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RANK ONE PERTURBATIONS OF NOT SEMIBOUNDED OPERATORS

S.ALBEVERIO, PKURASOV

Rank one perturbations of selfadjoint operators which are not necessarily semi-
bounded are studied in the present paper. It is proven that such perturbations
are uniquely defined, if they are bounded in the sense of forms. We also show
that form unbounded rank one perturbations can be uniquely defined if the orig-
inal operator and the perturbation are homogeneous with respect to a certain
one parameter semigroup. The perturbed operator is defined using the extension
theory for symmetric operators. The resolvent of the perturbed operator is calcu-
lated using Krein's formula. It is proven that every rank one perturbation can be
approximated in the operator norm. We prove that some form unbounded per-
turbations can be approximated in the strong resolvent sense without renormal-
ization of the coupling constant only if the original operator is not semibounded.
The present approach is applied to study first derivative and Dirac operators
with point interaction, in one dimension.

1 INTRODUCTION.

In the present paper we study rank one perturbations of selfadjoint operators
which are not semibounded. Let A be a selfadjoint operator acting in the Hilbert space H.
Let ¢ be a linear bounded functional on the domain of the operator. A rank one perturbation
of the operator A is the operator formally given by

Ay = A'J'_a(‘pv*)Lp: (1)

where « is a real parameter and (-,-) denotes the scalar product in H. If the operator
A is semibounded and p is an element from the domain of the quadratic form associated
with the resolvent of the operator, then the operator A, can be defined uniquely even
for infinite values of the parameter « [18,8]. If ¢ does not belong to the domain of the
quadratic form associated with the resolvent of the operator A, then the operator A, does
not posses a unique definition and the family of selfadjoint operators corresponding to the
formal expression (1) is defined by an extra real parameter ¢ [3]. If this parameter can be
fixed using some additional information, then the selfadjoint operator corresponding to the
formal expression (1) is uniquely defined.

The theory of rank one perturbations can be developed even in the case
where the perturbation is not form bounded. An approach based on the analytical properties
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of the @-function associated with a symmetric operator and its selfadjoint extensions has
been developed recently by S. Hassi and H. de Snoo [10]. This allowed them tc study rank
one perturbations of selfadjoint operators which are not necessarily semibounded.” Their
approach is based on the fact that the original operator A and any rank one perturbation
of it are two different selfadjoint extensions of a certain symmetric operator with deficiency
indices (1,1). The relations between two selfadjoint operators whose resolvents differ by
a rank one operator have also been studied in [10] and [11]. However the answer to the
question about which selfadjoint operator corresponds to the given formal expression {1)
does not follow directly from the approach developed in [10] and [11]. This question for
generalized rank one perturbations has been discussed in [16].

It will be shown in the present paper that the theory of rank one perturba-
tions of nonsemibounded opeérators can be developed in a way similar to the form bounded
case. We introduce two scales of Hilbert spaces: one associated with the operator |A] and
the second associated with the operator A and the vector . Two important cases should
be treated separately. If v is an element from the domain of the quadratic form associated
with the resolvent of A then the selfadjoint, operator corresponding to the formal expression
(1) is defined uniquely (in analogy with H_, perturbations of semibounded operators). If
0 does not belong to this domain then there exists a one parameter family of selfadjoint
operators corresponding to the formal expression (1) (in analegy with H_, perturbations of
semibounded operators). These perturbations will be named form unbounded.. We show that
if the original operator A and the vector ¢ are homogeneous with respect to a certain unitary
group then the selfadjoint operator corresponding to the formal expression (1) can be defined
uniquely even in the case of form unbounded perturbations. Appreximations-of rank one
perturbations in the strong resolvent sense and in the sense of linear operators in Banach
spaces are discussed. It is shown that every rank one perturbation of a selfadjoint operator
can be approximated by operators with bounded perturbations in the operator norm. It is
also proven that form unbounded perturbations can be approximated in the strong resolvent
sense if certain additional conditions are satisfied. This shows where the main difference
between the approximations of semibounded and not semibounded operators lies.

In the last section the methods we developed are applied to study singular
perturbations of the first derivative operator in dimension one and of the one dimensional
Dirac operator. It is shown that using the scaling properties of the Dirac operator even
unbounded perturbations can be defined uniquely.

2 PRELIMINARIES.

2.1 Rank one perturbations and extension theory.

In this section we are going to study rank one perturbations of a seifadjoint
operator A acting in the separable Hilbert space H. A is allowed to be a not semibounded
operator. Rank one perturbations of such an operator are formally defined by the standard

formula
Aa = A+ a(@v ')Cp- (2)

Our goal is to determine a selfadjoint operator corresponding to this formal expression. If
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¢ is an element from the Hilbert space then the operator A, is selfadjoint on the domain
D(A) of the selfadjoint operator A and its action is determined by the formula (2). If p ¢ H
then the operator A, can be defined using the quadratic form formalism. This approach
can be developed only if ¢ is a certain bounded linear functional on the domain of the
operator A. The quadratic form approach can be used for semibounded operators due to the
one to one correspondence between the semibounded selfadjoint operators and semibounded
closed quadratic forms. If the operator A is not semibounded then the extension theory
for symmetric operators can be used to define the selfadjoint operator corresponding to
the formal rank one perturbation. If ¢ is a bounded linear functional on the domain of
the operator A then the selfadjoint operator corresponding to the formal expression (2)
coincides with one of the selfadjoint extensions of the symmetric operator A® = A|p,, where
Dy = {¢ € D{(A)|(w,v) = 0}. The condition (p,) = 0 is well defined for 1) € D(A) since
 is a linear bounded functional on the domain of the operator A.

LEMMA 2.1 Let A be a selfadjoint operator in the Hilbert space H with
the domain D(A) equipped with the norm equal to the graph norm of the operator and let ¢
be a bounded linear functional on D(A) i.e. p € (D(A))* which can not be extended as a
bounded linear functional to H. Then the restriction A® of the operator A to the domain of
functions D(A%) = D, = {¢p € D(A) : (p,¥) = 0} is a densely defined symmetric operator
in H with deficiency indices (1,1).

PROQF. We prove first that the restricted operator is densely defined. The
operator A is densely defined and thus for every f € H there exists a sequence f, € D(A)
converging to f in the Hilbert space norm:

nlggo H f - fn “H: 0.

The functional ¢ is not a bounded functional on the Hilbert space. It follows that there exists
a sequence ¥, € D(A) with unit norm || ¢, ||»= 1 such that the corresponding sequence

(¢, ¥n) diverges to infinity. This sequence can be chosen in such a way that lim,, ., % =0.
(@, fn) .

Then the sequence f, — e wn)wn belongs to the domain of the restricted operator

YO
(W) fr GD.’ wﬂ)wn) =0

and converges to the element f in the Hilbert space norm

(0, fn)
(o, Un)

Thus the operator A® is densely defined.

The deficiency elements of the operator Ao for every A with S\ # 0 ( &
denoting the imaginary part) are equal to gy = (A — A)~!p. The latter equality has to be
understood in the generalized sense i.e. gy is the bounded linear functional which acts on
every ¢ € H according to the following formula

(90,) = (A= N7 0, 9) = (9, (A= 1) ¢) <

() fn)

I fa - (0, %n)

—poo 0.

b~ £ I fn—fHHJr’
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/. A I ‘ Iy
<li @ o (=g o+ =5 o) <H @ o CaL+ 1SN v b
where C) is a certain constant and ~ denotes complex conjugation. Let ¢ € D, then the
following equalities hold

A

(WvA*.gA) = (ATU’QA) = (A — 5\

4,p) =

X
= (A—_—Xl/&%ﬂ) = A, gx)-

It follows that g, is a deficiency element corresponding to the restricted operator and the
complex number A. The deficiency element is unique.. Hence the lemma, is proven. O
We are going to normalize the vector ¢ in such a way that || 515 [ln= 1.
The domain of the adjoint operator is equal to the following direct linear sum
D(A%) = Dy+L{s5¢, #5¢}. Every element ¢ from the domain of the adjoint operator
possesses the following representation

- N1 1
¥=1+a () e+ a—(w)mw, 3)

where 1) € D, ax(y) € C. The adjoint operator A™ acts as follows on every ¥ € D(A%)

R 1 ,
A"y + MW)—:?P +a_(¥) p) =

A1

- ot )
:Aw+a+(ZU)'mip+a_(w>A+i

Let 4,7 € D(A%) then the boundary form of the adjoint operator is equal to

®.

(A%, n) = (4, A™) =

= %, 0) (3 B)a(n) — & (Da () =

= 2i (a=(@)a-(n) — a=(Flas(n))

All selfadjoint extensions of the operator A% can be parametrized by one
unimodular parameter v € C; |v] = 1. Every selfadjoint extension A, coincides with the
restriction of the operator A% to the domain D, = {¢ € D(A™) : a_(¢) = va.(¥)}. The
extension corresponding to v = —1 coincides with the original operator Ag = A.

2.2 Scales of Hilbert spaces.

We are going to consider two different scales of Hilbert spaces. The first set
of spaces

Ho(lA]) C Ha([A]) CH CH_(JA) C H o(|4])

is the standard scale of Hilbert spaces associated with the nonnegative operator [A]. The
second scale of Hilbert spaces

Ha(|Al) = D(A) C By(A) CH C By(A)" € D(A)" = H5(|A]) (4)
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is associated with the operator A and the functional ¢. B,{A) denotes here the domain of
the adjoint operator A%. We are going to study the second scale of Hilbert spaces in more
detail without making the requirement that the operator A be semibounded. Let us consider
the domain D(A) = H,(}A|) of the operator A. It is a Hilbert space with the norm equal to
the graph norm of the operator

H oo =1l 4% fiw + | ¢ fn=] (A =99 [l .
Every element ¢ € B,(A) = D(A%) possesses the following unique representation

s )1 1
b= (et ) ®)

where 1 € D(A). This representation is related to the representation (3) via the formulas

b=+ (0 (¥) ~a-()) g

b(¥) = a(¥) + a-(¥).
The norm in the space B,(A) can be defined by the following formula

1% ls,=Il ¥ lleay +16()!.

If 9 € D(A), then the following equality holds

I 9 lBocy=Il ¥ lpay -

The space B,(A) is a one dimensional extension of the space D(A) = H,(|A|) in the sense
that B,(A) is isomorphic with D(A)+C. The natural embedding p is defined using the
formula (5):
p: D(A)EC — B,(A)

(T / 7 b<¢) 1 1

Y= (w,b(w))vaLT (A_Z.<P+m )
The map p is invertible and preserves the norm. The spaces B,(A) and D(A)+C will
henceforth be identified. Let ¢ € B,(A) then the following inequality holds

9 <l ¥ llByca) -

It follows that B,(A) is a subspace of H. Consider now the spaces of bounded linear func-
tionals on D(A) resp. B,(A) denoted correspondingly by D(A)* = H_5(]A]) and B,(A)*.
The norms in these spaces are defined as usual in the theory of dual spaces. The inclusion
(4) is now obvious.

Consider the resolvent %_i of the operator A acting in the generalized sense.
Let ¢ € D(A)* then - is the linear functional which acts on every ¢ € H in accordance
to the following formula

1 1
(00 = (g ¥) <l e llpeay ¥ e
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It follows that Xl_—iga is a bounded linear functional on H and thus it can be identified with
an element from the Hilbert space H. The norm in the space D(A)* is equal to

(K ‘t =|| Ly “
¥ |ip(a) 1" H

The space B,(A)* is equal to the sum of two spaces B,(A)* = D(A)* x C. Every element
@ € B,(A)" is equal to the sum of two functionals ¢ = §+c(¢), where ¢ € D(A)*, ¢(¢) € C.
Let 1 = (¢, b(1))) € B,(A) then

(¢, %) = (3,9) + &()b(¥)-
The norm in this space is equal to

IFe llpycay= pax (1 =) 11 8 o +xle(@)]) -

REMARK. The second scale of Hilbert spaces is construcied using the
functional p. This determines the main difference between the two scales of Hilbert spaces.

The quadratic form corresponding to the selfadjoint operator A is not pos-
itive definite. We are going to use the quadratic form of the positive operator |A| to define
form bounded and form unbounded perturbations of not semibounded operators. A vector ¢
defines a form bounded rank one perturbation of the operator A if it belongs to the Hilbert
space H_1(|A[). Vectors ¢ in H_3(A) \ H_,(JA|) define form unbounded perturbations.

3 FORM BOUNDED PERTURBATIONS.
We study here form bounded perturbations of selfadjoint operators defined
by vectors v & H.

THEOREM 3.1 Let ¢ € H_1(JA|) \ H then the domain of the selfadjoint
operator A, = A + alp, )y coincides with the following set

D(4q) = {9 € B(A)la, () = a_(¥)}. (6)

_1+aly, 45%)
1+ oy, 559)
A, is a selfadjoint extension of A°. For a.= 0 we have Ay = A.
PROOF. The operator A, is defined as a linear operator acting in the
Hilbert spaces B,(A4) = D(A%) — D(A)*. The linear operator A is defined in the generalized
sense

(A, ¢) = (¥, A9)
for any ¥ € H,¢ € D(A). The quadratic form Q[p, ¢] = (p, (7 + Zf—;i)(p) is finite
T 2A 1 9

Let ¢ € B,(A) then the representation (3) is valid and the linear operator
is acting as follows

At = (A + oo, ")) <12> + a+(w);4—1_—iso +a-()g i i’»") =
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1
= Ay + o, ¥)p + a, (v )A—_i<P+

A
+aa+(¢)(s0,A1 plo+a(¥)A Ai ¢+aa~(')(w,ﬁw)s&=
= A@5+a+(¢)m’ﬁ+av(¢)A_+i<P+
o) (1+ ol —9) +0-0) (1+alo, 70 o g

Here we used the fact that (¢, 1,/;) = 0. The domain of the selfadjoint operator A, coincides
with the following set {1y € D(A%)|4,¢ € H}. The element A% belongs to the Hilbert
space if and only if the following equation is satisfied

1+ a(p, 75¢)

1_'_0((%0, leigo)ak(w' (8)

ar(¥) = —
The parameter
L+a(p, 259)
1+ alp, 75¢)
has modulus 1 and the adjoint operator A™ restricted to the domain of functions from B, (A)
satisfying the boundary conditions (8) is selfadjoint. The restrictions of the operators A,
and A% to the described domain are identical since the expression in the figure brackets in
the formula (7) vanishes for the elements satisfying the boundary conditions (8).
If o = 0 then the parameter v has the value v = ~1 and the corresponding
operator coincides with the original operator A. Thus the theorem is proven. O
Considering different o € RU{ o0} all selfadjoint extensions of the symmetric
operator A° can be obtained. The formula (8) establishes the one to one correspondence
between the parameters « and v.

4 FORM UNBOUNDED PERTURBATIONS.

Consider form unbounded rank one perturbations defined by the same
heuristic expression (2). Any selfadjoint operator corresponding to this heuristic expres-
sion is an extension of the symmetric operator A°. The heuristic expression (2) is defined on
the domain of the adjoint operator A% if the bounded functional ¢ is defined on this domain.
The distribution ¢ is first defined on the domain of the operator 4, but the element zljzga does
not belong to this domain in the case of form unbounded perturbations. The distribution ¢
has to be extended as a bounded linear functional to the domain B,(A) = D(A%™).

LEMMA 4.1 Every extension of the functional ¢ to the domain D(A%) is
defined by one parameter c € C. Let ) = 12)—(—%@ (ﬁcp + Alicp) € B,(A), then the extended
functional v, acts as follows

(e, ¥) = (0, 9) +b(1). )

This eztension defines a real quadratic form Q4] = (¥, (A—l_—l + ﬁ) ) with domain
D(Q) = H+L{w} if and only if the parameter ¢ is real.
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PROOF. The linear functional ¢, defined by the formula (9) is bounded
and defined on any element v from the domain of the adjoint operator. The quadratic form
corresponding to this extension is real if the parameter c is real.

Consider now an arbitrary bounded linear extension ¢ of the functional ¢
to the domain of the adjoint operator. Let ¢ = ¢ + 9—(;”—) (ﬁ + A-H) @ be an element from
the domain D(A%) of the adjoint operator. The following formula follows from the fact that
¢ is a linear functional

L) 1 1

72 Iy — 14 i PR

(@ 9) = (9 0) + 5= (b 7o+ yEr
Thus every bounded linear extension of the functional ¢ is defined by the associated param-
eter o .
(@ 450+ 45%)
e
Let us consider an arbitrary element 1 = % + q(¥)p € D(Q), where v € H, q(¢) € C. Then
the quadratic form can be calculated as follows

¢ =

Qv = (5 + a0, (7 + ) 0+ a()3) =

=6 () 9+ e, (s + ) 9

+<¢,(A—1_5+ ) 60+ P (s + ) ) =

/ . 1y - _
=2 (@, =9 + (W, (5 + 1) B)) +la(w)P2e
The latter formula shows that the quadratic form is real if and only if the parameter ¢ is
real. O
The following definition will be used henceforth.

DEFINITION 4.1 Let ¢ € H_o(A)\ H_1(|A]), then the functional @, is
the linear bounded eztension of the functional o to the domain B,(A) defined by the condition

o (= + )9 =2 (10)

where ¢ € R.

The following theorem describes the domain of the seifadjoint operator cor-
responding to the heuristic expression (2).

THEOREM 4 1 Let @, be o linear bounded extension of the form un-
bounded functional ¢ and let || 4 <p 3= 1. The domain of the selfadjoint operator

Aa =A+ a(@c'/ ')(19

coincides with the following set

14 a(c+1)

D(A) = {¥ € DIA™) a_(v) =~ T an(w):
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A, is a selfadjoint extension of AY. For o = 0 we have Ay = A.
PROOF. The proof is similar to the one of theorem 3.1. The linear operator
A, acts as follows on the domain D(A%) 3 ¢

1

At = (A+ alpe, Jo) (b +as () 0 +a-(¥)

1 -
A— A+i” T

. i . 1 ;
= A+ auld) ot e+ e )] +
) o+ e+ ate=ill e 1] =
ta-) ot pereleill g e =

~ 7

+H{o (@) M+ ale+i) +a (&) (1 +alc—1i)}e.

Here we used the fact that the element ¢ has unit norm in the space D(A)*. The range of
the linear operator A, does not belong to the Hilbert space. The domain of the selfadjoint
operator A, is equal to the following set

o+

D(Ay) = {t € B,(A) : Ay € H}.

The element A,% belongs to H if and only if the following conditions are satisfied

, 1+alc+1)
- = ——— D).
a-(¥) 1+ ae—1) +)
The absolute value of v = —iiiéfjg is equal to unity. The operator A% restricted to

the domain of functions satisfying the latter condition is selfadjoint and coincides with the
operator A, restricted to the same domain. O

5 FORM UNBOUNDED PERTURBATIONS OF THE HOMO-
GENEOUS OPERATORS.

This section is devoted to the investigation of the form unbounded rank one
perturbations in the case where the original operator and the element  are homogeneous
with respect to a certain group of unitary transformations of the Hilbert space M. The
extension of the functional ¢ can be defined uniquely using the homogeneity properties of
the operator and the perturbation.

LEMMA 5.1 Let the selfadjoint operator A and vector ¢ € (D(A))* be
homogeneous with respect to a certain unitary (multiplicative) group G(t), i.e. there exist
real constants 3, such that

GH)A =tTPAG(b); (11)

(G(t)p,v) = (0, G1/1)P) = t7(p, ¥) (12)
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for every ¢ € D(A). Then ¢ can be extended as a homogeneous linear bounded functional to
the domain B,(A) if and only if

1—¢7 1

1) = = . A=) (13)

does not depend on t # 1.
PROOF. Consider an arbitrary linear bounded extension ¢, of the func-

tional ¢ which is defined by the parameter

1 1
2c= (¢, | ———+ ———
REEEY
{see Lemma 4.1). Suppose that this extension is homogeneous and thus satisfies the equation
(12). Then the function f(¢) can be calculated according to

1148 1
_ 1 o1 _
=T e\ g3 A—tﬂi) v) =

= 55 (e )~ (e )| =
- 1_t_ﬁ_,2,y (;Oca A _ Z‘p ‘Pm A _ tB’L(p -

1 1 1
== —t77 — =
1_ 27 {(‘Pcu a1 Z-QO) e A tﬁ’iG(t)(p)}

1 1 1
— ) — 8 A
1 — t-6-2v {(gﬁc’ A i\p) t (e, G(f)A — ng)}

{l

1
= (e, ESD)

It follows that for any extension g, the function f(t) is equal to a certain constant which is

determined by the extension.
Suppose conversely that the function f(¢) is equal to a certain given constant

c. Let us define the extension of the functional ¢ by the following condition
1 1 1 . 1
5(%, (_A_— A—H) p)=c=f{t) - 3(‘P:A2—+1P)-

It is necessary to show that the extension of the functional is. homogeneous. For this it is
enough to prove this property for the elements A 49 and Hc,a But we have

1 1 L
_ 1/ — T+8 =
(G(1/t)pes =) = (e, G() ) = 177" (00 T—5:)

1
L

1 .
= {78 ((iﬂc, E‘P) + (i~ i) (p, M

>:

\_/

1 -
= 177 (e, ) = (1= £ )
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=t77(e, ).
Similarly one can prove that (G(1/%)¢., ALM«,D) ={"{(;p,, ﬁw}, and the lemma is proven. O
REMARK. If the unitary group G consists of only two elements then the
homogeneous extension can always be constructed and it is unique. This condition is true
for example for the first derivative operator and Dirac operators in one dimension perturbed
by a delta potential. The group of the unitary transformations coincides with the symmetry
group with respect to the origin. This group consists of only two elements.

6 RESOLVENT FORMULAS.
The resolvent of the perturbed operator can be calculated explicitly using
the M.Krein's formula. To calculate the resolvent one has to solve the following equation

(Aoz - Z)A}f =1

for every f € H and ¢ being an element from D(A,) ( 2 is in the resolvent set of A,). We
apply first the operator A, — z to the latter equality

£ = (o= 2 = (A+ ale, )6 = A + 0 (9) s+ 0 (8) ) =
= (A= 2+ s 0 - D)+ a(B)(—i - 2) gt

{es@)1+ ale =0 +a-0)0 + alo, ) f o =

1
-0,

=(A— 2 +a-(W)(i—2) A+i

et aW)(-i-2)

Here we used that (p,7) = 0. The expression in the figure brackets { } is equal to zero due
to the boundary conditions which define the domain of the operator A,. By applying the
resolvent (A — 2)7* of the original operator to the latter equality we obtain

()6 2+ o ()i ) e

Projection on ¢ gives the following equation
1 1 )
A AT

The coefficients a4(¢) also satisfy the boundary conditions and we thus get a 2 x 2 linear
system to determine the coefficients. This system has the following solution

(. s ) = 0+ 0, ()i = Do 5 ) ()i = 2

1+alp, 750) (01 )
(3 T N
200, ) 1+ alp, 759)

a (i) = -

1t ale,g59) (0550
a-(¥) =1 20p, me) 1+ o, 5

"l
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The element 7,21 can also be calculated

- 1
V= A—~zf_
I+ o c,'—l’.*’ e 1 1
+i (@1ATZ5@) \(’D A— zf) (—Z> +
Q(w’ m_l(p) 1+a((10caA 290) A—‘ZA—Z
1+olpe, 159) (e 550 . 11

% —1—Z — .
2((»0 'AEIT{JIHO) 1+a(¢cv A—z@)( )A‘ZA+Z
Krein’s formula can be written as follows
1 1

Aa~zf:A—zf_

2
1=
—

L+ a(@c Al_
Define (for Sz # 0)
1
Fo(2) = (¢, Z‘_—?sé’)

The function F'(z) = Fy(z) can be calculated in terms of the original distribution y and the
extension parameter ¢

F(Z) |:(5007 Al > (g‘jc: =

— wl»—-

1 / ( 1 1 1
{(’U’A Ai) " amam
1 1 1 1
oo )] =
1+24 1 1 1+24 1
7Py kY gl gy gt
We remark that the element ﬁgp belongs to the Hilbert space and it follows that F(z) is a

Nevanlinna function (holomorphic function in the upper halfplane with positive imaginary
part there). Thus there exists a certain measure du()) on R such that

o l+zA 1
C+/m ppmn v L0

z
3
z
"2

=c+(p

and the following condition is satisfied

e du()
|y +1

< 0.

Considering different selfadjoint operators A and functionals ¢ one can get any Nevanlinna
function without linear term. We recall that any Nevanlinna function F(z), z € C, possesses
the following representation

F()—a+bz+[<)\_z Agi_l)da()
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where @ € R, b > 0 and where the function ¢{}) is nondecreasing and satisfies g ‘i‘;ﬁ < .

It has been proven in [9,17] that the linear term in the representation of the Q-function of a
rank one perturbation is not equal to zero only if this perturbation is not an operator but a
selfadjoint relation. We note that the linear term can be present for rank two perturbations
of selfadjoint operators.

All five critical formulas for the rank one perturbation [18] can be written
in the same form as for the case of a semibounded operator A:

F(z)

Fa(z) = 1+0!F(Z); (15)

1 1 1
Ap— 2’ T 1—aF) A2 (16)
11 o 1 1 .
Aa—z“A—z_1+aF(z)(A—z“’">A—z‘”’ (7)
Ty {Al_z -5 1_2} - d%ln(uaF(z)). (18)
[ ol EYdec = aF, (19)

where i, is the spectral measure corresponding to the operator A,. We shall prove the latter

formula in more details
LEMMA 6.1 Let f € Li(R) then f € L1 (R, dugy) for almost every a,

[ H(B)dal B) € Li(R, do)

and

([ £(Brual®)) doc= [ s(B)E.

PROOF. The proof is similar to the proof of the Theorem 1.8 from [18].
It is sufficient to prove the result for the functions f,(E) = El_z - E%rl for any 2 € C\ R.
Considering the closed contour in the upper half plane one can calculate

B 0 S2<0
/R FAB)dE = { 2mi Sz > 0.

On the other hand

Jo BBy = [ (7 =~ s ) () =
Z/R ([El—z - E2E+J B [E1+z N EilDdua(E) -

. 1 1
= Fa(2) = Fo(—1) = a+ F(z)7' o+ F(—i) 1

= h, ().
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The function h.{«a) has either two poles in the lower half plane if $2 < 0 or one in each half
plane if ¥z > 0. It follows that

0 <0
/R ha{o)do = { 2ri Sz > 0.

The lemma is proven. O
It is important that the result does not depend on the parameter c.

7 APPROXIMATIONS OF THE RANK ONE PERTURBATIONS.

7.1 Convergence of linear operators.

We are going to study the convergence of the operators in the operator
norm. We concentrate our attention to form unbounded perturbations. The operator 4, =
A+ afpe, )¢ is a linear operator which acts from B,(A) to- D(A)*. Let ¢, € H then the
operator A? = A + a(pn, )pn can be defined on the same domain.

LEMMA 7.1 Let f be an element from H\ D(A) and ¢ be an. element
from D(A)*; then for any c there exists a sequence @, of elements from H converging to ¢
in the D{A)* norm such that (f,¢y) converges to c.

PROOF. The Hilbert space H is a dense subspace of the Hilbert space
D(A)*. This follows from the fact that the domain of the operator is dense in the Hilbert
space. It follows that there exists a sequence @, € H converging to ¢ in the D(A)* rorm.
If the sequence (f, $,) = a, does not converge to ¢ consider a sequence ¢, € H with unit
D(A)* norm || 9, ||pay= 1 such that (f, ) diverges to co. Such a sequence exists because
f ¢ D(A). The subsequence can be chosen in such a way that &5 — 0. We keep the same
notation for the chosen subsequence. Consider the sequence

- +c—an_,
Pn = Pn+ T Pn

The following estimates are valid because || ¥ || pay=1:

It follows that ¢, converges to v in D{A)* norm. The sequence (f,pn) = an +c—a, = ¢

obviously converges to ¢, and the lemma is proven. O
THEOREM 7.1 Let the sequence v, € H converge to ¢ in D{(A)* and
assume (Qn, ﬁéﬁ + A%_pr) converges to 2c, then the sequence of linear operators

AL = A+ aln, )on

defined on the domain B,(A) converges in the operator norm to the operator A,, asn — 00.
PROOF. Consider an arbitrary element g = § + b{g) (Z’l——z“P + A—bgo) €
B,{A), g€ D(A),b(g) € C. Then the following estimates are valid

| (AL = Aa)g lpcay= laf | (¢n: 9)pn — (Yo 9)¢ D)=
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, o 1 1
= lad [l (. @)n + b(9) (0, 70+ gy 0)en

1 1
—(, 3¢ — b(g9)(@es —— . @+ F@)@ lpay-<

<o} (Itpn. 3) = (2.3)] || #n nD(_Ay Hie, D) 1| 9 — ¢ Ipay +

(g, Z-l_—.w +=—0) = 2] | ¢ ogar +200(9)] el ||~ llogay ) <

3 llow + 1l 00 = @ locar | 1pcar 1 & ot +
o)) <

< o] (Il v llpeay§} o — @ lloeay-

@) = 2¢| || @n lpay 16(g)] +2lc| || on — @ IDeay

+( L v+ !
Pns 7 -
A—1 A+
< ol {(l @n llocay + 1l ey +2lcl) I en — @ llpca +

(w0 39~ 2l g
Prs A_,LQD A+ZSD c g]B¢(A) .

The foilowing estimate is valid for the norm of the linear operators

+ [l on I

[l A% — Ao | Bo(a)—Dia) <
< lal {1 on lIogay + | @ loeay +21el) | on = lipgar +

1 1
+ H ©n HD(A)* |(<Pna - 90+ H‘ ) — 201}.
The sequence @, converges to ¢ in the D(A)* norm, the sequence || v, |pray is bounded

and the sequence (©p, A—l_—igo + 7&;%0) converges to 2c. It follows that the linear operators A2

converge in the operator norm to A, as n — co. O.
THEOREM 7.2 Let ¢ € D{A)* \ 'H then there exists a sequence o, € H
converging to p in D(A) norm such that the sequence of linear operators

AL = A+ alpn, )n

defined on the domain B,(A) converges in the operator norm to the operator A, = A +

a(@m ')90'
PROOF. The element Zi_—iga belongs to the Hilbert space H but does not

belong to the domain of the operator. The same is true for the element
1 n 1 9 1 % 1
(= — 41
AT AT T AT e’

since Z—}ﬁﬁp € D(A). It follows from Lemma 7.1 that there exists a sequence @, converging to
p in D(A)* norm and such that (pn, 459+ 55¢) converges to 2c. It follows from Theorem
7.1 that the operators A” converge to A, in the operator norm. O

The approximating sequence ¢, can be constructed using the spectral rep-
resentation of the original operator A. If the element ¢ belongs to H_y(A4) then there exists
a certain Borel measure du(A) on R such that

1 14+24 1 too 1 42\ 1
. - e
T A a9 " /_oo pppnb v LG
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and [*2 i‘;gj\l < 00. Consider the spaces H_; _2(A) and H_, _;(4) formed by the elements
from H_,(A) satisfying the following additional conditions [°_ %‘é{ﬁ < ooand f§° ’\‘d“ ’\) <
oo respectively. The following lemma can be proven

LEMMA 7.2 Let p € H (A )\(H_l —2(A ) U H_g,_l(A)) then there exist
two sequences cp, dn, — 00 such, that limy, e f e A2+1dpd( )=

PROOF. The convergence of the integral f - A2 ;dp(A) implies that two

sequences

A 1,2
n/n mu( ),y n=1,2,..

and B \
”/"M ), n=12..

have zero limits when n — oo and have different signs. The sums of hoth sequences are
diverging. It follows that the sequence [, Q%af;z()\) can converge to any real number when
n,m — oo. Consider the approximating sequence of the elements from the Hilbert space
on = B¢, a,)(A)p, where E(A) denotes the family of spectral projectors for the operator
A. The following limit holds A

nl__)oo(@m AT T ﬁp ) =C.
O

The sequence i, will be used in what follows to construct the approximations
of rank one perturbations in the strong resolvent sense.

7.2 Strong resolvent convergence.

We study in this subsection the strong resolvent convergence of the opera-
tors. It has been shown that the difference of the resolvents of the original and the perturbed
operators has rank one. '

THEOREM 7.3 Let A be a selfadjoint operator in the Hilbert space H
and @ be an element from H_1(JA]). Let the sequence p,, € H converge to @ in the norm

_1(JA]). Then the sequence of operators AL = A + alwy,, o, converge to the-operator
Ay = A+ alp, ) in the strong resolvent sense for all z, Sz # 0.

PROOF. Since the { - yyE -} are uniformly bounded it is enough to prove the
weak convergence of the resolvents. Conmder two arbitrary vectors 91,1y from the Hilbert
space. The convergence in the space H_(|A|) implies

S (= = 9a), Y1) = (20)
lm (v, Aiz(%—w»:o. 1)

Moreover the quadratic form of the resolvent converges at the point z = 7 and similarly at
all other points

on) ~ (0,0l <

. 1
[ (n, a-2

z

<2 n =2 s gan (I 0 llagay + 1 @ lfmigap) = 0-
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We have for the difference of the resolvents

/ ! { 1 [
(1, mwl) (10, A, — z%) =

o ( 1 ) 1
= § 7w 3
1+ alp, 759) Aoy
« 1 1
- 'nvw / s nj-
1+a(gon,——A1_z<,an)(A——ZW pilve A7 )

The weak resolvent convergence follows from the formulas (20,21) and the convergence of
the quadratic form of the resolvent. The denominator in the first quotient does not vanish
because &z # 0. The theorem is thus proven. O

THEOREM 7.4 Let A be a selfadjoint operator and ¢ be a functional
from D(A)*. Let o, be any sequence from the Hilbert space converging to ¢ in D(A)* and
let limy, 00 (@n, Zl:—igpn) = ¢. Then the sequence of selfadjoint operators

“2@—

AL = A+ alen, )on

converges to A, in the strong resolvent sense. If limy oo |(£n: 7=@n)| = 00, then the opera-
tors A7, converge to the original operator in the strong resolvent sense.

PROOQOF. The first part of the theorem can be proven using the fact that
the convergence in H_, implies weak convergence of the resolvents and formulas (20,21) hold
for every 71,19 € H. Calculations similar to the ones carried out during the proof of the
theorem 7.3 lead to the result which has to be proven. One has only to take into account
that hmn—»oo(SOm Z’l__zﬁpn) = (e, ',Z[l__z(:a)

Consider now the case where lity o [(n, 7=¢n)| = co. The difference of
the resolvents is the rank one operator

1 1 a (1 ) 1
Ar—z A—z  1+o(en 2500) A-ztm) Ao

The first term on the right hand side of the latter equality converges to zero. It follows that
the difference of the resolvents converges weakly to zero since r=—¢n, and T3 converge to
Al_z/p and Aizgo respectively. 0

Let ¢ € H_g(A)\ (H_1,—2(A)UH_5_1(A)) then it is possible to construct
& sequence of operators converging to A, in the strong resolvent sense according to the
following:

THEOREM 7.5 Let ¢ € H_o(A) \ (H_1,-2(A) UH_s_1(A)) then there
ezist two sequences Cn,dn, — 00 such that @, = E(_, 4.)(A)p determines the sequence
of selfadjoint operators A% = A+ «(pn, )en with bounded perturbations converging to the
perturbed operator Aq = A+ alp, )¢ in the strong resolvent sense.

PROOF. All statements follow easily from lemma 7.2 and theorem 7.4. O

The latter theorem shows how to construct the approximating sequence ¢,
leading to the approximations of the operator A, in the strong resolvent sense.
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7.3 Conclusions.

If o € H_1{|A|) then the sequence ¢, € H converging to i in the H_; norm
defines a sequence of selfadjoint operators converging to the perturbed operator A, in the
strong resolvent sense. If p € H_o(A)\ (H_1_2(A)UH_5 _1(A)) then there exist a sequence
{p, converging to ¢ in the H_, norm such that the sequence of corresponding perturbed
operators is converging to A, in the strong resolvent sense. If p € H_y _o(A) \ H_1(|A]) or
w € H s 1(A)\ H-1(|A]) then every sequence ¢, converging to o in H_; norm defines a
sequence of selfadjoint operators converging to the original operator in the strong resolvent
sense. It follows that not every form unbounded rank one perturbation can be approximated
in the strong resolvent sense by operators with bounded perturbations.

Approximations in the sense of linear operators can be constructed for every
rank one perturbation. If the perturbation is form bounded then every sequence ©, converg-
ing to ¢ in the H_; norm determines a sequence of operators converging to the perturbed
operator in the norm of linear operators. If ¢ € H_5(A) \ H_1(|A]) then one can prove orily
the existence of the approximating sequence.

8 EXAMPLES.

8.1 Perturbations of the first derivative operator.

Consider rank one perturbations defined by the heuristic expression

A, = -}adz-f—aé: %ad;+a(é7-)é‘. (22)

The operator A, can be considered as a rank one perturbation of the selfadjoint not semi-
bounded operator A = %% with the domain D(A) = W4(R). The element 6 defines a
bounded linear functional on Wi(R) due to the embedding theorem. But the element
-6 = ie"*0(z) does not belong to the domain of the operator A. (©(z) denotes here the
Heaviside step function.) The restriction A% of the operator A to the domain of functions
D(A% = { € WI(R) : ¥(0) = 0} has deficiency indices (1,1). Every function ¢ from the
domain of the adjoint operator possesses the standard representation

U(z) = ¥+ ias () O(z) —ia_($)e"O(~1),

where $(0) = 0. Thus the coefficients a. (%) can be calculated from the boundary values of
the function ¢ at the origin
(20) = +ia (1),

Consider the group of the central symmetries of the real line:
Gly=1,G{-1)=J,

(-1 = G(),

where [ and J are the identity and inversion operators defined by the following formulas in
the generalized sense

(If)(z) = f(z);
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(=) = f(==).
The original operator and the functional § are homogeneous with respect to this group
AG() =tG(H) A,

G5 =6

The parameters 3 and + for this problem are equal to —1 and 0 correspondingly. The group
consists of only two elements and the extension of the functional § can be defined using the
parameter f(—1)

1 Lo 1 1

© 1
-1) = —_ 24—6,——-—6='/ By = .
FED =16 agad =G a0 =, TR
It follows that the parameter ¢ which defines the unique homogeneous extension is equal to
1
c= f(-1) — (4, e 16) =0

We are going to keep the same notation é for the extended functional.

It follows from theorem 4.1 that the selfadjoint operator A, corresponding
to the heuristic expression (22) is defined on the domain of functions satisfying the following
conditions

1+1i% ,
a-(y) = 142 i;‘%(@“)-
2

Thus the operator A, is the selfadjoint operator %% defined on the following domain

1+
1—1

D) = { € MR\ (01 5-0) = - Eur0)).
3
The spectral analysis of the operator A, can easily be carried out. The spectrum of each
operator A, is absolutely continuous and covers the whole real line (—o0, +00).
8.2 Dirac operator perturbed by a pseudopotential.
A similar analysis can be carried out for the one dimensional Dirac operator
with the delta potential described heuristically by

4 o
H, = ( S ) +VE (23)
dx

V=yr=| 1 Uz )
Va1 Ugg
where v13, v20 € R,v12 = w57 € C. This family of Dirac operators with pseudopotentials is
described by four real parameters. The original operator

H—/ m —i%
A
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is defined on the two component functions f = (fi, f2) € Lo(R) & Lx(R) from the domain
D(H) = Wi(R)& W, (R). Two delta functions 61, & defined as follows (6;, f) = f;(0);i = 1,2
are bounded linear functionals on the domain of the original operator. The delta function &

is the linear map
§: Wi R)a WH(R) — C?

en=( 1o )

The product of the delta function and an arbitrary continuous function f is equal to

om0 42 )= (028 -

_ ( fl(()O) f;go) > 60,

The heuristic expression (23) can be written as follows

( m  —id > . . z .
H, = g @ | +V diag{(6;,")}6. (24)
—Z% —m
This operator can be considered as a rank two perturbation of the selfadjoint not semi-
bounded original operator H. In accordance with the developed approach we restrict the
original operator H to the domain of functions Ds(H) = {¢ € D(H) : & = 0}. The re-
stricted operator H? has deficiency indices (2,2). The adjoint operator H%* is defined on the
domain WER\ {0}) @ WE(R \ {0}). To determine the perturbed operator, the bounded
linear functionals &; have to be extended to a set of functions-whieh are discontinuousat the
origin. The delta functions are homogeneous with respect to the group of central symmetries
of the real line and the extension we are discussing is uniquely determined by
P CLES S,

This extension allows one to define the perturbed linear operator on the
domain Wi (R \ {0}) ® W (R \ {0}) since the boundary values at the origin of the functions
from this domain are well defined. The domain of the perturbed selfadjoint operator coincides
with the set of all function 1 € Ly(R) @ Lo(R), such that

( mo i )mvaxweLz(R)@LZ(R).

_ZE —T

Let us calculate the distribution

;4 .
f= ( m.o )¢+ VE(z)y

_ZE —m

for any function v from the domain of the adjoint operator Hj. Every such distribution can
be presented in the following form

f=Fei < . ) diag {1y (+0) = ¥1(=0), Yo (+0) — %o ~0)}5+
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1 ) ) o
+5V diag{gn (+0) +91(=0), s (+0) + ¥5(=0)}5,

where f € Ly(R) ® Ly(R). The vector J belongs to the Hilbert space if and only if the
coefficient in front of the delta function ¢ is equal to zero. We get the following boundary
conditions for the function ¥ at the origin:

b2 oeo=(ra(2 4o

These boundary conditions can be written in the form:

$(+0) = Ay (-0); (25)

() (1)
A<2 ;)A:<? {1))

and it follows that the operator H** restricted to the domain of functions satisfying the
boundary conditions (25) is selfadjoint ({5]).

One can show, that
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