FEW-BODY KREIN’S FORMULA *

PAVEL KURASOV and BORIS PAVLOV

Selfadjoint extensions of symmetric operators with infinite deficiency indices are
discussed. In particular the operators describing the system of several quan-
tum particles with generalized point interactions are investigated in detail and a
few-body analog of Krein’s formula for generalized resolvents is proven. New con-
ditions for semiboundedness of M-body quantum Hamiltonian with generalized
point interactions in the three-dimensional space are derived.

1 Introduction

Possibly G. R. Kirchhoff [18] was the first mathematcal physicist who noticed that for elec-
trostatic problems in composite domains consisting of two standard parts joined by several
small openings the ansatz for the solution of the corresponding partial differential equation
may be obtained in the form of linear combination of solutions of nonperturbed problems
in standard domains and singular solutions- in fact Green functions - attached to the open-
ings. At that moment this important observation was considered just as a technical device
for constructing of approximate solutions (“Kirchhoff method”) and the general role of it
has not been noticed yet. In 1933 Fermi [14] made another important step. He suggested
a solvable model for point interaction between neutrons and nuclei. But only few decades
later the idea of Fermi was non - formally decoded by mathematicians [10] and the operator
extension theory was recognized as a general and powerful tool for constructing solvable
models with zero-range potentials for quantum systems [11]. Now we have an impressive
number of solvable models of one-body quantum and acoustic systems constructed from very
simple standard elements, such as matrices and differential equations with constant coeffi-
cients in simple domains [5,6,33,35,36,37]. In general operator extension procedure the role
of the Kirchhoft’s Green functions in the corresponding ansatz is played by the elements of
the proper deficiency subspaces.

Generally the operator extension approach provides a large class of solvable models
of wave processes which can be described roughly by the following condition: “the typi-
cal wave lengths of the process exceed the size of characteristic details of the perturbation
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considered”, for instance, the width of the opening in acoustic problems. In quantum me-
chanics this geometric condition is replaced by the low-energy or slow dephasing conditions.
In particular this approach gives a rigorous substitution for so-called “energy-dependent po-
tentials” in low-energy nuclear physics [22], and for scattering problems appearing in design
of nano-electronic devices and networks similar to ones considered in [7].

The mathematical background for all mentioned one- and two-body models is given
by Krein’s formula for generalized resolvents of symmetric operators with finite deficiency
indices. The corresponding few-body problems , see [22,25,34|, require considering oper-
ators with infinite deficiency indices and special algebraic structure involving existence of
several tensor decompositions - splittings of the underlying Hilbert space and underlying
nonperturbed Hamiltonian, and a special construction of the system of corresponding inte-
gral equations in terms of Faddeev components. These problem are studied in detail in the
recent book [6], where the most general approach to few-body problems with singular finite
rank interactions is developed.

In actual paper we show that the abstract form of this construction is equivalent
to some analog of Krein’s formula for operators with infinite deficiency indices and several
disjoint deficiency subspaces. It appeares that the structure of the family of deficiency sub-
spaces corresponds to the physical structure of channels which is encoded in corresponding
splittings of the configuration space (see e.g. [8]). The deficiency elements are distributed
along the channel’s interaction planes or cylinders with densities which play the role of
Faddeev components.

The mentioned characteristics of geometric and algebraic structures of the family
of deficiency elements appeared in [6,22,33] as a fiber structure ! of the deficiency subspace
attached to the interaction cylinder. The relevant Krein’s formula was derived in [33] as
fiber Krein’s formula. In fact even for simplest n-body problems n > 2 the base of the
corresponding fiber space - the joining of all relevant interaction cylinders - is not a smooth
variety, as in [33], but has some conic singularities at the intersections of them, that is at the
corresponding equidomoid (see [22] ). In the simplest case of three particles with point in-
teractions in R3 the singular manifold contains only one point - “ the triple collision point” ,-
and the apriory estimates of operators appearing in corresponding Faddeev equations require
usage of Hardy inequality [34]. In general case the singular variety may be much more so-
phisticated, it may contain edge points or may be unbounded, which actually creates serious
obstacles in M-body scattering problems even for smooth potentials with M > 4 see [30]. In
the third section of the current paper we consider few-body Krein’s formula for an “elemen-
tary brick” of the whole construction which is an abstract analog of the interchange-reaction
between two clusters. The semiboundedness of the corresponding few-body hamiltonian
is discussed. In particular,if the corresponding deficiency subspaces form a positive angle
modulo some finitedimensional subspace , hence have zero or finitedimensional intersection
dimN; NN, < oo, then the semiboundedness of every selfadjoint extension follows from the
invertibility of the corresponding Krein )-functions for large negative values of the spectral
parameter, provided the original nonperturbed operators are semibounded. But if the angle

IRepresenting the deficiensy elements as direct products , see (9) we reveal this structure in standard
sense.



between the deficiency subspaces is equal to zero (modulo any finitedimensional subspace) or
intersection of the deficiency subspaces is infinitedimensional then the invertibility of the cor-
responding Krein (Q-functions for large negative values of the spectral parameter implies the
semiboundedness of special Friedrichs extension of the Hermitian operator with deficiency
subspace formed of regular elements.

In the last section of the paper we consider, as an example of our approach, the
Hamiltonian of the system of M distinguishable quantum particles with the generalized pair-
wise point interactions in Hilbert space Ly(R*¥~3). New conditions for the semiboundedness
of the Hamiltonian constructed via operator extension technique are proven.

The work of the first author was partially supported by The Swedish Royal Academy
of Sciences and NFR. The second author proudly recognizes partial support from Marsden
Fund of the Royal Society of New Zealand, from RFFI grant of the Russian Academy of
Sciences, and a support from the International Solvay Institute, Brussels.

2 Two-body Krein’s formula in Rigged Spacs.

In our paper we use the approach to Operator Extensions based on analysis of the corre-
sponding hermitian symplectic forms which is standard for differential and recently described
for difference equations , see for instance [31]. This approach was developed first for common
extensions of abstract and differential operators in [32], see also [6,33] and the bibliography
there. Professor S.Novikov informed the second author recently that [.LM. Gelfand allways
underlined the importance of analysis of symplectic hermitian boundary forms in operator
theory and in mathematical physics.

In what follows we use the following statement, see [6,32] which in particular con-
tains important Krein’s formula, see [19, 20]. Let a be a selfadjoint operator ? with the
domain Dom(a) and acting in the Hilbert space h. Consider any finite dimensional subspace
n = n; such that Dom(a) Nn = {0}. Then the restriction ag of the operator a to the domain
Dom(ag) = ﬁh © n is a symmetric densely defined operator. For classical description of
all generalized resolvents of the operator ay with the finite dimensional deficiency subspaces

n; =n, n_; = “%4n, DyNn = {0} see [1].

Theorem 2.1 The domain Dom(a) of the adjoint operator af may be described using the
boundary values £ C n as follows

a 1
D * — — u u 1
om({a) {u Uo+a_i[€++a_u.§_}, (1)

where uy € ﬁh@n = Dom(ag). The action of the adjoint operator is given by the following
formula

1
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a
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2We use here the nonstandard notations - a small character for operator - just to be in line with our
further notations involving the splittings of the total hamiltonian into channels.



The symplectic hermitian boundary form of the adjoint operator on elements u,v € Dom(ag)
s given by

T (u,v) =< agu,v > — < u,apv >=< ", €5 > — <&, >

The selfadjoint extensions of the symmetric operator ag are determined uniquely by the La-
grangian planes of the simplectic boundary form. Some of these planes can be determined by
the boundary conditions

- =&y,

with any fived selfadjoint boundary operator v : n — n The selfadjoint extensions of
ag determined by the latter boundary conditions will be denoted by a- in what follows. All
selfadjoint extensions of ag are defined by these Lagrangian planes and all their J-unitary
transformations.

The resolvent of any selfadjoint extension a~ is described by Krein’s formula :

3
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Proof of this "one - body version” can be found, for instance, in [6,32]. The case of non-
densely defined symmetric operators is considered in [23,24].

Notice, that the elements ¢! play the role of boundary values for the elements from
the domain of the adjoint operator, see [15]. Generally when n N Dom(ay) # {0} Krein’s
formula (3) can determine resolvents of operator relations, see for instance [12,16,17]. But
in the case when the operator a can be represented as an orthogonal sum of two operators
a = a’ @ a' acting in a certain orthogonal decomposition of the Hilbert space h = h® @
h' and the deficiency subspace possesses a similar decomposition n = n® @ n!, n® € h?
this formula describes the interaction between two channels [h°, a°] and [h', a'] via the
nonadditive perturbation ~.

If the operator aq is densely defined and noNDom(a’) = {0},, nyNDom(a') # {0},
the Krein’s formula still may give a resolvent of some operator relation, see [12], but the
restriction of it onto the minimal reducing subspace of the total space h = h° @ h! containing
Dom(al) is an operator, see [23,24].

Krein’s formula may be generalized in different ways. The most obvious but still
useful few-channel generalization of it can be obtained assuming that the operator a, the cor-
responding Hilbert space h and the deficiency subspaces are given in the form of orthogonal

decompositions :
h = Z@hsa a = Z@am n = Z@nsa

and the boundary operator v is defined by some operator matrix vy corresponding to the
decomposition of the deficiency subspace. The calculation of components of the generalized

30f course one can consider also infinite dimensional deficiency subspaces , see below, and even sometimes
unbounded operators 7. We restrict ourselves at the moment to the case of finite dimensional deficiency
subspaces.



resolvent requires elimination of some variables and solution of the matrix equations similar
to ones considered in [9].

More subtle generalization of Krein’s formula has been suggested in [33] as an
intermediate step for the construction of a solvable model of the three-body scattering. We
derive here a modified version of this fiber Krein’s formula, see Theorem 2.3, in terms of
rigged Hilbert spaces. Using the ideas of rigged spaces one can reduce the construction of
the extension a. to some abstract version of potential theory.

Consider a dense linear variety Dom(a) = h, € h - the domain of a positive selfad-
joint operator a - and the space h® of all bounded linear functionals defined on it:

h, C h C h°.

The spaces h,, h, h* form Gelfand triplet or rigged Hilbert space, associated with the operator
a. In our case h, and h® are Hilbert spaces with the following dot products

[u, v, = < (a+il)u,(a+il)v >,

[p,7]* = < (a+i)'p,(a+il)'r >

for h, and h® respectively. In what follows we use notation <,> to denote both the
dot-product in the original Hilbert space and the action of functionals. In particular we
consider below linear functionals p which are bounded on Dom(a) = h, and presented as

f,p >. For instance for a given u = ug + —*=£{ + L_¢v € D,, , we define the

a—il a—il

a—1
generalized boundary density p* € h* by the formula

p" = (a+il)¢% € (a+il)n; =n' € h?,
and the reqularized boundary value of u in h, as follows

1
a—1l

U_ =

e

€ h, = Dom(a),

then the boundary form J(u,v) may be rewritten as

J(u,v) =<u_,p’>—<p“ o_ >, (4)
where the brackets < -,- > denote the action of the functionals on the functions. Note that
any element u € Dom(a) possesses the following representation

1 1 1
= = I—-P — P f= _
Y a—i]f a—il( n>f+a—i[ nf = o +u,

where 1y € Dom(ag) and u_ € af[unl is the regularized boundary value of u. The generalized
density for any element u € Dy is trivial, p* = 0. We call p*, u_ the rigged boundary values
of the element u € Dom(ag). It is important that the densities of deficiency elements v; for
different values of the spectral parameter A

a+il

u;\:a_)\ly, ven=n,,




may be chosen from the standard subspace n’ € h® which does not depend on the spectral
parameter:

p, p € (a+il)n; =n' € h®,

Vs =

a— M
similarly to the densities of potentials which appear in potential theory. But the regularized
values of these deficiency elements do depend on A so that all spectral information on the
constructed extension may be derived from this dependence via Krein’s formula, see for
instance [6,33,34].

The next statement is just a reformulation of the preceding Theorem 2.1 in terms
of generalized densities and boundary values:

Theorem 2.2 The boundary conditions defining some Lagrangian plane of the symplectic
boundary form in terms of rigged variables p*,u_ are parametrized by the corresponding
boundary operator I' : h* — hy; acting in the relevant Gelfand triplet h, C h C h® as follows

u_ = I'p".
This operator is connected to the operator v : n — n parametrizing the boundary
conditions in the previous Theorem 2.1 by the formula:

1 1

= )
a—i]7a+il

In terms of the rigged variables p*, u_ the calculation of the resolvent of the extension a' = a,
15 reduced to the solution of the equation for the density p* of the element u = ﬁf

i 1 1+ Aa 1 Ip = 1 a—z'If
a—il "a— A "a+il” " a—il "a— A"
which gives the Krein’s formula in the rigged spaces
1 1 1
aF—)\f_ a—)\f—'—a—)\p'

Proof. Changing notations in formulas (1) and (2) we get

U= Uy +U_ +

1
a— M

a
U 5
PNy 24 (5)
1 a

f_[a—)\_aQ—l—l P (6)

Ug + U_ =

Then using the boundary operator I acting in the rigged spaces together with P,(a—il)ug =
0 and (2) implies

1 1+ Xa 1 1 a4+l
a—il "a— X "a+il p_cH—i] "a— M\

and then (3) gives the result announced. O



Note, that the reduction of the calculation of the resolvent of the operator a, = a"
to the solution of (6) results in effective lowering of the dimension of the space of the solutions
due to the presence of the projection P, onto the deficiency subspaces if dim n < oco. If
for the operator ay we have dimn = oo, then the solution of (7) may be reduced to Riesz -
Schauder problem with a compact operator, if some additional conditions are satisfied. In
what follows we show, that equation (7) in the ”few-body” situation plays the role of the
system of Faddeev equations and the densities play the role of Faddeev components. But
the consideration of the few-body situation requires a special geometrical structure of the
“nonpeturbed” operator a and relevant Hilbert space, see below.

Let us consider the decomposition - splitting - of the Hilbert space H which is
compatible with the corresponding splitting of a certain selfadjoint operator A:

H=HXxh
A=Ax1T,+1Igxa=A+a.

We assume that A and a are positive selfadjoint operators acting in the Hilbert spaces
H and h respectively. Then the operator A given by (8) can be defined on the algebraic
tensor product Dom(A) x Dom(a) of the domains of the operators A and a. The operator
defined this way is in fact essentially selfadjoint. In what follows we do not distinguish by
the notations the symmetric operator A defined on the algebraic tensor product and the
selfadjoint closure of it.

We chose a certain finite dimensional subspace n € h,n N Dom(a) = {0} and
consider the restriction a — ag defined on Dom(ay) = ﬁh © n. Obviously this restriction
is a densely defined symmetric operator with the deficiency subspace n; = n. The dual
deficiency subspace n_; of it coincides with Z%Zn The adjoint operator a* is densely defined
on Dom(ag) = Dom(ag) + n; + n_; and the subspaces n;,n_; are the eigenspaces of a* with
the eigenvalues Fi respectively. The subspace

a+il
n=n
a— jil .

is the deficiency subspace which corresponds to the value u of the spectral parameter.
Consider the restriction Ay of A defined by the formula

Ao =Ax I, +1Ig X ag= A+ ap.

Obviously it is a symmetric operator with infinite deficiency indices if the Hilbert space H
is infinite dimensional.

Lemma 2.1 The operator Aq has the deficiency subspace N; = N :

j\[:{ (a+ilp) l/xe}, (8)

A+l

where v € n,e € H



Proof may be obtained by straightforward verification of the formulae
<N, (A —il)Dom(Ay) >=0, HS (A—il)Dom(Ay) = N.

Remark. The deficiency subspace N is equal to the closure of the set of all deficiency
elements described by smooth densities e. Such a deficiency elements will be called regular.
Using regular elements one can define a symmetric extension of the operator Ay, but not
allways a selfadjoint operator. In what follows we are going to use the set of all regular defi-
ciency elements assuming that extensions involving these elements are essentially selfadjoint
or semibounded. The corresponding selfadjoint operators can be obtained via the closure or
via the Friedrichs procedure.

One may check in a similar way that for any complex value A of the spectral pa-
rameter we have also

a—+1il
A— NI

In what follows we describe the selfadjoint extensions of the splitted operator

N5 = n x H. 9)
A():Axlh+IH><a05A+a0,

provided the deficiency subspaces n; of the operator ag are finite dimensional. In fact we
shall solve slightly more general problem concerning extensions of the operator

AXIh@E—i-IHX [ao@bo]:[A—FCLo]@[A"‘bO]

acting in the tensor product H x [h & E] = [H x h]| ® [H x E]. The program of construc-
tion of selfadjoint extensions of splitted and reduced Laplaceans A + a via some boundary
conditions

A:A—FCL%AO:A—FCL(), iHH:HXh,
B:A+b—>60:A+b0, in HxFE (10)
was realized first in [10]for trivial inner space E = 0 and then in [34] for zero-range potentials

with nontrivial inner structure defined by b, b # 0. In [34] the following straightforward
regularization of the boundary values of outer component of deficiency elements was used

1 1

A" T A’ T mal PEATIDN.

In [34] and the semiboundedness of the total Hamiltonian constructed using operator exten-
sion technique based on this regularization has been proven.

Later investigating the solvable model for three-body scattering with ”inner struc-
ture” K.Makarov noticed [26], that this straightforward regularization of the boundary val-
ues, being translation invariant, still is not compatible with separation of variables of the
third particle on the interaction cylinder (interaction plane) for the given pair. He suggested
another pairwise regularization of the boundary values for elements from the domain of the
adjoint operator.



In the current paper we use similar regularization for general M-body problem both
for inner and outer components of the boundary values and characterize it as compatible
with the splitting or pairwise regularization. For instance, if just one inner channel is present
and the corresponding channel Hamiltonian is defined by the operator B = A + b then the
regularization is defined as

1 I a®b c
_ _
AeB- """ AeB- " Jaap+1” "’

(a@b+il )N Ch*® x H.  (11)

, see below, Lemma 2.2. where the role of a @b is played by a. Basing on this regularization
we derive in the remaining part of this section the simplest generalizations of Krein formula
: the fiber Krein formula, see below Theorem 2.3. Then in the following section we derive
the simplest two-channels Krein formula in terms of rigged boundary values which serves
as an elementary block for construction of M-body Krein formula - Faddeev equations- for
generalized point interactions in the last section 4.

Note first of all that the deficiency elements of the operator Ay @ By in the tensor
decomposition of the Hilbert Space H @ [E x H] = [h @ E| x H are represented in terms of
vector-valued densities (p,, p;)in the relevant Gelfand triplet hyq, C h C ho®°

A a-+il

vy =

A A=
1

A— NI

(vxe)=

(py X €), e € H.

s b+il

T AT
1
(pr x €), e € H.

(Txe)=

A— A

We denote the generalized vector-valued densities p € h(®®) x H by the same symbol
and call them two-body densities. The dual regularized boundary values will be denoted by
u_. We denote by P = P, the orthogonal projection onto n x H in ‘H. The operator P is
connected to the orthogonal projection onto n in h by the obvious formula:

P=P,=P'xIy.

Similarly for any selfadjoint operator a : Dom(a) — h we denote the operator a X Iy in the
product space h X H just by a, having in mind that the precise meaning of the notation is
clear from the context.

The following statement gives the “two-body
regularized boundary values for some deficiency elements. Just for the sake of brevity we

7 4 characterization of densities and

4In fact we discuss here the separation of the whole system into two subsystems, one of them is a cluster
and another one is a subsystem of free particles (or clusters). But each cluster is in fact a “particle”
with internal degrees of freedom. Hence the example “cluster + free particles” may be considered as a
representative example for few-body complex. This is our motivation for using the term * two-body” for
general situation.



formulate this statement for deficiency elements Vf\“ of A. Obviously similar statement is
true also for deficiency elements for the orthogonal sum A+a®b = [a+ A] @ [b+ A] defined
by proper vector-valued densities and regularized boundary values of them.

Lemma 2.2 The following decomposition holds for any deficiency element ny' = ﬁpy of
the operator Ay:

1 —_
A~
a 1 T+aA—A) 1
1% . Pn . 1%
a2+['0 +a—zI A— A a+z['0

=+ uop,
where ug € Dom(ag) x H

Proof. Notice, that for any deficiency element of A the following decomposition
holds in proper Gelfand triplet:
1 _a N I IT+aAN-A) I
AN T @y 1” T AT AN at+il™

inserting the projection operator P we transform the latter expression as follows

1 _a L pItah A, T
AN T a2 i T A= axid™
I I+a(A—A) I
I-P P .
Ay iU i ey vl e £

Note, that the second projection in front of ﬁ p, does not play any role since ﬁ p, €N.

On the other hand —L-[I — P]WPGJ{H@ € Dom(a). Hence the density and the

regularized value of the deficiency element are defined by

Pv = Pu,
I I+ a(A—A) I
ol a0 Tara™

U_ =

O

To derive the fiber Krein formula in two- channel situation we consider the total
two - channel deficiency subspace N @ M of the operator Ay @ By and the corresponding
space D of vector - valued densities D = (a + )N @ (b+ il)M C h* @ E,

p:<p'0h > eED=(a+i )N (b+il)MCh_DE_.
E

We need also the dual space C of regularized boundary values

u- = ( w ) €C=(a+i) " N@O+il)'"MCh,® E,

Up



The latter Lemma and the ” channel- version of it” with acb instead of a is essentially different
from the similar “ one-body” regularization of the boundary value in the Theorem 2.2 (via
subtracting the term ;%5 p, which involves the total operator a). Really, using for the total
Hamiltonian the splitted operator A = A X I}, + Iy X a = A+ a we achieve the regularization
by subtracting the term which involves the component a only. Thus the local values of the
corresponding densities and regularized values are compatible with the separation of variables
related to the component A. We say that the regularization ﬁp,, — ﬁpy — 2Pv 18
compatible with the splitting A — (A + a) or call it two-body regularization, still having in
mind, that each of the objects a, A may have a sophisticated inner structure, see the footnote
on the previous page.

Consider a bounded operator I'" acting from D to C and associated with the 2 x 2
operator matrix within the decompositions above:

I = th GhE
GEh GEE '

We assume , that I' is defined via some finite Hermitian block matrix v acting from n & m

inton®m : , ;
N = Yhh  ThE T=|[ i 9 v et 9 ‘
YEh 7VEE 0 b—il 0 b+il

The next statement describes the construction of the selfadjoint extension Ar of the operator
Ao @& By = A+ [ap ® bo] in H x [h & E] with the abstract boundary conditions defined by
the operator I'.

Theorem 2.3 The boundary form of the adjont operator Ag @ Bxq is represented in terms
of densities and reqularized boundary values as

J(u,v) =< u_,p, > — < py,v_ > .
The boundary condition
u_=1Ip

defines a Lagrangian plane of this form and the corresponding selfadjoint operator Ar. The
resolvent of Ar is given by the formula

1 1 1

! T Al T A
where the vector-valued density p satisfies the equation
< th - a_Ii]PnI—;(_i\i:f])aPnaii[ B FIhﬁAI—A)b I ) ( ph ) = (12)
g, I'ee — b,upmmpmbﬂ‘l PE

( I‘IP a_;ll h ) (13)
py R 13
I b—il
oy R y 128

and (fn, fr) are the components of f € H with respect to the orthogonal decomposition
H=(Hxh)®(HXxE).



Proof. Let us consider the equation involving the adjoint operator

<Jgo lgo >*u—)\u:f€(HXh)@<HXE)'

Using the two-body regularization we represent the element u as

u—ia@b +
_[a@b]Q—i-Ip
I I+ —Aadb I L I
adb—il| Atadb-N |asb+ril’ T A’ "
adb I I+ (M —A)adbd I
P
aaP+1" T asbv—il [ Atadb— Al ]a@b—l—i[p+
I a®b—il
aob—ill Al T
I 1P [+ —Aadb I .
a®b—il Aradb—N |adbt+il’
I a®b—1il
L N =1 s e
a@b—z’I[ vl
_[a@b]2+]p — 05

where uyg € Dg X Dy g, and u_ is the regularized boundary value of the element u. Then
using the boundary conditions we get for p the inhomogeneous equation

{V_P[InL()\I—A)aeBb]P} I a®b—il

Atadb— A adb+il ¥ A (14)

If we can construct the solution of it then inserting the result into the expression for u we
get the fiber Krein’s formula derived first in [33]

YT AXaeb— N
a®b+1il P I a®b—1l f
I+(A=A)(a®b _ :
A+a®db— N 7_pwp A+a®@b— NI

Using rigged variables p = (pr, @ pr) = (a + i1)&, ® (b + iI){g one can reduce the latter
formula to the announced form. O

Remark. In applications one often needs to calculate the restriction of the resolvent
calculated above to only one of the orthogonal components of the Hilbert space 'H =
(H x h)® (H x E). Let vector f have only one nonzero component f = (f, @ 0). Then the
variable pgp may be excluded using the standard techniques of the operator matrices, see [9]:

I
PE = 5 i A% 5 1 L EhPh
I'pp — b—il P A+b—NI P, btil




Then the problem is reduced to the calculation of the density pj; from the equation

I I+(\A—Aa 1 I
" a—il " Ata =M Tavil Ty - P, T EE Pl i
1 a—1l
= P fn.

a—il "A+a— N

The interaction constructed above, though formed by operator extensions tools, is
quite strong since the deficiency indices of operators are infinite. Still the discrete spectrum
of the perturbed operator may be characterized in terms of solutions of the homogeneous
equation

I+(A—A)a I I
— P, " p — ; =0 15
[Ynn Ata_ N %E’YEE ~ Pmll(?b_f}bpmmh]a T i (15)

The operator Ar just defined is semibounded from below just because it admitts separation
of variables. Really, it posesses the tensor decomposition

AF:AX]h@E—I—IHX(a@b)W,

where (a @ b), is a certain selfadjoint extension of the symmetric operator ag @ by. The
operator ag @ by has finite deficiency and the operator A is positive, therefore the operator
Ar is semibounded.

3  The simplest few-body Krein’s formula.

In the previous section we discussed ”two - body” Krein’s formula which gives the description
of the simplest two-body Hamiltonians corresponding to two channels only [8]. We may
interpret the channel (A + a, H X h) as a channel of free particles and the channel (A +
b, H x F) as a channel where one cluster described by the Hamiltonian b coexists with a
group of free particles described by the Hamiltonian A. Neither equidomoids, nor other
channels are present in this case.

In this section we consider the simplest three-channels situation when the channel
of free particles admitts two splittings:

Ar+ay, Hy X by

Ag + az, Hy X hy,
and there are two more channels

(A1 + by, Hy x Ey)

(Ag + by, Hy X E»)

where the clusters with inner Hamiltonians by, by coexist with the groups of free particles
with Hamiltonians A;, A;. We assume that recombination of one cluster into another or



just the interchange between them passes through the free channel. Generally this is not
true, but for point interactions we prove that this is the only possible way, since intermediate
clusters containing total number of particles more than two, give no contribution to the scat-
tering process, see section 4. Hence three channels process of recombination of two clusters
mentioned above may be considered as a representative example of few-body scattering.

Consider a Hilbert space ‘H and a selfadjoint operator A in ‘H admitting two split-
tings

H=H xh, A=A x I, + Iy, X ay,
H:HQXhQ, A:A2X1h2+IH2XCL2,

where Ag, a4, s,t € (1,2) are selfadjoint positive operators acting in the Hilbert spaces
H,, h; respectively.
Let bs, s € (1,2) be selfadjoint operators acting in the Hilbert spaces Fs. We
consider the spaces
Hi = H; x E;, and Hy = Hy X Es,

and the selfadjoint operators

81:141 X[E1+[H1 Xbl,
BQZAQ X[E2+]H2 ng,

acting in these spaces. Restricting the operators as, s =1, 2 to as, Dom(ag) = as%uhs S
{ns}, s = 1,2 and the operators by, s = 1, 2 to by, Dom(byy) = bg%uEs e {mg}, s=1,2
we get the symmetric operatorAy in ‘H with the total deficiency éubspace N +N;, = N
generated by the densities pj

I

s = 7 7Ps(, Ps € e Hs :172
NI P

and two symmetric operators By with the deficiency subspaces M generated by the corre-
sponding densities vg:

I
Btil ®

./\/ls:{ }VSETTLbSXHSS:LQ.

In what follows we denote by P, the orthogonal projections in H onto the defi-
ciency subspaces of operators as X Iy, and by P, P2 the orthogonal projections onto the
deficiency subspaces bos X Iy, .

In this section we discuss an analog of Krein’s formula describing selfadjoint exten-
sions Ar of the orthogonal sum generated by the fixed splitting of the operator A

A:Ao@Blo@Bgo

in the Hilbert space
H:H@[Hl X El]@[HQ XEQ].



¢

Our aim is to derive the “ non- collaps condition” which guarantees the semiboundedness of
the constructed extension. This condition is relevant to the condition of physical stability of
this model quantum system when interacting with electromagnetic field. We plan to discuss
this interesting connection in forthcoming publications.

We consider first the case when the deficiency subspaces Ni, Ny have trivial or
finitedimensional intersection, dimN; NNy < oo, but generally we may admitt the zero
angle between them and even infinitedimensional intersections. In the first case when the
intersection is finite-dimensional the semiboundedness of all selfadjoint extensions may be
easily derived. For the infinitedimensional intersection and zero angle we consider first
reduced deficiency subspases constructed of regular elements and forming positive angle and
construct some symmetric extension. If this extension proves to be semibounded then using
closure or Friedrichs procedure we may construct a special semibounded extension as an
operator corresponding to the strong limit of corresponding quadatic forms. The formal
construction will be described in forthcoming publications.

The densities corresponding to the reduced deficiency subspaces will be character-
ized as regular densities . In the last section these dencities appear as densities vanishing
near equidomoid.

Our nearest aim is to construct the Hamiltonian describing the exchange between
two clusters via extension of the restricted operators

Ao @ Big D By
to some selfadjoint operator in the total Hilbert space
H:H@[Hl X El]@[HQ XEQ].

Practically we need to construct the resolvent of this extension. We reduce the construction
of the resolvent to the solution of some intermediate equation. In the classical case when the
deficiency subspace is finitedimensional this intermediate equation is just a matrix equation
involving Krein’s (J- functions, see the previous section. In our case this equation is obviously
infinitedimensional. We shall see that it is similar to the system of Faddeev equations in
three-body scattering problem.

We derive the equation for corresponding rigged variables and then investigate the
solvability of this equation both for general situation in this section and for some basic
example in the section 4.

The selfadjoint extension of Ag @ Big ® Bag will be constructed via imposing on the
generalized boundary values some pairwise boundary conditions attached to the interaction
cylinders (planes) L°. These conditions connect the rigged variables ps, us of the adjoint
operator Ay with rigged variables v,, U, for the operators B;:

(i )=r) (0

here I'; is a constant hermitian matrix . The dimension of it is equal to (dim ng+dim my) x
(dim ng + dim my), where ng, m are the deficiency indices of the operators ayg, by :

F S Fhsyhs Fh37Es
s = .
Ueon, TE, B,



The described boundary conditions incorporate the data of ay, by which correspond to the
particles interacting at given cylinder L°. The other data, which correspond to free particles,
described by A® may be separated as in [26, 27, 28].

One may check directly, that this boundary conditions (14) define a symmetric
operator on the dense domain in the total Hilbert space corresponding to the regular densities
p°. If we prove, that this operator is semibounded, then we can accomplish the construction
of the corresponding selfadjoint operator by the Friedrich’s procedure. It means, that we
need to derive the operator equation corresponding to the equation for densities similar to
the equation (12) in the theorem and then prove, that it has a unique solution on a dense
domain in the total Hilbert space for large negative values of the spectral parameter.

We fulfill the described program deriving in this section the relevant system of
equations for densities in abstract model. The resulting statement summarizing our analysis
will be formulated at the end of this section. Basing on this statement we investigate in the
following section the conditions of semiboundedness of M body quantum hamiltonian with
a generalized point interaction (with inner structure).

Consider the solutions u, Uy, Us of the adjoint equations:

(Ap = A)u=f,

(Big = M) Uy = f1 € By x Hy,

(B —A) Uz = fo € By x Ha. (17)

Note that on a dense domain of f € al—iuH the element ﬁ f may be represented as

1 —il 1
Pln f+

ay — il A Vi s Pln]

f Fi + F,

A)\]

0,1—7:]

where FY; is a regularized boundary value and Fiy belongs to the domain of ag.
Solutions of the latter equations can be represented by the following ansatzes

I I I
Cly w v Ry v L Ry v 2
a, 1 I+AN—A4)a 1
- a%+lp1+a1—i] A— NI a1+i]p1
1
a2 ot
a 1 I+ (O\—A)ay 1
S 21T il AN g™
1
Aot Ao
by 1 I+ (A —A)b 1
U= T i B bt
g o~ b 1 I+ (A—A)b 1

Br12 il Boo A b+l



To calculate the regularized boundary values of the solution u ( on the proper interaction
cylinders L', L? ) we multiply u by (a; — iI) and (ay — il) respectively and apply the
projections P, P, onto the deficiency subspaces N7, N,. If taking into account, that the
domain of A, is

1

al—i]

(hl ) nl) X DOID(Al) N (hg S) HQ) X DOHI(AQ),

ap — 1l

we get the following expressions for the regularized values wuy, us of the solution u

I )= ]+CL1<>\—A1) 1
u — n .
! ay—il " AN a—id™
I al—il I al—iI
Pn - Pn )
APy e v Sty LUy v 2

I P I+a2()\I—A2) I
U - n ;
2 as — il 2 A— NI (IQ—ZIP2
I ag—il I GQ—iI
Py, — n
T il AN T ay =il AN

f.

The regularized values of the solutions of the adjoint equations exist if p, = p°, s = 1,2 and

belong to the domain of A,.
The regularized values of the solutions Uy, U may be obtained similarly to the

regularized values of the solutions appeared in the Theorem 2.3:

1 I+b (M —A)
— Py,
Ui b —il A b — N
I bl—Z[
P, ;
bl—u tmp )\Ifl
I I+ by (A — Ag)
U, = Py,
2 by —il 2™ Ayt by — N 2

I bQ—ZI

P
bg—u B, — )JfQ’

Now we apply the boundary conditions (14) and receive the following system of equations

for rigged variables py, vs, s =1,2

I a; — il a—il

1
n f
- P, = Qa7 ) = [ apr Ay
ap —il A" { Qla 1)}<V1 s Pim gt

I as — il Py, 2=
— Py ——p1 + T2 = Qaz, by))| < P ) = ( “° ”P; o Q}JJ: ) (18)

Cag— il P A =N Vo il emp /2
where
1 1+ as(A — Ay) 1
. Psn sn . 0
Qlas, by) = as — 11 A +as — N as + il
s 0s) = . L, L4b(—A) 1

bs — il Ag+bs— N~ ag+il



Together with the latter system it is convenient to use the equivalent system with respect
to non- rigged variables
( asiilps ) — ( ehs >
1 - )
bo—il Vs €,
as — il)(a; —il)

as—tl
A mtbhi=dl ( cs ) - ( P, b BT ) =Fo s =1,2,1#s. (19)

eES SMB_)\[JS

_Psn(

Here the rigged @Q-functions Q(as, bs) are connected to the non-rigged @Q-functions ¢s via

multiplication by fectors asi Pah) L 7 from the left side and adjoint factors from the right
side.

The last system can be simplified by eliminating variables of the inner parts of both
channels v, from each second equation.

Practically we need to solve the equations [15,16] and then to restore the Krein
formula basing on [14]. At the same time these equations play the role of Faddeev equations
for the components represented by the channel’s densitied py, ps.

We analyse the solvability of these equations assuming dim my, = dim n, = 1 and
considering separately three cases :

1) nsNDom(va,) = {0}, vip + PnsbsPms #0, s =1,2,

2) Ypp+ PusbsPrns =0, s =1,2,

and

3) mN Dom(\/ﬁl) = {0}, ’YJ{;E + Ppibi Py # 0, 7%?E + PrabaPro = 0.

Denoting by O(£) the vectors and operators which admit the estimate by |1| for large
negative A\ and denoting by F; the expression which appears in the right hand side after the
elimination the inner variables eg, we get the following systems in these cases.

In the first case we have:

M) sp
[%h—'_/ A, —l—a—AIPdgaPn

s s ~ I —1l ,
Vel VeE +PsmbsmPsm+O(/\)] 7Eh] eh+PnsA )\I(at +il)e; =
as — 11 s s ~ _
Pnsmf_’YhEhE‘E+Pmsbspms+0(x)] !
by — il
fE's E-,'rs' (20)

"By — M



In the second case we have:

as — il

o (As — NI
P 7(@15“—7:[)6}”“‘ [ 0 05( )

A+a— M

Ponll + BJbsPom 51 . B
Psm [] n bg]Psm A /th €sh =

snA A\ Psndgjpsn - ’Ylih_

e (w A Panl] + P1Pa] " —

—il (o, s 11 Pl +06P,, o1
P”’"A )\Ifh (W AllPeml I+ 0V ] = = 5= s~ T O

by — il
Psmmes = F, (21>
and for the last one we have
ay — il . % oAy — M)
QnA Y (a1 + ZI)@hl + [ 0 mpmldgngn — ’}/Zh — ’y}%E

Pou|I + 03]by Poyy
Pop[I + 03] Py,

ag—i[
A

([)J — Ao)[Po[I + 03] Po) ™t —

~ 1
"‘O(/\)) 7]25%} eop, = Py,

L Pl +03bsP <1
_ 2 1 <2m 21V21L72m 4
by — il
2m82 )\[f FZ» (22)

We have used here the notation &£ for the family of spectral projections of the operator as.

The only essential complication of each of the above systems is the presence of
crossing terms in them, for instance :

mj_ Z( — A)ens, PQHA ;]]( a1 — A)eps.
If the whole construction is reduced to the domain of regular densities p°, s = 1,2, § > 0
then these crossing terms are not essential, since the angles between the deficiency subspaces
Ni, Nj are positive and the crossing terms are bounded. Then the constructed extensions
are semibounded from below.

We consider now the class of regular densities p; . We assume the smoothness of
densities with respect to the corresponding channel operators A,.This class of densities is a
dense linear set which will be used to derive the apriory estimates and develop the Friedrich’s
procedure. For this class of densities the bilinear forms of crossing terms obviously exist.
Our aim is to find the conditions which guarantees the uniform (in § ) domination the forms
of crossing terms by the quadratic forms of the diagonal terms of the matrix I' — Q).

Retaining only leading terms and crossing terms in equations corresponding to the
cases considered we get the following results:



o A — Al . - — i :
]_) [ o Mpsndgapsn + 0(1) €s + Pns (at + Z‘[)et = fs’ S’t - 1’ 2, (23>

A— NI

© o (A, — M) . (A, — M)
0o A, o P wCsh T ME D T

2) Ven€sht

O(1)egn + Py 2"

1 )\[(at +il)ey, = Fs, s,t=1,2. (24)

o (A — A _ il |
3) 0 Mplndgépmmlf"o( )€1h+Pn1A )\I(ag—f-ll)e%:]-"l,

as — il © Ay — A
an_ )\] (CLl + ’LI €1h + / 142—}—2()5—)\)Ip2ndgzp2n€2h_
M- A ~
2 2 hegh + 0(1)€2h = fQ, (25)

thE PQm[] + bQ]PQm rYE'

Here only the leading diagonal terms are presented in explicite form. The dominated
diagonal terms are denoted by O(1) .

Theorem 3.1 Provided some of equations (21), (22), (23) have unique solutions in proper
rigged spaces for large negative X\, the corresponding operators defined by the corresponding
boundary conditions are semibounded and we can accomplish the extension procedure for
these operators by Friedrichs method. Then the corresponding resulting few - body Krein’s
formulae for resolvents of these extensions may be obtained from the solution of the system
of adjoint equations (15) submitted to the boundary conditions (14).

We continue the discussion of solvability of the equations (23) , (24), (25) in the following
section.

It is clearly seen now that the relevant densities in rigged-space setting of the prob-
lem play the role of Faddeev components, see [13] and each of systems (21) , (22), (23) is
a system of Faddeev equations for the resolvent of the corresponding few-body Hamiltonian
generated by switching on the interaction via the boundary conditions between two groups
of quantum particles arranged in two different clusters and the channel of free particles. This
means that during the collision both clusters are virtually desroyed and then new clusters
recreated. Of course we may consider more subtle setting of the problem when only partial
destruction takes place. This requires more delicate treating of intersections of deficiency
subspaces. This will be done elswhere.

The discussed problem for three channels (two scattering channels and a free chan-
nel) may be considered, to some extent, as an elementary brick of the real problem involving
several channels.



4 Semiboundedness of the few-body Schrodinger
Operator with generalized point interaction.

In fact even description of the simplest three-body quantum processes requires investigation
of several channels, for instance (for distinguishable particles)

[(1),(2), B)], (3, ()], [(1,2)B3)], [(2,3)(V)], [(1,2,3)].

The corresponding equidomoid - the intersection of the interaction planes of these channels
L3y = (x: x3 = x1), Lig, Log, contains only one common point 0, so called triple collision
point. Construction of the interaction via operator-extensions techniques in this situation
has been described in [2,3,4,6,10,22,34]. The description of the similar procedure for M-body
Hamiltonians requires considering channels with non smooth and unbounded equidomoids.
For instance, to switch the interaction in the 4- body quantum problem we should split
the 4- body free Hamiltonian into several channels [(1)(2)(3)(4)],, [(1,2)(3)(4)], [(1,3)(2)(4)],
(LG, (23O D), (2 3)@)M)] (3. H1)(@)] [(1,2)3,4), [(1,3)(24)], [(14)(23)],
[(1,2,3)(4)], [(2,3,4)(1)], [(3,4,1)(2)], [(4,1,2)(3)], [(1,2,3,4)]. The intersections of the in-
teraction planes of some channels, for instance [(1,2,3)(4)], and [(2, 3,4)(1)], are unbounded.
A representative example of clusters with a bounded equidomoid is given by the triple of
channels

[(D2)B)W)], [(1,2)B3)4)], [(3,4)(1)(2)],
an example of the triple of channels with an unbounded equidomoid is given by the triple of
channels

[(D2)B)(4)]; [(1,2)(3)(4)], [(1,4)(3)(2)].

In this section we discuss the following basic example. Consider M distinguishable
quantum particles in Euclidean Space R3 with a free Hamiltonian represented by Laplace
operator with respect to cartesian coordinates in R ~3) associated with the center of masses
of the system, and the corresponding Hilbert space H = Lo (R(?’M*%)). Selecting a plane
I € R®M=3) diml = 3k — 3 we assign the Hilbert space h = Ly(l) to it. This space may
play the role of inner Hilbert space of some cluster of k particles and the complementary
space H = Ls (L), supported by the complementary plane L , dimL = 3(M — k), ( such that
I x L = R(3pn—3)) will play the role of the Hilbert space of the complementary group of free
particles 5. The direct product of these spaces gives the total space: H = h x H. The space
L plays the role of the interaction plane, so that the elements from the deficiency subspace
N of the total Hamiltonian Ay = —Ag = [—A]o — AL = ap + A reduced by the condition
of vanishing near L

CL:—AJ_ —)—AJ_OEGO, A—>(Z()+A

are represented via densities supported by this plane:

o
A a?

ex

5The latter condition means that further splitting of these particles is not observed during the process
considered below . But we do not exclude the possibility, that some of them can be splitted in other processes.



In terms of Fourier transform F the condition suppp € L means that Fp = p depends only on
the longitudinal component of the momentum in the orthogonal decomposition p = p; + pj
with respect to L , py LL or p; €[, dimL = 3(M — k), diml =3(k —1) :

p(p) = plp)),
hence -
. pp)) '
pl+pf—A

Generally the splitting of Laplace operator with respect to the decomposition H =
Lo(1) x Ly(L) is given in the Fourier representation by the formula

Az—Aipi—i-pﬁEcH—A.

In the case of finite deficiency index of ay the dot products in representation of the boundary
forms with respect to the rigged variables are reduced to the integration over the plane L,
for instance

<u,pz>—<,0’£,v>:/L[<u,pz>h—<p"Z,v>h]dL.

We consider now all possible splittings of the configuration space R3y—3, Rsp—3 = s X Ly
and assign the proper index s to all relevant quantities. For instance we consider two pairs of
mutually complementary subspaces of the Hilbert space : hg, Hy; H = hy, X H,. We associate
these pairs with two clusters, hy, = Lo (1?) , H; = Lo (L*) ,. In what follows, if not mentioned
specially, we consider the restriction of the Laplacian by the conditions of vanishing near the
planes L®

.A — .Ao.

The domain of the restricted operator is defined as intersection of domains of partial re-
strictions A, = ags + As,. The total deficiency subspace is a sum of deficiency subspaces

N,
SN,

of the splitted operators A, .The angles between the deficiency subspaces are obviously
equal to zero. The following basical statement permitts to consider in our model only the
recombination of two - body clusters.

Lemma 4.1 Consider the symmetric operator defined as a Laplacian —/\ on all compactely
supported smooth functions vanishing near the plane Ly, dimLy = 3(M — k). If k > 2 then
this operator is essentially selfadjoint.

Proof. Really, the deficiency elements of this operator are Fourier-represented as

p(py)
Pt +pf—A



with proper generalised densities p(p)). These elements are square integrable if

pll
dpydp, < oo.
/ Fd ‘HUH >\|2 17
The last condition is fulfilled for proper densities if
dimp, =3(M —1)—-3(M —k)=3(k—1) <4

since it implies the convergence of the integral

1 9 3k—3
[ e pts =l

Hence only k = 1,2 are possible and the densities for the deficiency elements corresponding
to two- body clusters should satisfy the condition

Hence remaining in the Hilbert space Lo(R3)/_3) we can construct solvable models
with point interactions only for processes of scattering and recombination of several two -
body clusters. For larger clusters, £k > 2, the interaction planes are too slim so that the
restriction of the Laplacian onto smooth functions vanishing near them is essentially selfad-
joint. One may derive from it that the deficiency subspaces in our case have finitedimensional
intersection, but still have zero angle between them.

Consider the linear space of smooth regular densities p, 6. Since the complemen-
tary planes [* are three-dimensional, the deficiency subspaces n, of operators ay,y = —A in
Lo (1I°) and the corresponding projections Py, onto them are one-dimensional. The relevant
projections onto ng X Hg = ng X Lo(L®) are represented as Py, X Iy,. We use for them the
former notations Py, X Iy, = Py,

We investigate now the solvability of analogs of equations (21), (22), (23) in our
model.

Note first that the quadratic and bilinear forms of the diagonal terms and crossing
terms on regular deficiency elements

o p(p})
Top2— )\

may be represented now in terms of Fourier transforms of the corresponding densities p° (pﬁ)
the following way::
< o(As — N)
0o As+a—A

pH —)\)|P(p|\)|
pil?+if?

PSnng Sn€S7 65 - /

8Vanishing near the equidomoid and at infinity on interaction planes L?.



— i p(p})p(p})
<P nS.Af — )\I(&t +Z[)6t,65 >= /Hi)\”dp
e AM=AD 1 [ " 2600 26)
"E Pl + 03] Py 2" T Pl I+ B3P ] (02 = NP2 + 1]

Note that the first spectral integral

< aAs — M)
—Psndgspsn sy Cs .

0 As + o — A « Cs)€s >

may be estimated for large negative A from both sides by a simpler expresion with proper
coefficients:

(o3 = Nlp(p)I? ) L o
[ e [ = a6 P

Having in mind that the operator-extension construction can be developed for two-
body clusters only we see that all interaction planes are 3M — 6-dimensional. This means
that two interaction planes L, L; may have either infnite intersection codim 9 like Lq, and
L34, or infinite intersection codimension 6 like R3y/_3 as Lis and Los. We estimate below
the crossing term by the product of the diagonal terms assuming that one of them, with the
index ¢, contains the differential factor A; — Al and the other one is may have the same form

or may be represented just by the spectral integral

< q(As — )

—Psndgspsn X} s>-
0 As+a—Al atsnCs: €

We consider here most interesting case when the component of the equidomoid has codimen-
sion 6. The case of codimension 9 may be studied the same way.

Consider the intersection Lg; of interaction planes L,, L; in the momentum space.
We denote by pg the component of the Fourier variable p along Ly and by ¢4, ¢q; the
complementary components of the momentum in I, [;. Since the angle between q,, ¢ is
positive, we have generally the direct decomposition of the total momentum space Rsp;_3,
dimLy, =3M — 9, diml, = 3 dim{; = 3:

p:pst_’_QS—l'Qt;RgM_gELst_’_[ls'f_lt}a QSEZS757’£t~

Note, that i admitts a unique decomposition in form pg + ¢, and plt| admitts a unique
decomposition in form pg + ¢;.

Lemma 4.2 The following estimates for the bilinear forms of crossing terms via diagonal
leading terms are valid for large negative X\ :

T

f—l—x i = o GDPds + [0 = X' G 27)
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‘/ Pl pn dp| <
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with certain positive constants Cp, Coy

Proof. Introducing new functions fs, f; as follows fi(qs +ps) = /PR +¢2 — X p° (pﬁ) and
denoting by J Jacobians corresponding to the nonorthogonal pais of coorditates ¢, ¢; we get

the first estimate :

8

|/) | pH
/ o Tl

!fs(qs + pst) P dpsidqsday

<
2J) |2+ a7 = M [p%+ (g5 +a)? = N
/ | fi(q +pst)| dpsidqsdg;
2 p% + a2 — N [p% + (¢ + @)* — A|
dg
S */ fs QS +ps dps dQS Sup /
g J Ml Pl s [ T+ ) =
J dgs
+*/ + S 2d s d su /
2 |ft(qiL p t)’ Pst@qy ppst»(It |pgt + qg _ )\| |p§t + (qs + Qt)2 _ >\|
<

C
\/|17| {/ | f5(gs + pst) [ dpsedys + / | fe(a + pst)|Pdpseday | -
Returning to the original functions p we get the first estimate.

To prove the second estimate we need proper distribution of powers in the brackets
of the denominator. Now we are using the following notations

Fo(@s +ps) =P +05 =N 0%, filae+ps) = (G + 05— NVl

Then we may estimate the second integral as

|p°(pj) " (p))]
/ p?— A dp

/ | £ (qs + pst) f (@2 + pet) |dgsdgedpe
1 1
‘pst + qs )“E ’pgt (QS + Qt)z )\Hpgt + th - )\’Z

< / |/ (g5 + pst) [ dqsdgudpss
T 20 R4 @2 = A R+ (g + )2 — AP
/ | f (g + pst) P dgsdgdpsy
2 P + @2 — M|pZ + (gs + @) — AP/4
< ‘)\’1/4 [/‘fs ds ‘I'pst)‘ d(]sdpst“‘/|ft qt+p5t)| dqtdpst



Remark. The estimates (24), (25) permit to investigate the solubility of equations (22),
(23) for large negative A, but still not the equation (31). Really, the attempt to estimate the
crossing terms for the equation (21) we get the following integral for “renormalized densities”

Fs(qs + pst) = (@ + p% — Y45 (qs + pst), filar + pst) = (g2 + P2 — N4 + psr)

/ | fs(qs + pst) (@ + pst)|dgs dgy d Py (20)
|Qt + pst

A4 st + (g5 + a0)* = AllgZ +p3 — AV
The straightforward estimate as above gives just
J ;
5 / |45 + 03 — AL fo(gs + por) [Pdas dps

dg,
sup,. ., [ 5
Gt ] |pse + (gs + @)* = Al g7 + p3 — A[M/2F

_|_

J €
5/\qf+p§t—k\ | fi(qe + pst)|*dgs dpa

dqs
—— S
Wbt ] ps + (qs + @)? = A |@? + pa AV

[/! a + % — N fe(a + pst)|*dar dpsi+

Al

/|q3 +p§t - )‘|€’fs(qs +pst)’2dq$ dpst

for each positive €. This is not sufficient for our aims.

Summarizing results of the last Lemma in general case of few two-body clusters
and previous analysis of equations (21), (22), (23) we obtain the following statement for M-
body scattering problem with generalized point interaction switched on between pairs (in
two-body clusters):

Theorem 4.1 The Hamiltonian of M distinguishable quantum particles with point inter-
action is semibounded if at least for %_1) — 1 interaction planes of 2-body clusters the
condition v, + P b, Py = 0 is satisfied.

This statement is a natural generalization of the result [27,28] for M particles.

1. Akhiezer, N. I. and Glazman, I. M., Theory of linear operators in Hilbert space.
Vol. II, Pitman, Boston, 1981.

2. Albeverio, S., Hunziker, W., Schneider, W. and Schrader, R., A note on L. D.
Faddeev’s three-particle theory, Helv. Phys. Acta, 40 (1967) 745-748.

3. Albeverio, S., Hoegh-Krohn, R. and Streit, L., Energy forms, Hamiltonians, and
distorted Brownian paths, J. Math. Phys., 18 (1977) 907-917.

4. Albeverio, S., Hgegh-Krohn, R. and Wu, T. T., A class of exactly solvable three-
body quantum mechanical problems and the universal low energy behavior, Phys. Lett. A,
83 (1981) 105-109.

5. Albeverio, S., Gesztesy, F., Hgegh-Krohn, R. and Holden, H., Solvable models in
quantum mechanics, Springer-Verlag, New York, 1988.



6. Albeverio, S. and Kurasov, P., Singular perturbations of differential operators,
Cambridge Univ. Press, to appear.

7. Altshuler, B.L., Lee, P.A., and Webb, R.A., edds., Mesoscopic Phenomena in
Solids, North Holland, New-York, 1991.

8. Amrein, W., Jauch, J., Sinha, K. Scattering theory in quantum mechanics, Ben-
jamin, Reading, Mass. (1977).

9. Atkinson, F.V., Langer, H., Mennicken, R. and Shkalikov, A., The essential
spectrum of some matriz operators, Math. Nachr., 167 (1994) 5-20.

10. Berezin, F. A. and Faddeev, L. D., Remark on the Schrodinger equation with
singular potential, Dokl. Akad. Nauk SSSR, 137 (1961) 1011-1014.

11. Demkov, Yu. N. and Ostrovsky, V.N., Zero-range potentials and their applica-
tions in atomic physics, Plenum Press, New York and London, 1988.

12. Derkach, V. A. and Malamud, M. M., Generalized resolvents and the boundary
value problems for Hermitian operators with gaps, J. Funct. Anal.; 95, (1991) 1-95.

13. Faddeev, L. D. and Merkuriev, S. P., Quantum scattering theory for several
particle systems, Kluwer, Dordrecht, 1993.

14. Fermi, E., Sul moto dei neutroni nelle sostanze idrogenate, Ricerce Scientifica,
7:13-52, 1936 (in Italian), English translation in E.Fermi, Collected papers, vol. I, Italy
1921-1938, Univ. of Chicago Press, Chicago-London, 1962, pp. 980-1016.

15. Gorbachuk, V.I. and Gorbachuk, M.L., Boundary value problems for operator
differential equations, Kluwer, Dordrecht, 1991.

16. S.Hassi, H. de Snoo, On rank one perturbations of selfadjoint operators, Integr.
Eq. Oper. Theory, 29 (1997), 288-300.

17. S.Hassi, H.Langer, H. de Snoo, Selfadjoint extensions for a class of symmetric
operators with defect numbers (1,1). In Topics in operator theory, operator algebras and
applications (Timisoara, 1994), pp. 115-145. Rom. Acad., Bucharest, 1995.

18. G.R.Kirchoft. Gesammelte Abhandlungen Publ. Leipzig: Barth, 1882, 641p.

19. Krein, M., Concerning the resolvents of an Hermitian operator with the deficiency-
index (m, m), Comptes Rendue (Doklady) Acad. Sci. URSS (N.S.), 52 (1946) 651-654.

20 . M. Naimark.Self - adjoint extensions of the second kind of a symmetric opera-
tots Bull.Acad.Sci.URSS.,Ser.Math.4,1940, 53-104.

21. V. Kostrykin and R. Schrader Kirchhoff’s rule for quantum wires J. Phys. A:
Math. Gen. 32 (1999) 595-630;

22. Kuperin, Yu. A. and Merkurev, S. P., Selfadjoint extensions and scattering
theory for several-body systems, in: Spectral theory of operators (Novgorod, 1989), Amer.
Math. Soc. Transl. Ser. 2, 150, Amer. Math. Soc., Providence, RI, 1992, 141-176.

23. Kurasov, P.B. and Pavlov, B.S., Scattering problem with physical behavior of
scattering matrixz and operator relations, to be published in Vinogradov’s memorial volume.

24. Kurasov, P.B. and Pavlov, B.S., Generalized perturbations and operator rela-
tions, to be published in Proc. Conf. "Hyperfunctions, Operator and Dynamical Systems”,
Brussel, 1997.

25. Kurasov, P.B., Energy dependent boundary conditions and few-body scattering
problem, Rev. Math. Phys. 9 (1997) 853-906.

26. Makarov, K. A., Semiboundedness of the energy operator of a system of three
particles with paired interactions of d-function type, Algebra i Analiz, 4 (1992) 155-171.

27. Makarov, K. A. and Melezhik, V. V. and Motovilov, A. K., Point interactions
in the problem of three quantum particles with internal structure, Teoret. Mat. Fiz., 102
(1995) 258-282.

28. Makarov, K. A. and Melezhik, V. V., Two sides of a coin: the Efimov effect
and collapse in a three-body system with point interactions. I, Teoret. Mat. Fiz., 107 (1996)
415-432.

29. R.Mennicken,A.Shkalikov. Spectral Decomposition of Symmetric Operator Ma-
trices. Mathematische Nachrichten. 179(1996),259-273.



30. Merkuriev, S. P. and Yakovlev, S. L., On the quantum scattering problem for
four identical particles interacting in the S state, Soviet J. Nuclear Phys. 39 (1984) 1002-
1006.

31. S.P. Novikov, Schr”odinger operators on graphs and symplectic geometry, in:
The Arnol’dfest (Proceedings of the Fields Institute Conference in Honour of the 60th Birth-
day of Vladimir I. Arnol’d), eds. E. Bierstone, B. Khesin, A. Khovanskii, and J. Marsden,
to appear in the Fields Institute Communications Series.

32. B.Pavlov A model of zero-radius potential with internal structure Teor.Mat.Fiz.
V5933,1984,345-354 (English translation: Theoret. and Math. Phys 59 (1984), no 3, 544-
550).

33. Pavlov, B. S., Operator Extension Theory and explicitly solvable models, Uspekhi
Mat. Nauk, 42 (1987) 99-131, 247.

34. Pavlov, B. S., Boundary conditions on thin manifolds and the semiboundedness
of the three-body Schrddinger operator with point potential, Mat. Sb. (N.S.), 136(178)
(1988) 163-177, 301.

35. Popov, 1. Yu., Theory of extensions and the localization of resonances for do-
mains of trap type, Mat. Sb., 181 (1990) 1366—1390.

36. Popov, . Yu., The Helmholtz resonator and operator extension theory in a space
with indefinite metric, Mat. Sh., 183 (1992) 3-27.

37. Shondin, Yu. G., On the three-particle problem with d-potentials, Teoret. Mat.
Fiz., 51 (1982) 181-191.

Dept. of Mathematics, Stockholm Univ.,

106 91 Stockholm, SWEDEN
pak@matematik.su.se

Dept. of Mathematics, Auckland University,
Private Bag 92019 Auckland, NEW ZEALAND
pavlov@math.auckland.ac.nz

31B35, 35Q40, 47N50, 81Q10



