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Zero-range potentials with internal structure allow to const-
ruct quantum-mechanical models of various physical phenomena. In
this lecture, we discuss a particular class of operators of this
type, which can be used for description of surface phenomepa in
solid-state phisics.

The concept of zero-range potentials with internal structure
proposed in [1] opens way to construction of new exactly solvable
quantum mechanical models. In the present paper this method is used
to discuss the surface effects, The boundary-contact problem without

internal structure was investigated rigorously earlier by B.P.Be-
linsky [2]. In distinction to the work of Karwowsky [5] who conside-
red the simplest model of a translationally invariant surface, ouxr
method allows to treat the translationally invariant surfaces as
well as periodic structures. Our approach is similar to the method
of Ref. [4], where a similar mathematical construction was applied
to the description of energy-dependent two-body problems in few-body
physics.

The scattering on a surface, described in Sec.I is quite simi-~
lar to the two-particle scattering. The spectrum of the correspon-
ding operator is purely continuous. It consists of two branches :
the branch of the scattered waves and the waveguide branch, which
represents an analogue to bound states. The eigenfunctions corres-
ponding to the first branch describe various processes of transmis-
sion and reflection of the plane waves. We consider here only the
simpleat case of a planar surface, but all the results can be gene-
ralised for an arbitrary shaped surface. Such a generalisation,
however, does not yield an exactly solvable model.
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The presence of a potential barrier ( considered in Sec. 3 )
splits the scattering branch of the continuous spectrum into two
parts.The surface waves described in Sec.2 can propagate with a velo~
c¢ity which differs from the velocity of the "external" waves. At the
same time the waveguide branch of the spectrum changes. The space
anisotropy of the surface modifies the waveguide functions in a ty-
pical way. Sec.4 is devoted to description of a model of a zero-range
defact localised near the surface with an internal structure. In the
last Section we discuss a surface with a periodical structure.

1. Formulation of the problem

Let [ denote a plane in R3,
r = {x—.—(x,y,z) € R3, z_—.O}

Let AO= - A be the self-adjoint Laplace operator in L2(R3) with
the standart domain D(Ao)zwg(R3). We restrict this operator to
cQ BRI,

e
Ano= Al Cp R\

where CZ&QE) denotes the set of all infinitely differentiable func-
tions with a compact support contained in G2, This symmetric opera-
tor has infinite deficiency indices. The boundary form of the ad-
joint operator AOO restricted to the linear set of smooth functions
can be written in terms of the limits of functions and their deri-
vatives taken from the different sides of the plane T:

* +
uy(x,¥) = uy(x,y,=0)
4 2 o
29 (x,3) = 2 %0 (x,7,%0)
°2n

oy

2n

Then the boundary form can be expressed as follows :

<A:ouo"’o> - <“o 'A:o"o>= §§ dx dy{ B‘%} <_‘—’:> +<§§9> m -

- [ %] <:':?9>‘ (%) [:':_O] = Luorvo ]’ (-1
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where :
“ou Duf BuT
. + - (0] (0] 9]
Lol =% =% ) = e
; - Du 1 ut "dul
{vgy =lag + ugd/e Yoy =1 (2%, %%
0 0 <bn > ZQBn +?n )

Tn order to add an internal structure we choose self-adjoint opera-
tors Ai, i =1,2 acting in Hilbert spaces Hi‘ In accordance with
the standart procedure [1], we restrict these operators to symmetric
operators with deficiency indices (1,1). An arbitrary element from
the domain of the adjoint operator A? can be represented in the

io
following form :

where E&G.D(Aio) and w: are basls elements in the deficiency sub-

spaces [l] « The boundary form of the adjoint operator can be des-
cribed in terms of the "boundary'" values u;, s e

L
*
(Byousavs 7 = Luged

Now we can construct symmetric operators with infinite defici-
ency indices. We start with self-adjoint operators defined in the
Hilbert spaces L2(R2, H,) as follows :

2
99 ui ui
( iu)(X,y) - - (_b""z" + b—xz— Y(x,y) + (Aiui)(x’y)

X

:&Ovi> = u;-v—:_ - U.I:I_f = iui’vi‘-\ (1.2)

o(H,) = wa@2,0(a,))

We regtrict these opesrators to the linear set of smooth functions
C°°(R2,D(Aio)). The boundary form of the adjoint operator restricted
to the set of smooth functions can be written as :

¥* * . - _— >
<94)io“i"’i> - <“i’9gio"i> = S§ dx dy (ugv} - ujvy ) = lug,v,]
(1.3)

We shall consider the symmetric operator Sfo acting in the Hilbert
space

L,(B2) ® L,(RZ,H)) ® L,(R%,H,)
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whose elements are denoted by U:(uo,ul,ue) as follow
L o= 9900@5‘[110@3020

This operator has infinite deficiency. The boundary form of its ad-
Jjoint on the set of smooth functions represents a sum of boundary
forms of the opsrators Sqoo, "qlo’ )Q 50 * ‘

<§f:U,v> - (U,Ef:v> =éo [ tes Ve 1°

A
This form vanishes on the domain DS‘ which is determined by the
boundary conditions :

- - - +
[=2] =« Lugl=r v . )
U.I = & < u0> U.E = B <'é:9 >

Thus the restriction of the adjoint operator :f: to the domain Dg’E>
is a below semibounded symmetric operator. We can therefore const-
ruct Friedrichs extention Zfdﬂ of the symmetric operator Sfo.

One can show that ;fqﬁdoes not coincide with the original operator
g0 this Friedrichs extension is not trivial. The spectrum of this
operator is purely continuous. There exist two branches of the con-
tinuous spectrum : the scattering branch and the waveguide branch.,
The external component of the scattered waves can be decomposed into
plain waves of three types :

incoming waves  exp i(k,x) R 5

reflected waves R exp i@k,x)

transmitted waves S exp i(k,x)
(see Pig.l)

where :
T (k k. ) = (ko o,k _,~k_) r
x’ky’z = Xy Tz
Fig. 1
The external component satisfies the following equation :
2
—Au.ozk U.O

The boundary values for the external component are :
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Lugd =é(1+S+R)expi(kxx+kyy)

1uo& = (S-1-R) expi(kxx+kyy)

,’buo\) ikz(l S R) i« )

—— ) = w—— + - e k& X +

n 2 *P Ay w

?u

ib—n—O]= ik, (S ~-1+R) exp i(kxx + kyy) (1.5)

The internal components are assumed to be of the following form :
us (x,5) = £(x,5) vy

whers fewg’loc(r@), us€ Hy o Let f(x,y) be given by
£(xyy) = exp (kX + k)

We obtain the following equations for elements of the internal spa-
ces Hi s

Bigty = (K2 -k -

It follows [ 1] that

2
= Di( kz)

A

where Di are Schwarz integrals of the internal operators 4; on the
deficiency elements Si :

I+/\Ai
D, ( )=<A1_A ei,ei>

+ o+
Substituting ua, u; into the boundary conditions (l.4), we can

calculate the transmission and reflection amplitudes :

(ioL|2 2 ) ik
2D, |(5\2D2 z
S = = 2
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2 1a)° 2
(ik,)® = m=—mm
B 2 2D1 18l D2
s mz > (1.6)
(ik,~ ——) (ik, - —— )
Z on z | p1D,

They fulfil the identity :
IR{Z +)81% =1

The internal components Uys Uy of U can be easily calculated in
terms of the deficiency elements Gi.

Let us investigate now behaviour of the scattering matrics in
the case of a weak coupling between the intermal and external chan-
nels,®—> 0 and A2 —=0. The transmission amplitude S vanishes if

[o)2 2
- - —3 =0
2D, 181D,

The zero lines of this equation in the (k,t) - plane coincide (ap-
proximately) with the zero lines of the function D1/D2 . The
reflection amplitude R vanishes if

|| 1
D

D =
2 T AR (1K@

1

The eigenfunction of this type form the [O,OO) branch of the conti-
nuous spectrum,

The external component of waveguide functions can be found in
the following way : we putb

B* exp(-¥z) exp i(kx + kyy), z>0 , >0
uo(x9y,z) =
B™ exp( %2) exp ikx + kyy), 2<0 )% >0 (1.8)

So the boundary values are

. . _ .
I"bn =~ ( B + B ) exp 1(Kex + kyy)
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du .
0 i ( B™ = BY ) exp i
—_— = - p i(k,x + k_y)
<'bn > 2 X b4

i

1

( BY = B ) exp i(kx + I%y)

]_“o]
1
<u0> -2--(B++B“)exp i(k:gc+kyy)
The conditions (1l.4) now yield
?u Mk
-0
\Bn] D——?l(- y <“o>
[“o]

The constants B+, B~ satisfy the following homogeneous linear system
of equations

.
312 D2('x2)<{:?9 > (1.9)

«? R TICE
(» + )B" + (¥ + = ) B =0
2 Dl 2 Dl

2

2

'\(3|D } D

(1+% 2 ) gt o (14 x LB 72
2

) B =0 (1.10 )

which has a nontrivial solutiom only in the following cases

|q\2
x + =0
2D
\/51\213
14 X ——2 -0 (1.11)
2

The solution of the first equation in (l.ll) gives symmetric wave-
guilde functions while the solution of the second equation gives the
antisymmetric ones. In the weak-coupling case the solutions of the
equations (l.1ll) are near to the zero lines of D, and Dgl, respec—
tively. The waveguide eigenfunctions correspond to the following
branches of the continuous spectrum :

[-ngoo) ’
where ®,; are arbitrary real solutions of one of the equations
(1.11).
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A screen with an internal structure allows us to construct a
resonance transmission of plane waves across the surface. The ex—-
ternal components S00 of the scattering matrix depends on the nor-
mal component of the momentum kz. In this way we can obtain wave-
guide eigenfunctions in this surface model.

2. Velocity of waves in the internal space

In this section we are going to describe a model of the sur-
face with a special internal channel. The velocity of internal
waves is, in general, different from the velocity of the external
ones. Let 491 be the unperturbed internal operator :

2

gQi = - cf A»xy + A
The constants cieR+ are velocities of the internal waves. One can
construct a self-adjoint operator following the procedure outlined
in the previous section.

The spectrum of such an operator is also purely continuous and
all eigenfunctions can be calculated in the same way as in the Sec.l.
The waveguide functions depends on the quasi-momentum t:(tx,t ) and
the same is true for the energy A . One can easily obtain the dis-~
persion equations :

2
X-3
S 2.1
( ) ¥ 3 Dy (A -¢§ ) @1
2 2.2
Dg( N = t
1+ (A - t2 ) Il 2( 1 ) =0 (2.2)

2

Let us investigate the solution of these equations in the case of
weak coupling between the external and internal channels, There are
two different cases to be distinguished

1) ci>IL

2) c;<1

In the first case all energy bands are finite while in the second
case they are infinite. We shall prove this result graphically using
Fig.2 . Zero lines of the Schwarz integral D1(—c$t2) are para-
bolas A - c% t2 = const denoted by the dotted lines. In the
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case %1> 1 , the parabolas of this family intersect the parabola
A =t€ or lie ingide it (Fig.2a)., If ¢, < 1 then the parabolas lie
in the exterior of the parabola A= t2 or intersect it (Fig.2b).

Solutions to the equations (2.1), (2.2) are situated near the
zero lines of the Schwarz integrals in the region A< tz. They are
denoted by full lines on the figures. The projection of the solu-
tions on the energy axis yield the spectral bands of the correspon-
ding operator,

t A=t?
— e —— s e — e — Di:m
PR 7 e
/ 7~
N \\\ X
~_ S N
Fig.2a P .-
O 7 _ =777
t ./‘ ’// 2
Lo A=t
- Q
s
/ //
i { —
\. \
Y A
N N
~
N
\.
3 ~
Fig.2b C—NRn

The simplest generalisation of this meodel is connected with the
space anisotropy of the surface. Suppose that the unperturbed inter-
nal operator 90 i is of the form :

2~52 752
#. = = O, —1 - 0.2 —-2 + A.
L 1Xbx 1y bx 1

In the case °ix=°iy’ the diagrams on Fig.2 become three-~dimensional.
Solutions to the corresponding equations lie near the zero surfaces

of the functions Dl( A - cli ti - c1§ t§ ) and
-1 2 .2 2 .2
Dy (A - Coy - Coy ty )
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The picture is symmetric with respect to the energy axis. The wave-
guide functions can propagate nearly in a particular direction
in one of the following cases :

Cix >> ciy or Cyx < ¢

iy
The corresponding energy bands are infinite if in some direction
the velocity of the internal wave is less than the velocity of the

external one .

3. Surfaces with a potentigl barrier

Suppose now that the external unperturbed operator is of the
form o=~A4+ q(z), where

0, 2>0
a(z) = {
-4, 2<0

For some A >0 we can construct the internal structure in the same
way as in Sec.l. The mwmodel is now nonsymmetric with respect to the
plane T. Consequently the scsttering matrices are different in the
positive and negative z-axis directions, (S*,R*) and (S7,R”) res-
pectively,

The external component of the scattered waves have the same
form, as in the previous cases but the momenta of the incoming and
transmitted waves are different. If we have an incoming wave of a
momentum k' = ( k&,k&,ké ), k2 >0 the reflected wavezhas the momen
tum T k' and the transmitted one k = ( k&,k}, k)™ - A ). If

k; - A <0, then the transmitted wave is damped. The standard pro-
cedure gives us the followingzresults :
ftl
2 ik! ( — - )
Z 2
o 2D, IplD,
ik - 2y (e SRR Giet= 2y (i 2 )
z- o ANy 2T T 2= T 2
2 Dy 117D, 2D 13\°D,
- 0 G ) + (i | %) o —)
ik = =) (ik!+ + + —) (ik -
ot Z 2D 2 1pl1°Dy N 2 181D,
= 2 2
potd ol 2

. R : » .
(k= —) (lkjm —=) + (ikj- = ) (ik,- -—-25-)
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One can check directly that R' =1 holds for k;<< A; in this case

the incoming wave is totally reflected by the potential barrier.

The eigenfunctions of this type form the waveguide branch
|-4,00) of the continuous spectrum.

The scattered waves corresponding to the normal component of
the incoming wave kz‘<0 can be described in the same way :

2 2
2 ik_ ( - LZL_
- 2 @Pp, 2D,
5= ) P
(ke S0 (dhye ) + (gt o) (ikls )
'+ + + + i +
> 201 % 1piD, > 2 2 \pi°D,
2 .
g 20y (e —2y + e S5 e 2
ik!+ ik - + (ik = ) (ik!+
_ 22D Z @D, 2 21 % \piD,
R = 7
(e Sy (g ) + (gt ) (1K )
2t ot =) + gt =) (ikl+ e
2Dy e 2Dy |A\°D,

These eigenfunctions form the branch }0,°0) of the continuous spec=
trum.

=12 2 +
If — i — = 0 then the transmission amplitudes S~ are
2D |pl™D,

equal to zero., while the moduli of the corresponding reflection am=-
plitudes are equal to one.

The waveguide functions can be constructed in the standard form

BY exp(-x2) exp 1(k,x +ky¥) 5 250 »,% >0

' 2

uo(xvy,z) =§ - s
B™ exp(+x3z) exp i(kxx +kyy) y 2<0 2 =\ -4

One can easily obtain the following dispersion equations :

. lo<l2

2 X +X+ 2 me—

13\ D2 2 Dl
2 |o<\2

28X +(2 +%) e
Dy
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) tmiaDa
2+ (®+x)

Thus the potential barrier splits the scattering bvranch of the
spectrum into two parts |-4,>) and \O,OO) and changing at the
same time the waveguide branch.

4, A zero-range defect near the surface

D)

Let us restrict the self-adjoint operator g of the section

1 to the linear set of smooth functions vanishing in a neighbourhood
of a point (0,0,-zo), z2,> 0. The obtained symmetric operator Eftf
0

has the deficiency indices (1,l). The external component of an ele-—
ment from the domain of the adjoint operator (I, )" has the follo-

0

wing asymptotic behaviour in a neighbourhood of the point z
+
Yo

4WR1

o *

uo(x,y,z)rv + ua + O(Rl)

where Rlz (x,y,z+zo) « The boundary form of the adjoint operator
can be written in the standard way

s 3 ¥ — — -
<§fzo u, vy - {u, : V) = usvh - ubvn o=(ouvlex D

The deficiency element G(k) corresponding to the spectral parameter
k=J N s Im k>0 , has the external component of the following type:

exp 1kR, ~
+ G s 2<0
4Ry °
G. -
O - o~
GO sy 220
~ exp ile
where GO is the result of scattering of the spherical wave
43TR
: 1

on the surface with the internal structure. The unknown function GO
can be calculated with thefgelp of the following expansion (see[5])

siee 27
exp ile ik .
-ZE;EI—- = 552 de dy exp l(kxx+kyy+kz(z+zo)) sin &, 2> 2z

0 [¢]
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where kx = k sin & cos ¥ k, = k cos ©

ky = K sin & cos Y
Plane waves coming to the surface stimulate reflected and transmit-
ted waves. The formulas (1l.6) are valid in the case of damped waves
too, because al;\?he functions involved are snalytic in the upper

semiplane, For GO we get the following expressions :
the reflected wave

~ ik

GO = g;;z % de g dy exp 1(kxx+kyy—kz(z—zo)) R(k cos o) sin o
the scattered wave

~ ik ’ ] _

Gy = g};z de dy¥ exp 1(kxx+kyy+kz(z+zo)) S(k cos &) sin s

where S and R are the transmission and reflection amplitudes intro-
duced in Sec.l. Symmetry of the model allows us to transform these
expressions to %+

~ ik
G =  o— H(l) (kR' sin o) exp(=ik(z-z )cose)R(kcose)sine de
0 8?7 0 o]
]
and -572-(-'\00 R =|(X.Y,Z-Z°)|
¢S HA"/ (kR sine) exp(ik(z+z )cose) S(kcose) sino de

The internal components can be easily calculated in the same way,

The boundary values GB, Ga for the deficiency element are the fol-

lowi : -
owing Yoo
- ik
Gt =1, G.=— (1 + \exp(ik cose 2z ) R(k cose) sine de )
(o] 0 45 o]
0

The asymptotic behaviour at infinity can be investigated by the
method of Brechovskich [5] . If we fix a direction specified by an
angle e, then

~ exp ikR e e
Gy ~ ——"' R(kcose) , o €]-Z, %]
0 puse
4flR1 2 2
~ exp ikR e 3 -
Gy ™ —— 1 S(k cose) , ® € \ﬁ, - TTX
4TRy 2 2

This deficiency element is the kernel for the external component of
the resolvent of the self-adjoint operator described in Sec.l .
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In order to construct the zero-range potentigl with an inter-
nal structure, let us choose a self-adjoint operator A, acting in
the Hilbert space H3. We shall restrict it to a symmetric operator
A  with deficiency indices (1,1). The boundary form can be exp-
ressed in a standard way :

* * R S in
(ago ugs v ) = (upbiovsy =05 v3 - vy = lugv, 17 )
Next we define the symmetric operator NO=:1:$ @>A3O acting in the

o
Hilbert space L2(R3)@L2(R2,Hl)eLz(Ra,Ha)eH3 Tts deficiency indices
are (2.2), boundary form is the sum of the boundary forms :

. _ i
<N§ v, v> - v, 5 v) =1u, v]ex + Lugyvy ] °

We can define the sought self-adjoint operator by restricting the
adjoint operator Ng to the linear set specified by the boundary con-
ditions :

+ +
lJ.O =% U.E
-u5 = Y uo

The continuous spectrum of N, consists of eigenfunctions of two
types, the scattered waves and waveguide functions. The external
components of all eigenfunctions of the continuous spectrum can be
expressed in the following form :

B = ud (V) + 9 6y(2)

4
where u, () are the eigenfunctions of the self-adjoint operator
X™* ., The boundary values of such function are the following :

4 H . .
1) ug -0 uy = = exp-ik,z + R exp ik,z_  , k, >0
£ -
Uy =95 exp—ikzz0 ’ kz< 0
=4
2)u+=0 z"__-
0 By = B exXpaz

Hence we can calculate the amplitude ¢ from the boundary conditi-
ons and from the standard correlation between the boundary values
of the internal c¢omponent

t=
Wi

= DZ(A)

ol

where D3 is the Schwarz integral of the operator A3 .
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The amplitude ¢ Qj expressed as follows
w1l =
0

§ =2 Dy(N\) G + G

0

The external components of the scattered waves has the following
asymptoties at infinity

exp ile

B~ ad () + 2(Fe)

1
where I
f(k,98) =9 R(k cose), °€1§" -2-?71

£(k,0) S(k cose), 96{_ 5‘.'7, "Z]

and the function f(E,o) is the scattering amplitude.

The eigenvalues of the discrete spectrum correspond to soluti-
ons of the equation :

Gy D (M)
[¢] - - >
g 3

In the case of weak coupling, ¥ — O , the eigenvalues are situated
near the negative zeroes of Q3(X ), while all positive solutions
of this equation correspond to resonances.

5. A periodic structure on the surface

There are different ways how to construct such a periodic
structure within our approach. One can choose the internal operators
Ai dependent on the point (x,y) of the surface in some periodic way.
One can add also a periodic potential g(x,y) into the definition of
the operator 591 H

sqi = 'Axy + Ay o+ g(x,y)

We are going to investigate here the simplest exactly solvable model.
We can replace the constants oL and /2 in the boundary conditions
(1.4) by arbitrary periodic smooth functions a(x,y) and b(x,y) .

Let a, b be the following exponential functions

a(x,y) = o exp i(p) X + Pyy¥)
b(%,5) > eXp 1(PyyX + Doy¥)

it
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Let usg investigate the spectrum of the waveguide functions. The
external components constructed in a standard way :

Bt exp-wrz exp i( X+ tyy ) z2>0

u.(x,5,2) = § -
or e B exp ®z exp i( t.x + tyy )y z<0

From the boundary conditions we get that the constants B+, B” sol-
ve the standard homogeneous system :
2 2
| b o -
% + \ 2)B++(3?+ 2)B:O
2 Dj( N = (t = p)9) 2 Dy (N =(t-py))
2 2 2 2
131DoC N =(5-P5) %) 1BIDL (A =(5=p) )
(1+% 2 27 7y Bf - (14w 2 2.0y 3" = 0
2 2

The system has a nontrivial solution only if
2
p o)

+
2 Dy( N\ =(t=p;)

X 3

131%Dp (N =0 ) D)
- -

1+ 2

Let us investigate the solutions of the first equation which lead

to symmetric wavefunctions. The real solutions can be localised only
in the region N < £2 (see Fig.3) because e :\Jtz— N . In the

case of weak coupling between the external and internal channels, the
solutions lie near the zero surfaces of Dl(;\—(t~p)2) (marked by the

Fig.3
dashed lines ), which are parabolas of the following type :
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A=(t -p )2 = const

These parabolas are symmetric with respect to the axis t=p. Thus the
branches of the solutions are infinite (marked by the full line),
and they are not symmetric with respect to the energy axis.

If a waveguide function propagates in some direction, there is
no waveguide function of the same energy propagating in the opposite
direction. The same is true for the antisymmetric functions.
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