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Abstract. The inverse scattering problem on the half-axis is solved for scattering matrices which result 
from scattering on a zero-range potential with an internal structure. The solutions are constructed as 
pointwise limits of Bargmann potentials and form a one-parameter family. We obtain a class of  
potentials decreasing slowly at infinity. 
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1. Introduction 

The method of zero-range potentials with internal structures [1, 2] presents an 
opportunity to construct exactly solvable model operators for different physical 
phenomena. Here we will investigate the connections between these model problems 
and usual scattering problems with nonzero-range potentials. Earlier, this problem 
had been investigated by comparing the resolvents of the operators (see [3] and 
references herein). Here, however, we will discuss this question from the scattering 
theory point of view, i.e. construct an ordinary potential which has the same 
scattering matrix as the zero-range potential with an internal structure. 

This Letter is devoted to the simplest case of the scattering problem on the 
half-axis. The inverse scattering problem in one dimension was extensively discussed 
in the literature [4, 5, 6], but only for the case of rapidly decreasing potentials, such 
that the following condition is satisfied: 

f f  Iv(x) lx dx < > 0. (1) 9(3, t/ 

The Gel ' fand-Levi tan-Marchenko procedure for the solution of the inverse prob- 
lem is based on the analytical properties of the Jost function. Therefore, in the first 
step, we will generalize the notions of the Jost solution and Jost function to the case 
of zero-range potentials. It will be shown that the Jost function can be introduced 
only for the so-called regular model operators, i.e. for operators with the standard 
asymptotic behaviour of the scattering matrix S(k )  at infinity: S ( k )  ~ 1, k ~ oo. The 
corresponding Jost functions have singularities on the real axis. We shall show that 
the inverse problem for such Jost functions can be solved in a class of square 
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integrable potentials which violate the condition (1). The solution of the problem 
can be obtained as the pointwise limit of the solutions corresponding to the usual 
Jost functions with singularities in the lower half-plane. 

The solution of the inverse problem for the investigated class of scattering 
matrices is not unique. The nonuniqueness of the solution of the inverse scattering 
problem on the half-axis, found in earlier works [4-6], is due to the existence of 
bound states, where to reconstruct the potential, one needs to not only know the 
energies of the bound states but also the normalization constants for the eigenfunc- 
tions. In our case, the nonuniqueness of the solution of the inverse problem is 
connected with arbitrariness in the definition of the Jost function for problems with 
internal structure, which have singularities on the real axis. Such singularities, 
situated symmetrically with respect to the origin, do not make any contribution to 
the scattering matrix. 

A similar problem was discussed in [7, 8], where the inverse scattering problem 
on the whole line was considered. It was shown that substitution of the scattering 
matrix corresponding to the operator with the boundary condition at point zero 
into the Marchenko equation has a delta function as a solution. In our approach, 
only continuous bounded potentials are considered. 

2. Schriidinger Operator with Zero-Range Potential with an 
Internal Structure 

In this section, we present the simplest restriction-extension model of the scattering 
problem on the half-axis R÷ = [0, oo). To construct the model, we start from the 
operator d = - d 2 / d x  2, acting in the Hilbert space L2(R÷) with the Dirichlet 
boundary condition at the origin. In order to construct a nontrivial model, we 
choose some self-adjoint internal operator Ain acting in a finite-dimensional Hilbert 
space Hin. We define the unperturbed operator 4#o as the orthogonal sum of the 
external and internal operators ~0  = s / •  Ain, which acts in the orthogonal sum of 
the Hilbert spaces: L2(R÷)@Hin.  To 'switch on' the interaction between the 
external and internal channels, we restrict the external operator s(/-+ d o  onto the 
domain of all functions with the first derivative equal to zero at the origin: 

Dom(d0 )  = {u e W~(R+ ), u(0) -- 0, u'(0) = 0}. 

The adjoint operator is defined on the domain 

D o m ( d * )  = {u ~ W2(R÷\0)}. 

We define the operator with the interaction by the formula: 

2t'\U/=( I du (2) 
b/in ~in/din -t- a d x  

where 0 ~ Hi~, I01 = l, a and b are real numbers. 
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T H E O R E M  1. The operator 5( defined by formula (2) is a self-adjoint operator on 
the domain of  functions from D o m ( ~ * ) O H  in satisfying the boundary condition 

c ~ 7  + du = (u~n, O) (3) 
=0 

with real parameters c and d such that 

det ~ b d = - l .  (4) 

Proof. The boundary form of the operator is given by the following expression: 

( d u  d g ) ~ = o  ( du ) x =  
= d x e - U - d T x  + a d x + b U  0(Uin, 0)  - 

= + -- (Uin, 0 ) a ~ + b e  dxxV-Udxx  =0 

d~ 
+ d~) x = - 

x = o  o 

The last equality is valid due to the condition (4) for the constants a, b, c, d. We 
also used the fact that these constants are real. Thus, we have proved that the 
operator is symmetric. Let qg be an element from the domain of the operator, then 
it is easy to show that the domain of the adjoint operator will be a subset of 
Dora(at*)  OHin. The expression (5(aa', ~//~) defines a bounded functional on 
only if the function ~U satisfies the boundary condition (3). [] 

3. Scattering Matr ix  for the Point  Interaction 

The essential spectrums of the perturbed operator £0 and of the original operator 
5( 0 coincide. Hence, it is possible to introduce a scattering matrix which is identical 
to the reflection coefficient in this case. To solve the eigenfunction equation in the 
distributional sense 

5(~/ = .~J~/, ~/ = ( U / ,  Uin (5) 

the standard ansatz for the external component can be used 

u = e ikx _ S(k) e ik~. 
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By excluding the internal component from the second equation (5), we get 

(du)x 0 a dx + bu 0 Jr- Ainuin = ~Uin 

and, with the help of the boundary conditions (3), we receive the following 
energy-dependent boundary conditions for the external component: 

du/dx x = o -  bR(2) + d  
- = ~(2), R ( 2 ) = < ( A i n - 2 ) ' 0 , 0 ) .  (6) 
u aR(2) + c 

Thus, the following theorem is proven: 

T H E O R E M  2. The scattering matrix for the pair of the operators ~o and ~ is given 
by the formula 

~ @ ( 2 )  - ik 
S(k) - ~(2) + i k  (7) 

The form of the scattering matrix shows that all the spectral information about 
the operator is contained in the function ~.  The function ~(2), like the function 
R(2), has a positive imaginary part in the upper half-plane ,32 > 0 and is real on the 
real axis. These properties of the function ~(2) define the usual behaviour of the 
scattering matrix. It has singularities in the lower half-plane ~k < 0 and on the 
positive part of the imaginary axis, corresponding to resonances and bound states, 
respectively. We shall discuss here the scattering matrices without bound states 
which correspond to positive internal operators. The singularities of the scattering 
matrix are denoted in the standard way ([6]) as follows: S - ' ( - i a j ) = 0 .  The 
number M of the singularities of the S-matrix cannot be larger than 2N + 1, where 
N is the dimension of the internal space. Zeroes of the S-matrix are situated at the 
points conjugated to the singularities. 

The scattering matrix is unitary on the real axis k ~ R. Being a rational function 
of k, it can be represented by the product 

S(k) = fl ~ k - iaj 
k+iaj  (8) 

with an arbitrary constant fi, Ifil = 1. One can prove that the constant fl is equal to 
+ 1 and is defined by the asymptotic behaviour of the function ~(Z) at infinity. The 
function @(2), as a function with a positive imaginary part in the upper half-plane, 
has the asymptotic representation 

~(2) = e 12 + O(1), (9) 

where e_ 1 e R+. The linear term appears in the asymptotics of the function ~ only 
if the constant c is equal to zero. The corresponding scattering matrix tends to 1 at 
infinity. We call such problems regular and we shall restrict ourselves by these 
problems. 



ZERO-RANGE POTENTIALS AND THE INVERSE SCATTERING PROBLEM 291 

We illustrate the discussed ideas by the case of  one-dimensional  internal space 
when the internal opera to r  is a mult ipl icat ion opera to r  by a real constant:  

Hin = C, ~ i n  : /~1" The resolvent  funct ion is unique: R(2) = ( 2 1  - 2 )  - 1. The  scatter- 

ing matr ix  in the regular  case has no more  than  two singularities: 

k ~ - i a ~ k  + a b  - ; .  a ~ +_ , / a  ~ - 4 G  - b~  
S ( k )  = k2 + ia2k + ab - 21 ' a1'2 = 2 

I f  21 = ba, then the scattering matr ix  has only one singularity. 

4. Levinson's Theorem 

The calculated scattering matr ix  has propert ies  different f rom the propert ies  of  the 

scattering matr ices for potentials,  satisfying the condi t ion (1). We shall illustrate 
this fact by calculating the phase  shift on the real axis for our  class of  scattering 

matrices.  Fo r  a scattering matr ix  uni tary  on the real axis, the phase for  the 
zero-range potent ia l  can be in t roduced in the s tandard  way: 

e 2i6~k) = S(k). 

We shall prove  the following theorem: 

T H E O R E M  3. Let ~ be the operator defined by formulas (2) and (3), then the 
number of bound states Nb~ and the number of resonances N~s are related to the phase 
shift as follows: 

5(oo) - 6( - ~ )  = rc(Nr¢ s - Nbs) = -- 2rCNb~ + rcM. (10) 

Proof. The phase  shift on the real axis is given by the integral 

1 f o  s'(],) 
6 ( o o ) - 6 ( - o o )  =2ii ~ S(k) dk. ( l l )  

The integral can be calculated with the help of  the representat ion (7) for the 
scattering matr ix  

~ f_° am ~ dk = - ~Nb~ + ~Nres. (12) 6(oo) - 5( - oo) = oo k 2 + aT. 

To  finish the p r o o f  of  Theo rem 3, we ment ion  that  the number  M of  singularities 

o f  the scattering matr ix  S is equal to M = Nr~ + Nbs. [] 

Theo rem 3 shows tha t  it is impossible to introduce Jost  functions analytic in the 

closed upper  half-plane with the unit  limit at infinity for our  class of  scattering 
matrices.  The  number  of  singularities o f  the Jost  funct ion in the closed upper  
half-plane is defined by the total  numbe r  of  resonances and bound  states: 

I 1 N.~ > o + ,:N.~ = o = ~(N~ q- Nb~ ) = ~M,1 

where N~ > o is the n u m b e r  of  singularities inside the upper  half-plane and N~_ o is 
the number  of  singularities on the real axis. 
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5. The Jost Function 

This section is devoted to the construction of an analog of the Jost function for the 
case of the scattering by zero-range potential with an internal structure. The Jost 
function cannot be defined from the scattering data only. Singularities of the 
scattering matrix define zeroes of the Jost function in the investigating case. But we 
proved that the Jost function cannot be an analytical function in the whole upper 
half-plane up to the real axis. From Levinson's theorem, we know only the number 
of singularities of the Jost function in the closed upper half-plane. We have some 
arbitrariness in the calculation of the Jost function. 

In the first step, we shall introduce the Jost function connected with a generaliza- 
tion of the notion of the Jost solution. The Jost solution can be defined on the usual 
way as a solution of the equation: 

) ( df.,~=adx ) = k  2 (13) 
d i~ fn  + o+bfl~_o 0 

with the following asymptotics of the external component at infinity: 

f(k,x)=e~kX+o(1)e zkx, x--+oo. 

We do not assume that the boundary conditions (3) are satisfied. The usual 
definition of the Jost function as a value of the Jost solution at point zero cannot 
be used because the resulting function is identically equal to 1 and does not carry 
any information about the scattering problem. It is possible to define the Jost 
function by the equality 

~iin, 0 ) 

F ( k ) - l - (  dfc~x+ df) x=O (14) 

With this definition, we obtain 

bika + r(k) = 1 ÷ - - ~  R(k2). (15) 
ikc + 

This Jost function retains some properties of the usual Jost function: 

F(k) --+ 1, k --+ oo; (16) 

F( - k) = F(k). (17) 

Such functions have a finite number of singularities and zeroes. One can try to 
calculate the corresponding scattering matrix using the standard formula: 

F ( - k )  Ss (k) = (18) F(k) 
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However, Ss (k )  does not coincide with the correct S-matrix S(k )  (Equation 

(7)): 

F ( - - k )  A(2) - i k d + c i k  = S ( k ) d + c i k  
Ss (k )  - F (k )  - A(2) + ik d - ci~ - -  cik" 

(19) 

The additional term disappears when the constant c is equal to zero, i.e. in the 
regular case. The Jost function in this case is 

F ( k )  = 1 - ika~-R(2) - abR(2). (20) 

Zeroes of the Jost function coincide with the singularities of the scattering matrix. 
The singularities of the Jost function are situated symmetrically at the points of 
discrete spectrum of the internal operator k = - i b j , - b ~  ~ aaisc(SJin). Since we 
restricted ourselves to the case of the positive internal operator, then all the 
singularities of the Jost function are situated on the real axis. One can try to solve 
the system of Equations (5) at these points. But the second equation cannot be 
solved for arbitrary boundary values of the external component because the 
matrix d in  -- 2 has a zero eigenvalue and a solution exists only if the element 0 is 
orthogonal to the corresponding eigenvector. The Jost function in our case is a 
rational function and can be written in the form 

I~ k + i a j  fflbj = 0. (21) 
F ( k ) =  J k ÷ ibj' 

One can change the positions of the singularities of the Jost function and 
calculate another Jost function with the same scattering matrix. This corresponds 
to the arbitrary choice of the constants bj with zero real part in representation 
(21). Singularities of the Jost function situated symmetrically over the origin, do 
not make any contribution to the scattering matrix. For  odd constants M, one 
singularity is situated at the origin. 

6. The Inverse Scattering Problem for the Zero-Range Potential 
Scattering Matrix 

In this section, we discuss the inverse scattering problem on the half-axis for the 
scattering matrices obtained for the interaction with internal structure. The scat- 
tering matrix can be defined for the operators 

d 2 

~ - dx 2 +  V(x)  (22) 

on the half-axis with the Dirichlet boundary condition at the origin for the 
smooth square integrable potentials V. An algorithm to solve the inverse problem 
for the scattering matrices of the class defined by Equation (7) will be presented. 
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To solve the problem, the Jost function representation of the scattering matrix will 
be used. 

The inverse problem on the half-axis was solved for the rational Jost functions of 
the type: 

f i  k + iaj 
F(k)  

j = 1  k -3v ibj' (23) 

where the constants aj, bj, j = 1 . . . . .  M are supposed to have positive real parts. 
By solving the Gel ' fand-Levi tan Marchenko equation, analytic formulas for 
the potential V(x) and the corresponding regular solution ~o(k, x) can be obtained 

[6]. 
The Jost function corresponding to the scattering matrix for the problem with 

internal structure has a similar form, but the singularities are situated on the real 
axis. For such Jost functions, approximate Bargmann-type Jost functions can be 
introduced: 

M k + i a j  
F~ = j = i k +  ]-1 i(bj + e)'  e > 0 (24) 

Then one can restore the Bargmann potential V~(x) and the regular solution qG(x) 
corresponding to the Jost function F~(k). The calculated potential exponentially 
decreases at infinity like exp ( - ex ) .  Then one takes the pointwise limits of the 
potential and regular solution when e ~ 0. The limit potential does not exponen- 
tially decrease at infinity. Moreover, it violates the condition (1). 

The following conjecture will be formulated for a general number of singularities 
M, but we are able to prove it only for M = 1, 2. 

CONJECTURE 1. The limit o f  the regular solution ~00(x)= l im~0 ~G(x), x 
[0, oo) is a regular solution for  the Schrddinger equation with the limit potential: 

Vo(x) = lim,~o V~(x), x ~ [0, oo). The scattering matr ix  for  the limit potential is 

given by the formula 

M k - i a j  
S(K) = 1~ • 

j= l  k q-iaj 

Proo f  for  M = 1. We assume that the original scattering matrix has only one 

singularity: 

k -- ia 1 (25) 
S(k)  = k + ia 1 " 

The Jost function and approximate Jost functions are introduced as follows: 

k + ial k + ia 1 (26) 
F(k)  - k ~ F~ (k) - k + ie " 
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The potential and the regular solution corresponding to the approximate Jost 

function are 

V e ( x )  - a 2 _ g2 \ a  1 - -  B a-~ ; - ~ J  ' 

~o~(k, x) 

sin k x  e 2 - a~ 
- + 

k 2 k ( k  2 + e 2) 
x 

k(e ~x - e -~0(e  ;kx + e ;k;) + ig(e~ + e ~0(e ;k~ - e -;k~) 
× (27) 

e( e ̀ x + e ~ )  + a I ( e ̀ x - e -~~) 

The limits of  the potential and regular solution for e -+ 0 are 

2a~ 
Vo(X) = (1 + a l x )  2' 

sin k x  a 2 eikX(ikx -- 1) + e- i~X(ikx  + 1) 
qoo(k,x)  - k 2ik  3 1 + a l x  (28) 

By direct calculation, one can prove that the limit of  the regular solution is a 

regular solution for the limit potential. The asymptotics of  the regular solution for 
x -+oo  is 

s inkx  al cos  k x  
~o0 (k, x) k k 2 

ik - al ( k - ia ) k - ia~ 
- 2 k  2 e ;k. e ia-x ~ So(k)  - . (29) 

k + ial k + iai 

This completes the proof  for the case M = 1. [] 

P r o o f  f o r  M = 2. The original scattering matrix is given by the expression 

k - i a  I k - ia  2 
S(k )  = - -  al = a2. 

k + ia~ k + ia2' 

There is arbitrariness in the definition of the Jost function in this case. The family 
of  the possible Jost functions depends on the real parameter  bo: 

k + i a  1 k + ia2  

F b ° ( k ) = k - b  o k + b  o (30) 

Approximate  Jost functions are introduced in different ways for b0 # 0 and for 
b0 = 0. In the first case, the family of  approximate Jost functions is one-parameter: 

k + ial k + ia2 
k b o , ~ ( k ) - k _ b o + i e k  + b o + i e ,  ~ >0"  (31) 
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For  b0 = 0, there is a two-parameter  family o f  approximate  Jost  functions: 

k + ial k + ia2 
F°'~l'~z(k) = k + ia 1 k + ie 2 ' /31, /32 > 0.  (32) 

We shall discuss here only the first family o f  the Jost  functions. The limit potential  
when e ~ 0 is 

Va l,a2,bo(X) 

= 16b2 ° 1 - (box + B)  sin 2(box + 8(bo)) - cos 2(box + 6(bo) ) 

(2box + 2B -- sin 2(box + O(bo)))  2 
(33) 

where we used the following notat ions 

bo(a, + a2)(ala2 + bo) 
B = B(bo, a , ,  a2) = (a 2 + bz)(a~ + b~) ' 

e 2i6(b°) = S(bo). (34) 

The corresponding regular solution for k ~ + b0 is 

sin k x  1 
~o(k, x) = - ~ -  + 2 ~  x 

e ikX( -w(bo ,  - i k ,  a2) q- w(bo, - i k ,  al))  + e ikX(w(b o, ik, a2 )  - -  w(bo, ik, al))  
X 

where the function w is 

w(bo, al, a2) 
(35) 

w(bo, al, a2) 

= a2 - al (2box + 2B(b0, ax, a2)  - -  sin 2(b0x + 6(bo, al,  a2) ) ) .  2 2 2 (a 2 + b0)(a2 + b0) 
(36) 

The asymptotics of  the solution for x ~ oo is 

e ikx (k  - ia l ) (k  - ia2) e -ikx (k + ia l ) (k  + ia2) 
q)(k, x)  ~ 2ik k 2 - -  b~ 2ik k 2 - b~ 

(37) 

and the scattering matrix can be easily calculated: 

k - ia 1 k - ia2 
S (k )  k + ial k + ia2 

(38) 

for all k ¢ _+ b0. The potential decreases at infinity, like 

Vol,a2.bo(X) ~ - 4bo 
sin 2 box 

X 

The usual scattering theory can be introduced for such potentials [9, 10]. 

We have now finished the p roof  of  Conjecture 1 for M = 1, 2. [Z 
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The proof  of Conjecture 1 shows that, in the case where M = 1, the unique 

potential corresponding to the internal structure scattering matrix was calculated. 
The arbitrariness of the solution of the inverse problem in the second case is 
connected with the arbitrariness of the definition of the Jost function. Our result 
does not contradict the general theory [4-6]. The inverse problem in one dimension 
was solved there for the potentials satisfying the condition (1) only. One can easily 
check that the calculated potentials violate this condition. It shows that the solution 
for the general inverse problem on the half-axis is not unique. Earlier, this fact was 
connected with the presence of bound states and when restoring the potential, one 
not only needs to know the energies of the bound states but also the normalization 
constants for the eigenfunctions. 

Similar potentials, decreasing at infinity, like x 2, have been extensively studied 
during the last years and some examples of the potentials with the same scattering 
matrix on the whole axis have been constructed [11-16]. Potentials given here 
represent a new class of potentials with the same scattering matrix, but for the case 
of the scattering problem on the half-axis. 
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