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Abstract. The inverse scattering problem for the Schrodinger opera-
tor on the half line is studied for potentials of positon type with long range
oscillating tails at infinity. The inverse problem can be solved for the scat-
tering matrices with arbitrary finite phase shift. Solution of the inverse
problem is unique if the following scattering data are given: scattering ma-
trix, energies of the bound states and corresponding normalizing constants,
zeroes of the spectral density on the real line.

1.Introduction

The Schrodinger operator Hu = —‘Cil%‘ + V(z)u defined on the functions
on the half axis satisfying the Dirichlet boundary condition at the origin
u(0) = 0 is investigated in the present paper. We study the inverse scatter-
ing problem for potentials with long range oscillating tails at infinity vio-
lating the Faddeev condition [;°(1+4z)|V (z)|dz < oo. Such potentials were
studied first in relation with the positive bound states [1,3,9]. Correspond-
ing solutions of the KdV equation were named positons [11,12]. Uniqueness
results for the inverse problem can be established using the inverse spectral
problem originaly studied by I.M.Gelfand, B.M.Levitan, V.A.Marchenko
and L.D.Faddeev [4,2,13] and recently by F.Gesztesy and B.Simon [5]. The
existence of the potential has been proven only for the scattering matri-
ces S(k) with the negative phase shift on the real axis: arg S(k)|*, < 0,
which is related to the number of the bound states through the Levinson
theorem. We prove that the inverse problem can be solved for the scatter-
ing matrices with any finite phase shift on the real line (not only negative
one). It is related to the fact that the spectral density coresponding to
long range oscillating potentials can have zeroes on the real axis. See [6,7]
where examples of such potentials are considered. We note, that potentials
considered have only negative bound states. We continue here investigation
carried out in [6-8].

2.Scattering matrices and Jost functions.

Def 1. The set S of scattering matrices consists of all continuous

functions on the real line with the following properties: |S(k)| = S(oc0) = 1,
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S(—k) = S(k); S(k) — 1= [*_o(t)ertdt, [ |o(t)|dt < oo.
The set of Jost functions for potentials with the finite first momentum
will be denoted by Fr. Let F(k) € Fr then
1. F(k) is analytical in the open upper halfplane Sk > 0;
2. F(k) is continuous in the closed upper half plane Sk > 0;
3. limg oo F(k) = 1; F(k) = F(—k);
4. F(k) has representation F(k) =1+ [5° f(t)e™dt; [5°|f(t)|dt < oo.
Def 2. The set F is the set of functions F (k) which possess the follow-
g representation

k+iag (509 k4 ia; k + ia;
F(k) = 2 120 Fe(k), (1)
k (g k—b; k-+bj

where function Fr(k) € Fp, ag > 0, Ra; > 0. If Fp(0) = 0, then ag = 0.
The spectral density p(k) = %% corresponding to the Jost functions
from F vanishs at the points £b;.
Def 3. The set D of scattering data consists of the following data:
1. scattering matriz S(k) from S;
2. natural numbers Nps, Nging € N and a = —1,0, 1 such, that arg S(k)|*% =
—2m(2Nps — 2Nging + );
3. the energies of the bound states and corresponding normalizing constants
E; <0,5; >0,7 =1,2,..., Npg;
4. positions of the zeroes of the spectral density on the real line b; > 0,j =

1,2, ..., Nuing.
Lemma 1. Let F(k) be any function from F, then the quotient
F(-k)
S(k) = 2
)= T 2

is a function from S. Let S(k) be any function from S, then there ex-
ists F(k) € F, such that (2) holds. The function F (k) from F is defined
uniquelly by the scattering data from D.

Lemma 2. The scattering data from D and the spectral measures cor-
responding to the Jost functions from F are in one-to-one correspondence.
2.The inverse problem

The following class of potentials will be considered
Def 5. The set V of potentials is the set of all locally integrable poten-
tials V(x) on the half axis having the following representation

Yl ¢isin2(bjx + B))
r+1

V(z) = + Va(z) + Vr(x),



where Va(x) = O(m); Jo (1 + 2)|Vr|de < oo and constants c;,bj, B

are real.

Lemma 3. Let us assume that potential V € Vi and function Sy (k) =
Nsing k‘—iaj k—i@j
Hj:l k+ia; k+ia;

S1(k) is a scattering matriz for the pair of operators H = —J‘;—Qﬁ—f/, H, =

are given, then there exists potential Vi(x) € V, such that

—% + V + Vi. Proof. Solution of the problem is given by the following
formula

o det Q)" det Q — (det Q)*
Vl(l’)Z—2—logdetQ($):_2( e (SetQ)z( - ,

Ox?
where Q(z) is 2Nging X 2N4ing matrix with the following elements

Qar—12j-1(x) = %W[f(iaz,x),w(bj,x)]—ﬁlﬁw[f(iaz,x),%é(bj z)];
Qa-12j(r) = ﬁw[f(iaz,fﬂ),w(bj,x)];

Q21,2j71($) = —Q2171,2j71(90); QQl,zj(UC) = Q21,2j71($)~
The regular solution for potential V + V; is equal to

det ﬁ%(f)> {ff)>|
or(h) = — g

with the following vectors
xT 8 x
B1,2j-1 = _i/o (%@(bpt)) ok, t)dt, 2 :/0 @(bj, t)p(k, t)dt
(f(@)ar-1 = fliar, ), (f(w))u = f(ia, x).

Functions f(k,x) and ¢(k,x) denote the Jost and regular solutions for the
potential V. The scattering matrix is defined by the asymptotics of the
regular solution.

Lemma 4. Let potential V' be from the set V), such that the Jost function
Fy (k) does not vanish at the origin Fy(0) # 0 and the operator does not
have zero energy bound state. Then for any positive 0 < ag < /—E1 ( Fy is
the energy of the highest bound state ) there exists potential Vo € Vo such,
that function So(k) = ]Izjrzgg s a scattering matriz for the pair of operators
Hy = d +V, HOI—JL;+V+VE]

T da?




Proof. Solution of the inverse problem is given by the following formula

_ 2@2 flz(ia(b x)sollz(()?x) - f{2(ia0a l‘)(p%(o,fl:) + azflz(ia(% :13)(,0%(0,:17)
(fl(ia()ax‘)(p,l(oax) - f{(iao,ﬂf)@l(oalf))Q ’

where ¢ (k,z), fi(k,z) are regular and Jost solutions for the Schrédinger
operator Hi. The asymptotics of the potential is equal to Vo(z) ~z—oo
ﬁ and it is bounded on the real axis. It follows, that Vj € V. The
scattering matrix can be calculated using the regular solution

ad W(pi(0,2), o1 (k, o)l
k2 W1 (0,2), f1(iag, )]

Theorem 1. Let the scattering data

Vo(x)

(p()(k,x) :(pl(k,l’)—i- fl(ia()vx)'

S(k)7 NbsaNsingaa; Ejasjvj = 1327“'3Nb8; b]).] = 1727"'7Nsing

from D bee given, then there exists potential V € V, corresponding to these
scattering data.

Proof. Any function S(k) € S can be presented by a quotient of two
Jost functions from F. The constant ag in the representation can be chosen
in such a way, that 0 < a9 < v/—F1, where E; is the highest bound state
of the operator.

The theorem can be proven in three steps. Omne can construct first
potential Vi € Vg corresponding to the scattering matrix Sg(k) and having
Nps bound states with the energies F; and normalizing constants s;, j =
1,2, ..., Nps [4,2]. On the second step the inverse problem should be solved

for the scattering matrix Si(k) = H;-V:Sil"g IZ;;Z; Z:rz% ,
Vr as a background potential. Solution of this problem - potential V; € Vo
- is given by Lemma 3. In the last step if it is necessary the zero energy
singularity has to be introduced. We note, that the constant a¢ is not equal
to zero only if the function Sp(k) is equal to one at the origin. Thus Lemma
4 can be applied to find potential V' € V¢, which solves the inverse problem
for the scattering matrix Sy(k) = i;zzg with the background potential V;.
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