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Zero-range potentials with internal structure allow to const- 

ruct quantum-mechanlcal models of various physical phenomena. In 

this lecture, we discuss a particular class of operators of this 

type, which can be used for description of surface phenomena in 

solid-state phisics. 

The concept of zero-range potentials with internal structure 

proposed in Ill opens way to construction of new exactly solvable 

quantum mechanical models. In the present paper this method is used 

to discuss the surface effects. The boundary-contact problem without 

internal structure was investigated rigorously earlier by B.P.Be- 

linsk~ [ 2]. In distinction to the work of Karwowsky [3] who conside- 

red the simplest model of a translationally invarlant surface, our 

method allows to treat the translationally invariant surfaces as 

well as periodic structures. Our approach is similar to the method 

of Ref. [ @], where a similar mathematical construction was applied 

to the description of energy-dependent two-body problems in few-body 

physics. 

The scattering on a surface, described in Sec.I is quite simi- 

lar to the two-particle scattering. The spectrum of the correspon- 

ding operator is purely continuous. It consists of two branches : 

the branch of the scattered waves and the waveguide branch, which 

represents an analogue to bound states. The eigenfunctions corres- 

ponding to the first branch describe various processes of transmis- 

sion and reflection of the plane waves. We consider here only the 

simplest case of a planar surface, but all the results can be gene- 

ralised for an arbitrary shaped surface. Such a generalisation, 

however, does not yield an exactly solvable model. 
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The presence of a potential barrier ( considered is Sec. 5 ) 

splits the scattering branch of the continuous spectrum into two 

parts.The surface waves described in Sec.2 can propagate with a velo- 

city which differs from the velocity of the "external" waves. At the 

same time the wavegaide branch of the spectrum changes. The space 

anisotropy of the sumface modifies the waveguide functions in a ty- 

pical way. Sec.4 is devoted to description of a model of a zero-range 

defect localised sear the surface with am internal structure. In the 

last Seotios we discuss a surface with a periodical structure. 

i. Formulation of the problem 

Let ~ denote a plane in R 3, 

r = ~x=(x,y,z) CR', z=O} 

Let AO= -• be the self-adjoint Laplace operator in L2(R 3) with 

the standart domain D(Ao)=W2(R3). We restrict this operator to 

c 2 (~3\F), 
Aoo= ~eP c~(~3\F) 

where CO(~ ) denotes the set of all infinitely differentiable func- 

tions with a compact support contaised in ~-~. This symmetric opera- 

tor has infinite deficiency indices. The boundary form of the ad- 

joint operator AO0 restricted to the linear set of smooth functions 

can be written in terms of the limits of functions and their deri- 

vatives taken from the different sides of the plane ~ : 
+ 
Uo(X,y) = Uo(X,y,±o) 

+ + 

-aUo (x,y) = "~ Uo (x,y,+-o) 

Then the boundary form can be expressed as follows 

( oo o,Vo>-<oo , ooVo}= II 

-[oo]. <Oo 

[-~ U_O ] .... 

f L~";J < Vo'; 

[ ~o,Vo-] -~ 

÷ <~ U_mo 
~o > [Vo] - 

(T.I) 
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where : 

u o ~u; ~u o 
[ u o] u; - u o i~T ~ %n ~ 

< Uo> :(Co ÷ Uo)i~ 

In order to add an internal structure we choose self-adjoint opera- 

tors Ai, i = 1,2 acting in Hilbert spaces H i . In accordance with 

the standart procedure [i], we restrict these operators to symmetric 

operators with deficiency indices (1,1). An arbitrary element from 

the domain of the adjoint operator Ale can be represented in the 

following form : 

+ w i u~ w i 
ui = ui + + - + ~i 

where u~i6~ D(Aio) and w ~ + are basis elements in the deficiency sub- 
m 

spaces [ 1] . The boundary form of the adjoint operator can be des- 

crihed in terms of the "boundary" values u +, u[ : 

* ~ -- + v-~[ < AioUi.vi > - <ui,AioVi b : ~ vl - ui --- i ui (1.2) ~V i 

Now we can construct symmetric operators with infinite defici- 

ency indices. We start with self-adjoint operators defined in the 

Hilbert spaces L2(R 2, H~) as follows : 

"~2ui -82u i D 
(Y~iu)(x'Y) " - (~x = + 35~ )(x,y) + (Aiui) (x,Y) 

We restrict these operators to the linear set of smooth functions 

C~°(R2,D(Aio)). The boundary form of the adjoint operator restricted 

to the set of smooth functions can be written as • 

(1.3) 
symmetric operator ~0 acting in the Hilbert We shall consider the 

space 

L2(R3) @ L2(R2,H l) ® L2(R2,H 2) 
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whose elements are denoted by U=(Uo,Ul,U 2) as follow 

~o: ~oo* RlO*~o 
This operator has infinite deficiency. The boundary furm of its ad- 

joint on the set of smooth functions ~epresents a sum of boundary 

forms of the operators 3~00' J~ I0' ~ 20 : 

• ~ . ~ 7 ~ <~o~,V~ - <~,~oV~ : z [ u~, v~ J 
~t=O 

This form vanishes on the domain DO ~ which is determined by the 

boundary conditions : 

transmitted waves S exp i(k,x) 

(see Fig.l) 

where : 

-~ UO~ 

o~+ : ~ < u ° > ~; : ~ <~oOo 
Thus the restriction of the adjoint operator T 0 to the domain D O 

is a below semibounded symmetric operator. We can therefore const- 

ruct Friedrichs extention ~ of the symmetric operator ~0" 

One can show that ~does not coincide with the original operator 

so this Friedrichs extension is not trivial. The spectrum of this 

operator is purely continuous. There exist two branches of the con- 

tinuous spectrum : the scattering branch and the waveguide branch. 

The external component of the scattered waves can be decomposed into 

plain waves of three types : 

reflected waves R exp i(~k,x) 

/ 
~(kx,~,k z) : (kx,b,-k ~) 

Fig. i 

The external component satisfies the following equation : 

-~ u 0 = k 2 u 0 

The boundary values for the external component a r e  : 
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<Uo> =~(1+s+R) exp,O,x~+Sy) 

[Uo~ = (S-l-R) ~xpi(kxX+ 5/) 

-'0 u 0 ~ ik z 
: -- ( 1 + S - R ) exp i(kxx + ~y) 

<"On 2 

1 "%-u0] = ik z ( S - 1 + R ) exp i(kxx + kyy) 
Dn 

(1.5) 

The internal components are assumed to be of the following form : 

ui(x,y) = f(x,y) u i 

where f~W2 loc(R2) , uig H i . Let f(x,y) be given by 

f(x,y) = exp i(kxX + By) 

We obtain the following equations for elements of the internal spa- 

ces H i : 

2 
AioUi : ( K 2 _ ~ - ~ ) U i = k z u i 

It follows [i] that 

u[ 2 ) 
u~ Di( kz 

where D i are Schwarz integrals of the internal operators A i on the 

deficiency elements C~ i : 

Di( ) = O 5 

+ + 
m 

Substituting Uo, u i into the boundary conditions (1.4), we can 

calculate the transmission and reflection amplitudes : 

S = 

(Io~12 2 

2D I - ~ ) ik z 

lod 2 2 
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R = 

(ikz)2 lal 2 2 

2D I I~-~ 2 

2 
(ikz i~IE) (ikz 

2D I ~-~2 ) 

They fulfil the identity : 

IRi 2 + Isl a : 1 

(1.6) 

The internal components Ul, u 2 of U can be easily calculated in 

terms of the deficiency elements ~i" 

Let us investigate now behaviour of the scattering matrics in 

the case of a weak coupling between the internal and external chan- 

nels,a--'O and ~--~0. The transmission amplitude S vanishes if 

I~I 2 2 

-- ~ 2  = 0 2D 1 

The zero lines of this equation in the (k,t) - plane coincide (ap- 

proximately) with the zero lines of the function DI/D2-- . The 

reflection amplitude R vanishes if 

I~I 2 1 
D 1 D 2 = 

(ikz)2 

The eigenfunction of this type form the ~0,oo) branch of the conti- 

nuous spectrum. 

The external component of waveguide functions can be found in 

the following way : we put 

Uo(X,y,z) 
B + exp(-~z) 

B- exp(~z) 

exp i(kxX + kyy), z>0 , ~>0 

exp i(kxX + kyy), z<O~>Q (1.8) 

So the boundary values are 

i ~Uo~ expi( +kyy) 
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<%U 0 > = "~e ( B- - B + ) exp i(kxX + kyy) 
7~n 2 

[ Uo] 

Uo 

_- ( B +-B-) e~pi(kxX+ 5y) 

1 
...... ( B + ÷ B- ) exp i(kxx + kyy) 

2 

The conditions (1.4) now yield 

~ -~ u 0 I~ 2 

[Uo] 
The constants B +, B- satisfy the following homogeneous linear system 

of equations 

l~l 2 I~ 2 

(~ + ) B + + (~+ ) B-:O 
2 D I 2 D 1 

~3i2D2 ~ ~2D 2 
( l + ~ - - )  B+-( i+ ~ - - )  B-=O (l.lO) 

2 2 

which has a nontrivial solution only in the following cases 

L~ 2 
+ = 0 

2 D 1 
~2D 2 

I+ ~( '' =0 
2 

(1.n) 

The solution of the first equation in (i.Ii)gives symmetric wave- 

guide functions while the solution of the second equation gives the 

antisymmetric ones. In the weak-coupling case the solutions of the 

equations (1.11) are near to the zero lines of D 1 and D21, respec- 

tively. The waveguide eigenfunctions correspond to the following 

branches of the continuous spectzum : 

[_~2,~) , 

where ~i are arbitrary real solutions of one of the equations 

(l.n). 
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A screen with am internal structure allows us to construct a 

resonance transmission of plane waves across the surface. The ex- 

ternal components Soo of the scattering matrix depends on the nor- 

mal component of the momentum k z. In this way we can obtain wave- 

guide eigenfunctions in this surface model. 

2. Velocity of waves in the internal space 

In this section we are going to describe a model of the sur- 

face with a special internal channel. The velocity of internal 

waves is, in general, different from the velocity of the external 

Let 9~ i be the unperturbed internal operator ones. 

2 ~ + Ai i = - ci xy 

The constants ciER + are velocities of the internal waves. One can 

construct a self-adJoint operator following the procedure outlined 

in the previous section. 

The spectrum of such an operator is also purely continuous and 

all eigenfunctions can be calculated in the same way as in the Sec.l. 

The waveguide functions depends on the quasi-momentum t=(tx,ty) and 

the same is true for the energy ~%. One can easily obtain the dis- 

persion equations : 

- (~-t 2) + = o (2.1) 
2 DI( h-c~ t a) 

-l+ (A- t 2) i~12D2(h- c~ t a) : o (2.2) 

Let us investigate the solution of these equations in the case of 

weak coupling between the external and internal channels. There are 

two different cases to be distinguished 

i) c i > I 

2) c i< 1 

In the first case all energy bands are finite while in the second 

case they are infinite. We shall prove this result graphically using 

Fig.2 . Zero lines of the Schwarz integral D1(-c~t z) are para- 

bolas ~ - c~ ~ t 2 = const denoted by the dotted lines. In the 
& 
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case ~> 1 , the parabolas of this family intersect the parabola 

=t or lie inside it (Fig.2a). If Cl< i then the parabolas lie 

in the exterior of the parabola ~= t 2 or intersect it (Fig.2b). 

Solutions to the equations (2.1), (2.2) are situated near the 

zero lines of the Schwarz integrals in the region ~ < t 2. They are 

denoted by full lines on the figures. The projection of the solu- 

tions on the energy axis yield the spectral bands of the correspon- 

ding operator. 

t ~ , : t  2 

f ~ - - - D , :  0 D,: co 
/- 

/ 

" - - - - ~  L:__- L-- Z-- L 

Fig.2a .o o /.I" __ 

t / ~ 2  
/.-;(3 

// / o, 

Fi~ ;. 2b ~ . ~  
The simplest generalisation of this model is connected with the 

space anisotropy of the surface. Suppose that the unperturbed inter- 

nal operator ~i is of the form : 

~2 ~2 
2 c.2 

In the case cix:Ciy , the diagrams on Fig.2 become three-dimensional. 

Solutions to the corresponding equations lie near the zero surfaces 
2 2 2 2 ) and of the functions Dl( ~ - Clx t x - Cly ty 

2 2 2) D~I( ~ - c2x t x - o~ ty 
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The picture is symmetric with respect to the energy axis. The wave- 

guide functions can propagate nearly in a particular direction 

in one of the following cases : 

cix >> Ciy or Cix << Ciy 

The corresponding energy bands are infinite if in some direction 

the velocity of the ioternal wave is less than the velocity of the 

external one 

3. Surfaces with a potential barrier 

Suppose now that the external unperturbed operator is of the 

form ~ 0 = - ~ + q(z), where 

q(z) : ~ O, z>O 

I -A, z < 0 

For some A)O we can construct the internal structure in th~ same 

way as in Sec.1. The model is now nonsymmetric with respect to the 

plane F. Consequently the scattering matrices are different in the 

positive and negative z-axis directions, (S+,R +) and (S-,R-) res- 

pectively. 

The external component of the scattered waves have the same 

form, ms in the previous cases but the momenta of the incoming and 

transmitted waves are different. If we have an incoming wave of a 

momentum k' = ( k'x,~y,~' k'z )' kz' • 0 the reflected wave has the momen- 
, , 2 turn Tk' and the transmitted one k = ( ~,~, k'v - A ). If 

k~ - A <0, then the transmitted wave is damped. The standard pro- 

cedure gives us the following results : 
i~2 2 

2 ik~ ( ~ )  
2 D 1 

S÷= 2 ' ' 

(ikz-i'~,i) (ik~-~)+ (ik~-'~!,)(ik z- 2 
2 ]~l I ~D2 ) 

I ,x l  2 2 I 412 2 
( ik z- ) ( ik~+ ik~+ ( ik z- 

R+ = 2 D 1 ,,, t ) + (  ) . . . . .  D1 

(ik z- I~(12,, (ik~- 2 l~I 2 2 
D1 ) ~l ~2"T) + (ik~ .... ) (ik z- 

2 D 1 ~u~,_2 ) 2 
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One can check directly that R + = I holds for k~ < A; in this case 

the incoming wave is totally reflected by the potential barrier. 

The eigenfunctions of this type form the waveguide branch 

~-A,oo) of the continuous spectrum. 

The scattered waves corresponding to the normal component of 

the incoming wave k z <0 can be described in the same way : 

2 l~l 2 

2 ik z ( ~D2 2 D 1 ) 

I~ I  2 2 I ~ 12 2 
- )  ( ikz+ + ( i k z +  , ) (ik~+ 

2 
I~ 2 l~l 2 2 

(ik~+ ..) ( ik  z-  ,~--/,27n) + ( ik  z- ) (ik~+ 
2 D1 ',-'-a , 2 D 1 ~[s, u2 ) 

R- = 
i~I 2 2 I ~I 2 2 

(ik~+ .... (ikz+ (ikz+ ) (ik~+ 

These eigenfunctions form the branch ~0, co) of the continuous spec- 

trum. 
J~l 2 2 + 

If ~ = 0 then the transmission amplitudes S- are 
2 D1 I~ I~D2 

equal to zero. while the moduli of the corresponding reflection am- 

plitudes are equal to one. 

The waveguide functions can be constructed in the standard form 

I 
B exp(-~z) exp i(kxx +kyy) , z>O 

Uo(X'Y'Z) = B- exp(+~('z) exp i(kxX +~y) , z<O 

• I 

~,~ > 0 

~ =~-2~-A 

One can easily obtain the following dispersion equations : 

+~(+ 2 
I~12D2 2 el 

r 2 2~+(~ +~') I°(12 

2 D 1 
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~%~12D2 
~+~'+ 2~ 

I~I 2 2 

2 n I 2 + (~+~') ~2D2 

Thus the potential barrier splits the scattering branch of the 

spectrum into two parts I-A, °°) and I0, °°) and changing at the 

same time the waveguide branch. 

4. A zero-range defect near the surface 

Let us restrict the self-adjoint operator of the section 

1 to the linear set of smooth functions vanishing ina neighbouzhood 

of a point (0,0,-Zo), Zo> 0. The obtained symmetric operator z 
O 

has the deficiency indices (1,1). The external component of an ele- 

ment from the domain of the adjoint operator (~fz~) * has the follo- 
o 

wing asymptotic behaviour in a neighbourhood of the point z o : 
+ 

u0(x,y,z ) ~ u~ 0 + u 0 + o(R I) 
4~ R 1 

where Rl= (x,y,z+z o) . The boundary form of the adjoint operator 

can be written in the standard way 

o o 

The deficiency element G(k) corresponding to the spectral parameter 

k=J-~ , Im k>O , has the external component of the following type: 

i exp ikR I + G o , z<O 
4qTR 1 

GO= G0 , z>O 

exp ikR 1 
where G O is the result of scattering of the spherical wave 

~R 1 
on the surface with the internal structure. The unknown function G O 

can be calculated with ths help of the following expansion (seeC5]) 
~-~ 2~ 

exp ikR 1 i8~ 1 
- de d~ exp i(kxX+~y+kz(Z+Zo)) sin ~, z.> z 

#~RI o 
o o 
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where k x = k sin e cos ~ k z = k cos 

ky = k sin e cos b ° 

Plane waves coming to the surface stimulate reflected and transmit- 

ted waves. The formulas (1.6) are valid in the case of damped waves 

too, because all the functions involved are analytic in the upper 

semiplane. For G O we get the following expressions : 

the reflected wave 

ik 
G O = I de I d~ exp i(kxX+kyy-kz(Z-Zo) ) R(k cos ,) sin e 

the scattered wave 

ik 1 
G O = 8~ 2 de I d~ exp i(kxx+~y+kz(Z+Zo)) S(k cos e) sin e 

where S and R are the transmission and reflection amplitudes intro- 

duced in Sec.1. Symmetry of the model allows us to transform these 

expressions to w/2 Loo 

= H (kR' sin ~) exp(-ik(Z-Zo)COSe)R(kcose)sin~ d~ 
GO 8~T 

and -'~/2 + L~o R' = I (x,y, z-z o) I 

ik I (01)(kRlsine) exp(ik(z+Zo)C°Sg) S(kcose) sino de G O = -- H 
8~ 

The internal components can be easily calculated in the same way. 

+ G O for the deficiency element are the fol- The boundary values GO, 

lowing : ~7/2 ~ ° 

- ik 1 G + = 1 , G O = ~ ( 1 + exp(ik cose 2z o) R(k cose) sine de ) o 4~ 

0 

The asymptotic behaviour at infinity can be investigated by the 

method of Brechovskich [5] • If we fix a direction specified by an 

angle e, then 

exp i~ l ~_ ~ ] 
G o ~ R(k cose) , e E ~- , 

4~Y R 1 2 2 

exp l 3 
GO 4 S(k cose) , e C- ~2' - f~ 

4~N 1 2 
This deficiency element is the kernel for the external component of 

the resolvent of the self-adjoint operator described in Sec.1 . 
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In order to construct the zero-range potential with an inter- 

nal structure, let us choose a self-adjoint operator A 3 acting in 

the Hilbert space H 3. We shall restrict it to a symmetric operator 

A o with deficiency indices (l~l). The boundary form can be exp- 

ressed in a standard way : 

("3o ~3, v3) - ~°3,~3o'3) -- °; ~v3 - °3 v; =_ ~3,~37 ~° (~.~) 

we define the symmetric operator N0=~z 5 ~ A30 acting in Next the 
o 

Hilbert space L2(R3)@L2(R2,H1)@L2(R2,H2)~3 .Its deficiency indices 

are (2.2), boundary form is the sum of the boundary forms : 

in ~, ~'~ _ ~.~, ~,; ~? _- I~, ~ ] e ~  ~ , . ~ ?  

We can define the sought self-adjoi~t operator by restricting the 

adjoint operator ~; to the linear set specified by the boundary con- 

ditions : 
+ + 

u 0 = ~ u 3 

-u  7 -_ ~ uo 
The continuous spectrum of N~ consists of eigenfunctions of two 

types, the scattered waves and waveguide functions. The external 

components of all eigenfunctions of the continuous spectrum can be 

expressed in the following form : 

U~o(~) :Uo~(,~) +9%(,~) 
where UO ~ (~) are the eigenfunctions of the self-adjolnt operator 

~ . The boundary values ~ of such function are the following : 

l) u ~ + = 0 u~" = exp-ikzz o + R exp ikzZ o , k z~0 o 

u 0 = S exp-ikzz o , kz<O 

2) u0 ~+ : 0 ~- : B- exp~z o 

Hence we can calculate the amplitude ~ from the boundary conditi- 

ons and from the standard correlation between the boundary values 

of the internal ee~nemt 

u; 

J 

where D 3 is the Schwarz integral o f  t h e  o p e r a t o r  A 3 . 
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The amplitude ~ js _ expressed as follows 

-u 0 
÷ 

D3( G O + 

The external components of the scattered waves has the following 
asymptoties at infinity 

exp ikR 1 u~(~) ~ -  u o ( > ~ )  + f(~,e) 
~- R 1 

where f(k,~) =~R(k cose), eCI~ , 3~ 12 

f(k,e) = S(k cose), e~I- 5T2, 2] 

and the function f(k,~) is the scattering amplitude. 

The eigenvalues of the discrete spectrum correspond to soluti- 
ons of the equation : 

In the case of weak coupling,~-~ 0 , the eigenvalues are situated 

near the negative zeroes of D3(k ), while all positive solutions 
of this equation correspond to resonances. 

5. ~ periodic structure on the surface 

There are different ways how to construct such a periodic 

structure within our approach. One can choose the internal operators 

A i dependent on the point (x,y) of the surface in some periodic way. 

One can add also a periodic potential g(x,y) into the definition of 
the operator ~i : 

~i = -Axy + Ai + g(x,y) 

We are going to investigate here the simplest exactly solvable model. 

We can replace the constants ~ and /3 in the boundary conditions 

(1.4) by arbitrary periodic smooth functions a(x,y) and b(x,y) . 

Let a, b be the following exponential functions 

a(x,y) = c~ exp i(PlxX + PlyY ) 

b(x,y) = ~ exp i(P2xX + p2~y) 
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Let us investigate the spectrum of the waveguide functions. The 

external components constructed in a standard way : 

I B exp-~z exp i( txX + tyy ) , z>O 
Uo(X,y, z) = 

B- exp ~z exp i( txX + tyy ) , z<O 

From the boundary conditions we get that the constants B +, B- sol- 

ve the standard homogeneous system : 

2 2 

i~l B + I~I (~+ , ) + (~+ ) B-= 0 
2 Dl( ~ - (t - pl) 2) 2 Dl( -'[t-Pl)2i 

I ~12D2 ( ~ -(t-P2)2 ) 
(I+~ 

2 

The system has a nontrivial solution only if 
icx~ 2 

~ +  . . . . . . .  0 
2 DI( h -(t-Pl )~) 

i ~i2D2 ('~-(t-P2)2) 
i+ ~ = 0 

2 

%i2D2( ,~ _(t_P2 ) 2)) 
) B + - (i+~- B- = 0 

2 

Let us investigate the solutions of the first equation which lead 

to symmetric wavefunctions. The real solutions can be localised only 

in the region h ( t 2 (see Fig.3) because ~e =~-~- ~ . In the 

case of weak coupling between the external and internal channels, the 

solutions lie near the zero surfaces of Dl(Z-(t-p) 2) (marked by the 

~(PI" 

/ 

~=0 

Fig 3 

dashed lines ), which are parabolas of the following type : 
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~- ( t - p )2 = const 

These parabolas are symmetric with respect to the axis t=p. Thus the 

branches of the solutioms are izfinite (marked by the full line), 

and they are not symmetric with respect to the energy axis. 

If a waveguide function propagates in some direction, there is 

no waveguide function of the same energy propagating in the opposite 

direction. The same is true for the antisymmet~ic functioDs. 
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