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For quantum few-body systems, a method of spectral representation generated by specially
extracted sub-Hamiltonians is developed. In this approach, the connections between the
geometry of a base manifold, the spectral structure of sub-Hamiltonians, and the geometric
characteristics of induced Hilbert bundles are investigated. The appropriate relations between
connections on these Hilbert bundles and global invariants of S-matrix are obtained. Some
applications of the proposed approach to exactly solvable two- and three-body scattering
problems are considered.  © 1991 Academic Press, Inc.

1. INTRODUCTION

The increasing interest in the geometrical aspects of the quantum scattering
theory can be explained by several reasons of both theoretical and computational
nature. The first of them is mainly connected with the fact [1-3] that spectral
representation of a specially extracted sub-Hamiltonian in the N-body quantum-
mechanical problem and further averaging over the eigenfunctions of this sub-
Hamiltonian generate (N — 1)-body dynamical equations. These equations describe
the common dynamics of quasi-particles and some classical gauge fields, generated
by the procedure of triangle (adiabatic) expansions [1-12].

On the other hand, in this approach the sub-Hamiltonian #(x) of the system
depends on the parameter x, belonging to some manifold .#. The triple connections
between the geometry of the manifold .#, the spectral structure of the operator
#(x) and the geometric characteristics of the induced Hilbert bundles is an impor-
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tant subject of investigation. However, the wave functions of the operator Z(x)
continuous spectrum and, consequently, the corresponding S-matrices practically
have not been under discussion in similar approach (except papers [1, 11, 12]). At
the same time, there is no doubt that from the point of view of the scattering theory
that the investigation of triple connections mentioned above is a most interesting
problem. The special interest is caused by the systems where parameter xe.# is
directly connected with the dynamics of the system itself. It brings the dynamical
meaning to the geometry associated with the triangle expansion for such systems.
The three-body system is a good example of an interesting quantum-mechanical
system obeying the conditions mentioned above.

Finally, the computational reason is the following. The procedure of triangle
expansion mentioned above leads to the effective scattering theory in the space of
a lower dimension. The investigation of this theory is an easier problem than the
analysis of the original many-body (and, consequently, many-dimensional)
problem. In this sense the triangle expansion technique can be treated as a variant
of dimensional reduction [11-14].

One should also notice that the decomposition of the original problem into an
eigenvalue problem for the sub-Hamiltonian and effective scattering problem
appearing after dimensional reduction aillow us to reconstruct the interaction from
the scattering data, step by step. This procedure turns the solution of the inverse
problem into a considerably easier task. Thus the main problem in such an
approach is to obtain the links between induced gauge ficlds and global invariants
of the S-matrix.

In this paper we shall discuss the questions mentioned above in the following
order. In Section 2 the general scheme of the method is discussed. We formulate the
most general conditions for the system available for the analysis by the triangle
expansion method in Subsection 2.1. Subsection 2.2 contains the geometrical inter-
pretation of the method; connections on the corresponding Hilbert bundles are
studied there. In Subsection 2.3 we interpret the connection operator as a gauge
field, induced by the dimensional reduction procedure.

In Section 3 we consider the three-body system in R’. The effective problem for
coefficients of the triangle expansions of the wave functions is formulated and the
asymptotical boundary conditions are obtained in Subsection 3.1. In Subsection 3.2
we combine the triangle expansion technique with the projection on the open chan-
nels method [15] and connect this approach with some kind of renormalization
procedure.

Section 4 contains the application of the method under discussion to the exactly
solvable model of the three-body one-dimensional system with point interaction. In
Subsection 4.1 we reformulate this problem in terms of diffraction on a wedge. In
Subsection 4.2 the asymptotical behaviour of connections operator A is studied and
its compactness in a suitable space is proved. Also the relations between the
effective S-matrix S°7 of the reduced problem and the global S-matrix of the total
original problem are obtained there.

In Section 5 we consider the wave propagation by the curved quantum
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waveguide (CQW) in the frames of the triangle expansion method under the condi-
tion of small curvature of CQW. We formulate there the inverse problem for CQW
and suggest scheme for its solution.

2. GENERAL SCHEME OF THE METHOD

2.1. Notations and Formulation of the Problem

We shall consider a quantum system whose dynamics is determined by the
Hamiltonian H acting in the Hilbert space $ represented in the form

55=L{@é‘idx, (1)

where .# is some manifold and &, form the family of Hilbert spaces parametrized
by the point x e .#. Decomposition (1) is equivalent to the existence of a Hilbert
bundle, where .# is the base space, %, are Hilbert fibres [16-18], R is the total
configuration space, ie.,  is the Hilbert space of functions on R. We suppose the
special structure of the Hamiltonian

H=hQI+ %, (2)

where operator .Z can be represented in the form of a direct integral

g:fﬂ @ L(x) dx, (3)

and #(x) are the self-adjoint operators in the Hilbert fibres #,. In representation
(2), h® I means the self-adjoint operator acting as 4 on the variable x e .4 and as
identity operator on additional variabies.

In this paper we are going to consider situations when $ = L*(.# x A", dji), dji
being some positive measure on .# x.4". Then the Hilbert fibres are & =
L}, dm,) and h acts in the space L(.#, du), where du is the measure on .# and
dm, form the family of measures on .4", parametrized by the point x e 4.

Let us consider the spectral problem for the Hamiltonian H:

HY =zV. (4)
In order to investigate this problem we are to use the method of so-called triangle

expansions [ 1, 10-12] which means the transformation into the spectral representa-
tion for the operator £ (x):

Y’=fomqom. (5)
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Here ¢,, denote the eigenfunctions of the operator #(x):
LXYOm= A X) P (6)

and the symbol Z,,,j stands for the summation over the discrete spectrum of the
operator £ (x) and integration over the continuous one. Due to the self-adjointness
of £(x), Yxe.#, the eigenfunctions {¢,} form the moving frame (ie., the
orthonormal basis which depends on the point x € # prametrically) in the fibre Z,.
Hence , we call the operator £ (x) at each fixed x e .# the frame Hamiltonian and
the spectral problem (6) as the frame problem. In time-dependent problems, where
x =t, the operator Z(t) is called the instantaneous Hamiltonian.

The completeness of the set {¢,,} provides the possibility to represent every
¥ e $ in the form (5), which is called the triangle expansion. Coefficients y,, = x,.(x)
in the expansion (5) depend on the parameter x € ..

Let us substitute the representation (5) into Eq. (3) and project the result on ¢,
in the Hilbert fibre #,. Orthogonality of the set {¢,,}

(P> Pn) =0pmn, VxelM,

leads to the following equation for the coefficents y,,(x):

Y| @It @), 0+ (1) ~2) 1) =0, (1)

Here {-,-> means the inner product in #,.

Functions 4,(x) are the energy levels of the family of the frame Hamiltonians
#(x). The main properties of the effective equation (7) are essentially determined
by the fact of whether there exists level crossing or not (i.e., whether or not there
exist such points x,e.#, in which 2,,(x,)=4,(x,) for some m, n). The case of the
absence of level crossing is essentially simpler, and in most concrete situations we
suppose this condition to be valid.

Henceforth let us suppose the following structure of the operator 4:

h=—A .+ V(x), (8)

where V(x) is a potential, or, more generally, an operator of interaction. This leads
to the following version of the effective equation (7):

2 j‘ - <Ax(pms (Pm>Xm— <Vx(Pm’ (pn> Vme—AxXn

m

+(V(x)+ A,(x)—2z)x,=0, Vn. 9)

Formal expression (9) evidently needs justification. Namely, one should be sure
that the functions ¢,, have two derivatives over the parameter x. In every concrete
situation we discuss this property.
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Let us rewrite the system (9) in a more convenient form. Namely, let us introduce
the matrix A(x) (infinite-dimensional in the general case) with the matrix elements

Ap(x) =V 0, 91D (10)

If ¢,, ¢, are the wave functions of the continuous spectrum of the operator £(x),
then A4(x) is the integral operator having the kernel 4,,(x). In the general case the
kernel 4,,,(x) is the distribution. Note that switching-on the regularizer (that trans-
forms plane waves into wave packet) allows interpretation of the “continuous” part
of A(x) in the ordinary sense. The following lemma is valid.

Lemma 1. If @,,€ C* (M) for every m and {o,,} is the orthonormal set for every
XM, the operator A(x) defined by its matrix elements A,,,(x) satisfies the equality

4@, 9> =(V A+ A%, (11)

Proof is based on direct calculations. Lemma 1 allows rewriting Eq. (9) in the
form

{=(V.®1+A4(x))*+4(x)+ (V(x)—2) @1} x(x)=0. (12)

Here A(x)=diag{4,(x)} is the diagonal operator and 1 stands for the identical
operator, acting over the “vector variables.” “Vector coefficient y = {y,,(x)} is the
element of the space

#=[ @EC"I@LAM dv(2)) du() (13)

M

where L*(M, dv(4)) is the Hilbert space, where spectral representation of the
absolute continuous part of ¥ (x) acts as the operator for multiplying by f(x). Here
N(x) is the dimension of the discrete subspace of the Hamiltonian frame #(x), and
o.(x) is the continuous spectrum of .#(x). Let us point out, that if N(x)= oo then
CY¥*)=[,. The space # is # = L*(M, |, du) if the £(x) have discrete spectrum
only; this important case is considered in Section 4, 5. Here we only notice that in
this case the triangle representation {5) can be written as

Y=L 0 Dn

where ¢ = {¢,,} and -,-», stands for the inner product in /,.

The effective equation (12} is the principal object in the approach under discus-
sion. The next two subsections are devoted to special interpretations of the operator
A(x), playing the main role in Eq. (12).

2.2. Geometrical Interpretation

The construction suggested in the previous subsection has a natural geometrical
interpretation. The main goal of the corresponding geometrical considerations is to
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single out some important objects which determine the essential dynamical proper-
ties of the system. Objects usually discussed in quantum scattering theory, such as
the resolvent, T-matrix, or S-matrix have a very complicated structure in the most
interesting situations. In the frame of the approach under discussion we extract
some invariant geometrical objects. The analysis of the remaining structures is
sometimes a less difficult problem than analysis of the original problem.

The geometry in our construction starts from the Hilbert bundle corresponding
to the representation (1) of the Hilbert space $. Under condition (8) the coefficients
A, n(x) determine the connection 1-form /(x) on the Hilbert bundle described
above. One can check this fact by considering the set {¢,} as the fibre vector
(-, x), x€ #, and investigating the parallel transport of ¢(-, x) when x undergoes
the shift x - x + dx:

o(-, x +dx)= (-, x)+ do.

Consider x={x*}e#, p=1,..,dim .# and define vector components of the
connection A4* as the coefficients in the representation

Sp =Y A*(x)dx"p. (14)

m

On the other hand, one can represent d¢ in the form
do=Y 0,pdx* (15)
I

where 0, = d/0x". Writing the relations (14), (15) for the components
6¢k=Zszzmdxuwm; 6(pk=z au(pkdxll,
m u u

one can see that

0,0k =3 | Al (16)

m

The set {¢,,} is the orthonormal basis; hence,

0,9, 910 =0,{@5, 91> =P, 0,04 > = =0, 01, @), (17)

where the bar denotes a complex conjugation.
Projecting the relation (16) on ¢, and using Egs. (10) and (17), one can obtain
the equation

All:sz <6uq)s’ (pk> = <au(pk9 (P.\>

=-Y J AL Qs 0,y = — AL,
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where A4* isﬁ a complex conjugated to A4* Thus A(x) actually determines the
connection A4(x):

A(x)= —A(x). (18)
One can notice that the covariant derivative
D,=0,+ A%(x) (19)
generated by connection A(x) allows rewriting Eq. (12) in the form

{=D*(x) + A(x) + (V(x) —2)} x(x) =0, (20)

where D*=3, D2
Let us construct the connection 1-form

A(x)=Y A*(x)dx, (21)

u

and define the 2-form of the curvature
F=dod + A A A=) F*dx, Adx, (22)

with the coefficients

P

F»=0,4"—08,4"+ [4*, 4"]. (23)
The following lemma is valid.
LEMMA 2. Under condition (-, x)e C*(.#) the curvature
F* =0. (24)

The proof is based on relation 0, d,=0, , for smooth ¢:

[A% A=Y [ <P 00001 2,00 = (P> 3,04 <P1 3,0,
k

=Y | =<0.0m 0:5<00 0,0,> + 00> 91 >< 01, 0,0,
k
= - <av(pm’ au(pk> + <ay(pk’ av(pn>‘
On the other hand,

(0w AV mn= 0,8, P s @) + <0, Py 0, 00>
(av‘i“)mn= <avau¢m’ (ph> + <au(pm’ av(P,n >'

Hence, using (23), we obtain (24).
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Thus we have demonstrated that the operator A(x) generates the connection
1-form o/(x). Before starting the study of A(x) properties, let us point out that the
infinite-dimensional character of 4(x), i.e., of the effective equation (12) introduces
essential difficulties to the investigation and numerical solution. One of the possible
ways to avoid this difficulty is to construct the fibre bundle with one-dimensional
structure group U(1), where each point x & .# of the base space .# is connected
with the single function. In principle it can be obtained in the frame of the operator
quasiclassical approach [197]. We consider this problem elsewhere, and here we
overcome the infinite-dimensional character of the effective equations in some other
way. Namely, in model situations (see Sections 4, 5) we prove the compactness of
the operator A(x) in suitable spaces, which gives an opportunity to approximate
A(x) by the finite-dimensional operators.

2.3. Operator A as a Gauge Field

Let us consider the physical meaning of the procedure, described in Subsec-
tion 2.1. Using the triangle expansion (5) we have obtained the effective equation
(12) instead of the original Schroedinger equation (4). One can notice that the
“vector-coefficient” x(x) determined by the effective equation (12) is a function
defined on the manifold .# which plays the role of the configuration space of a lower
dimension in comparison with the configuration space of the original problem.
Investigation of the effective scattering theory in the space of the lower dimension
can be an easier problem than the analysis of the original many-dimensional
problem, because in the approach under discussion the difficulties are partially
transmitted to the frame problem (6). In this sense the triangle expansion technique
can be treated as a version of dimensional reduction [10-127]. In many-body quan-
tum scattering theory this procedure is associated with the possibility of clustering
of particles and construction of an effective scattering theory for the clusters. In
such a theory, from the quantum-mechanical point of view, clusters play the role
of composite particles whose internal structure is displayed in the operator A(x).
On the other hand, one can interpret the vector y={y,} as the infinite-
dimensional vector describing the material field. In this consideration the operator
A(x) plays the role of an effective gauge field mediating the interaction between
quasi-particles .

Let us consider the relation between gauge transforms and geometrical construc-
tion described in a preceding subsection. We introduce the so-called evolution
operator.

Consider a contour C lying in the base space .# and parameterized as follows:
C3x=x(1); xo=x(0). For the parallel transport of the fibre vector ¢(-, x) along
the contour C (the adiabatic transport [16-18]) we have Eqs. (14), (18). Hence for
¢(1)=@(-, x(1)) we obtain, after complex conjugation,

@i+, AX(x(A)) dx*|dA¢ =0Q. (25)

595/205/2-8
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Equation (25), together with the initial condition x(4y)=x,, generates the
resolving operator U(4, 4,):

@(4) = U(4, Ao) @(4o)- (26)

The set of the operators U(4, 4,) satisfies the equation

dU(, do)di+ Y. A*(x(R)) dx*/dA U(4, 4o) =0,

(27)
U(Ao, )-0) = I
The solution for problem (27) is given by the multiplicative integral
A
U, 4y) = T exp { j Y A#(x)(dx*/dA) dx} (28)
0 u

following the contour C in .#. This T-exponent coincides with the well-known
Wilson loop [6].

If the integral in Eq. (28) does not depend on the path (which is true if there is
no level crossing for the frame Hamiltonian #(x)), one can define the operator-
valued function U(x):

U(4, 4o) = U(x(4), x¢) = U(x). (29)

We refer to the operator U(x) acting from % to %, and having the property (26)
the evolution operator.

The condition of completeness of the set {¢,} in each fibre #, can be written in
the form

Ut(x)=U"Yx), Vxe A. (30)

Thus we have the relation between the evolution operator U(x) and the effective
gauge field A(x). If the integral in Eq. (28) does not depend on the path, ie., U(x)
can be defined, Eq. (27) leads to the equation

0, U+A"U=0 (31)
and, hence,
A¥(x)=—28,U(x) U '(x). (32)
Thus the covariant derivative associated with the gauge field A%,
D,=0,+ A*(x), (33)
can be rewritten in terms of the operator U(x):

D,=d8,-8,UU" (34)
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Under condition (30) the gauge field 4(x) can be removed by the corresponding
gauge transform y'=U""y.
In order to obtain this fact we need the following:
LemMma 3. If U '=U"™, then
UoiU™"'=(d,—3,UU 'Y (35)
Proof of this lemma is based on the relation
0,U'=-U"Yo,U)U"". (36)
Relation (32) and Lemma 3 allow to rewriting Eq. (12) in the form

(—Ud, U '+ AUU'—EUU '}y =0. (37)
Using the gauge transform
2 (x)=U""(x) x(x), (38)
we obtain the following equation for y'(x),

{—4,+U '"AU—E} ' =0, (39)
containing no gauge field.

The anti-Hermitian operator 4(x) can also be interpreted as the operator of non-
adiabacity. Indeed, the off-diagonal elements 4,,,(x), m # n, determine the coupling
of equations in system (12). Adiabatic behaviour of the system, i.e., trivial evolution
of eigenfunction ¢,(x): @,(x)=exp{id(x, x;)) ¢,(x,) implies the vanishing of
diagonal terms: 4,,,,(x)=0.

Let us notice that if eigenfunction ¢, can be chosen real globally, the diagonal
elements of the operator A(x) are equal to zero: 4,,(x)=0, Vn. However, in the
general case, this choice of gauge is not always possible globally [20].

If we locally change the choice of phases for ¢,(x):

U(x): {@a(x)} > {exp(iC,(x)) @,(x)}, (40)
U(x)=diag{exp(i,(x)}, {.(x)eR
the effective gauge field A(x) undergoes the transform

W(x): Ax)—> U AU +V UU " (41)

3. THREE-BODY SYSTEM IN TRIANGLE REPRESENTATION

3.1. Representation of the Three-Body Hamiltonian

In this section we consider the application of the general scheme described above
to the system of three quantum spinless particles in R,
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Let us consider a system of three spinless quantum particles whose reduced
configuration space is treated as a manifold having atlas {Z,} consisting of three
maps %2, « =1, 2, 3. Each &, corresponds to one extracted set of Jacobi coordinates
X={x,, y,}. There exists a C*-diffeomorphism between Z, and R® and in the
local coordinates X'= {x,, y,} in the map %,, the space R® can be represented
in the form R°=R} xR?. The local coordinates {x,, y,} for different « are
connected by orthogonal matrices which are parametrized by the masses of the
particles [21].

The Hamiltonian of the system acts in the Hilbert space $ = L*(R®) and can be
represented in the form

H=—A4,+Y, Vyxp)
p
=(-4,)QI, +1,®(—4,)+) Vyx,), (42)
B

where Vg(x;) are the interactions between the particles. This operator is the self-
adjoint on the domain 2(H)=2(—4yx)< 9.

There are several versions of the application of the general scheme described in
Section 2 to this problem. The choice of the base space determines which coordinate
serves as the effective dynamical variable and which coordinate stands for the
parameter. If one used R as the base space he would obtain the effective two-
center problem at each fixed x,. Another possibility is given by the choice of the
base space .# =R} which is used in the paper. On the formal level there is no
difference between the general scheme of the application of the triangle expansions
method in these two cases; however, the version .# =R’ can be easily generalized
for the many-body systems with natural two-cluster clusterisation, such as d+t or
d+ o systems at the energies less than a-particle break-up threshold [10].

Another version of the triangle expansion technique for the three-body system is
given by the so-called hyperspherical adiabatic method in total angular momentum
representation, where the half-axis R serves as the base space (r stands for hyper-
radius). We consider such an approach in Section 4 in the one-dimensional model.

Thus we consider the Hilbert space $ = L?*(R®) and the fibre bundle over the
base space L*(R; ) with Hilbert fibres #, = L*(R; ).

We have some freedom in the representation of the Hamiltonian (42) in the form
of (2), where the operator h has the form (8). Sometimes it is useful to extract some
effective interaction ¥*%(y ) [10],

Z Vﬁ(xﬂ)= VEfT(ya)_*_ I7(xaz’ ya)’
B

and represent the operator H in the form

H=[~4,+V(y)1®L, + | ®Z(y.) dv.,

where Z(y,)= — 4, + V(x,, y,)
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Here we represent the Hamiltonian H in the form
H=(-4,)QI1+ %, (43)

where

”

=1 (- Z Ve=| @L(y,)dy.. (44)
R
The following assertion is obviously true.

LemMA 4. If V(xp) » 0 as xz— oo, then the operator £ (y,)=—A, +X Vyis
self-adjoint on the domain D(%( ym)) D(—Ay )< #,,. The discrete spectrum of the
operator L(y,), 6,(L(y,)) = {eAl(y,)} determines the levels 2i(v,); the continuous
spectrum ¢ (¥ (y,)) = [0, ), for every y,.

Lemma 4 ensures the self-adjointness of the operator #(y,) in the space %, and
thus allows application of the general scheme described in Section 2, i.e., repre-
senting the solution ¥(X) of the eigenvalue problem (4) in the form of the triangle
expansion (5), which looks like

Z [EACATXEREN (45)

in the situation under discussion.
The effective equation (12) turns into

{=(V,+ Ay )Y+ A(p)—z} x(y.) =0, (46)
where A(y,)=diag{e,(y,)}}. A(y.)={Awm(1.)},
Ak,m(ycx): <Vy,(pm(-xaw ya)’ (pk(xac’ }'1)>- (47)

Let us notice that for the potentials V,, anaiytical under dilations, functions ¢,
have two derivatives over the parameter yi [4], and thus the operator V,_in
Eq. (46) has the standard meaning.

Equation (46) determines the effective dynamics on the non-compact base space
M= Ria; thus in order to obtain the unique solution of Eq. (46), one should add
the asymptotical boundary conditions for y,,(y,} at y, = « to Eq. (46). Coefficients
Am{y,) in the triangle expansion (45) are

Xm(yaz) = <lII’ (pm(xus yoc)>' (48)

Equation (48) demonstrates that the asymptotics of y,.(y,) is determined by the
asymptotics of functions ¥ and ¢,,. The asymptotical behaviour of the three-body
wave function has been studied in detail in [21], thus the problem turns into the
problem of moving frame {¢,,} asymptotics construction.
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Let us start from consideration of the discrete spectrum eigenfunctions of £(y,),
determined by the equation

L(¥a) 0ulxss ¥2) =8,(1) @4, ). (49)

The following statement is valid.

LemMma 5. If v, (x,)~ |x,] B v>0, at |x,| — o0, then ¢, has the asymptotical
representation

0ulXe> Y2) =05+ Y. Q% (50)
B#a
where
Q(xes ¥a)= (4, +e,(y.)) "' 0,0, Mt
= fulXe, ¥a) €Xp(—/8,(.) |x0) 1%, ~1 4+ O(]x,| 72), (51)
Q’[;(xau y1)= (Ax,+8n(ym))—l vﬂ(on ix ]:
= (X5, ¥p) €Xp(— /e ¥,) 1xgl/lepal) Ixpl =1+ O(lxpl 72).  (52)
Here [ are some smooth functions, Xp=Cp, X, + Sgy Vor Vg = —SpaXo+ Cpy Vo, and
Ry =X, /1%,

This lemma can be proved by methods of integral equations [36]. Namely, one
can rewrite (49) in the integral form

0ul v = — X, [ dx, 22 (= 1ea(ra)l 1%

B 4n |xa—xu|

(xﬁ) (pn(xau ya)

and calculate the asymptotics of the right-hand side components:

QE__ _de; exp{—\/ !Sn(ya” |xa_xoz|}

4n |x, — x|

vﬂ(x;ﬂ) (pn(x;s ya)'

The result is given by Egs. (50)-(52). We can obtain more detailed information
about asymptotical behaviour of the basis ¢. Namely, let us denote as o,(4,,) the
discrete spectrum of the two-body Hamiltonians

Ry = —-Ax}'+c};21)y(xy) (53)

and give the following definition. We say that there is no accidental degeneracy in
the system if

Cfiao-d(h:xﬂ) a Ciaad(hmy) = Q

forevery f, y=1, 2, 3 (c,,=1).
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LemMMa 6. If for every y=1, 2, 3,
(1) v,eLy(R%);
(2) v,(x,) is continuous for sufficiently large x.;

(3) there is no accidental degeneracy in the system, then

(ay)
Orl(Xar Pg) ——— [w” ,

| ¥al = 0 0

for some y=1, 2, 3, where ¢'*") is an eigenfunction of the Hamiltonian h,,.

The proof of this statement can be given by rewriting Eq. (49) in form of the
Faddeev equations and estimating the L,-norm of the right-hand side of these
equations at |y,| = .

For the continuous spectrum wave functions ¢,

Lo, =0, >0,

we have a result similar to Lemma S.

LemMa 7. Under conditions of Lemma 5 the following asymptotics are valid.

Po(Xa> y) =€Xp{i<x,0 @O} + Q4+ ). 03, (54)
B#a
Qilxas o) = (A, +@*+i0) " 0,0, =

= Uy, ya) explilgl 1x,l} [x.] 7"+ O0(x,1 %),
Qz(xo:’ ya)z(Ax,+q2)_l vﬁ(pq =

Jxpl — oo

=f4(%g, yg) exp{ilgl [x.l/lcpl } 1x0 '+ O x4l %), (56)
Here f? are some smooth functions (the amplitudes of appropriate processes).
The proof can be given by the same methods [36] as for Lemma 5.

3.2. Projecting on Open Channels and Renormalization

Now we are to connect the spectral decomposition of the operators 4 and U
defined in Section 2 with some kind of renormalization procedure. In order to do
that let us rewrite Eq. (46) in another form,

{(=D*+a*a+<{V)}ly=1zy, (57)

where D*=Y, Di, a*a is a non-negative operator which can be interpreted as the
mass operator and is determined by the matrix elements

(a+ )km = <an(pm’ (pk>’
(a+a)km= - <Ax,(Pms (Pk>v

(58)
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and

<V> = {Vkm}’ Vkm= <V(pms (pk>9 V=Z V[f' (59)
B

As it was shown in Section2, for smooth operators U, the gauge field
A¥=—-0,UU ~1 has the trivial curvature F**=0 (see Lemma 2). The non-trivial
part of the connection 4 = — 4 can be expressed in terms of the spectral projections
P%<(y,) on the discrete and continuous subspaces of the operator #(y,):

A= —9,UU" = —9,[(P/+ PYUIL(P/+ P)UT*

= =0, (PUNPU)* + M=A+ M, (60)

where
M= —03,[(P'+PYULP) =0, (PU(P'+P)UT", (61)
A= —0,(PU)PU)*. (62)

The curvature F4* associated with the gauge field 4% is non-trivial (F** #0) iff the
restriction P‘ju U( ya)['P‘v’u,Z,a is not unitary [1, 127]. Thus extracting the non-trivial
part A% of the gauge field in the Eq. (34) is equivalent to redefining the covariant
derivative D —»D,=V, + A% and simultaneous renormalization of the mass

operator:
ata—-a*a+ M.

However, the method mentioned above is a special case of a more general
scheme, which is based on the projection on the open channels [10, 12, 15].
Let us define the projection operators

P=Y [(.o0den  Q=I-P (63)

k-open

in the space $. Here the symbol Zk_openf stands for the summation and integration
over the part of the spectrum of the operator £(y,) only;

o(ZL(y.))3 4 < Eo,

where E, is some fixed energy. We refer to the subspace P$ as the open channels
at energy E,, and Q$ as the closed channels. One can represent the wave function
¥ in the form Y=P¥+ Q¥ and use the triangle representation in the open
channels only;

Y=P¥+Q¥= 5 (¥ ¢00.+QY, (64)

k-open

where we sum over indices k corresponding to the open channels only.
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Eliminating the term Q¥ from Schroedinger equation (4), one can obtain the
effective equation for yp = { ¥ }xopea = { (¥, 94>}, analogous to Eq. (46):

{=(V,,+4p) + Ap(y,) + AG+ W(z)—z}yp=0. (65)

Here AP = {Akm}k.m-open = { <V)',(Pm, (pk> }k.m»open is the gauge field on the open
channels,

Ay= {43} ={<QV,,9,,,QV,,0,>},
Ap=diag{4,(y,)} r-open>
W(z)={W,(2)};
Wi(2): g~ — CHQQHQ —z) ' QH(9;x;), @) (66)

Equation (65) shows that the effect of closed channels is displayed in the
redefinition of the covariant derivative D - Dp =V, + A and the corresponding
renormalization of the mass operator, a*a—>aj ap+ Af) + Mp, whete

(a; )km = <Vx,q)ma (Pk>k,onpen’

(MP)km = <Q Vy,(pm’ Q V_v,q)k >k.m»open'

In addition, the closed channels make a contribution to Eq. (65) in the form of
energy-dependent non-local operator W(z). Let us define

(67)

= {("a;)mn}m,n—opem (A;)mn':A‘,:mz '—ZE,;

and corresponding curvature 2-form,

F,= ) Frdytady, (68)
u<v
where
Fo=0,41—0,A"+[4r, A2, (69)

We call the subspace %« F = LZ(R;) the adiabatic subspace for the set of the
frame operators {L(y,)} in the region .#c .# =R’ , if for every ¢.(&)e % (at
some (e 4), the following statement is valid:

o (E)edy, forevery (e 4,

Lemva 8. If @(v,)e C*(R}) and the subspace Fo=\ , oen{®,} is the adiabatic
subspace for the set {L(y,)} in the region M, < Ria, then the corresponding curvature
is equal to zero on M,:

Fo| =0 (70)
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Proof. Using the relations obtained in the proof of Lemma 2, we have

= T [ (040 0501 0,0, = (0. 0ms 0,501 8,9, (1)

s-closed

If #, is the adiabatic subspace for {L(y,)} in .#,, then for every ¢,e % (ie.,
n-open), Vye #,, we have

Oy, tdy,)eF.

On the other hand, for smooth ¢,,
OVt dy,) =0,y )+ 8,0,dvh (72)
H

Hence 0,9, € %, and, consequently, {2,¢,, ¢,> =0 for every s-closed. Using this
fact and Eq. (71) we obtain (70).
Thus, Lemma 8 allows formulation of the necessary condition of the adiabatic
property in the form of the zero-curvature equation:
dot,=

P

[, 7,]. (73)

[

4. THREE-BODY SCATTERING IN ONE DIMENSION

4.1. Formulation of the Problem: Frame Hamiltonian

We consider the quantum system of three spinless particles interacting with delta-
function potentials of equal strength ge R in one dimension [22-26, 30]. We
suppose the wave function of the system to be symmetric; i.e., consider the statistics
of boson particles. In the c.m. frame, the scattering in such a system is equivalent
[22-26] to that in the sector ® e R? (see Fig. 1):

®={(r,¢):reR,, —n/6<p<n/6).

In polar coordinates (r, ¢) the Hamiltonian of the system acts in the Hilbert space
L*(R*x[—mn/6, n/6], r dr dp) and has the form

o (&, 1o 1@
— o \ortror r?og?
1 0u

Dom(H)= L*(®, r dr dp) {u: —;%

=+ gu|¢= in/G}'

¢=1n/6

Condition u|, _, < oo means the absence of three-body forces in the system [26].
It is convenient to use the standard change of variables

o(r, $)=/ r ulr, ¢), (74)
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FiG. 1. The sector @.

which leads to the spectral problem in the space $ = L* (R, x [ —n/6, /6], dr d¢),

Hyv =z, (75)
where
o a1 18
Aot aig)
Dom(ﬁ)=$§m{v: —lgﬂ = igv|¢¢in/é}.
r o¢ d=+n/6
The spectral problem (75) is equivalent to the original spectral problem
Hu=zu. (76)
The operator A can be represented in the form (2):
H=~0Q1+ %
© 182 1
g’:jo DL, L= ~55m1s

The operator #(r) varies with the parameter re R, and acts in the space
% = L*[ —n/6, 1/6] on the domain
18f

Dom(Z(r)) =97,r\{ : - —%

= igft(b: in/()}'

= +n/6
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This construction corresponds to the Hilbert bundle with the base space . # =R,
and Hilbert fibre %,. The frame Hamiltonian #(r) is self-adjoint on the domain
Dom(.#(r)) and thus its eigenfunctions ¢,,(¢, r),

L) (9, 1) =4,(r) 0.8, 1), (17)

form the orthogonal basis (moving frame) in %,. This fact allows representation of
the arbitrary function v e $ in the form of triangle (adiabatic) expansion:

o(r, $) =3 @l 1) tlr)- (78)

Hence (see Eq. (74)),

ufr, §) = f Y Ol B 1) LlF). (79)

The spectral problem (77) for the instantaneous Hamiltonian #(r) can be exactly
solved. The operator #(r) for every r has the discrete spectrum only. The energy

levels
I 1
=5 (k20 —3)

vary with r and are shown in Fig. 2.

The case g>0 corresponds to the delta-functional repulsion in the pair sub-
system, and the case g <0, to the delta-functional attraction. The first situation is
easier, because there are no two-body and three-body bound states. Here we
consider the situation g > 0 in detail and for g <0 we demonstrate the results only.

In the case g>0 we have two series of solutions of the spectral problem (77).
One of them is

¢2m(¢’ r) = w2m(r) cos klm(r)¢a m=1, 2a

Y (30)
wanr) = /6 (sin =20} [0 |
and k,,,(r) is the solution of the equation
k
kyn(r)=rg cot E%Ul (81)

Another series is

(p2m+l(¢7 r)=w2m+1(r) Sink2m+l(r)¢9 m=19 29 e (82)

-~1/2
w2m+1(r)=[n/6—(sinﬂ‘%@)/kzmﬂ(r)] ,

where
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.

[N

36 |

[N

K ar

Fig. 2. Energy levels of the frame Hamiltonian #(x).

and k,,,, ((r) is the solution of the equation

Tk 3 4 1(1)

Kym+1(r)= —rgtan o

(83)

4.2. Effective Equation, Connection, and S-matrix

According to the general scheme of the method (see Section2), we substitute
expansion (78) into Eq. (75) and consider the projection of the result on the eigen-
functions @, (¢4, r) of the frame Hamiltonian #(r) in the space % = L*(—n/6, n/6).
The properties of completeness and orthogonality allow to obtain the result of the
procedure mentioned above,

[_<3®1+A) +A(r)—2]x=0, (84)
or
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where A(r)=diag{4,(r)} and x is the element of the space
#H =L R, 1)

The connection operator 4 acts in the space # as the operator of multiplication
by the operator-valued function A(r),

A=1,QA(r),

where I, is the identical operator in L?(R, ) and the operator A(r) acts in /] are
defined by their matrix elements:

0
Awin) = | 22, do. (85)

The values A4,,,(r) can be exactly calculated, for example,

n [cos<kzn — k2 )(7/6) — 1

akZm
Apom(r) = — Wy W, ar

6 k2n - kZm
_ co8(ka, + k2, )(7/6) ] N sin(ky, + k2, )(1/6) = (k2q + K, )(1/6)
k2n+k2m (](2)1+-I€2m)2
_sin(ky, = Ky )(7/6) — (kan — k2m)(n/6)}
(kln - kZm)z . (86)

Let us notice, that analysis of Egs. (80)-(86) allows us to obtain the following
asymptotics of A4,,,(r):

const
A,a(r) = g m, n— 0.

It means, that for every re R, , the operator A(r) is a Hilbert-Schmidt operator
inls.

Thus the triangle expansion (78) turns the spectral problem (75) in the space
$=L,(&P) into the effective probleem (84) in the space # = L,(R,, /). Let us
formulate the scattering problem for the effective operator

N J 2
H= —<—®I+A> + A(r)
or
acting in #. In order to do that we consider the “asymptotical” effective operator
- 0 2
H,= —(5;®I+I,®Aw> +1,®4,,

where A, A are limits of A(r), A(r) at r - oo for every component: (Ao)mn=
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lim, , o Ay (A)mn=lim,_, o 4,,. The analysis of Eqgs. (80)-(86) gives the
following asymptotic behaviour of the elements A,,,(r), A,,(r) =0, An(7):

Aplr) = 254 0(r),

Anlr) = r—;"+ o(r—).

Thus the limits 4., and A, do exist and are equal to zero and the “asymptotical”
effective Hamiltonian looks like

. 0’

Hy= _Er—2®1'

We consider the Hamiltonian A, on the domain Dom(ﬁo) =A#n{xyl,_o=0}as
the nonperturbed operator. The eigenfunctions y* are

x®(ry= (e‘i\/?’—ei\/?’)J,

where J is the arbitrary vector J el 5. Solution of the effective spectral problem (84)
for the perturbed Hamiltonian A has the asymptotics:

() =e VETpe—eVE U, (87)
We define the effective S-matrix for the pair of the operators H,, H as
Jout = Seﬂ(z)‘]inc (88)

for arbitrary J;,.el;S. The effective scattering matrix defined by Eq. (88) is the
operator in the space /5 :

§Mz) = { STl } im0

Now we obtain the relations between S(z) and the global S-matrix of the
original scattering problem in the sector @. In the case g >0 (repulsion) the global
S-matrix has the only non-trivial matrix elements S,;, corresponding to the process
3 3. It can be defined as the operator which turns the amplitude at the incoming
spherical wave in R? into that of the outgoing spherical wave. Namely, the solution
u(r, ¢) of the spectral problem (76) has the asymptotics

) = T iy O
u r, g inc +

r— oo r r
It 1s more convenient to use 3I°*(—¢) in Eq. (89) in order not to consider the
inversion operator [28]. We refer to the operator

37 (—4). (89)

S33: 3"(4) — 3°U(¢)
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with the kernel (4, ¢, z) as the scattering matrix for the 3 — 3 scattering in the
sector @. Using the triangle representation (79), asymptotics (87), and definition
(88), one can obtain the asympotical representation for the function u(r, ¢),

i d) = S g 0m#)- L o) EE
» g \/~ m \/— m ne

where J,, are the components of the vector J;,. and ¢ %' (¢) are the following limits:
0z($)= lim ¢,(r,4).

One can see that

0L(9)=/6/m cos[3(2m +1)¢],
0%+ 1(#) = /6/nsin[6(m + 1)4].

Comparing the asymptotics and using the orthogonality property, we have the
relations,

AN Z ZS"“ —¢) o (¢), (90)

—SS(2)= [ dp [ b’ F(~4,4',2) 05 (8) 0Z(#). °1)

Relations (90) and (91) are of general character and realize the relations between
the operators A and H in terms of scattering matrices. Relations (90), (91) connect
the total and effective S-matrices.

However, the model under discussion allows us to obtain more information
about these relations and gives an example of an exactly calculated S-matrix for the
matrix Schroedinger operator H in the space # = L*(—n/6, n/6, ;). Investigation
of the three-body scattering problem in one dimension by the Sommerfeld integral
method [22-26] gives an opportunity to obtain the exact expression for the kernel

‘%3(¢7 ¢/> 2)’
S, ¢, 2) = B(n/3 — ¢, 2) B(¢, 2) B(n/3 + ¢, 2) (8 — ¢'),

where

1\/_cosoz+g (92)
z\/_cosoz g

Ba, z) =—"——"—"
Hence, using Eq. (91), we have

Son(z) = f B(n/3—¢) B(¢) B(n/3+ ) 0.(¢) 9.7 (— ) do.
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Let us point out some facts which are important from our point of view.

(1) The effective equation (84) is a matrix ordinary differential equation. The
methods of solution of the inverse problem for such equations are well known [27].
Using these methods one can try to reconstruct the effective potential, determined
by the matrix-valued potentials 4(r) and V(r) in terms of $°"(z) [12]. As the result
one will obtain the relations which associate S*7(z) and, consequently S;;(z) (see
Eq. (91)) with the connection 4 which plays the role of the gauge field in the
effective equation (84).

(2) The model becomes more extensive in the case g <0 (attraction), where
there exist 2-body and 3-body bound states. Thus the global S-matrix contains the
matrix elements corresponding to 2 -2 and 3 — 3 processes. However, it can be
shown, that in the case of equal particle masses there are no 2 — 3 and 3 - 2 pro-
cesses in the system. This fact is not very surprising and has the classical analogy:
three elastic balls on the line. The “bound state” of two balls touching each other
after being struck by the third ball turns into the “bound state” of the second and
third balls with the first one moving freely. The diffraction on the system of three
screens located symmetrically (which is absolutely analogous to the system of three
one-dimensional particles) gives another example of the same phenomenon. Let us
notice, that processes 2 — 3 and 3 — 2 for three-point one-dimensional particles of
equal masses can be included in consideration, if one considers any kind of com-
plicated internal structure of the particles [26]. In our model if g <0, we have only
the S,, matrix element of the scattering matrix besides S;. If one denotes as f
the amplitudes of incoming plane waves propagating along the screens ¢ = +n/6
(see Fig. 1) and as f %, the amplitudes of outgoing ones, and the S,, element of the

out
scattering matrix is defined
(i) -s. (15),
out inc
we can ensure that S,, has the antidiagonal form

0 T(:))

$569=( 10 g

This representation means that we have no reflection of the two-body plane waves
in our model. The transition coefficient 7(z) can be calculated as
T(z)= B(n/3 — 1(z), z) B(1(z2), 2),
where 1(z) satisfies the equation
i\/; cos(n/3+1(z))=¢g
and Bla, z) is defined by Eq. (92). Let us notice, that 7(z) has the only singularity

595/205/2-9
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at z= —g? which corresponds to the energy of the three-body bound state whose
eigenfunction is

uo(@, r) =exp(2gr cos ¢).

On the other hand, the existence of bound states in the triangle representation
approach means the existence of negative energy levels of the frame Hamiltonian
£(r) (see Fig.2). The corresponding eigenfunctions ¢’ (¢) and ¢°(4) generate
the matrix elements of the effective S-matrix S°*%(z), associated with S,, in the
representation, analogous to (90) and (91).

(3) A more comprehensive exactly solvable model with non-trivial connec-
tions of geometrical ingredients of the Hilbert bundle and spectral characteristics of
the Hamiltonian can be obtained by consideration of the three one-dimensional
particles with an internal structure [26]. Of main interest in this situation is the
interaction of spectra of internal {simulating the internal structure) and external
(three-body) Hamiltonians displayed in the corresponding geometrical objects. This
problem is still under consideration.

5. WAVE PROPAGATION BY A CURVED QUANTUM WAVEGUIDE

5.1. Curvilinear Coordinates and the Triangle Representation

In this section we represent one more example of the application of the triangle
expansion method to a quantum mechanical problem. We study the system whose
dynamics is determined by Schroedinger equation in curved planar strip 2 of a
fixed width d with some self-adjoint boundary conditions varying along the strip. It
can be serve as a model for electrons in the film or in a curved quantum wire [29].
We call such a system a curved quantum waveguide [31-35]. We denote as 022, =
02 w 0L the boundaries of the CQW (see Fig. 3) and the boundaries €2, and
08 _ are assumed to be identical, i.e., the boundary conditions on ¢Q, and 082 _
coincide. Thus we have the following boundary problem in configuration space 2:

—A¥ =
On P9oa, =7(8) ¥ o, P(s)ER.

Here 4, stands for the internal normal derivative (see Fig. 3).
Let us introduce the local coordinates (v, s), associated with the strip £2. The
transformation into the local coordinates (v, 5) determines the metric in R%:

(93)

d*x+d’y=g, ds*+g,, dv?
where (x, y) are Cartesian coordinates and the components of the metric tensor are

gx=8=(1+vC(s)),
gVV= 1'



CONNECTIONS AND EFFECTIVE S-MATRIX 355

FiG. 3. The waveguide Q.

Here C(s) is the curvature of the curves 02 , . The Jacobian of the transformation
into the local coordinates (v, s) looks like

D(x, }’)_ _ 2
—_D(v,s) =1+vCis)=g"~

The change of variables (x, y) — (v, s) is regular in every point inside 2 if
d<|C(s)| !, ¥se R. The Laplace operator 4= 9%/0x*+ 0*/0y in the coordinates
(v, s) has the form

0 d 0 0
_ -2 —12 Y 12 12
=g Js £ 0s t ov ov
0 0 0 0
= -1) — —_— -1
(1+vC(s)) {av(1+vC(s))6v+6s(1+vC(s)) 65}' (94)

Henceforth we suppose the curvature C{s) to be small. Namely, the conditions

dk <1 <k/C, C=max [C(s}],

are assumed, where k is the wave number. Under these conditions we can
approximate the Laplace operator 4 by the operator

A,=0%/0s* + C(s) 8/dv + 8°/ov>. (95)
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This approximation is quite reasonable in this region of energies, z = k> Now we
consider the approximate boundary problem

-4, V=¥
0, ¥, 0=7(5)¥l, - (96)
O ¥ ma= ()], -y
for the operator — 4, in the Hilbert space
H=LX[0,d]xRs, p}(v) dvds),
where p,(v) =exp{3C(s)v}, 8,=d/dv.
The self-adjoint operator — 4, can be represented in the form

—4,= %o+ | " @) ds, (97)

where the frame operator is
F(s)= —0d%/ovi— C(s) 8/dv. (98)

The eigenvalue problem (96) generates the Hilbert bundle over the one-dimen-
sional base space R, with Hilbert fibres % = L*([0, d], p*(v) dv). The following
lemma is valid.

LEMMA 9. The operator £.(s) is self-adjoint on the domain

D(L(s))=W3 ,(0,d)n {Y(v): 6,81, _o=17(s) ¥(0),
av|/I|v=d = —y(s) lp(d)}
in the Hilbert space L’ (R,)

with the inner product

d -—
Cu vy =f0 u(v) 70) p3(v) .

This lemma allows application of the general scheme of the triangle expansion
method described in Section 2 to CQW. Namely, one can represent the solution of
the eigenvalue problem (96) in the form

Y=Y 1uls) @u(v, 5),

where ¢,,(v, s) are the eigenfunctions of the frame Hamiltonian #,(s). The effective
equations (12) read here as

[—(3,+ A(s))* + A(s) — 2] x(5) =0, (99)
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where A,,(s)=<8,0,, 9>, A(s)=diag{1,(s)}, and 4,(s) are the eigenvalues of
the frame operator Z,(s).

5.2. The Frame Problem for COQW
The eigenvalue problem
Z($) Pm(V, )= An(8) @,(V, 5) (100)

for the frame operator Z(s) by the following change of variables Y(v,s)=
p,(v) @(v, 5) becomes

— O (v, ) =k2 () ¥ ,(v, 5)
av¢m(v=0=y(s) ll/m(O’ S) (101)
avll/mlv=d = —V(S) d/m(d9 S),

where
K2(5) = Ap(s) = 4C(s). (102)

This change of variables transforms the metric of the space,
L2(R,) - L(R,),
and its eigenvalues are given by the roots of the equation
k2(s) + 2C3(s) = 2k(s) y(5) cot(k(s)d) + y*(s). (103)

Their behaviour is very similar to that of the levels in Fig. 2 and there is no level
crossing. The corresponding eigenfunctions have the form

Un(v, s)=[d(y*(s) + k7, (5))/217 "2 {3(s) sin(k}(s)v)
+kp(s) cos(k2(s)v)},  m=0,1,2, ..

One can see, that if y(s)e C*(R), then the eigenfunctions ¢,(v,s) have two
derivatives over the parameter s and thus the formal scheme of the triangle expan-
sions method is justified.

The straightforward calculation of the matrix elements of the connection
operator A gives

Ar($) = 0,01, ©0)

- % N.N, (%}Z—)) [r(9sy = ki Oski) + 0kenkn(y + 1) +7 0,C(5)]
p Sk D) ok k)

K+ k,
+ 0.k, k,(y+1)—y0,C(s)]
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cos(d(k,,—k,))
LA —y

cos(d(k,, +k,))—
k,+k

-1
[kn(asv - km askm) - askm’))(y + l)]

1
[_kn(asy - km askm) - askmy(y + 1)]

m n

(P =k k) 8.C(s) [cos(d(km —k,))—1 cos(dk,+k,))— 1]>’

(k—k,)? (ky+k,)?
where
Nols)=[d(y*(s) +kp(s))/21 712 (104)
An analysis similar to that of Section 4 gives

const

A, ()= (1+0(1)) at m,n— 0.

mn
Hence A(s) is Hilbert-Schmidt operator in /J at every s.

5.3. The Inverse Problem: A Scheme of Solution

Now we are going to use a step-by-step procedure based on the separation of the
frame problem (100) from the total original problem (96) and the corresponding
reduction to the the effective problem (99), for the reconstruction of the functions
7(s), C(s) in terms of scattering data. This procedure allows us to understand the
role of the effective gauge field A as the coupling operator between scattering data
of the effective problem and the frame problem.

In order to define the scattering data for the effective problem (75) let us suppose
the following asymptotical behaviour of the curve 082, :

C(s)-0 when s-— 400, (105)

y(s) = v, =const when s— + . (106)

The effective equation (99) can be rewritten using Lemma 1 in the form
[ —d?/ds® + A(s) — (A*(s) + dA(s)/ds) — 2A(s) d/ds] x = z¥. (107)

Let us denote 7(s) = (', '¥), where y*) = dx/ds, y® = x(s) and rewrite Eq. (107)
in the form

didsi + W (s, z) =0, (108)
where

24 A2+dA/ds+(z——A))

_J 0 (109)

”/If(s,z)=<
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Let us consider the problem with the “asymptotical” matrix potential #  (z)=
lim W (s, z) as the non-perturbed one:

djdsj+ W, (z)j=0. (110)

The diagonal operator A(s) has the matrix elements 4,,(s), given by Eq. (102).
Due to the assumption (105), the “asymptotical” matrix potential #_ (z) has the
form

Ww(z)=<_?1 Z‘OA"C). (111)

Here, due to the assumption (100),

Ay =1{iZ}, AZ = lim k2(s).
Let us denote as %7 (s, z) the solutions of the Eq.(84), determined by the
asymptotics

L7 (s, 2) = 758, 2) when s-— + o0, (112)
where (s, z) are the following solutions of the non-perturbed equation (110):

i P(E) explis P(z)) - J>

exp(is P(z))oJ (113)

795, 2) = (

In Eq. (113),

P(z)=(zl—A,)"

and Jel}. One can check that §*(s, z) is the solution of the non-perturbed equa-
tion (110). We define the scattering matrix S¥(z) of the effective problem (99) (i.e.,
of Eq. (108)) as follows:

15(0,2)=5(z) 17 (0, 2). (114)

Equation (108) is an ordinary linear differential equation with the matrix poten-
tial #7(s, z). For such equations the inverse problem can be solved [27] and thus
the potential # (s, z) can be reconstructed in terms of S In fact, we should
consider the finite-dimensional block of S°" only, because the contribution to S°T
is given only by propagating normal modes, corresponding to ¢, with m <m,. The
value m is determined by the width d of the CQW and its curvature C(s).

According to Eq. (109), #°(s, z) has the structure

wl(s,z) W, z)>

“///(s,z)z( _J 0

(115)
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where #°Y(s, z) are infinite-dimensional operators. Equations (109) and (115) give

WN=24, WP=A+dAlds+ (z—A). (116)
Hence
AS)=[3(# (s, 2)* + oW \(s, 2)/os — W', 2) ] +2z, zeR.  (117)

The frame Hamiltonian #,(s) has no continuous spectrum, and we refer to the
set {S°", N,,}, where N,, is the normalizing coefficient of the eigenfunction ¢, (see
Eq. (100)) for arbitrary fixed m, as the scattering data. We formulate the inverse
problem as the problem of reconstructing C(s) and y(s) in terms of scattering data.

The scheme of the inverse problem solution is the following:

(1) Using Eq. (117), we express 1,(s) in terms of #'(s, z), ie., in terms of

the effective scattering matrix $°(z) (the solution of the inverse problem for the
effective Eq. (110) is not discussed here; see, e.g., [27]).

(2) Using Eqgs. (102), (104), and (107) one obtains

1 2 1
2V CH )= | = 11 2
77(s) 4C (s) AN (s) |:4 (#°(5, 2))
+%6“Ilf,lnlm(s,z)/6s—“ﬂ/}fm(s, z):|—z. (118)

In order to reconstruct two unknown functions C(s) and y(s), one needs two inde-
pendent equations. One of them is given by the expression (118). In order to obtain
the second equation, one should solve Eq. (103) and express the function C(s) in
terms of k2(s) and y(s). We denote such a solution of Eq. (103) as

)= Tk 7. 5)=T,, ( s}, 3(s), s). (119)

2
dN 7 (s)

The system of Eq. (118) and (119) allows us to find two functions C(s) and y(s).
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