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Abstract. These lecture notes are devoted to recent develop-
ments in the theory of generalized finite rank perturbations of self–
adjoint operators. Both singular and supersingular perturbations
are considered. We concentrate our attention to resolvent formu-
las describing such interactions. Developed methods are applied
to obtain point interaction model in R3 leading to not spherically
symmetric eigenfunctions, but having p−symmetry instead.
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1. Introduction

These lecture notes were prepared for the Workshop on Schrödinger
operators at the Instituto de Matematicas de la Universidad Nacional
de Mexico, Unidad Cuernavaca, held in December 2001. I would like to
thank Jaime Cruz Sampedro, Rafael del Rio and Carlos Villegas Blas
for a kind invitation to Mexico.

1.1. Historical remarks. Finite rank perturbations of self-adjoint
operators are widely used in modern mathematical physics, since they
lead to exactly solvable models preserving important features of realis-
tic physical problems. From the extended list of literature the following
books and reviews should be mentioned:

Yu.Demkov and V.N.Ostrovsky, Zero-range potentials and their appli-
cations in atomic physics, [15], describing applications of these methods
to atomic physics;

S.Albeverio, F.Gesztesy, R.Høegh-Krohn and H.Holden, Solvable mod-
els in quantum mechanics, [3], where mathematical theory of point
interactions is described;

B.Pavlov, The theory of extensions and explicitly solvable models, [48,
49], presenting the method of generalized point interactions;

B.Simon, Spectral analysis of rank one perturbations and applications,
[58], where the mathematical theory of form bounded singular rank one
perturbations is presented;

S.Albeverio and P.Kurasov, Singular perturbations of differential oper-
ators, [8], containing detailed description of singular and generalized
finite rank interactions with applications to problems from quantum
mechanics.

These publications contain extended reference lists describing devel-
opment of these methods in the recent years. All mentioned publica-
tions have been grown up from two main sources

E.Fermi, Sul moto dei neutroni nelle sostanze idrogenate, [23], present-
ing the first physical model with point interaction;

F.A.Berezin and L.D.Faddeev, Remark on the Schrödinger equation
with singular potential, [11], giving the first mathematically rigorous
presentation of Fermi model using the extension theory for self–adjoint
operators.
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Since the appearance of these articles the methods described there
have been used in numerous physical problems which showed their ef-
ficiency. It is natural that the method of point interactions is limited
and cannot demonstrate all features of real problems. But it is im-
portant to be able to obtain more and more realistic models. Let us
consider classical example studied in [11]: the Laplace operator with
point interaction in R3 given formally by

(1) Lα = −∆ + αδ,

where −∆ is the Laplace operator, δ is Dirac’s delta function, α - real
coupling parameter. The perturbation term is so singular that the
perturbed operator cannot be defined using standard methods from
perturbation theory of self–adjoint operators. It has been proved by
F.A.Berezin and L.D.Faddeev that the family of self–adjoint operators
corresponding to the formal expression (1) is described by one real
parameter and every operator from this family differs from the Laplace
operator on the subspace of spherically symmetric functions only. This
is natural since the potential δ-function vanishes on every function from
L2(R3) having symmetry different from the s-type.

It is useful to consider the operator Lα as a rank one singular per-
turbation of −∆. On regular functions u the following equality holds

δu = u(0)δ = 〈δ, u〉δ,
where the brackets 〈·, ·〉 denote both the scalar product in L2(R3) and
the action of functionals. Then the operator Lα can at least formally
be written as

(2) Lα = −∆ + α〈δ, ·〉δ.
The last formula describes the relation between the operators with
singular potentials supported by a discrete set of points (like formal
operator (1)) and finite rank singular perturbations of operators (like
formal operator (2)). Point interaction method is described in detail
in [3, 15, 48]. Generalized finite rank perturbations were studied in
[5, 6, 7, 8, 25, 32, 58].

The operator Lα is a point perturbation of the Laplace operator.
Operator B is called point perturbation of a differential operator A
in L2(Rd) if the restriction of the operators A and B to the set of
functions vanishing on a certain set of points in R3 coincide. The
perturbation term in (1) vanishes on the functions equal to zero at
the origin. Therefore any operator corresponding to Lα is a point
perturbation of the Laplace operator. For point interactions one can
easily calculate the resolvent of the perturbed operator using Krein’s
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formula [1] originally derived in [33, 34, 35, 46]. Generalizations of
Krein’s formula which includes operator with infinite defficiency indices
and therefore can connect any two self-adjoint operators are presented
in [24, 41, 54]. This formula is especially effective if the number of
points supporting the perturbation is finite. This makes these problems
exactly solvable. In fact this resolvent formula plays crucial role in
investigation of the spectral structure of all operators described in the
current article. We are going to concentrate our attention to different
generalizations of this resolvent formula to the case of highly singular
perturbations. Four different resolvent formulas are presented.

It is possible to ask the opposite question: How to describe the
set of all point perturbations at the origin of the Laplace operator?
Consider the restriction of the operator −∆ to the set of functions
vanishing at the origin. The deficiency elements for this operator are
spherically symmetric and any its self–adjoint extension differs from
the original operator −∆ on the subspace of spherically symmetric
functions only. In other words any point perturbation of the Laplace
operator is spherically symmetric. This fact restricted applications of
the point interaction method to physics enormously. For example in
atomic physics one cannot apply this method to get point models of
atoms with non-spherically symmetric eigenfunctions.

To overcome this problem it was suggested to use operators in cer-
tain Pontryagin-Krein extensions of the original Hilbert space. If singu-
lar perturbations are described by Nevanlinna functions, supersingular
perturbations correspond to generalized Nevanlinna functions. Such
functions appear naturally considering extensions of symmetric opera-
tors in Krein spaces [22, 36, 37, 38, 19]. This was probably the original
motivation to use extensions with indefinite scalar product. Models of
that type were first suggested by Yu.Shondin [55, 56] and later by J.van
Diejen and A.Tip [18]. See also recent articles [19, 21, 57] for further
developments. Similar models were analyzed in [31, 50, 51, 52]. To ap-
ply these models to quantum mechanics one restricts these operators
to a certain positive definite subspace of the Pontryagin space.

It was discovered in [9, 43] that it is possible to determine such
perturbations as self–adjoint operators in a certain extended Hilbert
space. This method has been generalized to include so-called singu-
lar and supersingular perturbations of arbitrary order [40, 44]. The
operator corresponding to supersingular interactions were defined in
the class of regular operators - densely defined operators having the
same domain as their adjoints. The spectrum of such operators is not
necessarily real, but all operators appearing in these models have real



SINGULAR AND SUPERSINGULAR PERTURBATIONS 5

spectrum. It was shown later that by considering more general models
self-adjoint operators can be obtained [20].

Yu.N.Demkov and G.F.Drukarev suggested an alternative approach
to construct models with point-like interactions allowing not spherically
symmetric eigenfunctions [16, 17]. The equations used there are not
of operator type. Another approach due to Yu.Karpeshina leads to an
operator which is defined through its spectral decomposition [30] and
therefore is not given explicitly which limits possible applications of
the model drastically.

1.2. Regular, singular and supersingular rank one perturba-
tions. Let A be a self-adjoint operator acting in a certain Hilbert space
H. To avoid unessential difficulties we suppose that A is positive. This
assumption is usually fulfilled in physical applications. In standard
perturbation theory one considers the operator sum

A + V.

The operator V has to be subordinated in some sense by the operator
A in order to get efficient theory. This operator sum can be consid-
ered in the sense of quadratic forms, then the quadratic form of V has
to be bounded withe respect to the quadratic form of A. It has been
known for a long time that for finite rank perturbations one can go be-
yond the standard perturbation theory. The condition on the quadratic
forms of the operator and perturbation is substituted by the condition
that the quadratic form of the perturbation is bounded with respect
to the quadratic form of the operator (A + 1)n, where n is a certain
natural number. Therefore the language of the scale of Hilbert spaces
associated with the positive operator A is useful

(3) . . . ⊂ H3 ⊂
Dom (A)

‖
H2 ⊂ H1 ⊂

H
‖
H0 ⊂ H−1 ⊂

(Dom (A))∗
‖
H−2 ⊂ H−3 ⊂ . . .

The spacesH−s, s = 1, 2, ... can be considered as completion ofH = H0

with respect to the following norm

‖ U ‖2
Hn

= 〈U, (A + 1)nU〉,
where 〈·, ·〉 is the scalar product in the original Hilbert space H. Then
the spaces with positive indexes are just adjoint spaces

Hs = H∗
−s,

so that the spaces Hn ⊂ H ⊂ H−n, s = 1, 2, ... form Gelfand triplet
of Hilbert spaces. The operator A + 1 acts as isometric shift in the
scale of Hilbert spaces mapping Hn onto Hn−2. Therefore the space H2

coincides with the domain of the operator A.
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Consider the formal operator expression

(4) Aα = A + α〈ϕ, ·〉ϕ, α ∈ R,

where ϕ is an element from the scale of Hilbert spaces. We say that
the interaction is from the class H−n if and only if ϕ ∈ H−n \ H−n+1.

The following definitions will be useful in what follows:

Regular perturbations - perturbations defined by vectors ϕ from
H. The perturbation term is bounded and the perturbed operator is
defined on the domain of the original operator.

Singular perturbations - perturbations defined by vectors ϕ from
H−1 and H−2 but not from H. These perturbations can be defined in
the original Hilbert space, but the domain of the perturbed operator
does not coincide with the domain of the original one.

Supersingular perturbations - perturbations defined by vectors ϕ
from H−n, n ≥ 3 but not from H−2. To define these perturbations one
needs to extend the original Hilbert space.

Rank one regular, singular and supersingular perturbations are de-
scribed in the following sections. As application of our methods we
consider the model of point interaction in R3 leading eigenfunctions
having p-symmetry. We call this interaction p-symmetric point inter-
action.

2. Regular rank one perturbations and the first
resolvent formula

In this section we consider rank one perturbations determined by
vectors from the Hilbert space. Such perturbations are bounded and
therefore do not change the domain of the original operator.

Let A be a self-adjoint operator acting in the Hilbert space H with
the domain Dom, (A), and ϕ be a vector from this space ϕ ∈ H. Then
the operator

(5) Aα = A + α〈ϕ, ·〉ϕ, ϕ ∈ H, α ∈ R,

is called rank one perturbation of the operator A. The real coupling
parameter α and the vector ϕ determine a self-adjoint bounded per-
turbation operator. Hence the perturbed operator is uniquely defined
and has the same domain Dom (A) as the original operator A.

The relation between the resolvents of the original and perturbed
operators are described by

Proposition 2.1. Let A be a self–adjoint operator acting in the Hilbert
space H and let ϕ be arbitrary vector from the Hilbert space, ϕ ∈ H.
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Then the resolvents of the original operator A and its rank one pertur-
bation Aα = A + α〈ϕ, ·〉ϕ, α ∈ R, are related as follows for arbitrary
z,=z 6= 0,

(6)
1

Aα − z
− 1

A− z
= − α

1 + αF (z)

〈
1

A− z̄
ϕ, ·

〉
1

A− z
ϕ,

where

(7) F (z) =

〈
ϕ,

1

A− z
ϕ

〉
.

Proof To calculate the resolvent of the self–adjoint operator Aα we
have to solve the following equation

h = (Aα − z)f,

for a given h ∈ H and f ∈ Dom (Aα) = Dom (A). We assume that
the imaginary part of the spectral parameter z is positive =z > 0. We
apply the operator Aα − z to the latter equality

h = (A + α〈ϕ, ·〉ϕ− z) f

= Af − zf + α〈ϕ, f〉ϕ.

By applying the resolvent of the original operator we get

1

A− z
h = f + α〈ϕ, f〉 1

A− z
ϕ.

Projection on the vector ϕ leads to the following formula for 〈ϕ, f〉

〈ϕ, f〉 =
〈ϕ, 1

A−z
h〉

1 + α〈ϕ, 1
A−z

ϕ〉 .

It follows that

f =
1

A− z
h− α

1 + α〈ϕ, 1
A−z

ϕ〉
〈

ϕ,
1

A− z
g

〉
1

A− z
ϕ,

which is exactly formula (6). The theorem is proven.
¤

All spectral properties of the perturbed operator are described by
the real coupling parameter α and the bordered resolvent

(8) Fα(z) =

〈
ϕ,

1

Aα − z
ϕ

〉
.

The function Fα is a Nevanlinna function, i.e. a holomorphic function
in C \R satisfying the following conditions

(9) F (z) = F (z);
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(10)
=F (z)

=z
≥ 0, z ∈ C \R.

Such functions are also called Herglotz and R-functions. Every Nevan-
linna function R possesses the representation

(11) R(z) = a + bz +

∫

R

1 + λz

λ− z

1

λ2 + 1
dσ(λ),

where a ∈ R, b ≥ 0 and the positive measure dσ(λ) satisfies

(12)

∫

R

dσ(λ)

λ2 + 1
< ∞.

Good presentation of the theory of Nevanlinna functions can be
found in [29].

3. Singular perturbations and the second resolvent
formula

Let us consider rank one perturbations determined by vectors from
the spaces H−1 and H−2 from the scale of Hilbert spaces associated
with the operator A. The perturbed operator is formally defined by
the following expression

(13) Aα = A + α〈ϕ, ·〉ϕ, ϕ ∈ H−2 \ H, α ∈ R.

If the singular vector ϕ belongs toH−1\H then the perturbation term is
form bounded (but not bounded) with respect to the operator A. Such
perturbations are called singular form bounded. Perturbations deter-
mined by ϕ ∈ H−2\H−1 are called singular form unbounded. The main
difference between the form bounded and form unbounded singular per-
turbations is related to the question whether the formal expression (13)
determines the perturbed operator uniquely or not. If ϕ ∈ H−1 then
the perturbation term is form bounded with respect to the original
operator A with the relative bound less than 1 and the perturbed op-
erator can be determined using the standard perturbation theory (for
example using KLMN theorem from [53]). In the case ϕ ∈ H−2 \ H−1

the perturbation term is not form bounded and the perturbed operator
is not determined uniquely by (13). Instead of one operator expression
(13) determines a one-parameter family of self-adjoint operators, de-
scribed by a ceratin real parameter γ. The same one-parameter family
corresponds to all formal operators with different coupling constants
α 6= 0. To determine a unique self-adjoint operator one needs to estab-
lish the relation between the coupling constant α and the parameter γ
describing the family of self-adjoint operator. This relation cannot be
established without taking into account additional restrictions like the
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homogeneity of the original operator and the perturbation. Such con-
siderations can be applied to many operators appearing in applications
and the corresponding abstract approach has been developed in [5].

3.1. Form bounded singular perturbations. Let us describe the
unique self-adjoint operator corresponding to (13) in the case ϕ ∈
H−1 \H. Consider the restriction A0 of the operator A to the following
domain

Dom (A0) = {ψ ∈ Dom (A) : 〈ϕ, ψ〉 = 0}.
One can easily show that the operator A0 is a symmetric operator
with the deficiency indices (1, 1). The restriction of the formal linear
operator Aα to this domain coincides with the operator A0, since the
perturbation term simply vanishes on functions orthogonal to ϕ. Thus
the self-adjoint operator A and Aα are two (different) self-adjoint ex-
tensions of the symmetric operator A0. The operator A0∗ adjoint to A0

is defined on the domain

(14) Dom (A0∗) = {ψ = ψ̃ + ψ1g1, ψ̃ ∈ Dom (A), ψ1 ∈ C},
where g1 = 1

A+1
ϕ. All self-adjoint extensions of the operator A0 can be

described by one real parameter γ as restrictions of the operator A0∗

to the domain of functions satisfying the following boundary condition

(15) 〈ϕ, ψ̃〉 = γψ1, γ ∈ R ∪ {∞}.
To determine the operator Aα one needs to establish the relation be-
tween the coupling constant α and the extension parameter γ. This
relation is described by the following theorem.

Theorem 3.1. Let ϕ ∈ H−1(A) \ H. Then the operator Aα = A +
α〈ϕ, ·〉ϕ is a self-adjoint extension of the operator A0 to the domain
(16)

Dom (Aα) =

{
ψ ∈ Hϕ(A) : 〈ϕ, ψ̃〉 = −

(
1

α
+ 〈ϕ,

1

A + 1
ϕ〉

)
ψ1

}
.

In particular for α = 0 we have A0 = A.

Proof The linear operator Aα can be considered as a linear operator
between the vector spaces H1(A) and H−1(A). Let ψ be an element
from H1(A). Let us study the question: Under what conditions is the
distribution Aαψ an element from the Hilbert space H? Consider an
arbitrary vector η from the domain Dom (A0) ⊂ H. Then 〈η,Aαψ〉
is a bounded linear functional on η only if ψ ∈ Dom (A0∗), since the
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following equalities hold

〈η,Aαψ〉 = 〈η, A + α〈ϕ, ψ〉ϕ〉

= 〈η, Aψ〉+ α〈ϕ, ψ〉〈η, ϕ〉

= 〈Aη, ψ〉.
We have taken into account that 〈η, ϕ〉 = 0 (as an element from
Dom (A0)) and the operator A is defined in the generalized sense on
the vectors from H1(A).

Let ψ ∈ Dom (A0∗) now. Then the representation (15) is valid and
the linear operator acts as follows
(17)

Aαψ = (A + α〈ϕ, ·〉ϕ)

(
ψ̃ + ψ1

1

A + 1
ϕ

)

= Aψ̃ + α〈ϕ, ψ̃〉ϕ + ψ1
A

A+1
ϕ + αψ1

〈
ϕ, 1

A+1
ϕ
〉
ϕ

=

{
Aψ̃ − ψ1

1

A + 1
ϕ

}
+

[
α〈ϕ, ψ̃〉+ ψ1 + αψ1〈ϕ,

1

A + 1
ϕ〉

]
ϕ.

The expression in the braces { } belongs to the original Hilbert space
H. Therefore the vector element Aαψ belongs to H if and only if the
expression in the square brackets [ ] is equal to zero, i.e. if the following
equality holds

(18) 〈ϕ, ψ̃〉 = −
(

1

α
+

〈
ϕ,

1

A + 1
ϕ

〉)
ψ1.

The parameter

(19) γ = − 1

α
−

〈
ϕ,

1

A + 1
ϕ

〉

is real and the adjoint operator A0∗ restricted to the domain of functions
from Hϕ(A) satisfying the boundary condition (18) is self–adjoint. The
restrictions of the operators Aα and A0∗ to this domain are identical
since the expression in the square brackets [ ] in formula (17) vanishes
for the elements satisfying the boundary conditions (18). Thus we have
proven that the self–adjoint operator defined by the formal expression
(13) is a self–adjoint extension of the operator A0 described by the
parameter γ given by (19).

If α = 0 then the parameter γ = ∞ and corresponding operator
coincides with the original operator A. The theorem is thus proven. ¤
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This theorem establishes a one-to-one correspondence between the
coupling parameter α and the extension parameter γ. Taking formally
all α ∈ R ∪ {∞} one gets all self-adjoint extensions of the symmetric
operator A0.

3.2. Form unbounded singular perturbations. Consider form un-
bounded perturbations i.e. perturbations determined by vectors

ϕ ∈ H−2 \ H−1.

The perturbation term is not form bounded with respect to the orig-
inal operator in formula (13) and the perturbed operator cannot be
determined using standard methods of perturbation theory. One can
try to carry out the restriction-extension procedure developed for form
bounded singular perturbations. Really the restriction A0 of the op-
erator A can be defined using the same formula (14), since the scalar
product 〈ϕ, ψ〉 is well defined if ψ ∈ Dom (A) = H2 and ϕ ∈ H−2.
Therefore any self-adjoint operator corresponding to the formal ex-
pression Aα given by (13) must be an extension of the operator A0 and
again any such extension is described by one real parameter γ. The
relation between the coupling constant α appearing in (13) and the
extension parameter γ from (15) cannot be established without taking
into account any additional information. The proof of the Theorem 3.1
cannot be repeated, since the scalar product 〈ϕ, 1

A+1
ϕ〉 is not defined if

ϕ ∈ H−2 \H−1. In other words the corresponding integral is diverging.
One of the possibilities to overcome this difficulty is to renormalize this
expression. One can formally define

(20) 〈ϕ,
1

A + 1
ϕ〉 = c,

where c is a real constant. This formula determines an extension ϕc

of the distribution ϕ originally defined on Dom (A) = H2 to a larger
domain

Dom (A0∗) = Dom (A)+̇L{g1}.
This extension is defined by the formula
(21)

〈ϕc, ψ̃ + ψ1g1〉 = 〈ϕ, ψ̃〉+ ψ1〈ϕ, g1〉 = 〈ϕ, ψ̃〉+ cψ1, ψ̃ ∈ H2, ψ1 ∈ C.

Consider the formal expression

(22) Aα = A + α〈ϕc, ·〉ϕ,

which determines a linear operator from Dom (A0∗) to H−2. Then
the following theorem describes the unique self-adjoint operator cor-
responding to the formal expression (22).
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Theorem 3.2. Let ϕ ∈ H−2(A) \H−1 and ϕc be arbitrary extension ϕ
defined by (21). Then the operator Aα = A+α〈ϕc, ·〉ϕ is a self-adjoint
extension of the operator A0 to the domain

(23) Dom (Aα) =

{
ψ ∈ Hϕ(A) : 〈ϕ, ψ̃〉 = −

(
1

α
+ c

)
ψ1

}
.

In particular for α = 0 we have A0 = A.

The proof of this theorem follows the same lines as for Theorem 3.1.
This theorem establishes the one-to-one correspondence between the

coupling constant α and the extension parameter γ

(24) γ = − 1

α
− c.

This relation contains arbitrary real parameter c, which appears as a
result of the regularization of the scalar product 〈ϕ, g1〉 = c. In special
cases when both the operator A and the singular vector ϕ are homoge-
neous with respect to a certain unitary semigroup in H the parameter
c is defined uniquely if one requires that the extended distribution ϕc is
again homogeneous with respect to the same semigroup. This approach
was first developed in [5] and is described in [8]. It was noticed later
that this approach is similar to so-called dimensional regularization in
quantum field theory [27, 28, 12, 14]. These relations are described in
[42]. These methods were effectively applied to point interactions in
[2, 5, 39, 13] and to finite rank perturbations [7, 13].

3.3. The second resolvent formula. In this section we are going to
derive the formula connecting the resolvents of the original and per-
turbed operators for both form bounded and form unbounded singular
perturbations. Our consideration is based on Krein’s resolvent formula,
since the operators Aα and A are two different self-adjoint extensions of
the symmetric operator A0 with deficiency indices (1, 1) [33, 34, 35, 46].
Instead of using Krein’s formula we are going to calculate the resolvent
of the operator Aα explicitly using its definition given by Theorems 3.1
and 3.2.

Theorem 3.3. Let A be a positive self-adjoint operator and ϕ ∈ H−2.
Then the resolvent of the operator Aα = A + α〈ϕ, ·〉ϕ defined by Theo-
rems 3.1 and 3.2 is given by
(25)

1

Aα − λ
=

1

A− λ
− 1

1/α + c +
〈
ϕ, 1+λ

A−λ
1

A+1
ϕ
〉

〈
1

A− λ̄
ϕ, ·

〉
1

A− λ
ϕ,
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where the real parameter c is equal to 〈ϕ, 1
A+1

ϕ〉 in case ϕ ∈ H−1 and

to the regularized value of 〈ϕ, 1
A+1

ϕ〉 in case ϕ ∈ H−2 \H−1. For α = 0
the resolvent is given by

(26)
1

A0 − λ
=

1

A− λ
.

Proof Let us prove formula in the case ϕ /∈ H. Consider the resolvent
equation

(27) (Aα − z)−1f = ψ,

where f ∈ H, ψ ∈ Dom (Aα) and z is in the resolvent set of Aα. This
equation can be re-written as
(28)

f = (Aα−z)ψ = (Aα−z)

(
ψ̃ + ψ1

1

A + 1
ϕ

)
= (A−z)ψ̃−(z+1)ψ1

1

A + 1
ϕ.

By applying the resolvent (A−z)−1 of the original operator A we obtain

1

A− z
f = ψ̃ − (z + 1)ψ1

1

A− z

1

A + 1
ϕ.

Projection on ϕ then gives the equation
〈

ϕ,
1

A− z
f

〉
= 〈ϕ, ψ̃〉 − (z + 1)ψ1

〈
1

A− z̄
ϕ,

1

A + 1
ϕ

〉
,

which implies that

〈ϕ, ψ̃〉 =

〈
ϕ,

1

A− z
f

〉

1 +
α(z + 1)

1 + αc

〈
1

A− z̄
ϕ,

1

A + 1
ϕ

〉

and

ψ̃ =
1

A− z
f −

α(z + 1)

〈
ϕ,

1

A− z
f

〉

1 + αc + α(z + 1)

〈
1

A− z̄
ϕ,

1

A + 1
ϕ

〉 1

A− z

1

A + 1
ϕ,

where c is equal to
〈
ϕ, 1

A+1
ϕ
〉

if ϕ ∈ H−1 and to the renormalization
constant (20) if ϕ ∈ H−2 \ H−1. We are getting the second resolvent
formula (25).

In the special case ϕ ∈ H the second resolvent formula (25) coincides
with already proven formula (6). ¤
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In the case ϕ ∈ H−1 the second resolvent formula just proven can be
written as

(29)
1

Aα − z
=

1

A− z
− α

1 + α
〈
ϕ, 1

A−z
ϕ
〉

〈
1

A− z̄
ϕ, ·

〉
1

A− z
ϕ,

which shows that the second resolvent formula is just an extension of
the first resolvent formula to the set ϕ ∈ H−2.

4. Supersingular perturbations I: H−3-case

Our aim in this section is to define the self–adjoint operator corre-
sponding to the formal expression

(30) Aα = A + α〈ϕ, ·〉ϕ, ϕ ∈ H−3 \ H−2, α ∈ R.

In this section we are going to follow the main lines of [43], where such
operator was defined as a self-adjoint operator in a certain extended
Hilbert space.

The restriction-extension procedure developed for the operator Aα

in case ϕ ∈ H−2 cannot be applied without any modification in the
case ϕ ∈ H−3 \ H−2 for the following simple reason:
The restriction of the operator A to the set of functions u ∈ Dom (A) =
H2 satisfying additional condition 〈ϕ, u〉 = 0 is not well-defined, since
the scalar product does not make sense for all u ∈ Dom(A). One need
to introduce additional restricting condition u ∈ H3 ⊂ H2. But the
operator Amin being the restriction of A to the set of functions satisfying
these two conditions

(31) u ∈ H3, 〈ϕ, u〉 = 0,

is essentially self-adjoint. The operator Amin so defined is an ana-
log of the operator A0 introduced for ϕ ∈ H−2. We conclude that no
self-adjoint operator corresponds to the formal expression (30) in the
original Hilbert space. One needs to extend the original Hilbert space
in order to be able to determine a self-adjoint operator.

4.1. The extended Hilbert space and the maximal operator.
To determine the Hilbert space suitable for the operator Aα we make
two observations:
1. The operator Amin is a densely defined symmetric operator in the
Hilbert space H1. Really the operator A considered in H is self-adjoint
on the domain H3.

1 Then the operator Amin is a restriction of the

1The operator A acting in H1 is a positive self-adjoint operator and it determines
a new scale of Hilbert spaces which differers from the scale Hn by a shift. To avoid
complicated notations we are going to use in what follows the scale of Hilbert spaces
associated with the original operator A in H only.
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operator A acting in H1 determined by only one condition 〈ϕ, u〉 = 0.
2. The formal resolvent of the operator Aα contain elements of the form

1
A−λ

ϕ ∈ H−1, λ ∈ C\R. Hence the Hilbert space H1 must be extended
to include such elements. In fact such an extension is one-dimensional
due to Hilbert’s identity

1

A− λ
ϕ− 1

A− µ
= (λ− µ)

1

A− λ

1

A− µ
ϕ ∈ H1.

Let us introduce the extended Hilbert space

(32) H = C⊕H,

together with the natural embedding

(33)
ρ : H → H−1

U = (u1, U) 7→ U + u1g1,

where g1 = 1
A+1

ϕ ∈ H−1.
Let us discuss now how to define the self-adjoint operator correspond-

ing to (30) acting in H. In case ϕ ∈ H−2 such operator was defined as
a restriction of the adjoin operator A0∗ to a certain domain. In case
ϕ ∈ H−3 \ H−2 the restricted minimal operator Amin has two adjoint
operators:
1. The operator A∗

min adjoint to the symmetric operator Amin as a
densely defined symmetric operator in H1. This is the operator adjoint
to Amin with respect to the scalar product in H1.
2. The triplet adjoint operator A†

min with respect to the scalar product
in the original Hilbert space H. Let us remind the definition of the
triplet adjoint operator [10, 40].

Consider arbitrary Gelfand triplet K ⊂ H ⊂ K∗. Let B be a densely
defined operator in the space K then the triplet adjoint operator B†

acting in K∗ is defined on the domain

Dom (B†) = {f ∈ K∗ : g ∈ Dom (B) ⇒ |〈Bg, f〉| ≤ Cf ‖ g ‖K}
by the following equality

〈Bg, f〉 = 〈g, B†f〉.
Note that the scalar product appearing in the last definition should be
understood as pairing defined by the original scalar product of H. The
triplet adjoint operator coincides with the standard adjoint operator in
the case K = H = K∗. Otherwise the triplet adjoint operator B† is dif-
ferent from the adjoint operator B∗ - operator adjoint to B considered
as an operator in the Hilbert space H ⊃ K.
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In what follows the triplet adjoint operator A†
min will be called the

maximal operator, since it will play the role of the adjoint operator
A0∗ used in constructing singular perturbations. The following lemma
describes the maximal operator.

Lemma 4.1. The maximal operator Amax is defined on the domain

(34) Dom (Amax) =
{

U = Ũ + u1g1 ∈ H−1, Ũ ∈ H1, u1 ∈ C
}

.

by the following formula

(35) Amax(Ũ + u1g1) = AŨ − u1g1.

Proof The domain of the triplet adjoint operator A†
min consists of

all elements U ∈ H−1 such that the sesquilinear form 〈(A + 1)V, U〉 =
〈V, (A + 1)U〉 can be estimated as follows

|〈V, (A + 1)U〉| ≤ CU ‖ V ‖H1

for all V ∈ Dom (Amin), since the operator Amin is a restriction of the
operator A. The last estimate holds for all V ∈ H3, 〈V, ϕ〉 = 0 if and
only if

(A + 1)U = Û + u1ϕ,

where Û ∈ H−1, u1 ∈ C. It follows that the function U possesses
representation (34).

Suppose now that representation (34) holds. Then the sesquilinear
form can be written as follows

〈(A + 1)V, U〉 = 〈(A + 1)V, Ũ〉+ 〈(A + 1)V,
1

A + 1
ϕ〉u1

= 〈V, (A + 1)Ũ〉.
It follows that

(A + 1)†(Ũ + u1g1) = (A + 1)Ũ

and hence (63) holds. ¤
The maximal operator Amax acts in the Hilbert space H−1. This

operator can be lifted to the operator Amax in the space H so that the
embedding ρ intertwins these two operators

(36) ρAmax = Amaxρ.

The maximal operator Amax is described by the following lemma

Lemma 4.2. The maximal operator Amax in H is defined on the do-
main

(37) Dom (Amax) = {U = (u1, Ur + u2g2) ∈ H, u1, u2 ∈ C, Ur ∈ H3} ,
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where g2 = 1
A+1

g1 ≡ 1
(A+1)2

ϕ, by the formula

(38) Amax

(
u1, Ur + u2g2

)
=

(
u2 − u1

AUr − u2g2

)
.

Proof. Let U = (u1, U) be an arbitrary vector from the domain of
the operator Amax defined by (36). Let us denote its image AmaxU by
W = (w1,W ). Then equality (36) reads as follows

(39) w1g1 + W = (u2 − u1)g1 + AU,

and implies that

W + U + (w1 + u1)g1 = (A + 1)U.

Applying the resolvent 1
A+1

to the last equality we obtain

U =
1

A + 1
(W + U) + (w1 + u1)g2,

which implies that representation

U = Ur + u2g2

necessarily holds with

Ur =
1

A + 1
(W + U) ∈ H3, u2 = w1 + u1 ∈ C.

Taking into account the representation just proven (39) can be writ-
ten as follows

w1g1 + W = −u1g1 + AUr + u2
A

A + 1
g1 = (u2 − u1)g1 + AUr − u2g2,

which implies (38). ¤
The minimal operator Amin can be lifted to the space H as well. The

corresponding operator Amin is defined on the domain:

(40) Dom (Amin) = {U = (0, Ur), Ur ∈ H3, 〈ϕ,Ur〉 = 0}
by the fomula

(41) Amin(0, Ur) = (0, AUr).

Obviously the maximal operator Amax is an extension of the minimal
operator Amin.

The operator Amax is not even symmetric.

Lemma 4.3. The boundary form of the maximal operator Amax is a
sesquilinear form in the space of boundary values (u1, u2, 〈ϕ, Ur〉) ∈ C3

(42) 〈U,AmaxV〉H − 〈AU,V〉H =
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=

〈


0 −1 0
1 0 −1
0 1 0







u1

u2

〈ϕ,Ur〉


 ,




v1

v2

〈ϕ, Vr〉




〉
.

Proof Consider any two vectors U,V from the domain Dom (Amax.
Then the following calculations prove the lemma

〈U,AmaxV〉H − 〈AU,V〉H

=

〈(
u1

Ur + u2g2

)
,

(
v2 − v1

AVr − v2g2

)〉
−

〈(
u2 − u1

AUr − u2g2

)
,

(
v1

Vr + v2g2

)〉

= ū1(v2 − v1) + 〈(A + 1)(Ur + u2g2), (AVr − v2g2)〉
−(ū2 − ū1)v1 − 〈(A + 1)(AUr − u2g2), (Vr + v2g2)〉

= ū1v2 − ū2v1 + 〈u2g1, AVr〉 − 〈Ur, v2g1〉+ 〈u2g1, Vr〉 − 〈AUr, v2g1〉

= ū1v2 − ū2v1 + ū2〈ϕ, Vr〉 − 〈Ur, ϕ〉v2.

The last formula can be written in matrix notations as (42). ¤

4.2. Self-adjoint operator. Every symmetric restriction of the op-
erator Amax can be defined by certain boundary conditions imposed
on the functions from the domain of the operator. These boundary
conditions connect the boundary values u1, u2, 〈ϕ,Ur〉 of the functions
from the domain of the restricted operator. The problem of defining
a symmetric restriction of A is equivalent to the problem of finding a
Lagrangian plane of the boundary form.

The boundary conditions can be written in the form

(43) au1 + bu2 + c < ϕ, Ur >= 0,

where a, b, c ∈ C are certain complex parameters, not all equal to zero
simultaneously. Suppose that the parameter c is different from zero.
Then the boundary form of the operator restricted to the linear set of
functions satisfying the boundary conditions is given by
(44)
〈AU,V〉H − 〈U,AV〉H = ū1v2

(
1 + ā

c̄

)− ū2v1

(
1 + a

c

)− ū2v22<( b
c
).

This expression vanishes for arbitrary u1,2, v1,2 if and only if the follow-
ing conditions are satisfied:

(45) c = −a, <(b/c) = 0.

These conditions imply that the complex parameters a, b, c have the
same phase and therefore without loss of generality can be chosen real.
Then the boundary from vanishes if the vector (a, b, c) is orthogonal to
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the vector (1, 0, 1). The case when c = 0 can be considered in a similar
way.

Since the length of the three-dimensional vector (a, b, c) orthogonal
to (1, 0, 1) does not play any role, all of the Lagrangian planes can be
parameterized by one real parameter θ ∈ [0, 2π) as follows:

(46) (a, b, c) = (− sin θ, cos θ, sin θ).

Definition 4.1. The operator Aθ, θ ∈ [0, 2π), is the restriction of the
operator Amax defined by (38) to the domain of functions U = (u1, U) ∈
H possessing the representation

(u1, U) = (u1, Ur + u2g2), Ur ∈ H3, u1,2 ∈ C

and satisfying the boundary condition

(47) − sin θu1 + cos θu2 + sin θ〈ϕ, ur〉 = 0.

The following theorem proves that the operator Aθ so defined is not
only symmetric but self-adjoint as well.

Theorem 4.1. The operator Aθ is a self–adjoint operator in H.

Proof. It has already been proven that the operator Aθ is sym-
metric. We are going to prove that it is self–adjoint by calculating its
resolvent for small negative λ, λ ¿ 0.

We prove that the range of the operator Aθ − λ coincides with the
Hilbert space H

R(Aθ − λ) = H,

i.e. that for for any V = (v1, V ) ∈ H there exits an element U =
(u1, Ur + u2g2) ∈ Dom (Aθ) such that

(48) (Aθ − λ)U = V.

The last equation can be written as




(A− λ)Ur − (1 + λ)u2g2 = V ;

u2 − (1 + λ)u1 = v1.

The first of these equations can be rewritten as

Ur − (1 + λ)
1

A− λ
g2u2 =

1

A− λ
V,

which implies

〈ϕ,Ur〉 − (1 + λ)〈ϕ,
1

A− λ
g2〉u2 = 〈ϕ,

1

A− λ
V 〉.
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It will be convenient in what follows to introduce special notation for
the following Nevanlinna function

(49) Q3(λ) =

〈
ϕ,

1 + λ

A− λ
g2

〉
≡

〈
g1,

1 + λ

A− λ
g1

〉
.

The vector U = (u1, Ur + u2g2) should satisfy the boundary condition
(47). Hence the vector (〈ϕ,Ur〉, u1, u2) ∈ C3 solves the system of linear
equations

(50)

0BB@ −(1 + λ) 1 0
0 −Q3(λ) 1

− sin θ cos θ sin θ

1CCA
0BB@ u1

u2

〈ϕ, ur〉

1CCA=

0BBB@ v1

〈ϕ, 1
A−λ

V 〉
0

1CCCA.

The determinant of this system is given by

(51) D(λ, θ) = sin θ(1 + λ)

(
Q3(λ)− 1

1 + λ
+ cot θ

)
,

and is different from zero for all nonreal λ, since the expression in
the brackets is a sum of Nevanlinna functions, one having nontrivial
imaginary part for those λ. Therefore the system (50) always is solvable
and hence the resolvent equation (48) is solvable as well for arbitrary
V ∈ H.2 ¤

The family of self-adjoint operators Aθ will be considered as a rig-
orous mathematical interpretation for the formal operator (30) in the
case ϕ ∈ H−3. As in the case of H−2-perturbations the exact relation
between the coupling parameter α appearing in (30) and the extension
parameter θ cannot be established without taking into account any ad-
ditional assumptions. The parameter θ is chosen in such a way that
the operator A0 is the unique operator from the family Aθ possessing
the orthogonal decomposition

Aθ = (−1)⊕ A.

The last operator can be identified with the original operator A. (More
precisely with the operator A acting in the Hilbert space H1 and self-
adjoint on the domain H3.) Any other operator from the family can be
considered as a rank two perturbation of this new unperturbed opera-
tor.

Similar problem for operator relations was investigated in [26].
Precise relation between the coupling and extension parameters can

be established sometimes if the operator and the singular vector ϕ

2The resolvent of the operator Aθ will be calculated in the following section
explicitly by solving this equation.
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are homogeneous with respect to a certain unitary semigroup. This
approach has been developed in [42].

4.3. The third resolvent formula. The resolvent of the operator Aθ

can be calculated using Krein’s resolvent formula, since this operator is
a rank two perturbation of the operator A0 = (−1)⊕A. We are going
to calculate this resolvent by solving the linear system (50)

u1 = − 1
D(λ,θ)

(
(sin θ

〈
g1,

1
A−λ

g1

〉
+ cos θ)v1 + sin θ

〈
ϕ, 1

A−λ
V

〉)
,

u2 = − 1
D(λ,θ)

(
sin θv1 + sin θ(1 + λ)

〈
ϕ, 1

A−λ
V

〉)
,

〈ϕ,Ur〉 = − 1
D(λ,θ)

(
sin θ

〈
g1,

1
A−λ

g1

〉
v1 + (sin θ − cos θ(1 + λ))

〈
ϕ, 1

A−λ
V

〉)
.

Then the function U = (u1, U) can be calculated using the following
formulas
(52)
u1 = − 1

−1−λ
v1 − sin θ

D(λ,θ)

[
1

1+λ
v1 +

〈
ϕ, 1

A−λ
V

〉]
,

U = 1
A−λ

V + 1
A−λ

g1u2 = 1
A−λ

V − 1
A−λ

g1
sin θ

D(λ,θ)

[
v1 + (1 + λ)

〈
ϕ, 1

A−λ
V

〉]
.

This formula can be written in operator notations as follows

(53)
1

Aθ − λ
=

1

A0 − λ
− sin θ

D(λ, θ)




1
1+λ

〈
ϕ, 1

A−λ
·〉

1
A−λ

g1
1+λ
A−λ

g1

〈
ϕ, 1

A−λ
·〉


 .

It is natural to consider the restriction of the resolvent (Aθ − λ)−1

to the infinite dimensional subspace H1 ⊂ H combined with the em-
bedding ρ

(54) ρ
1

Aθ − λ
|H1 =

1

A− λ
− sin θ

D(λ, θ)

〈
1

A− λ̄
ϕ, ·

〉
1

A− λ
ϕ.

This formula is the third resolvent formula which is valid for supersin-
gular perturbations of class H−3. The last formula can be written as
follows to illustrate the similarity to the first two resolvent formulas
(55)

ρ
1

Aθ − λ
|H1 =

1

A− λ
− 1

(1 + λ)
[
Q(λ)− 1

1+λ
+ cot θ

]
〈

1

A− λ̄
ϕ, ·

〉
1

A− λ
ϕ.

In the case ϕ ∈ H−2 this formula is identical to (25).
Formula (55) determines a linear operator acting between the spaces

H1 and H−1. The denominator appearing in this formula can be con-
sidered as renormalized bordered resolvent.
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5. Supersingular perturbations II: general case

In this section we are going to extend our construction developed
in the previous section for H−3-perturbations to the general case of
supersingular perturbations from the class H−n, n ≥ 4. The main dif-
ference between these two case is that instead of a self-adjoint operator
we construct operator which we call regular. The operator constructed
is very close to a self-adjoint operator: the domain of the original and
adjoint operators coincide, the spectrum of the operator is pure real.
But this operator is not similar to a self-adjoint. To get a self-adjoint
model one needs to consider a generalization of our model which con-
tains extra parameters: one can choose a different scalar product in the
finite dimensional extension space and use different points to regularize
the diverging integral. This approach has been developed in [55] and
is described in more details in the following section.

5.1. The Extended Hilbert Space and the Maximal Operator.
Consider as in previous section the formal expression

(56) Aα = A + α〈ϕ, ·〉ϕ, α ∈ R, ϕ ∈ H−n \ H−n+1.

Consider the extended Hilbert space H ≡ H−n = C(n−2) ⊕ Hn−2

equipped with the scalar product
(57)

¿ U,V À = ū1v1 + . . . + ūn−3vn−3 + ūn−2vn−2 + 〈U, V 〉Hn−2

= 〈~u,~v〉Cn−2 + 〈U, (1 + A)(n−2)V 〉,
where we used the following vector notation

U = (~u, U), ~u = (u1, u2, . . . , un−2)
V = (~v, V ), ~u = (v1, v2, . . . , vn−2).

The natural embedding of the space H into the space H−n+2 is de-
fined by

(58)

ρU = u1g1 + u2g2 + . . . + un−2gn−2 + U

=
n−2∑

k=1

ukgk + U,

where the vectors gk, k = 1, 2, . . . , n− 2 are defined by

(59) g0 = ϕ, gk =
1

A + 1
gk−1 =

1

(A + 1)k
ϕ, k = 1, 2, . . . , n− 2.

The minimal operator Amin corresponding to the formal expression
(56) is defined as the restriction of the operator A acting in the space
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Hn−2 (having the domain Hn) to the set of function orthogonal to ϕ

(60) Dom (Amin) = {ψ ∈ Hn : 〈ϕ, ψ〉 = 0}.
The operator Amin is a densely defined symmetric operator inHn−2 with
deficiency indices (1, 1). The maximal operator Amax is defined as triplet
adjoint to Amin with respect to the Gelfand triplet Hn−2 ⊂ H ⊂ H−n+2

(61) Amax = A†
min.

The proof of the following Lemma just coincides with the proof of
Lemma 4.1:

Lemma 5.1. The maximal operator Amax is defined on the domain

(62) Dom (Amax) =
{

U = Ũ + u1g1 ∈ H−n+2, Ũ ∈ H−n+4, u1 ∈ C
}

.

by the following formula

(63) Amax(Ũ + u1g1) = AŨ − u1g1.

The maximal operator Amax in H is defined using formula (36). Let
us use the following definition.

Definition 5.1. The maximal operator Amax acting in the Hilbert
space H is the restriction of the operator Amax to the Hilbert space H
defined by the following equality

(64) Amaxρ = ρAmax

on the following domain

Dom (Amax) = {U ∈ H : Amaxρ(U) ∈ Range(ρ)}.
Lemma 5.2. The maximal operator Amax determined by Definition is
defined on the domain

(65)
Dom(Amax) = {U = (u1, u2, . . . , un−2, Ur + un−1gn−1),

u1, u2, . . . , un−2, un−1 ∈ C, Ur ∈ Hn}
by the formula

(66) Amax




u1

u2

. . .
un−2

Ur + un−1gn−1




=




u2 − u1

u3 − u2

. . .
un−1 − un−2

AUr − un−1gn−1




.
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Proof Consider any vector U = (u1, u2, ..., un−2, U) from the do-
main of the operator Amax and let us denote its image by W =
(w1, w2, . . . , wn−2,W ). Then equality (64) can be written as follows
(67)
w1g1 + w2g2 + . . . + wn−3gn−3 + wn−2gn−2 + W

=(u2 − u1)g1 + (u3 − u2)g2 + . . . + (un−2 − un−3)gn−3 − un−2gn−2 + AU.

We conclude that

(68)

w1 = u2 − u1;
w2 = u3 − u2;
. . .

wn−3 = un−2 − un−3;
W + wn−2gn−2 = AU − un−2gn−2.

The last equality can be written as

W + U + wn−2gn−2 + un−2gn−2 = (A + 1)U

and therefore

U =
1

A + 1
(W + U) + (wn−2 + un−2)

1

A + 1
gn−2.

It follows that the element U possesses the following representation

U = Ur + un−1gn−1,

where Ur ∈ Hn , un−1 ∈ C. Then equality (67) can be written as

w1g1 + w2g2 + . . . + wn−2gn−2 + W

= (u2 − u1)g1 + (u3 − u2)g2 + . . . + (un−1 − un−2)gn−2 + AUr − un−1gn−1,

and one can deduce that formula (66) holds. ¤
One can prove that the domain of the operator operator adjoint to

Amax is contained in the domain of the maximal operator Amax, but
the action of the this operator is different from the action of Amax. It
is easy to see, since the restriction of the maximal operator to the set
of functions from the subspace {(~u, 0)} ⊂ Dom (Amax) is given by non
Hermitian matrix

(69)




−1 1 0 0 ...
0 −1 1 0 ...
0 0 −1 1 ...
0 0 0 −1 ...
...

...
...

...
. . .




.

Therefore no densely defined restriction of the maximal operator Amax

is symmetric and therefore is not self–adjoint, like it was observed for
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H−3-perturbations. We conclude that no self-adjoint operator is asso-
ciated with the formal expression (56).

The boundary form of the maximal operator can be calculated using
the same method as we used in Lemma 4.3

Lemma 5.3. The boundary form of the maximal operator Amax is
given by

¿ AmaxU,V À −¿ U,AmaxV À
(70)

=

〈



0 1 . . . 0 0 0
−1 0 . . . 0 0 0
. . . . . . . . . . . . . . . . . .
0 0 . . . 0 1 0
0 0 . . . −1 0 1
0 0 . . . 0 −1 0







u1

u2

. . .
un−2

un−3

〈ϕ, Ur〉




,




v1

v2

. . .
vn−2

vn−3

〈ϕ, Vr〉




〉

The matrix describing the boundary form

B ≡




0 −1 0 . . . 0 0 0
1 0 −1 . . . 0 0 0
0 1 0 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 −1 0
0 0 0 . . . 1 0 −1
0 0 0 . . . 0 1 0




is symplectic and has rank n for even n and n−1 for odd n. Hence any
symmetric restriction of the operator Amax is described by at least [n

2
]

boundary conditions.3

The restriction A0 of the maximal operator Amax to the set of func-
tions satisfying un−2 = 0 leads to the operator, which reduces by the
orthogonal decomposition of the Hilbert space H = Cn−2⊕Hn−2. The
domain of A0 is equal to the orthogonal sum Cn−2 ⊕ Hn ⊂ H. The
adjoint operator has just the same domain, since the operator A is self-
adjoint in Hn−2 defined on Hn and the part of the operator in Cn−2

is just a multiplication by the matrix (69). Closed operators such that
the domains of the operator and its adjoint coincide will be called reg-
ular. The difference between regular and self-adjoint operators is that
the later ones are in addition symmetric. The operator A0 just defined
is regular, but not symmetric. It is obvious that all regular restrictions,
and hence all possible self-adjoint restrictions of Amax are defined by
one boundary condition only. To make operator Amax symmetric one

3[·] denotes the integer part here.
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needs to impose at least [n
2
] boundary conditions. We conclude that no

restriction of the maximal operator Amax self-adjoint.
Let us remind that in the case n = 3 the rank of the matrix B

is 2 and all Lagrangian planes of the boundary form are described
by one condition. Thus the restrictions of Amax to the corresponding
subspaces are self-adjoint operators as described in the previous section.

In the following section we are going to describe all regular restric-
tions of the operator Amax.

5.2. Supersingular perturbations as regular operators. It has
been proven in [40] that all regular restrictions of the operator Amax

are described by the boundary conditions (71) below. These conditions
are similar to the boundary conditions (47), therefore we are not going
to prove the necessity of these conditions but introduce the following
definition instead:

Definition 5.2. The operator Aθ is the restriction of the maximal
operator Amax defined on the domain Dom (Amax) (given by (65)) to
the set of functions satisfying the boundary condition

(71) sin θ〈ϕ,Ur〉+ cos θun−1 − sin θun−2 = 0, θ ∈ [0, π).

The action of the operator Aθ is given by (66).

Like in the case of H−2- and H−3-perturbations a one-dimensional
family of operators corresponds to the formal expression (56). The
difference is that the operator Aθ is not self-adjoint but regular. It is
easy to see from the following decomposition

(72) Aθ = <Aθ + i=Aθ,

where

(<Aθ)




u1

u2

. . .
un−3

un−2

Ur + un−1gn−1




=




1
2
u2 − u1

1
2
(u3 + u1)− u2

. . .
1
2
(un−2 + un−4)− un−3

un−1 + 1
2
un−3 − un−2

AUr − un−1gn−1




;
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(73) =Aθ =
1

2




0 −i 0 . . . 0 0 0
i 0 −i . . . 0 0 0
0 i 0 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 −i 0
0 0 0 . . . i 0 0
0 0 0 . . . 0 0 0




.

The real part of Aθ is a self-adjoint operator. The imaginary part is
a non-trivial bounded self-adjoint operator. Hence the operator Aθ is
regular but not self-adjoint.

Let us study the operator A0 in more details. This operator is equal
to the orthogonal sum of two operators acting in the spaces Cn−2 and
Hn−2. Indeed the domain of the operator A0 can be decomposed as
follows

Dom (A0) = Cn−2 ⊕Hn ⊂ Cn−2 ⊕Hn−2 ≡ H.

The two operators appearing in the corresponding decomposition of
the operator A0

A0 = T⊕ A,

are the operator in Cn−2 given by the upper triangular matrix

T =




−1 1 0 0 . . . 0 0
0 −1 1 0 . . . 0 0
0 0 −1 1 . . . 0 0
0 0 0 −1 . . . 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . −1 1
0 0 0 0 . . . 0 −1




and the operator A in Hn−2 with the domain Hn. The resolvent of the
operator A0 for arbitrary nonreal λ can easily be calculated

(74)
1

A0 − λ
=




−1
1+λ

−1
(1+λ)2

−1
(1+λ)3

. . . −1
(1+λ)n−2

0 −1
(1+λ)

−1
(1+λ)2

. . . −1
(1+λ)n−3

0 0 −1
(1+λ)

. . . −1
(1+λ)n−4

. . . . . . . . . . . . . . .

0 0 0 . . . −1
1+λ




⊕ 1

A− λ
.
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Let us study now the spectrum of the operator Aθ. The following the-
orem implies that the spectrum is real, since the resolvent of Aθ wxists
and is a bounded operator for nonreal values of the spectral parameter.

Theorem 5.1. The resolvent of the operator Aθ for all nonreal λ is
given by the (n− 1)× (n− 1) bounded matrix operator
(75)

1

Aθ − λ
=

1

A0 − λ

− sin θ

D(λ)




0 0 . . . 0 1
(1+λ)n−1

1
(1+λ)n−2 〈 1

A−λ
ϕ, ·〉

0 0 . . . 0 1
(1+λ)n−2

1
(1+λ)n−3 〈 1

A−λ
ϕ, ·〉

. . . . . . . . . . . . . . . . . .

0 0 . . . 0 1
(1+λ)2

1
1+λ

〈 1
A−λ

ϕ, ·〉

0 0 . . . 0 1
1+λ

1
A−λ

gn−2

(
1

A−λ
gn−2

) 〈 1
A−λ

ϕ, ·〉




where the function D(λ, θ) is the following Nevanlinna function
(76)

D(λ, θ) =

(
Qn(λ)− 1

1 + λ

)
sin θ + cos θ, Qn(λ) = 〈ϕ,

1 + λ

A− λ
gn−1〉.

Proof Consider arbitrary F = (f1, f2, . . . , fn−2, F ) ∈ H. Then the
resolvent equation

(77) (A− λ)




u1

u2

. . .
un−2

Ur + un−1gn−1




=




f1

f2

. . .
fn−2

F




together with the boundary condition (71) imply that



−(1 + λ) 1 0 . . . 0 0 0
0 −(1 + λ) 1 . . . 0 0 0
0 0 −(1 + λ) . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . −(1 + λ) 1 0

0 0 0 . . . 0 −〈ϕ,
1 + λ

A− λ
gn−1〉 1

0 0 0 . . . − sin θ cos θ sin θ



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(78) ×




u1

u2

u3

. . .
un−2

un−1

〈ϕ,Ur〉




=




f1

f2

f3

. . .
fn−2

〈ϕ, 1
A−λ

F 〉
0




.

To derive the last equation we used the following transformation of the
last equation in the system (77)

(79) (A− λ)Ur − (1 + λ)un−1gn−1 = F

⇒ 〈ϕ,Ur〉 − (1 + λ)un−1〈ϕ,
1

A− λ
gn−1〉 = 〈ϕ,

1

A− λ
F 〉.

The determinant of the matrix appearing in the last equation is equal
to (−1)n−1(1 + λ)n−2D(λ, θ) and it does not vanish for nonreal λ since
D is a Nevanlinna function with nontrivial imaginary part (if θ 6= 0).
We conclude that the linear system (78) has unique solution for all
nonreal λ. It follows that the spectrum of the operator Aθ is real.

To calculate the resolvent exactly consider the system of equations
for un−2, un−1, 〈ϕ,Ur〉
(80)

−(1 + λ) 1 0

0 −〈ϕ,
1 + λ

A− λ
gn−1〉 1

− sin θ cos θ sin θ







un−2

un−1

〈ϕ, Ur


 =




fn−2

〈ϕ, 1
A−λ

F 〉
0




The solution to this linear system reads as follows
(81)

un−2 = −(sin θ〈ϕ, 1+λ
A−λ

gn−1〉+ cos θ)fn−2 + sin θ〈ϕ, 1
A−λ

F 〉
(1 + λ)D(λ, θ)

;

un−1 = −
(
(1 + λ)〈ϕ, 1

A−λ
F 〉+ fn−2

)
sin θ

(1 + λ)D(λ, θ)
;

〈ϕ,Ur〉 = −sin θ〈ϕ, 1+λ
A−λ

gn−1〉fn−2 + (sin θ − (1 + λ) cos θ) 〈ϕ, 1
A−λ

F 〉
(1 + λ)D(λ, θ)

.

Then all other components of the vector ~u can be calculated from the
recursive relations

ul =
1

1 + λ
ul+1 − 1

1 + λ
fl, l = 1, 2, . . . , n− 3,
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which coincide with the first n − 3 equations of the system (78). The
following formula holds

ul =
1

(1 + λ)n−2−l
un−2 −

n−3∑

m=l

1

(1 + λ)m+1−l
fm.

The component U can be calculated from (79)

U = Ur + un−1gn−1

=
1

A− λ
F + (1 + λ)un−1

1

A− λ
gn−1 + un−1gn−1

=
1

A− λ
F + un−1

1

A− λ
gn−2.

This completes the calculation of the resolvent of the operator Aθ given
by formula (75) for all nonreal λ. ¤

The theorem implies that the spectrum of the operator Aθ is real.
This is a very important property of the regular operators constructed
in this section. One can prove that these operators are not similar to
self-adjoint ones even if they have rather close properties.

5.3. The fourth resolvent formula. Consider the restriction of the
resolvent to the infinite dimensional subspace Hn−2 ⊂ H combined
with the embedding ρ

(82)

ρ
1

Aθ − λ
|Hn−2 =

1

A− λ

− 1

(λ + 1)n−2
{
cot θ + Qn(λ)− 1

1+λ

}
〈

1

A− λ̄
ϕ, ·

〉
1

A− λ
ϕ,

This formula is a generalization of the resolvent formulas (6), (25), and
(55). It is a natural generalization of Krein’s resolvent formula to the
case of rank one perturbations determined by ϕ ∈ Hn. This formula
determines a linear operator acting between the Hilbert spaces Hn−2

and H−n+2. The denominator appearing in this formula is a generalized
Nevanlinna function, which usually appears in extension problems in
Pontryagin and Krein spaces. This function can be obtained by regu-
larizing the bordered resolvent

〈
ϕ, 1

A−λ
ϕ
〉

sufficiently many times. In
general this regularization contains several arbitrary parameters. In
the case when the operator A and the singular vector ϕ are homoge-
neous with respect to a certain unitary semigroup the normalization
constants can be determined uniquely. This approach developed first
in [5] for singular interactions was generalized recently [42] to include
supersingular perturbations. It was shown that this procedure is simi-
lar to dimensional regularization of G.’t Hooft and M.Veltman [27, 28]
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and gives the same result as Pauli-Villars regularization [47] (see also
[12]).

Advantage of the model presented is that it uses Hilbert space meth-
ods only. The model presented originally in [40] has been generalized in
[20]. The new model suggested uses instead of repeated regularizations
at point λ = −1, different regularization points. In addition the metric
in the extensions space Hn−2 is given by a non-diagonal Gram matrix.
This allowed to obtain a model operators corresponding to the formal
expression (56) which are self-adjoint with respect to the new scalar
product.

6. Point interaction in R3 with p-symmetric
eigenfunctions

In this section we are going to describe how to construct point inter-
actions with p-symmetry for the Laplace operator in R3. The Laplace
operator ∆ in L2(R

3) is self-adjoint with the domain Dom (−∆) =
W 2

2 (R3). The restriction of −∆ to the set of functions vanishing at
the origin is a symmetric operator with the deficiency indices (1, 1).

The corresponding deficiency element eik|x|
4π|x| , k2 = λ is spherically sym-

metric. Therefore any self-adjoint extension of this operator differs
from the unperturbed Laplace operator on the subspace of spherically
symmetric functions only. This extended operator corresponds to the
following formal operator

(83) −∆ + αδ,

where the coupling parameter α is related in some way to the ex-
tension parameter [11]. This formal operator can be studied using
methods of singular rank one perturbations, since the multiplication
operator by Dirac’s delta function δ formally coincides with the gener-
alized projector on the Dirac’s delta function 〈δ, ·〉δ. This is an ex-
ample of rank one H−2-perturbation treated in detail in [5], since
δ ∈ H−2(−∆) = W−2

2 (R3).
The simplest formal differential operator leading to non-trivial point

interactions for non-spherically symmetric function can be written as

(84) L~α = −∆ + αx〈δx, ·〉δx + αy〈δy, ·〉δy + αz〈δz, ·〉δz,

where αj, j = x, y, z are real coupling constants and δx, δy, δz denote
the derivatives of the three-dimensional delta function

δx =
∂

∂x
δ, δy =

∂

∂y
δ, δz =

∂

∂z
δ.
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The perturbation term in (84) is rank 3 operator between the Hilbert
space H3 and H−3, i.e. the operator L~α cannot be defined using stan-
dard methods developed for finite rank singular perturbations [7]. We
are going to use an obvious modification of the method to treat H−3-
perturbations described in the previous section. This modification
is easy, since the subspaces generated by the three generalized func-
tions δx, δy, δz are orthogonal having different symmetries. The scale of
Hilbert spaces Hs(−∆) just coincides with the scale of Sobolev spaces
W s

2 (R3) = H3(−∆).
Consider the three pairwise orthogonal functions

(85)

gx
1 = 1

L+1
δx = − e−r

4πr3 (1 + r)x = − e−r

4πr2 (1 + r) cos ϕ sin θ;

gy
1 = 1

L+1
δy = − e−r

4πr3 (1 + r)y = − e−r

4πr2 (1 + r) sin ϕ sin θ;

gz
1 = 1

L+1
δz = − e−r

4πr3 (1 + r)z = − e−r

4πr2 (1 + r) cos θ.

These three functions belong to the space W−1
2 (R3) but have differ-

ent symmetries and therefore are pairwise orthogonal with respect the
scalar product in W−1

2 (R3).
Let us introduce the Hilbert space H = W 1

2 (R3)⊕C3 and the natural
embedding

(86)
ρ : H → H−1

U = (U, ux
1 , u

y
1, u

z
1) 7→ U + ux

1g
x
1 + uy

1g
y
1 + uz

1g
z
1.

It will be convenient to use the following vector notation ~u1 =
(ux

1 , u
y
1, u

z
1) and the convention of summation over repeated indices

uγ
1g

γ
1 ≡ ux

1g
x
1 + uy

1g
y
1 + uz

1g
z
1.

The scalar product in H is given by

(87)

¿ U,V ÀH = 〈U, (−∆ + 1)V 〉L2(R3) + 〈~u1, ~v1〉C3

= 〈U, (−∆ + 1)V 〉L2(R3) + uγ
1v

γ
1 .

The minimal operator Lmin is the operator −∆ in W 1
2 (R3) restricted

to the domain of functions from W 3
2 (R3) satisfying the following con-

dition at the origin

(88) ∇u|(x,y,z)=(0,0,0) = ~0.
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Then Lemma 4.1 implies that the triplet adjoint operator Lmax = L†min

acting in the space W−1
2 (R3) is defined on the domain

(89)

Dom (Lmax) =
{

U = Ũ + uγ
1g

γ
1 ∈ W−1

2 (R3), Ũ ∈ W 1
2 (R3), ~u1 ∈ C3

}

by formula

(90) Lmax

(
Ũ + uγ

1g
γ
1

)
= −∆Ũ − uγ

1g
γ
1 .

Then the maximal operator Lmax in H is uniquely determined by the
equality

(91) Lmaxρ = ρLmax.

The operator Lmax is defined on the domain
(92)

Dom (Lmax) =
{
U = (~u1, Ur + uγ

2g
γ
2 ), ~u1, ~u2 ∈ C3, Ur ∈ W 3

2 (R3)
}

by the formula

(93) Lmax

(
~u1

Ur + uγ
2g

γ
2

)
=

(
~u2 − ~u1

−∆Ur − uγ
2g

γ
2

)

Let us calculate the boundary form of the maximal operator Lmax

(94)

¿ U,LmaxV À −¿ LmaxU,V À

= ¿
(

~u1

Ur + uγ
2g

γ
2

)
,

(
~v2 − ~v1

−∆Vr − vγ
2gγ

2

)
ÀH

− ¿
(

~u2 − ~u1

−∆Ur − uγ
2g

γ
2

)
,

(
~v1

Vr + vγ
2gγ

2

)
ÀH

= 〈~u1, ~v2〉C3 − 〈~u1, ~v1〉C3

+〈Ur, (−∆ + 1)(−∆)Vr〉L2 + 〈uγ
2g

γ
2 , (−∆ + 1)(−∆)Vr〉L2

−〈Ur, (−∆ + 1)vβ
2 gβ

2 〉L2 − 〈uγ
2g

γ
2 , (−∆ + 1)vβ

2 gβ
2 〉L2

−〈~u2, ~v1〉C3 + 〈~u1, ~v1〉C3

−〈(−∆)Ur, (−∆ + 1)Vr〉L2 + 〈uγ
2g

γ
2 , (−∆ + 1)Vr〉L2

−〈(−∆)Ur, (−∆ + 1)vβ
2 gβ

2 〉L2 + 〈uγ
2g

γ
2 , (−∆ + 1)vβ

2 gβ
2 〉L2

= 〈~u1, ~v2〉C3 − 〈~u2, ~v1〉C3

−〈~u2,∇Vr(0)〉C3 + 〈∇Ur(0), ~v2〉C3

= 〈~u1 +∇Ur, ~v2〉C3 − 〈~u2, ~v1 +∇Vr〉C3 .

The boundary form is given by 6× 6 symplectic matrix and all self-
adjoint restrictions of the operator Lmax are given by Lagrangian planes
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corresponding to this symplectic form. All such subspaces can be de-
scribed by the following boundary conditions

(95) a(~u1 +∇Ur(0)) = b~u2,

where a and b are certain 3× 3 matrices such that
1. the rank of the 3× 6 matrix (a,b) is equal to 3;
2. ab∗ = ba∗.
These conditions guarantee that the restricted operator is symmetric
and maximal. The following lemma describes all boundary conditions
that are invariant under rotations around the origin in R3 and reflec-
tions in planes passing through the origin. Rotations R and reflec-
tions J of the original space R3 determine unique transformations of
functions on R3 as follows Rf(x) = f(R−1x), Jf(x) = f(Jx). These
transformations can be lifted to unitary transformations R and J in
the Hilbert space H using the embedding ρ

Rρ = ρR, Jρ = ρJ.

The rotation R and reflection J operators so defined are reduced by
the orthogonal decomposition of H = W 1

2 (R3) ⊕C3 and are given by
rotation respectively reflection operators in L2(R

3) and C3.

Lemma 6.1. The operator L restricted to the domain of functions
satisfying the boundary conditions (95) commutes with the rotations R
around the origin in R3 and reflections J in planes passing through the
origin if and only if these boundary conditions can be written in the
form

(96) a(~u1 +∇Ur(0)) = b~u2,

where a and b are two real parameters not equal to zero simultaneously.

Proof. The operator Lmax commutes with the rotations and reflec-
tions, therefore the restricted operator is commuting with these trans-
formations if and only if the boundary conditions (95) are invariant
under R and J. The pairs of matrices (a,b) and (aR,bR) describe the
same boundary conditions only if the kernels of the matrices a and aR
coincide, but this is possible only if this kernel is trivial or equal to the
whole space R3. Consider these two cases separately.
1). Suppose that the matrix a has rank 3, i.e. it is invertible. The
boundary conditions (95) can be written in the form

~u1 +∇Ur(0) = b~u2,

with a certain Hermitian matrix b. These conditions are invariant under
the rotations and inversions if and only if the matrix b satisfies

Rb = bR, Jb = bJ.
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It follows that this matrix is a multiple of the unit matrix and nec-
essarily coincides with the multiplication by a certain real constant b.
The boundary conditions are then of the form (96).
2). Suppose that the rank of a is zero. The boundary conditions takes
the form

0 = b~u2

where b is a certain invertible matrix. This condition is equivalent to

~u2 = 0,

which is of the form (96). ¤
In what follows only restrictions of the operator Lmax commuting

with the rotations and inversions will be studied. All such restrictions
can be parameterized by one real parameter γ ∈ R ∪ {∞}.
Definition 6.1. The operator Lγ is the restriction of the maximal oper-
ator Lmax to the domain of functions satisfying the boundary conditions

(97) ~u1 +∇Ur(0) = γ~u2, γ ∈ R ∪ {∞}.
The operator Lγ is a self-adjoint operator with the point interac-

tion affecting non-spherically symmetric functions. As in the case of
Berezin-Faddeev operator (83) the relation between the coupling pa-
rameter α = αx = αy = αz appearing in (84) is not straightforward.
It is obvious that γ = ∞ corresponds to α = 0, but precise relation
between these parameters cannot be established without bringing into
consideration any new assumption, like homogeneity properties of the
operators under investigation (see [5, 40, 4], where this approach was
developed for Berezin-Faddeev operator).

Theorem 6.1. The operator Lγ in H is a bounded from below self-
adjoint operator. Its resolvent is given by
(98)

1

Lγ − λ
=




1
−1−λ

0

0 1
L−λ




−




1

(1+λ)2(γ− 1
1+λ

−D(λ))
−1

(1+λ)2(γ− 1
1+λ

−D(λ))

(∇ 1
L−λ

· ) (0)

1

(1+λ)(γ− 1
1+λ

−D(λ))
1

L−λ
gβ
1

−1

(γ− 1
1+λ

−D(λ))

(
∂
∂β

1
L−λ

·
)

(0) 1
L−λ

gβ
1


 ,

for any nonreal λ, where D(λ) =
(

∂
∂x

1+λ
L−λ

gx
2

)
(0) is a Nevanlinna func-

tion.

Proof To prove the theorem it is enough to show that the range of
the operator Lγ − λ coincides with H for a certain nonreal λ, since
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we already proved that the operator is symmetric. Therefore let us
calculate the resolvent of the operator Lγ.

The resolvent equation

(Lγ − λ)−1F = U, F ∈ H, U ∈ Dom (Lφ ⊂ H

implies the following system of equations

(99)





~u2 − ~u1 − λ~u1 = ~f1,

LUr − uβ
2g

β
2 − λUr − λuβ

2g
β
2 = F.

Then the second equation (99) implies

(100) Ur = uβ
2

1 + λ

L− λ
gβ
2 +

1

L− λ
F

and

∇Ur(0)−D(λ)~u2 =

(
∇ 1

L− λ
F

)
(0).

Using the boundary condition one excludes ∇Ur(0) to get the following
2× 2 linear system

(101)




−(1 + λ)~u1 + ~u2 = ~f1

−~u1 + (γ −D(λ))~u2 =
(∇ 1

L−λ
F

)
(0).

Solution to this system reads as follows
(102)

~u1 = −γ+D(λ)

(1+λ)(γ− 1
1+λ

−D(λ))
~f1 + 1

(1+λ)(γ− 1
1+λ

−D(λ))

(∇ 1
L−λ

F
)
(0);

~u2 = −1

(1+λ)(γ− 1
1+λ

−D(λ))
~f1 + 1

(γ− 1
1+λ

−D(λ))

(∇ 1
L−λ

F
)
(0).

Using (100) we get component U of the function U which completes
calculation of the resolvent

(103) U = Ur + uβ
2g

β
2 =

1

L− λ
F + uβ

2

1

L− λ
gβ
1 .

The theorem is proved. ¤
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