consider a system of N equal one-dimensional quantum particles 
with the coordinates xi e ]R, i = 1, 2 . . . . .  N, interacting via two-body 8-function 
potentials. This system is described by the operator 

N 02 c 
£N ---- -- E-~X2i + --~ E S(Xi -- Xj) (11) 

i=1 i< j  

(with c a real parameter) which is exactly solvable in the sense that all its eigen- 
functions can be calculated explicitly as combinations of plane waves or exponential 
functions [19, 21]. The scattering states for this operator can be calculated using 
an important analogy with the diffraction problem on a system of wedges [8, 15]. 
The book [6] contains the most complete reference list on this subject. 

Let us denote by xij the relative Jacobi coordinate associated with the cluster 
formed by the particles i and j :  xij ----vr2(xi- xj) and by Yij e ]~N-1 the relative 
coordinates of all other particles with respect to the cluster's center of mass. It 
is easy to show that the operator £N coincides with the Laplace operator £c = 

0 2 - ~ N  1 ~ defined on the domain of functions from ~ e W2(I~ s \ tAi<j{xi = xj}) 
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satisfying the following boundary condition on each hyperplane lij = {(Xij, Yij) E 
]~N : Xi j = 0}, ]~N : Xij = 0}, 

(a~(Xoj~rYiJ)) xij=+O~ ( 1 0  ) (~(xoj~YiJ)] lxij=_O. (12) 
" Oxij / c 1 \ ~ ] 

0 2 Consider now the Laplace operator £c,alj,~ii = -~-~-/N-1 ~ defined on the domain 

of functions from ~p e W 2 ( ~ s \  Ui<j{xi = xj}) satisfying the following boundary 
condition on each hyperplane lij = {(x U, Yij) e ~N : Xij = 0}, 

where ~j ~ [0, 2~) and aij >0 are real parameters 2. Altogether there are 2 0 + 1 
real parameters that determine the operator l~c,aij,~oij. The operator ff..c,aij,~oij is self- 
adjoint in L2(~ N) only if all aij = 1. It is easy to show that the operators £c and 
Z:c,alj,~ij are similar. Consider the functions 

Xij (Xij, Yij) = [ 

f 

1, xij < 0 

I aije ~°ij, xij >_ O. 

The following equality establishes the similarity between the operators Lc,aij,~j 
and £c: 

( I-I x~j) ~c,aij,~piJ ( I-i xiJ) : ~c. (14) 
~<j z<j 

The latter equation implies that if the function ~ is an eigenfunction of the operator 
L~ then the function 

(.I-I. Xij)~ r t<j 
is an eigenfunction for the operator L~,aij,~oij. It follows in particular that all such 
operators have the same negative spectrum. This explains why the ground state 
calculated by F. A. B. Coutinho et al. [11] for the operator Lc,a,±~ coincides with 
the result of C. N. Yang [21]. In the case aij --~-- 1, the operators are unitarily 
equivalent. 

Consider the three body problem. The eigenfunctions for the operator Lc have 
been first calculated by J. B. McGuire [19]. There are two types of eigenfunctions: 

2The case of negative aij call be treated as well by changing the phase by Jr. 
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those generated by incoming plane waves and those generated by incoming surface 
waves concentrated near the lines l i j .  The lines lij divide the plane of zero total 
momentum into 6 sectors (see [19] for details). The eigenfunctions of the first type 
corresponding to the energy E = kl 2 + k~ + k~ are given in each sector by the set 
of plane waves 

O(xl,  x2, x3) = A123 exp i (klXl -t- kzx2 + k3x3) -t- A132 exp i (klXl -]- k3x2 --1- k2x3) 

'1- A213 expi(kzXl + klx2 + k3x3) d- A231 expi(k2xl + k3x2 + kax3) 

+ A312 exp i(k3x~ + klx2 + kex3) + A321 exp i(k3xl --1- k2x2 + klx3) 

with the amplitudes depending on the sector. These amplitudes can be determined 
by the boundary conditions. Similar formula holds for the N-body operators. The 
function (l-Ii<j Xij)~P is of the same type but satisfies boundary conditions (13). 
It is straightforward to show that the latter function is an eigenfunction of the 
operator £c,aij,~oij. Therefore, in addition to the few body system in one dimension 

with equal two-body delta interactions, there exists a 2 ( ~ ) +  1-parameter family 
of few-body problems with point interactions, that can be solved by McGuire's 
method. Let us consider the self-adjoint problem, i.e. when all aij = 1. Then the 
family of N-body self-adjoint operators possessing McGuire solution is described 
by (~ )+1  real parameters. This is in contradiction to [11], where it has been stated 
that no diffraction occurs for the scattering states for the three-body Hamiltonian 
with point two-body interactions only in the cases e i~ = 4-1. The same condition 
was obtained by investigating the N-body problem using the Yang-Baxter equation 
[1]. The Yang-Baxter equation is derived for particles having boson or fermion 
symmetry. It is obvious that nontrivial phases ~0 ~ 0, rr cannot occur for such 
particles. 

Note that each operator ff"c,aij,q)ij is similar to Z;c. The operators are unitarily 
equivalent if aij  = 1. We think that the total many parameter family of operators 
can play an important role for the investigation of N-particle Hamiltonians with a 
time-dependent interaction between the particles. 
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