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For a simple model describing theS-matrices of open resonators the statistical
properties of the resonances are investigated, as well as the wave functions inside
the resonator. ©1996 American Institute of Physics.@S0022-2488~96!00610-X#

I. INTRODUCTION

The properties of ballistic electron transport through a mesoscopic quantum dot are of con-
siderable interest both experimentally and theoretically.1,2 For the character of the electron motion
the shape of the quantum dot is of particular importance. The transport characteristics—such as
the conductance fluctuations—are different for shapes which correspond to integrable and chaotic
classical motion inside the dot.3 Similar results have been obtained also in experiments with
microwave resonators.4,5

The theory accounting for this phenomena is usually based on the so-called stochastic ap-
proach, which is able to reproduce the scattering characteristics of the system6 employing the
theory of random matrices. Our aim here is to develop a simple model which will be able to
describe not only the correspondingS-matrix but also give information about the structure of the
wave function inside the cavity.

The system we would like to investigate consists of a cavity~quantum dot, electromagnetic
resonator! with attached leads~antenna!. The cavity is assumed to be either integrable or fully
chaotic. In particular the following characteristics of the system will be of interest for us:

~1! The structure of theS-matrix.
~2! Statistical properties of the resonances, including the spacing distribution of the resonance

positions and the distribution of the resonance widths.
~3! Statistical properties of the wave function, which is excited inside the cavity by a wave

incoming through the waveguide.
We assume that the whole device consists of two different parts. The first part includes ideal

leads~waveguides! which couple the device to the measuring apparatus and/or serve as a power
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supply. The electron/wave moves freely inside these leads, i.e., without scattering by impurities,
etc. The second part contains the ‘‘randomizing’’ part of the device. Inside this part the electron
acquires chaotic features, for instance, through multiple scattering on the boundary of the sample
and/or impurities. We shall assume that the dynamics inside this part of the system is chaotic so
that its Hamiltonian can be considered as a member of an appropriate random matrix ensemble.
We shall also investigate integrable cavities~like a rectangular resonator! and show that the wave
transport through it also acquires chaotic features since by connecting such a system to continua
one destroys integrability. In the integrable case we shall assume that the internal Hamiltonian is
described by a Poisson ensemble.

II. THE MODEL

In this section we shall construct a Hamiltonian describing a resonator coupled to waveguides.
Starting with the description of the leads we assume these to supportM open channels which are
described by one-dimensional Hamiltonians

Hl52
d2

dx2
1l l , l51,...,M . ~1!

Herell is the threshold energy of thel th channel. Combining these operators into a Hamiltonian
Hex for the ‘‘external’’ part of the system, i.e., the leads, we get

Hex52 %

l51

M d2

dxl
2 1L. ~2!

HereL is a diagonal matrix describing the threshold energies of the channels,

L5diag~l1 ,l2 ,...,lM !. ~3!

The resonator is described by a Hermitian matrixH in of sizeN3N, with N much larger than
the number of open channels,N@M . The matrixH in is assumed to belong to the Gaussian
orthogonal/unitary ensemble~GOE/GUE! for chaotic resonators and to a Poisson ensemble for
integrable ones~see, e.g., Ref. 7 for these concepts!. To describe the scattering we couple the
resonator and leads by defining the HamiltonianH of the whole system as

HS uuinD5S Hexu
H inuin1Au8~0! D , ~4!

whereu5(u1 ,...,uM) stands for the wave function inside the leads anduin describes the wave
function within the resonator;u8~0! denotes the derivative of the wave functions of the leads at the
points of contact with the resonator which are taken as the zeros of the waveguide coordinates, and
A is anN3M coupling matrix. The local character of the coupling in Eq.~4! ~a point contact! is
justified whenever the diameter of the junction of lead and resonator is smaller than a typical
wavelength inside the resonator. The differential operatorHex can be defined on the Sobolev space
W2

2(R1 ,CM) of all complex vector valued square integrable functions onR1 having two gener-
alized square integrable derivatives. Then the operatorH is defined in the Hilbert space
H5L2(R1,CM)%CN with the scalar product

~U,V!5E
0

`

^u~x!,v~x!&CMdx1^uin ,v in&CN,

^•,•&CN denotes the scalar product in theN-dimensional Hilbert space. The domain of the operator
H should contain the domainW2

2(R1 ,CM)%CN but H is not self-adjoint on the latter domain.
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Theorem 1:The operatorH defined by formula~4! is self-adjoint on the domain of functions
fromW2

2(R1 ,CM)%CN satisfying the boundary conditions

A†uin52u~0!. ~5!

Proof: The boundary form of the linear operatorH evaluated on the functions
U,VPW2

2(R1 ,CM)%CN is given by the following expression

b@U,V#5~U,HV!2~HU,V!

5E
0

`K u~x!,2
d2

dx2
v~x!1Lv~x!L

CM

dx1^uin ,H inv in&CN

1^uin ,Av8~0!&CN2E
0

`K 2
d2

dx2
u~x!1Lu~x!,v~x!L

CM

dx2^H inuin ,v in&CN

2^Au8~0!,v in&CN

5^u~0!,v8~0!&CM2^u8~0!,v~0!&CM1^uin ,Av8~0!&CN

2^Au8~0!,v in&CN. ~6!

The boundary form vanishes if both elementsU, V satisfy the boundary conditions~5!

b@U,V#5^u~0!,v8~0!&CM2^u8~0!,v~0!&CM1^A†uin ,v8~0!&CN2^u8~0!,A†v in&CN

5^u~0!,v8~0!&CM2^u8~0!,v~0!&CM2^u~0!,v8~0!&CM1^u8~0!,v~0!&CM

50,

where the dagger denotes the adjoint of an operator. This proves that the operatorH is symmetric.
The self-adjointness of the operator follows from the fact that the range ofH2 i coincides with the
whole Hilbert spaceH. h

Note: In what follows we shall denote byH the self-adjoint operator defined by formula~4!
and the boundary condition~5!. The domain of the operator will be denoted byD(H).

Similar models were suggested first in Refs. 8–11. Their main appeal is that they allow for a
spectral analysis of the operatorH in terms of elementary functions. Moreover, by calculating the
eigenfunctions pertaining to the continuous spectrum one may obtain the scattering matrix in
terms of the internal HamiltonianH in and the coupling matrixA. The eigenfunctions

C~E!5S c~E,x!

c in
D

corresponding to the energyE solve the equations

S 2
d2

dx2
c~E,x!1Lc~E,x!

H inc in~E!1Ac8~E,0!
D 5ES c~E,x!

c in
D . ~7!

The second of the foregoing equations leads, together with the boundary condition~5!, to the
following energy-dependent condition for the external component of the wave function,

c~E,0!5A†
1

H in2E
Ac8~E,0!. ~8!
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Moreover, the external component is a solution of the free Schro¨dinger equation. For the energy
EÞl j , j51,...,M , it can be presented in the form

c~E,x!5
e2 iAE2Lx

A4 E2L
Ainc2

eiAE2Lx

A4 E2L
Aout, ~9!

whereAinc andAout are the amplitudes of the incoming and outgoing wave, respectively. For all
E.max $lj % every solution is bounded and the scattering matrixS(E) can easily be defined. The
normalization used in Eq.~9! ensures that theS-matrix relates the amplitudes of the incoming and
outgoing waves as

Aout5S~E!Ainc .

The scattering matrix can be calculated substituting the external component of the wave function
into the energy-dependent boundary condition~8!. The boundary values of the external component
at the ‘‘origin,’’ i.e., at the coupling points, are equal to

c~0!5Q~12S!Ainc , c8~0!5 iQ21~212S!Ainc ,

whereQ[Q(E) denotes theM3M matrixQ(E)5(E2L)21/4. For energies above the thresholds
theS-matrix can be determined through the following:

Lemma 1:The stationary scattering matrix for the operatorH is equal to

S~E!5
i1W̃†~E2H in!

21W̃

i2W̃†~E2H in!
21W̃

, ~10!

whereE.max$lj % andW̃5AQ21.
Similar results were obtained earlier in Ref. 11.
The knowledge of the Hamiltonian of the system enables us to go beyond the standard

scattering characteristics and to solve Eq.~7! for the internal-component of the wave function,

c in5
2

E2H in

W̃
1

i2W̃†~E2H in!
21W̃

Ainc . ~11!

In Sec. IV we shall use this formula to evaluate the structure of the wave function in the internal
~interaction! part of the system.

Before proceeding further let us shortly comment on the properties of theS-matrix ~10!. First,
we show that theS-matrix ~10! can be rewritten in the more familiar form12

S5I22p iW†
1

E2H in1 ipWW† W. ~12!

To prove the equivalence of Eqs.~10! and ~12! we use the resolvent equation

R~E!5R0~E!2 ipR0~E!P@11 ipPR0~E!P#21PR0~E! ~13!

with R(E)5~E2H in1ipWW†!21, R0(E)5~E2H in!
21, andP5WW†. Inserting this into Eq.~12!

we obtain after a simple calculation

S5
i1pW†R0~E!W

i2pW†R0~E!W
,

4891Albeverio et al.: Transport through billiards with leads

J. Math. Phys., Vol. 37, No. 10, October 1996

Downloaded¬29¬Jan¬2002¬to¬130.235.3.109.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jmp/jmpcr.jsp



which is fully equivalent to Eq.~10! provided we identifyW̃ andApW. There is, however, one
important difference: The coupling matrixW̃ is energy dependent. This dependence takes into
account the threshold effects which are often disregarded in the stochastic approach; it has,
however, measurable consequences and leads to the correct high-energy behavior of the
S-matrix.13 We shall come back to this point in Sec. V when we use the model to describe the
experimental results obtained for rectangular electromagnetic resonators.

III. RESONANCE DISTRIBUTION

We now propose to study how the distribution of nearest-neighbor spacings between the
resonances of our open system differs from the distribution of spacings between eigenenergies of
the closed resonator. For simplicity we confine ourselves to the simplest case, that of a single open
channel,M51. The originalN3M matrix A becomes then anN-component vector. We shall
focus on an integrable resonator rather than a chaotic one since in this case the differences in
question turn out to be most drastic: roughly speaking, the opening of the resonator by waveguides
destroys the usual spectral signatures of integrability. In what follows we assume that the coupling
vectorA is normalized as

A5ga, iai51,

and that the coupling constantg is large,g@1. The resonances of the whole system are the
eigenvalues of the effective ‘‘Hamiltonian’’

Heff5H in2 iW̃W̃†5H in2 ig2aQ2a†.

The ‘‘perturbation’’2iW̃W̃† of H in is negative imaginary and has rank one. Every eigenfunction
of the effective HamiltonianHeff is a solution to the equation

~H in2 ig2aQ2a†!c in5Ec in ,

and comes with a certain resonance energyEPC. Applying the resolvent of the internal Hamil-
tonian to the latter equality we get a ‘‘dispersion equation’’ for the resonance energy,

1

g2Al2E
5a†

1

H in2E
a. ~14!

Denoting byF(E) the right-hand side~rhs! of Eq. ~14! and expressing it in the eigenrepresentation
of H in we have

F~E!5 (
n51

N uanu2

En2E
, ~15!

whereEn are the eigenvalues of the internal Hamiltonian. The functionF(E) has a positive
imaginary part in the upper half plane and is real on the real axis. Therefore all solutions of Eq.
~14! are localized in the lower complex half plane. Consider the case of strong coupling,g→`.
Then all solutions of the dispersion equation~14! are situated at the zeros of the functionF(E).
Our aim here is to investigate the distribution of spacings between such zeros~following a method
similar to that used in Ref. 14!.

It is clear that between two poles there is exactly one zero ofF(E). Moreover, two neigh-
boring zeros are locked between three neighboring poles. Since we are interested in the distribu-
tion of resonance spacings for small spacings, it suffices to restrict the sumF(E) in Eq. ~15! to
three terms only, namely, to those whose poles lock up the two colliding zeros ofF(E). Let us
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label those poles byE1 ,E2 ,E3 . In order to simplify the expressions~but without loss of general-
ity! we shift the origin of the energy scale to the central pole such thatE250, whereuponE1 is
negative,E1,0. Then the eigenvalue equation~14! simplifies to

w1

E12E
2
w2

E
1

w3

E32E
50 ~16!

with wi5uai u
2, i51,2,3. The two zeros in discussion solve the quadratic equation

~w11w21w3!E
22@~w11w2!E31~w21w3!E1#E1w2E1E350, ~17!

and their squared distanceD5s2 is given by

D5
@~w11w2!E31~w21w3!E1#

2

~w11w21w3!
2 2

w2E1E3

w11w21w3
. ~18!

Our aim here is to investigate the cumulative probability of these squared spacings,
P(D)5P„(z12z2)

2<D…, wherez1 andz2 are the two solutions of Eq.~17! in the case when the
internal HamiltonianH in belongs to the Poisson ensemble, i.e., corresponds to an integrable
system. As already announced above that distribution will reveal level repulsion due to the at-
tached waveguides, even though the internal HamiltonianH in belongs to the Poisson ensemble,
i.e., corresponds to an integrable system. Before proceeding further we shall need the following.

Lemma 2:~a! f (t)[ta exp(2t)<aae2a ;t>0, a.0. ~b! Let 0,a,1, b.0; then the follow-
ing estimate is valid:

E
0

` e2br

r 12a dr<
1

a
1
1

b
.

Proof: ~a! holds becausef is continuous with maximum att5a. ~b! follows from

E
0

` e2br

r 12a dr5E
0

1 e2br

r 12a dr1E
1

` e2br

r 12a dr<E
0

1 1

r 12a dr1E
1

`

e2brdr<
1

a
1
1

b
.

h

A. Estimates from above

It follows from Eq. ~18! that one can use the following lower estimate forD,

D>24
w2

w11w21w3
E1E3 . ~19!

This inequality implies

P~D !<P~X! ~20!

with X524[w2/(w11w21w3)]E1E3 .

Case 1. Constant coupling w 15w25w351

Let us assume first that the coefficientswi are constant and equal, as is not unreasonable when
the antenna is attached to a ‘‘symmetry point’’ of the resonator and when we restrict ourselves to
resonances belonging to one parity class only. For a rectangular resonator this means that we
couple the antenna to the geometric center and investigate only resonances which have even–even
parity. The probability can be estimated as follows,
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P~D !<E
0

D

daE
2`

0

dE1e
E1E

0

`

dE3e
2E3d~2 4

3E1E32a!

52E
0

D

daE
2`

0

dE1
3

4E1
exp~E1!expH 3a

4E1
J .

Thus for any 0,a,1 we have using Lemmas 2 and 3

P~D !<2E
0

D

da
3

4 E
2`

0

dE1
eE1

E1
S 2

3a

4E1
D 2aS 2

3a

4E1
D a

expH 3a

4E1
J

<S 34D
12aE

0

D

da
aa

aa S 11
1

a De2a

5S 34D
12a aa

12a S 11
1

a De2aD12a

5C1~a!D12a.

We note that the latter estimate is valid for any positive value of the parametera, but the constant
C1~a! tends to infinity whena tends to zero.

Case 2. Poisson distribution of w i

Another physically relevant case we discuss here is the case when the coupling vectora is
complex with coefficients whose real and imaginary parts are independent and normally distrib-
uted. Then thewi are independent random numbers with ax2 distribution with two degrees of
freedom. Moreover, the sumw11w21w3 has ax

2 distribution with 6 degrees of freedom. Having
this in mind we obtain thaty5w2/(w11w21w3) has a distribution with a density given by
p(y)52(12y), yP@0,1#. Using Lemma 2 we can estimateP(D) as follows, given by

P~D !<E
0

D

daE
2`

0

dE1e
E1E

0

`

dE3e
2E3E

0

1

dy2~12y!d~24yE1E32a!

52E
0

D

daE
2`

0

dE1e
E1E

0

1

dyea/4yE1
1

4yE1
2~12y!

5E
0

D da

aa E
2`

0

dE1e
E1E

0

1

dyea/4yE1S 2
1

4yE1
D 12aS 2

a

4yE1
D a

2~12y!

<E
0

D da

aa E
0

1

dy2~12y!
aae2a

~4y!12a S 1a 11D<C2~a!D12a

for any 1.a.0. Similarly as in the previous caseC2~a! is some function ofa with lima→0
C2~a!5`. Thus we got the same estimate as in the case 1.

A similar estimate is also valid in the case where the components of the vectorw are real
independent random numbers equally distributed in the interval@0,1#.

B. Lower estimates

To obtain a lower estimate forP(D) we use first following upper estimate for the distance
between the two zeros:

~z12z2!
2<~2E11E3!

2.
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Then

P~D !>E
0

D

daE
2`

0

dE1e
E1E

0

`

dE3e
2E3d„~2E11E3!

22a…

5E E
2E11E3<AD

dE1dE3e
2~2E11E3!

5
1

2 E
0

AD
dxe2xE

2x

x

dy

5E
0

AD
dxe2xx512e2AD~11AD !.

Thus the probabilityP(D) can be approximated from below by a linear function for small values
of D,

P~D !>D1o~D !>BD,

whereB<1, o(D)/D→0 asD→0.

C. Asymptotic behavior at small spacings

Combining together lower and upper estimates for the probability we can write

BD<P~D !<C~a!D12a. ~21!

A similar estimate can be obtained also for the probability of resonance spacingsP̃(s), s25D:

Bs2< P̃~s!<C~a!s222a. ~22!

The physically relevant quantity is, however, not the distributionP̃(s) but the corresponding
probability densityp(s):

P̃~s!5E
0

s

p~ t !dt.

Suppose that for smalls the probability density has the behavior

p~s!;ksb1o~sb!,

with some real constantsk andb. Substituting the last asymptotic expansion into the estimate~22!
we get for the constantsk andb

b51, k>2B.

It follows that the probability density of the spacings is approximately linear for small values of
s. This estimate shows that the presence of the antenna changes the character of the resonance
spacing distribution from Poisson to a distribution which displays linear repulsion for smalls. For
the slopek of the distribution we findk>2 for small s. This means that the slopek is always
larger than the slope of the spacing probability density in a fully chaotic system, which is given by
the Wigner distribution with a slope equal top/2. The resonance repulsion is therefore always
weaker than the level repulsion for a typical GOE matrix.
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IV. INTERNAL WAVE FUNCTION

Let us now discuss the properties of the internal wave function~11!. To investigate the
structure ofcin in a more detailed way we introduce a coupling constantg and will write gW̃ for
the coupling matrix. The complicated part of this expression is contained in the term

1

i2g2T~E!
~23!

with the M3M matrix T(E)5W̃†(E2H in!
21W̃. We solve the spectral problem for the latter

matrix:

T~E! f n5ln~E! f n ~24!

@note that forE real T(E) is a symmetric matrix and hence the eigenvaluesln(E) are real
numbers# and use the eigenvectorsf n to define theM vectorscn living in the N-dimensional
internal space:

cn5~E2H in!
21W̃f n . ~25!

~We shall normalize the vectorsf n , so that if ni51. This means that the vectorscn are not
normalized.!

The vectorcn is a solution of the equation

SH in1
1

ln~E!
W̃W̃†Dcn5Ecn . ~26!

To reveal the usefulness of these vectors we employ the spectral decomposition of the operator
~23!:

1

i2g2T~E!
5 (

n51

M f nf n
†

i2g2ln~E!
~27!

~wheref nf n
† is the projector onto the one-dimensional subspace spanned by the vectorf n!. Insert-

ing this into the internal wave function~11! we finally obtain

c in52g(
n51

M
^ f n ,Ainc&CM

i2g2ln~E!
cn . ~28!

It is most interesting to realize, thus, that internal wave functions~each withN components! can
be linearly composed from onlyM ~fewer!! N-component vectorscn .

It can be easily seen that for real energiesE the vectorscn are real providedH in andW̃ are
real matrices. The properties of the internal wave functioncin depend substantially on the structure
of these vectors and on the number of terms which contribute to the sum~28!. In what follows we
shall investigate the structure ofcin for resonances.

Resonances are defined as poles of theS-matrix in the complex energy plane. Using the above
notation the resonancesEreson5Er2 iG are nothing but the solutions of the following sequence of
equations:

ln~Ereson!5
i

g2
, n51,...,M . ~29!
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~Er describes the position of the resonance peak, whileG gives its width.! We shall now assume
that the energyE in the incoming wave coincides with the position of some resonance:E5Er . To
obtain information aboutcin we insert Eq.~29! into Eq. ~26! obtaining forcn

~H in2 ig2W̃W̃†!cn5Eresoncn . ~30!

It follows therefore that in the resonance casecn are identical with the eigenvectors of the
effective HamiltonianHeff5H in2ig2W̃W̃†.

For weak coupling~g!1! the resonances are localized near the eigenvalues ofH in and the
resonance widths are small~G!1!. Moreover, it follows from Eq.~30! that the vectorscn practi-
cally coincide with the eigenvectors ofH in . Using the relationi 2 g2ln(Er) 5 2 ig2GLn8(Er)
1 O(g4) we obtain from Eq.~28!

c in52i
^ f n0uAinc&CM

gGln8~Er !
cn0

1O~g! , ~31!

wherecn0
refers to the appropriate solution of Eq.~30!. Consequently, the structure ofcin coin-

cides with the structure ofcn0
, which is @up to terms of the orderO(g)# identical with the

corresponding eigenvector ofH in .
A similar analysis can be done also for strong coupling~g@1!. SinceW̃W̃† is a matrix of rank

M the family of resonances can be split into two parts:M resonances are localized deep in the
lower complex half plane and have widthsG'g2, and the remainingN2M resonances approach
the real axis and have widthsG'1/g2. We are interested in the second group of resonances, since
they form sharp resonance peaks and are hence easily measurable. A similar analysis as in the
weak coupling case gives

c in52i
^ f n0uAinc&CM

gGln8~Er !
cn0

1OS 1gD . ~32!

This formula seems to be nearly the same as for weak coupling. There is, however, one deep
difference: the position of the resonanceEr does not tend asg→` to some eigenvalue of the
internal HamiltonianH in . This in turn means that the corresponding vectorcn0

does not coincide
with an eigenvector ofH in . In fact, for a generic coupling matrixW the vectorcn0

is a real
superposition of all eigenvectors ofH in .

For intermediate coupling the resonances overlap and one has to take all terms in Eq.~28! into
account.cin is in this case a superposition of the vectorscn with complex coefficients.

Let us now discuss the consequences of the above analysis for the statistical properties of the
internal wave functioncin . For weak coupling the properties ofcin coincide with those of the
corresponding eigenfunction ofH in . This means that in the GOE caseucinu

2 has a Porter–Thomas
distribution, similarly for strong coupling. In this casecin is proportional to areal superposition of
the eigenvectors ofH in . This means again a Porter–Thomas distribution in the GOE case.

The structure ofcin becomes interesting in particular forH in describing an integrable system.
We know thatcin becomes asuperpositionof the ~integrable! eigenvectors ofH in . Hence the
internal wave function acquires a structure other than an eigenvector of integrable system. We
shall show in the next section thatcin has features which are similar to the properties of eigen-
vectors of chaotic quantum systems. This fact supports the finding of the preceding section that
opening an integrable system leads to a level repulsion which is typical for the behavior of
quantum nonintegrable systems.

It remains to discuss the moderate-coupling case. Here, as already mentioned, the internal
vectorcin becomes a superposition of vectorscn with complexcoefficients. The consequence is
that the statistical properties ofcin differ from the standard predictions of the random-matrix
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theory. The complex nature ofcin moves its statistical properties from a GOE prediction~Porter–
Thomas distribution! toward a GUE prediction~Poisson distribution!. ~Note thatcin will display a
Poisson distribution if its real and imaginary parts are statistically independent and of the same
magnitude.! Such a distribution~also known as Rayleigh distribution in the literature15! is usually
observed when waves excited by a monochromatic source propagate through a random medium—
see also Ref. 16. In our case the randomizing effect is due solely to the multiple reflection of the
waves inside the resonator. Numerical estimates show that already forM53 the Rayleigh intensity
pattern inside the resonator is well developed~see Fig. 1!.

V. EXAMPLE

Let us now discuss a rectangular resonator attached to two microwave cables each of which
supports one open channel. We assume that the channel threshold energies are set to zero,
l15l250. This system has recently been experimentally investigated in Refs. 4, 5, and 17. The
HamiltonianH resondescribing the resonator is given by the two-dimensional Laplace operator

H reson52D

defined on a bounded domainV with Dirichlet boundary conditionsf50 on the boundary]V. We
shall investigate the statistical properties of the resonances and the structure of the field intensity
inside the resonator as excited by waves entering through the microwave cable. LetEn

@f n~r !,rPR2# be the eigenvalues@eigenfunctions# of H reson:

FIG. 1. The intensity distributionucu2 of the internal wave function~11! excited inside the resonator cavity is plotted in a
semilogarithmic plot and compared with the Porter–Thomas~dashed line! and the Poisson~Rayleigh! distribution ~full
line!. ~a! pertains to one open channel~M51!. Good agreement with the Porter–Thomas distribution is visible.~b! shows
the result forM510 with a clear shift towards the Poisson distribution.
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H resonf n~r !5Enf n~r !. ~33!

Using these solutions let us define the finite-dimensional internal Hamiltonian acting on the space
spanned by the firstN eigenstates ofH reson,

H in5 (
n51

N

Enf nf n
† . ~34!

The coupling operatorA maps the two-dimensional vector

S u18~0!

u28~0! D
into a certain function belonging to theN-dimensional internal space. Letu1(x) [u2(x)] denote
the first, @second# component of the wave function in the cable. Applying the matrixA to the
incoming vector we get

AS u18~0!

u28~0! D 5a1d1
N~r !u18~0!1a2d2

N~r !u28~0!,

wherea1 anda2 are the coupling constants anddl
N, l51,2 are functions spanned by the vectorsf n ,

n51,...,N. In the experiment the two antennas are coupled to the resonator at the pointsr1 andr2.
In order to mimic this local coupling we choose the functionsdl

N~r !, l51,2, in a special way,
namely, such that they converge tod2~r2r l! whenN→`, i.e.,

dl
N~r !5(

i51

N

f i~r l ! f i~r ! ~35!

such that limN→` dl
N~r !5d2~r2r l! ~in the sense of generalized functions withrPR2!.

The HamiltonianH describing the whole system is self-adjoint on the domain determined by
the boundary conditions

^dl
N ,uin&52ul~0!.

In the limit N→` the boundary conditions are given by the formula

a luin~r l !52ul~0!.

For N large enough theS-matrix reads

S5
i1T~E!

i2T~E!
~36!

whereT(E) is a 232 matrix with elements

T~E! l ,m5a lamAE(
n51

N
f n~r l ! f m~rm!

En2E
. ~37!

~Implicitly a similar formula has already been used in Ref. 18 in order to evaluate the conductance
fluctuation for electrons passing a quantum dot.!
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Let us start with the simplest case with one attached antenna only.~The second antenna is
easily excluded by choosing the couplinga250.! In what follows we shall focus on the statistical
properties of the resonances inside such a resonator.

The resonances are identified with the poles of the correspondingS-matrix. In the case of one
coupled antenna the resonances are just the solutions of the algebraic equationT(E)5 i , which is
equivalent to

(
n51

N u f n~r1!u2

En2E
5

i

a1
2AE

. ~38!

This is an algebraic equation forE which has solutions on the lower complex half plane only. The
solutions coincide with the zeros of a certain polynomial of order 2N11. One can solve this
equation directly using some appropriate numerical method. But before doing this it seems to be
helpful to investigate this equation by decoupling it into real and imaginary parts. LetE5Er2 iG
denote a solution withEr andG the position and the width of the resonance, respectively. Assum-
ing thatG!Er we can approximate Eq.~38! by

(
n51

N u f n~r1!u2

En2Er
50, ~39!

whereby the corresponding resonance widths are given by

G51Ya1
2AEr (

n51

N u f n~r1!u2

~En2Er !
2 . ~40!

This approximation is well justified in particular in the case of strong coupling~a1@1!. In the
numerical tests we used this approximate solution as a starting point for a routine searching for the
complex roots of Eq.~38!.

For the wave functionc excited inside the resonator we find

c~r !5 (
k51

2

(
l51

2

2~E!1/4akG~r ,r k ,E!S 1

i2T~E! D
k,l

Ainc,l , ~41!

where

G~x,xk ,E!5 (
n51

N
f n~x! f n~xk!

En2E

andAinc,l denotes the amplitude of the incoming wave in the channell . It is clear that in the case
of a strong coupling to the antenna the structure of the resonance wave function differs substan-
tially from the structure of the original resonator eigenfunctionf n(x).

Let us now apply the above theory to the description of a rectangular resonator with one
attached antenna. In the case of a rectangular resonator the eigenvaluesEn and the eigenfunctions
f n are explicitly known. Inserting these solutions into the formulas above we obtain an explicit
solution of the perturbed resonator problem. As already mentioned, the resonances of such a
system have been measured systematically.19 In order to enhance the number of measured reso-
nances the results for various rectangular billiards have been combined. In order to reproduce the
experimental results we have evaluated resonances for 40 different rectangular billiards. In each
billiard we evaluated the first 350 resonances which roughly correspond with the number of
experimentally accessible ones. The obtained results have been rescaled~to obtain a mean reso-
nance spacing equal to 1! and divided into three groups: the first group corresponds to resonances
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measured within the frequency range 5–10 GHz, the second group corresponds to 10–15 GHz,
and the third to a frequency range 15–18 GHz. The resonance spacing statistics have been evalu-
ated for each group separately. The coupling constanta1 has been taken to be equal to 2 in all
three cases. The obtained results are plotted in Fig. 2 and compared with the experimental finding.
It is worth noting that the theory predicts the effective coupling of the antenna to the resonator to
become stronger for higher frequencies. This follows from the fact that the effective coupling of
the antenna depends ona1

2AE and hence on the wave frequencyv. ~Note that the energyE and the
microwave frequencyv are related byE'v2.!

The distribution of the corresponding resonance widths is plotted in Fig. 3. We have compared
this distribution with the recent prediction by Fyodorov and Sommers20 for fully chaotic systems
~resonators! with one open channel. It is interesting to remark that even though the rectangular
resonator is originally integrable the distribution of resonance widths resembles closely that of a
fully chaotic system. Clearly, then, the antenna represents a strong perturbation of the original
integrable system. This perturbation is also responsible for the observed linear resonance repulsion
visible in Fig. 2.

The influence of the antenna on the structure of the corresponding resonance function~i.e., on
the structure of the electromagnetic field excited inside the resonator! is demonstrated in Fig. 4.

FIG. 2. The distribution of resonance spacings evaluated for a rectangular billiard is plotted~bins! and compared with the
experimental results obtained in Ref. 19~full line!. The frequency range used was~a! 5–10 GHz;~b! 10–15 GHz.

FIG. 3. The distribution of resonance widths evaluated for the frequency range 10–15 GHz is compared with the theo-
retical prediction for a fully chaotic system with one open channel~Ref. 20!.
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The figure shows that the structure of the original eigenfunctionf n of the resonator is destroyed.
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APPENDIX: PERTURBATION OF THE NEUMANN BOUNDARY CONDITION

The interaction between the external and internal channels can be introduced in a different
way. Consider, for example, the operator

HBS uuinD5S Hexu
H inuin1Bu~0! D ~A1!

with B being a self-adjoint operator.HB is self-adjoint on the domain of functions from
W2

2(R1 ,CM)%CN satisfying the boundary conditions

B†uin5u8~0!.

We arrive at the following energy-dependent boundary conditions for the eigenfunctions of the
operatorHB :

c8~E,0!52B†~H in2E!21Bc~E,0!.

Then the scattering matrix above the thresholds is given by

S~E!52
i1W̃B

†~E2H in!
21W̃B

i2W̃B
†~E2H in!

21W̃B

,

FIG. 4. Nodal lines of the electric field intensity inside a rectangular resonator with sides of lengthsp and 3.~a! pertains
to the unperturbed 187th state.~b! shows how this nodal line pattern changes after an antenna has been attached at the point
marked by a cross.

4902 Albeverio et al.: Transport through billiards with leads

J. Math. Phys., Vol. 37, No. 10, October 1996

Downloaded¬29¬Jan¬2002¬to¬130.235.3.109.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jmp/jmpcr.jsp



whereW̃B5BQ. For the small coupling,W̃B→0, the scattering matrix tends to21 and this shows
that the model operator constructed here can be considered as a perturbation of the operatorHex
with the Neumann boundary conditions at the origin.
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