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1. Introduction

Exactly solvable models are used in quantum mechanics to obtain Hamiltonians
describing realistic physical systems but having the important property of being exactly
solvable, i.e. that all eigenfunctions, spectrum, and scattering matrix can be calculated
in closed form using elementary functions. A large class of such operators can be
obtained using the method of point interactions described in detail in [4] in application
to the theory of self-adjoint operators. It is not surprising that point interactions can be
used to obtain exactly solvable nonself-adjoint operators; see, for example, [24, 25]
where the Schrodinger operator on the half-axis with complex boundary condition
at the origin has been considered as a model for dissipative operators. Using dissipative
operators instead of self-adjoint operator, one obtains Hamiltonians describing irre-
versible quantum systems which are of great importance especially for evolution
problems. It has been discovered recently that Hamiltonians possessing so-called
‘PT -symmetry can be nonself-adjoint and have the real spectrum at the same time. This
discovery observed first using numerical computations has been approved by extensive
analytical calculations. Many Schrodinger operators which have been studied have
complex P7 -symmetric potentials but real discrete spectrum. Even if no proof has been
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discovered that the spectrum is real for the whole class of operators, it was expected that
the relations between these two properties are rather close. In the present article we con-
sider P7 -symmetric operators with point interactions, which are exactly solvable. This
gives us an opportunity to study the relations between the P7 -symmetry of the Hamil-
tonian and the reality of its spectrum in full detail. We show in particular that none of
these two properties imply the other one, but that there exist Hamiltonians with point
interactions which are P7 -symmetric and have real spectrum. Since the operators
under investigation are not self-adjoint the classical von Neumann theory cannot be
applied without modification. Instead, the method of boundary conditions is used. It
is shown how the notion of P7-symmetry has to be modified in application
to the extension theory for linear operators. In addition, we introduce the notion
of PT-self-adjoint operators. The operators obtained can be used to describe
irreversible systems in the framework of the recently appeared P7-symmetric
quantum mechanics described below.

Let us start by presenting recent results concerning one-dimensional Schrodinger
operator with P7 -symmetric potentials determined by the following expression

d2

L:—@ﬁ‘ V()C)7 (1)

where the potential V(x) is not a real valued function, but satisfies

V(=x) = V(x).
Using the space parity operator P: (Py)(x) = y(—x) and the complex conjugation
operator 7 = | the last property can be written as P7 ¥ = V. Then the differential
operator L is formally P7 -symmetric P7 L = L P7T.

Interest to differential operators with such symmetry became enormous, after it
has been discovered that some of these operators have real spectrum (like self-adjoint
operators) and therefore can be used in construction of a new, P7 -symmetric quan-
tum mechanics.* This fact was first discovered numerically by C. M. Bender,
S. Boettcher and collaborators [6-11]. Analytical studies of P7 -symmetric Hamilto-
nians were carried out by M. Znojil and his collaborators [21, 27-34]. Numerous
non-self-adjoint operators with real spectrum were studied (see e.g. [15-18]).

The aim of the current paper is to describe exactly solvable P7 -Hermitian opera-
tors constructing using the method of point interactions [4, 5]. Standard symmetries
of (self-adjoint) point interactions in dimension 1 were studied in [1]. We are going
now to extend these results to include P7 -self-adjoint point interactions. Starting
from the second derivative operator in L,(R) (which is P7 -self-adjoint) we construct
non trivial point interactions leading to operators having P7 -symmetry. Their spec-
tral properties are described in Section 3. Section 4 is devoted to construction of local
point interactions concentrated at different points on the real line. One of the main
questions investigated is the relations between the P7 -symmetry of the operators

*1t is not true in general that the spectrum of energy P7 -symmetric operator is real.
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and reality of their spectrum. The family of point interactions with real spectrum is
characterized in Section 5.

2. PT-Self-adjoint Point Interactions

The method of point interactions is well described in several monographs [4, 5, 14].
This method is based on the fact that differential expression which is formally sym-
metric (or P7 -symmetric in our case) does not determine the operator in the Hilbert
space uniquely. To determine the operator one has to specify its domain. One can
start from a certain standard differential operator (i.e. Laplace operator) and restrict
it to a certain densely defined operator. Then extending the restricted operator to
another P7 -Hermitian operator one can get an operator with nontrivial spectral
structure. Thus the main tool to be used is the extension theory for linear operators.
The method we are going to present is similar to the method of point interaction
developed for self-adjoint operators. Therefore let us introduce two definitions which
are similar to the definition of symmetric and self-adjoint operators in conventional
quantum mechanics.

DEFINITION 1. An operator L is called P7 - symmetric* if it is densely defined and
the following inclusion holds

L* > PLP. (2)
A PT-symmetric operator L is called P7T -selfadjoint if and only if
L* =PLP. (3)

The second derivative operator L = —(d?/dx?) with the standard domain W3(R)
is both self-adjoint and P7 -self-adjoint. In the current section we study point
perturbations at the origin of this operator leading to P7 -self-adjoint operators.
By point interaction we mean any interaction which vanishes on the functions with
the support separated from the origin. In other words, a linear operator A4 is a point
perturbation at the origin of the operator L if and only if its restriction to
Cy°(R\ {0}) coincides with the restriction of the operator L:

Alexm oy = Lleg o)) = Lo

The operator Ly determined by the last equation is both symmetric and P7 -symmet-
ric. Moreover

PLyP = L07 PLSP = L37

and thus any P7 -symmetric extension of L is a restriction of the maximal operator
Lmax = L§ being the second derivative operator in Ly(R) with the domain

*The operators described by these definitions should be better called P-symmetric and P-self-adjoint,
but we prefer to use the notation P7-symmetric and PT -self-adjoint in order to underline the entire
relation with P7 -symmetric quantum mechanics already described in the literature.
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Dom(Lyax) = W3(R\ {0}). All such P7-self-adjoint extensions and therefore all
PT -self-adjoint point interactions at the origin are described by the following

THEOREM 1. The family of PT -self-adjoint second derivative operators with point
interactions at the origin coincides with the set of restrictions of the second derivative
operator Ly = —(d*/dx?), defined originally on W3R\ {0}), to the domain of
functions satisfying the boundary conditions at the origin of one of the following two
types.

0\ W0,
W (w’<+0)>_3<w’(—0>)’ @

with the matrix B equal to

B:ejg \/1+bce’¢ b
¢ V1+bce

with the real parameters b = 0,c = —1/b* 0,¢ € [0,27);
() ko' (+0) = ey (+0),  hoy/(+0) = —hie™ "y (~0) ()

with the real phase parameter 0 € [0,2n) and with the parameter h = (hy, hy) taken
from the (real) projective space P'.

Proof. We have already proven that any P7 -self-adjoint extension of L, is a
restriction of L. Consider the vector space C* of boundary values of functions
from the domain of Ly, and the map I adjusting to any function y € W3(R \ {0})
its boundary values

e C%.

The fundamental symmetry operator P acting in the space of boundary values coin-
cides with the operator of multiplication by the following matrix P

0 0 1 0

_ [0 0 0 -1
PI'=TP, where P= 1 0o o o | (6)

0 -1 0 0

Similarly the operator of complex conjugation 7 is mapped by I" into the operator T
of complex conjugation in C*.

*If the parameter b is equal to zero, then the last inequality can be neglected.
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The closure of the operator L is defined on the functions having trivial boundary
values at the origin and vice-versa any function from the domain of L, with trivial
boundary values belongs to Dom(Ly). Thus the dimension of the quotient space
Dom(Lyax)/Dom (Ly) is equal to 4. Any P7 -self-adjoint extension of Ly can be
described as the restriction of L.« to the set of functions with boundary values from
a certain two-dimensional subspace £ of c*. Every such subspace can be described
by two (linearly independent) boundary conditions using a certain 2 x 4 dimensional
rank 2 matrix Q = {¢;;} as follows

{QHI//HO) + q12¥'(+0) + q139(=0) + 14’ (—0) = 0,
I'Pe s (7)
@219 (+0) + g2’ (+0) 4 g23%(—0) + 24y’ (—0) = 0.

The restriction of the maximal operator to a two-dimensional subspace £ possesses
the P7-symmetry if and only if

XelL& PTXe L.

Let us prove now that the P7 -self-adjoint point interactions can be parameterized
in at least one of the following four ways:

o () (TEC b D)
b=0,c= —1/b,0,¢ €[0,2n);

o ()-(F k) o
b>0,c> —1/b0,¢ € [0,2n);

@ (- (2 ()
a,b>0,0,¢ € [0,2n);

(D) (ﬂfg;) = (_‘,fe,-(b _l;i¢io> (ﬁfgg) (1)

a,b>0,0,¢ €[0,2n).

Since the matrix Q appearing in (7) has rank 2, at least one of its six 2 x 2
minors is nondegenerate. Depending on which minor is nondegenerate the
boundary conditions (7) can be written in different ways using certain 2 x 2

matrices B = f‘f

qu qn Y0\ v(=0)
(1) de'[(q21 Q22) #0=> (l//(—i—())) = B(lﬁ/(—()))‘
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o (i 1) wom () a0,
@ aa(fr 0t) 2o (SE0) <o /D)
@ w92 )20 (Vo) -o(f0)
(5) det(Z; Z;) # 0= (i?g;) - B(«//ngg;

-0 0
6) det(q'3 Q14> 20> ‘P,( ) _3 lP/(‘i‘ ) .
q23 424 V'(—0) V'(+0)
Our aim now is to characterize all matrices B leading to P7 -symmetric boundary
conditions.

Consider the first case. Suppose that the function  satisfies the boundary condi-
tions. The boundary conditions for the function P7y are given by

W(=0)\ _ (~2=B\ [ w(+0)
¥'(-0) S IAVAGUNA

These conditions coincide with the original one if and only if

-G o2

Investigating cases (3), (4) and (6) one arrives to exactly the same equation on the
matrix B.

Equation (12) implies that det B = ad — fiy # 0 and the following four equalities
hold

1 - 1 1

_ _ - 1
(X_de:'[B(57 ﬁ_detBﬁ’ “detB” 5_detBa'

~2

These equations imply in particular that the determinant has absolute value 1, i.e.
there exists 0 € [0,2n) such that det B = e*?. Consider then the matrix

B = (oc/ §’> =e B
Y

with the unit determinant o’6’ — 'y’ = 1. The entries of B’ satisfy the following
equations

&/ — 5l, ﬁl — ﬁl, ?/ — y/’ 5/ — (X/.
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Hence all such matrices B’ can be parameterized by three real parameters:

positive number b;
real number ¢,c > —1/b;
phase parameter ¢ € [0, 2n);

using the following formula

(V1 +bce b
Bl_< c V1+bee ™ ) (13)

This implies that the boundary conditions can be written in the form of (8) in cases
(1) and (6) and in the form of (9) in cases (3) and (4).*

It remains to study cases (2) and (5). The boundary conditions determine a P7 -
symmetric operator if and only if the following equality holds in both cases

¢ 5-6)

This equality is satisfied if and only if « = —d, § = —, and such matrices can be
parameterized by the following parameters:

two positive numbers a,b € R ;
two phases 0, ¢ € [0,2n);

using the formula

ae’ be'®
B= < —be ™ —qe™ > '
We thus get the parameterizations (10) and (11).

It remains to prove that each of the boundary conditions B, C and D can be writ-
ten as (4) or (5). (The boundary conditions of type A coincide with (4).) The bound-
ary conditions of type B can be written as (4) if 1 + bc # 0 simply by expressing
'(—0) as a function of ¥(+0) and ¥/'(+0) from the second boundary condition
(9). If 1 + bc = 0 then the boundary condition (9) is of type (5). The cases C and
D can be studied similarly.

Thus we have proven that these boundary conditions describe all maximal P7 -
symmetric extensions of Lj. One can easily check that all these operators are P7 -
self-adjoint as well. The theorem is proven. I

Similar results in the theory of self-adjoint point interactions are usually proven
using von Neumann extension theory [5, 19, 26]. Instead of developing its counter-
part for P7-symmetric operators we preferred to give a constructive proof using
boundary conditions.

In what follows the boundary conditions given by (4) will be called connected,
since these conditions connect the boundary values on the left and right-hand sides

*One has to take into account that det B # 0 and therefore the boundary conditions (1) and (6) and (3)
and (4) are pairwise equivalent.
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of the origin of functions from the domain of the operator. The boundary conditions
of the second type given by (5) will be called separated. These definitions and the
main proposition are quite similar to corresponding description of self-adjoint point
interactions given in [19]. The operators appearing in the decomposition correspond-
ing to separated boundary conditions are just the second derivative operators on the
half lines with complex boundary condition of the third type at the origin. Such non-
self-adjoint operators can easily be studied (see, e.g., [25]).

Thus the set of P7 -self-adjoint point interactions can be parameterized by 4
real’parameters. The phase parameter 6 is redundant in the sense that the operators
corresponding to different values of this parameter are unitary equivalent.* The
parameterization used in (4) and (5) is not optimal in the sense that the correspon-
dence between the parameters and the boundary conditions is not one-to-one (for
example, if b = ¢ = 0, then changing the phases by n we get the same boundary con-
ditions, similar problem occurs for separated boundary conditions), but we prefer
not to dwell on this point. Connected boundary conditions given by the matrix

Bei()(? 2), a,b,c€R,0€[0,n),d® —bc=1 (15)

determine operators which are both self-adjoint and P7 -self-adjoint. Separated
boundary conditions leading to such operators are given by formula (5) with 6 = 0.

3. Spectral Problems

In this section we are going to study the spectrum of second derivative operators
with P7 -self-adjoint point interactions at the origin. Our main result can be formu-
lated as follows

THEOREM 2. The spectrum of any PT -self-adjoint second derivative operator with
point interactions at the origin consists of the branch [0,00) of the absolutely
continuous spectrum and at most two (counting multiplicity) eigenvalues, which are
real negative or are (complex) conjugated to each other.

Proof. Let us denote by A any P7 -self-adjoint second derivative operator with
point interaction at the origin (described by Theorem 1). To prove the theorem we
are going to calculate its resolvent. Consider the resolvent equation

(A—)U=F, Fe LyR).

The unique solution to this equation is the function U from the domain Dom(A4) of
the operator A4 satisfying the differential equation

—U" - )U=F, (16)

everywhere outside the origin. We denote by k the square root of the energy parame-
ter 1 = k?, determined uniquely by Sk > 0. Let us introduce two functions

*Similar facts for self-adjoint point interactions are described in full details in [2] and [13].
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et x>0 0, x>0
e+(x) = 0 x<0’ e—(x) = e—kxy <0

Then any solution (from L,(R)) to (16) can be written in the form

00 Lik|x—y|
V) = [ S P+ b (Pres(3) + (P, (17)

—00

where p, are two parameters to be calculated. The boundary values of the function
U are

UCH0) = 5o (4 f) +pes U(H0) =L 1) +ikp.,

U-0) =5 (- + 1) oo U(-0)

where f1 = [ F(y)dy.
Consider the case of separated boundary conditions. Then (4) implies

1 —e(VT+bce —ikb) \ /p,

ik —e”(c—ikv1+bce ™) ( )
e (14 VTTBEH) (1) + M5 f)
eV (fo 4+ f1) + 1 (=1 + VT +bee @) (- — f1)

This system of equations on p, is solvable if and only if the determinant of the
matrix at the left hand side is different from zero

3(f2 = fv) —ikp_

p_

e (c — 2ikcos g1 + be — k2b) £ 0. (18)

Thus the resolvent equation can be solved for all nonreal k, which are not solutions
to the following quadratic equation

bik* 4 2icos pv/1 +bck —c = 0. (19)

The two solutions to the last equation

cos g/ T+ bc | /(1 —cos? ¢p)bc — cos? ¢
T = b

kip=—

are either pure imaginary or symmetric to each other with respect to the imaginary
axis. The corresponding energy values are real, or conjugated to each other. Hence
the domain C \ (R, U {k?,k3}) belongs to the regularity domain of the operator L.

Formula (17) shows that the difference between the resolvents of the operators A
and the unperturbed second derivative operator L has rank two. The spectrum
of the (self-adjoint) operator L is pure absolutely continuous and fills in the interval
[0,00). The complement to the absolutely continuous spectrum is simply connected.
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Therefore the perturbed operator A4 has the branch of absolutely continuous spec-
trum [0, 00) as well [22, 23]. Let us study the singularities of the resolvent corre-
sponding to the numbers k%g. Let Sky > 0, then the function

(VI +bee” —ikyb)e™>, x>0,
¥y (x) = )
e kX x <0;

is a square integrable solution to the equation —y/{ = kY, x # 0 and satisfies the
boundary conditions (4). Therefore this function is a (discrete spectrum) eigenfunc-
tion for the operator A. Similarly the function yy, = P7 ), is an eigenfunction cor-
responding to the eigenvalue k2. If k| is pure imaginary (k7 negative real) then
the function ¥, can be chosen P7 -symmetric or -antisymmetric. In the special case
(1 — cos® p)bc — cos®> ¢ = 0,cos ¢ < 0 the two solutions to the dispersion equation
(19) coincide. Nevertheless the corresponding eigenvalue has multiplicity 1, since
the boundary conditions (4) are connected. Therefore we conclude that every solu-
tion to the dispersion equation (19) from the upper half plane 3%k > 0 determines
a simple eigenvalue k2 of the operator A. Solutions to (19) lying on the nonphysical
sheet Sk < 0 do not determine any eigenvalue of L, since the corresponding solu-
tions to the differential equation do not belong to the Hilbert space. The theorem
is proven for connected boundary conditions.

The proof for separated conditions is quite similar. The only difference is that in
this case the operator 4 can be presented as an orthogonal sum of two operators in
L>(R.). Each of these operators can have one (complex) eigenvalue and these eigen-
values are conjugated to each other. Therefore if the operator 4 has a negative eigen-
value then this eigenvalue has always multiplicity 2. O

In particular we have proven the following Corollary:

COROLLARY 1. The eigenvalues corresponding to PT -symmetric eigenfunctions of
the operator A are real and negative. Every eigenfunction corresponding to any real
eigenvalue of the operator A can be chosen PT-symmetric or -antisymmetric.

This proposition holds in fact for any P7 -self-adjoint operator with nonsingular
interactions. Note that the spectrum of the operator A4 is not always pure real. Let us
study the case when the spectrum is real in more detail. The spectrum is pure real if
and only if the two solutions to Equation (19) are pure imaginary or are situated on
the nonphysical sheet 3k < 0. The two solutions are pure imaginary only if the dis-
criminant is negative bcsin®$ < cos’¢p. If the discriminant is positive
(besin® ¢ > cos? ), then the imaginary part of the solutions is given by
—(cos pv/1 + bc) /b and is negative only if cos ¢ > 0. We have proven the following

PROPOSITION 1. The spectrum of the PT -self-adjoint second derivative operator
with connected point interaction at the origin is pure real if and only if the parameters
appearing in (4) satisfy in addition at least one of the following conditions
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(I) besin® ¢ < cos® ¢;
(I) bc sin? ¢ > cos>¢ and cos¢ = 0.
The spectrum does not depend on the phase parameter 6. The operators corre-
sponding to different values of 6 are unitary equivalent (see [2], where similar results
are proven for self-adjoint point interactions).

4. Local P7T-Self-adjoint Point Interactions

We consider now P7 -self-adjoint operators with point interactions at positions
x = 41 1 € R,. Every such operator coincides with a certain restriction of the second
derivative operator —(d?/dx?), defined originally in L;(R) on the domain
W3(R\ {£l]}), to the set of functions satisfying some boundary conditions at the
points x = /. We restrict our consideration to the case of local connected point
interaction without aiming to describe all possible restrictions leading to P7 -self-
adjoint operators. Suppose that the functions from the domain of the restricted
operator satisfy the following conditions at x =/

P(I) Y()
(\P/(ﬁ)) :B<‘I”(Z‘)>’ (20)

where the matrix

B— (‘;‘ ’;) € GL(2,0).

Then to make the operator P7 -symmetric we have to suppose that the following
boundary conditions are introduced at x = —/

(w5 %)s(s ) (5,

The restriction of the second derivative operator to the set of functions satisfying
conditions (20) and (21) will be denoted by 4 in this section. Let us study the spec-
trum of this operator. The resolvent of the operator 4 can be calculated explicitly
using methods of the previous section. One concludes that the difference between
the resolvents of the operators 4 and L has rank four and therefore the operator
A has a branch of absolutely continuous spectrum [0, c0). Let us study the discrete
spectrum of A. To calculate the eigenfunction one can use the following Ansatz:
cre kOt -y <
Y(x) =19 crcosk(x+ 1) +cysink(x+1), —I<x<I (22)
({,“ez’k(xfl)7 x> l;
where k> = 1,3k > 0 and ¢y, c2, ¢3, ¢4 are arbitrary complex parameters to be deter-
mined. Substitution of this function into the boundary conditions (20) and (21) gives
the following linear system on ¢;
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1 —a Bk 0 ‘
ik —5 ok 0 &)
0 ocos2kl— Pksin2kl osin2kl+ fkcos2kl —1 1)
0 vycos2kl— dksin2kl ysin2kl+ okcos2kl —ik

This system has a nontrivial solution if and only if the determinant of the 4 x 4
matrix is equal to zero, which gives us the dispersion relation

sin 2ki{—Kk* B> — ik> (O + Po) + K>(|af* — |0)) + ik(ap + ay) — [y]*}
+k cos 2kI{k* (afp + af) + ik(ad + 85 + B7 + By) — (y0 +75)} = 0. (23)

Each solution to this equation from the upper half plane determines an eigenvalue of
the operator A.

In what follows we are going to study the operator with the interaction given by a
sum of two delta-functions given by the following formal expression

q2
—WJr (u+)o(x —1) + (u—iv)o(x +1), (24)

where u,v € R. This potential is formally P7-symmetric. This operator is deter-
mined by the boundary conditions chosen as follows*

a=y=1, =0, 6 =u+iv.

In the case v = 0 we get a self-adjoint operator. Let us study the case u = 0, when the
potential is pure imaginary. The dispersion relation takes the following simple form

sin 2kiI{k*(1 — v*) 4 2ik — 1} = 0.
All solutions to this equation from the open upper half plane are determined by the
zeroes of the second order polynomial in the brackets

kip=— v # £1.

1
I—
I+
These solutions are always pure imaginary. Depending on the absolute value of v one
or none solutions are situated on the physical sheet Sk > 0. It is interesting to

observe that the spectrum of this operator is always pure real.

5. Point Interactions with Real Spectrum

In this section we are going to discuss connected boundary conditions at the origin
leading to second derivative operators with real spectrum. Namely the operator
A = —(d?/dx?) with the domain

*To define the operator correctly one can use for example its quadratic form.
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= foemimon (J00) - (D) e

will be studied. We suppose that the matrix B = “/‘ g ) appearing in the boundary
conditions is non degenerate (from GL(2,C)). Again’it is easy to prove that the
operator has branch of absolutely continuous spectrum [0,00) and it remains to
study its discrete spectrum only. Let us use the following Ansatz for the eigen-
function

cjeikx x<0, i
- L ’ >0 26
v = {9 XSl ko, (26)
corresponding to the energy 4 = k®. Substituting this function into the boundary
conditions we get the 2 x 2 linear system

o—ikp -1 ) _y
y—ikd —ik J\ ¢y ] 7
and the dispersion equation

KB+ ik(a+ ) —y =0. (27)

The last equation has the following two solutions

—i(a+0) £ \/— (04 0)* + 4y

2p ’
if f # 0. Solutions of the equation situated in the closed lower half plane Sk < 0 do
not determine any eigenfunction of the operator A. Hence, the spectrum of the
operator A is real if and only if both solutions &, to Equation (27) satisfy at least
one of the following two conditions:
(1) Skip <0;
(2) Rk, =0.

The set of coefficients «, f8, 7, § satisfying the first condition can be parameterized
by 8 real parameters and leads to operators 4 with pure absolutely continuous spec-
trum [0, 0o0). Pure imaginary solutions to (27) can lead to nontrivial discrete spec-
trum. Therefore let us study the set of coefficients satisfying the second condition
in more details.

The solutions kj » are pure imaginary if and only if the following conditions are
satisfied:

kip=

4 2
OH—ée[R{, ZGR, _yg(oH—zé)

B B B B>
The first two conditions imply that the complex numbers T = « + 9, f§, and y have the
same phase. Therefore let us introduce the following parameterization:

(28)
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T =t B = be”, y = ce”,
where ¢, b, ¢ are real numbers. In order to guarantee that solutions k) , are pure ima-
ginary the real parameters should satisfy the inequality

c 1?

45 < =R
We conclude that the second family can be parameterized by 6 real parameters. The
intersection between the two families of parameters leading to operators with pure
real spectrum is not empty, but the second family is not included in the first one.

The four-parameter family of self-adjoint (connected) boundary conditions is con-

tained in the second (6-parameter) family just described. Parameters leading to P7 -
self-adjoint boundary satisfy the first two conditions (28). Hence, the family of P7 -
self-adjoint (connected) boundary conditions leading to operators with real spectrum
belongs to the second family of boundary conditions as well.

(29)

6. Conclusions

The relations between P7 -self-adjoint, self-adjoint and real second derivative opera-
tors with point interactions have been studied. One has to investigate whether the
operators with real spectrum are similar to certain self-adjoint operators or not. It
is easy to generalize these results in order to include point interactions with the sup-
port at arbitrary finite (or even infinite) number of points. The results obtained can
be applied to construct exactly solvable few-body systems with unusual symmetries
(following [3, 20]). This method can be generalized to include point interactions in
spaces of higher dimension and higher-order differential operators (like in [12]).
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