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Abstract

Scattering problem on an infinite chain in the stochastic magnetic
field is investigated. Model operator is constructed using the pertur-
bation theory for the self-adjoint operators. The relations with the
scattering problem without stochasticity are investigated.
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1 Introduction.

Berezin and Faddeev (see [1]) showed that the Hamiltonian with zero-range
potential of Fermi type is just an extension of a suitable defined symmetric
operator. Later it has been shown by Pavlov [2], that the structure of the
standard point interaction models can be enriched substantially when the
self-adjoint extensions are constructed in a more wide Hilbert space. This
idea yields various models of zero-range interaction with an additional inter-
nal structure (see [3] for a review). In joint papers of Prof. Pavlov and the
second author [4,5] this method has been used to construct and investigate
an explicitly solvable models of the scattering of the neutron on a point nu-
cleus, whose internal structure depends on a stochastic magnetic field, and of
the scattering of acoustic waves on a stochastic point defect with an internal
structure.

In the present paper an exactly solvable model of the neutron scattering
on the one-dimensional infinite chain embedded into the three dimensional
configurational space R3. We will suppose that the lattice is inserted into
the stochastic magnetic field. The nuclei in the chain are supposed to be
equivalent with the internal structure dependent in the magnetic field. This
model corresponds to the case, when the whole chain belongs to one mag-
netic domain. In the absence of the stochasticity such model was investi-
gated by Subramanian [10], Albeverio, Gesztesy, Hoegh-Krohn, Holden [1],
Karpeshina [3] and Pavlov and the first author [4]. It was shown that the
spectrum of the related operator is purely continuous and consists of two
branches:

1) Scattered waves branch o,; corresponding eigenfunctions are defined by
free waves reflected by the lattice. This branch coincides with the spectrum
of the free Laplacian —A in Ly(R?).

2) Waveguide branch o,; corresponding eigenfunctions are localized in a
neighbourhood of the lattice. In the discussing periodic case these functions
are of the Bloch type.

It will be shown that the spectral properties of the problem with the
stochastic filed are related to the properties of the problems without any
stochasticity.



2 Model operator.

This section is devoted to the construction of the model operator describing
scattering in the stochastic magnetic field. Let Lo(R?) be an external space
and free Laplacian —A defined on WZ(R?) be an unperturbed operator,
simulating the Hamiltonian of the free neutron. Let £™ = @3, E, be an
orthogonal sum of unitary equivalent finite-dimensional Hilbert spaces. We
will restrict our consideration to the simplest case E,, = C* n € Z. Let A,
be selfadjoint operators in F, which are mutually unitary equivalent. We
will consider, as in the paper [8]:

A, = A(H(r)) = diag{o, M} + 05 H (), H(r) = +e.. (1)
where A\, A1 are the "levels” of the nucleus, o3 = g g is Pauli matrix

corresponding to the direction of the stochastic magnetic field H(7) parallel
to the z-axis. Let A™ = @, A, then the nonperturbed operator is defined
as a direct sum £ = (—A) @& A™ in the space Ly(R?) & E™ of the kinetic
energy operator —A and the "inner” operator A”. The restriction —A =
—A on the linear set D§®* of all Wi-smooth functions in R3\ {x,, },,cz, which
have the following asymptotic

n—

u 0
Ny, T " 1 2
(@) S e+ 4 o) )
creates the boundary form:
Jeat (U, v) =< =Abu,v > — <u, —Ajv >= = (u" v — "=, (3)
neZz

Here x,, = né are the positions of nuclei of the lattice.
The restriction of the inner operator A™ — A" to the linear set D{"
described in [6, 8] also leads to nontrivial boundary boundary form

Tint(1,6) = = > ("€ —1"%€n= (4)

nez

where 7,& € £™. We consider here the infinite vectors {u"~}, {u"°}, {¢""},
{£€"} etc., to be elements from ¢2. Tt is obvious that the restricted operators
Ay and A" have infinite deficiency indices (00, 00). The boundary form
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Jint + Jeze vanishes on the Lagrange planes given by the translation-invariant
boundary conditions described in [4]:

nO
( ) Zan<nn0>,F_n:FZ,|n|>N—>Fn:0;

meZ
or
u” unO *
L =S Buw | U ), Bu=BiLlnl>N—B, =0 (5
n meZ n

Interaction between the nearest neighbours is introduced by these boundary

a 0

F)-()(E) e

A self adjoint extension £(H (7)) of the operator —Ag @ A specified by the
boundary conditions (6) simulates the Hamiltonian of the "neutron-lattice”

. . . . 0
conditions. We restrict our consideration to the case N = 0,1y = ( a ) :

system. Since H=H (7), this Hamiltonian is time-dependent. We consider
H (1) to be a Markovian stochastic process with two stochastic states. The
corresponding evolution operator U(t) restricted to a fixed trajectory of the
process H (t) is the solution of the Cauchy problem:

10U

—or = LU, Uleo=1,= L& 1;, (7)

where I, and I; are the identity operators in the external and internal spaces
respectively.

Together with the stochastic evolution described by the equation (7) we
will consider the ”deterministic” evolutions corresponding to the Hamilto-
nians £(+H) and L£(—H), in which the magnetic field is fixed in up-state
H = HE, or in the down state H = —Hé,. On the intervals where H(7) is
constant the evolution equation (7) can be solved by the time-ordered ex-
ponentials corresponding to the operators £(+H) and L£(—H) respectively.
On each trajectory of magnetic momentum the evolution operator (7) is the
T-product of the corresponding exponentials (see [8]).



Starting with the equation for the transition probabilities whose resolvent
matrix P represents a solution of the following equation

N N

we introduce the measure on the space of trajectories according to the paper
[8]. The probability of the beam of trajectories which are in the states ag =
+H at the moments t = s6,s = 0,1,2,...,n can be defined by the following

formula
n -1 1
Pan,anq,---,ao = H {exp [X ( 1 -1 ) 5]}
s=1 s Qs—1

The averaged evolution operator can be calculated by the Trotter formula.
By the same method as in [8] the following theorem can be proven:

Theorem 1. The quantum evolution operator, averaged over the set of
trajectories of magnetic field starting in the stochastic state 3 at 7 = 0 and
ending in the stochastic state o at 7 =T coincides with the element U,p(T)
of the operator matriz, which satisfies the differential equation:

10— I o)

=7 0717 _ q
arl = U Ule=o ( 0 1, 9)

Here the generator ﬁx of the averaged semigroup U(T) is given by the follow-
Mg eTpPression:

s [ L(+H) 0 I, —I,

L, = ( 0 L(—H) )—l—zx( o) (10)
It acts in the quantum-stochastic space H = [Lo(R?) & £™] @ R?, which is
the tensor product of the quantum space H, = Lo(R?)®E™ by the stochastic
space R*, H = H, & H,.

3 Spectral analysis of the averaged operator.

We will consider the perturbed ﬁx and the unperturbed operator LAZ?C together.
The unperturbed operator corresponds to the case when the quantum oper-
ator can be presented as the orthogonal sum of the operators in the external
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and internal spaces. It corresponds to the coupling constant o equal to zero.
The external and internal parts of the unperturbed operator are:

« [ -A 0 L -1
Ao e )

A AY 0 L —TI
int — int 1 7
A —< 0 Afm>+zx<—fi I ), (11)
where Alif = &%, A A* = A(+H), A? = A(~H).
The unperturbed operator Eg)( = —A @ A" is normal and its spectral

characteristics can be calculated explicitly. For example, the spectrum of this
operator is the sum of the spectrum of the operator —A (whose spectrum
is purely continuous and consists of the two branches A = k% and \ = k? +
21X, Sk = 0 ) and the spectrum of the operator Ai”t, which consists of four
eigenvalues of infinite multiplicity:

)\1,2(121””) = Ao +ox £/ H? — 2,
A3a(A™) = N\ +ax £/ H2 — X2 (12)

Calculating the resolvent of operator ﬁx, one can obtain, that the spectrum
of ﬁx is purely continuous and consists of the following branches:
) 1) R, and Ry + 22, which coincide with the spectrum of the operator
E?C;

2) four branches, or bands, each corresponding to one of the eigenvalues
of operator ﬁg These branches can be calculated by solving the following

equations

4 oy F,(\t

This formula is valid for the small values of the coupling constant « only.
Sign ”-” in the rhs of (13) corresponds to n = 1,3, 7+ ” to n = 2, 4. Function
F, (X, t) is defined by the following expression:

Fu(\t) = (BB {BIHC, AL +xwy) + B, (CF A +ixvi) b, (14)

Nya=RENDyBT — xR (\)By AT, n=0,1; (15)



Via =R (NDFBy — xR (N)ByAy,n=0,1;
R*(\) = B(VA, 1) + B(y/A — 2ux, 1), (16)

where AX BE D* are defined as in [8]
AT =X+ H AT M T H,

Bf = AF — 4, DF = (1x — V)AL —

Parameter ¢ in the formulas (13),(14),(15) is the quasimomentum and it
belongs to the interval [—m,7]. The function B(v/X,t) is the lattice sum for
the linear infinite chain:

exp( Z\/_|n|)

BV t) =k + > — 220 po

neZ

B n<2(cosx/X1—cost)>’ (17)

which was calculated first by Subramanian [10]. The branch of the logarithm
is fixed by the condition of analytical continuability of E(\/X, t) into the
complex spectral plane A and vanishing of the imaginary part of the logarithm
on the negative semi-axis. The properties of the function B(\/X, t) were
described in [4].

Analysis of the equation (13) can be carried out for the small values of the
coupling constant o < 1 and of the stochastic evolution parameter y < 1.
In this case the resonant bands correspond to the negative eigenvalues of

the operators A" = Ao+ H 0 ) and A = ( Ao —H 0

exp(—utn) =

0 A—H 0 A+ H
For example, let A¢ be negative. Then the corresponding eigenvalue of the
operator E?( is given by the following asymptotic expression:

M(ﬁ?() =X+ H+ux+o(x) (18)
and corresponding band by the expression:

a* 1

M) = M(Ly) = o= H[(o + H)* + 1] In 2(cosh y/— (o + H) — cost)

+



+o(a?, ), (19)

where In is defined as a function of the real variable. The right edge of the
band coincides with A(7) and the left one with A(0). The function B(v/X, )
is an even function of the variable ¢, hence the multiplicity of the spectrum
is two (see Fig. 1).

Structure of the band spectrum corresponding to the positive eigenvalues
of the operators A%, A4 is more complicated. Analysis of the equation (13)
shows that the bands corresponding to each positive eigenvalue of ﬁg have a
gap (see Fig 2). Let, for example, v/\g + H be from the interval [0, 7|. Then
the band has a gap near Al(ﬁ?(). The second band of solutions of the equation
(13) is situated exactly under this band, but it does not correspond to the
spectrum of the operator. The first band transforms into the stationary
(waveguide) band with the gap near A\g + H when the parameter x tends to
zero. The second band transforms into the resonant gap (see Fig. 2). The
first band corresponds to the values of A, that are less than |¢|?, the second
- to A : |lambdal > |t|*. When /X + H is greater then 7 no stationary band
appears.

Thus, the spectrum of the operator ﬁx consists of two scattered waves
branches R, and R, + 21y and not more than four stationary bands (see
Fig. 3). The Bloch waves corresponding to the resonant bands are increasing
at infinity functions and are not eigenfunctions of the operator. We are
going to prove that the generator ﬁx is a dissipative operator with complex
branches of the continuous spectrum. The corresponding eigenfunctions can
be calculated following papers [8, 4]. The eigenfunctions corresponding to the
branches R, and R + 21y have a form of scattered waves. The initial plane
wave is symmetric with respect to the stochastic variables for the branch R,
(or stable branch) of the spectrum:

ext
o ={ iy a-rkzovest @
)+

+

—_ =

P (2, \ V) = exp {—Z\/X <uvx >} (
1
1

+

foo(\v) D

nez

exp(tk|z — 2,]) ( )

A7t|x — x|



fronv) Y

neZ

exp(tv/A — 2ux|z — x,|) < 1

4|z — x| -1

)} exp(—VA < vz, >), (21)

(ﬁ,é”t()\, ]/))n = ( Zg‘ ) (A, v) exp(—VA < v, 2, >), x, = néln € 7).

d

The initial plane wave corresponding to the relaxation branch R + 21y
is antisymmetric with respect to the stochastic variables:

ezt
%(A,v):{ ) A=k 0ves, (@2

ezt(x A\ v) = exp{—z\/)\—sz <v,z >} ( _11 >+

N T exp(tklz — ) ( i >+

oyt At|x — 2y

FO) Z exp(iy/A — 2ux|x — x,)) ( _11 )] exp(—n/A — 20y < v, x, >),

= A7t|x — x|
(23)
A 0
(wint(\,v)) = ( i ) (A ) exp(—1y/A = 2ix < w2, >), 7, = né(n € Z).

One can see, that the functions ¢, 1" satisfy Bloch conditions. For
example:

Vet + mé, \, v) = < (z, A, nu) exp(—VA < v,mé>), me Z.  (24)

Explicit expressions for the amplitudes f,,,, (A, ) in (21,23) can be calculated
by substitution of the considering ansatz (21,23) for the scattered waves into
the boundary conditions (6). For example the amplitude fyo is :

— (=1 H — N (A + (1) H — 1) + 200(A — 1)

)\ —1)2 = H2J [+ 0x = A)2 = (H? = X2 = Fe(V/A )
(25)

1
Joo(A, v) % Z }Z;”—i—o(oﬂ)

where the following notations were used:

k||:k<V,5>;k:\/X;
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28, = 24, 2% = Z; ZE = wBEAT - DEBT. (26)

The eigenfunctions corresponding to the stationary band can be calculated

in the same way
wi={ i 27)

Let us denote by \;(t) the corresponding solution of the equation (13). Then
the components of the eigenfunction are

e = Ly {COeXpm/Ai(tnx — 7)) ( 1 ) N

2 At|x — xy| 1

o, 20 A;Ef‘)x__zix:x — ol ( 4 >+ exp(—mt)
B (1) = ( Z% ) (5,1) exp(—nt), (28)
d

where the following notations were used:
Co = consta(C,, Bt +1xB,.) + o(a?),
m = 0fori = 1,2andm = 1fori = 3,4

CEA(D) = A% + 0 — Ai(D).

4 Eigenfunction-expansion theorem.

We will restrict our consideration to the case of the initial data with the
trivial 7internal” component, i.e. we will consider functions

r fu gu _ _

The external part of the function can be defined as follows:
o = (o) )= ) fufi € La(R)

10



The following assertion can be proven:

Theorem 2. Let the vector f from the quantum-stochastic space H has
the form (29) , then the following representation holds almost everywhere in
the Lebesque measure sense:

ZK/ dt/ Ay (i, 1) % (g, 8) f (y)+

K2k [ dv [ dy (s (o, ko) gty ) + 0 k) (0,0} ()

(30)
Vector-valued functions ¢;(y,t), ¢s.as(y, k,v) are externals parts of the eigen-
functions of the adjoint operator ﬁ; corresponding to the stationary bands
and branches of the continuous spectrum R, R, — 21y respectively. The in-
tervals A; = [—a;, —3;]U[5;, o] are introduced in such a way, that the spectral
parameter \;(t) covers the stationary band twice, when the quasimomentum
varies on the interval A\;.

This theorem can be proved by integrating by parts the bilinear form of
the resolvent of the operator ﬁx around the spectrum. This theorem allows
us to calculate the averaged evolution operator U, which will be used to
derive the scattering operator:

167?3 R+

U1 (@) = [exp {1l ) 7! (2) = (31)

- ZK / dt exp(a( / dys™ (x, )5 (y, £) f (y)+

2\ k2 ext ezt 1)
6.3 / exp(th”T)k"dk / , v / LAyt (@, K, v) et (y, 1) f (y)+

1 o
16 3/ exp(u(K” + 200)7 dek/ d”/ dyes! (0, b v) st (y, 1) f (1)
T

5 Scattering operator.

The averaging of the quantum evolution leads to the evolution operator semi-
group with the generator L, :

U(T) = exp {zﬁXT} .7 >0,
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which acts in the quantum-stochastic space H. Formula (31) shows that
the contribution of the nonreal part of the spectrum tends to zero for large
T — 00. As the result only real branch of spectrum R, contributes into the
scattering process. We wil define the unperturbed operator for the scattering
problem as the restriction of the operator —A to the stable invariant sub-
space corresponding to the real branch of the continuous spectrum R, . The
corresponding operator will be denoted by Lo. It is unitary equivalent to the
nonperturbed Laplacian defined on the domain WZ(R?). The identification
operator J = Jy is the projector on the set H, of the functions which are
symmetric with respect to the stochastic variables. In this way we eliminate
the relaxation branch and the scattering matrix can be defined as follows:

S, (a, f/o) =s— lim exp (—Zf/oT) Jo exp (ZZﬁXT) J§ exp (—Zf/oT) . (32)

T—400

Using the unitary operator ¥ : H, — Ly(R3)
~ f 1
Yo f= = =

the averaged scattering operator from Ly(R3) to Ly(R3) can be written in
the following form

Sy(a) = s — lim exp (1AT) S JoU(27)J; 5" exp (1AT) . (33)

T—00

Then the averaged scattering matrix can be calculated:

el / / Z / ). /] =
S () =6(p—p) — —50" — ) foo(lp, —ﬁ) S 6(2mnt < p—p,E>).

Am? nez
(34)
Thus the scattering amplitude f(w, v, k) has the following form:
flw,v, k) = —foolk,v) Y 6@mn+k <v+w,é>), (35)

nez

where foo(k, V) depends on the direction of the initial plane wave trough the
projection of the vector kv on the lattice vector é:

k“:k<v,€>.

The scattering amplitude has Laue singularities.
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It is important to discuss the limit of the scattering amplitude when the
stochastic parameter tends to zero. We will denote by f*(w, v, k) the scat-
tering amplitudes corresponding to the operators with the fixed stochastic
states: L(+H) and L(—H). Then the following formula can be derived:

lim (. K) = ; (£, k) + F (@, k)] (36)

This formula shows that the limit amplitude is equal to the arithmetic
average of the amplitudes corresponding to the deterministic processes.
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Figure captions.

Fig. 1

Spectral band formed by the negative eigenvalue.
Fig. 2

Spectral band formed by the positive eigenvalue.
Fig. 3

Spectrum of the averaged operator.
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