Proceedings of the Royal Society of Edinburgh, 143A, 401-425, 2013

Weyl-Titchmarsh-type formula for periodic
Schrodinger operator with Wigner—von Neumann
potential

Pavel Kurasov*
Department of Mathematics, Lund Institute of Technology,
221 00 Lund, Sweden (kurasov@maths.lth.se)

Sergey Simonov

Department of Mathematical Physics, Institute of Physics,
St. Petersburg University, 1 Ulianovskaia, Peterhof 198904,
St. Petersburg, Russia (sergey_simonov@mail.ru)

(MS received 25 October 2010; accepted 20 January 2012)

The Schroédinger operator on the half-line with periodic background potential
perturbed by a certain potential of Wigner-von Neumann type is considered. The
asymptotics of generalized eigenvectors for A € C4 and on the absolutely continuous
spectrum is established. The Weyl-Titchmarsh-type formula for this operator is
proven.

1. Introduction

Consider the one-dimensional Schrédinger operator with a real potential which can
be represented as a sum of three terms: a certain periodic function, a Wigner—von
Neumann potential and a certain absolutely integrable function. More precisely, let
g be a real periodic function with period a such that ¢ € L1(0,a) and let ¢; €
L;(R4). Then the Schrédinger operator £, is defined by the differential expression

d? csin(2wz + §)
Ly = P +q(x)+w+€h(3§) (1.1)

on the set of functions satisfying the boundary condition
(0) cosa — ¢'(0) sinaw = 0, (1.2)

where c,w,d,€ R, a € [0,7) and v € (%, 1]. As shown by Kurasov and Naboko
in [16], the absolutely continuous spectrum of such an operator coincides as a set
with the spectrum of the corresponding periodic operator on R,
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Note that the spectrum of Ly, has multiplicity 2, while the spectrum of L, is
simple. Let ¢4 (z, A) and let ¥_(x, A) be Bloch solutions for L., and ¢4 (z, \) be
the solution of the Cauchy problem

—eto)+ (a0 + SREEED 01 0) ) 00) = Al )

»a(0,)) = sinq, ¢l (0,\) = cosa.

The main result of the present paper is the following theorem, which relates the
spectral density pl, of the operator £, and the asymptotics of the solution ¢,. We
call it the Weyl-Titchmarsh formula.

THEOREM 1.1. Let 2aw/m ¢ Z and ¢1 € L1(Ry), then for almost all X € 0(Lper)
there exists Ay (\) such that

valT,A) = AaNY_(2,\) + Ao (VN3 (z,\) +0(1)  asx — 400 (1.4)

and

, 1
Pa(A) = 5

27 WH{h+ (A), - (A) H] Aa ()]

Weyl-Titchmarsh formulae provide an efficient tool to study the behaviour of the
spectral density. The absolutely continuous spectrum of the operator £, contains
infinitely many critical (resonance) points (see (2.1)) where the type of the asymp-
totics of generalized eigenvectors changes and is not given by a linear combination
of 4 and ¥_ (asin (1.4)). The embedded eigenvalues of £, may occur precisely at
these points. In the generic case no eigenvalue occurs, but it is natural to suspect
that the spectral density of £, vanishes at these points.

Vanishing of the spectral density divides the absolutely continuous spectrum into
independent parts and has a clear physical meaning. This phenomenon is called the
pseudogap. In [19] we study zeros of the spectral density in more detail.

The study of Schrodinger operators with Wigner—von Neumann potentials began
with the classical paper [21], where it was observed for the first time that the poten-
tial ¢sin(2wz+4)/(x+1) may produce an eigenvalue inside the absolutely continuous
spectrum. Later on, such operators attracted the attention of many authors (see,
for example, [1-4,6,12-15,17,18]). A phenomenon of this nature, an embedded
eigenvalue (‘bound state in the continuum’), was even observed experimentally in
semiconductor heterostructures [7].

The Weyl-Titchmarsh formula for the spectral density in the case of zero periodic
background potential follows directly from the results of [17]. This formula was
proved once again in [3], where the method of Harris-Lutz transformations [11]
was used. In the present paper we also use a modification of this method. Another
approach was suggested in [5], but again in the case of zero periodic background
potential.

Let us briefly outline our method. The Weyl-Titchmarsh-type formula relates
the spectral density to the coefficient in the asymptotics (1.4) of the solution
©¥o. We derive this formula in §5 following the standard strategy from [20] using
the uniform (in a proper sense) asymptotics of the solution ¢, given by theo-
rem 5.1. It is important to note that establishing the asymptotics only on the
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absolutely continuous spectrum was done in [16] and is not enough. The main
technical difficulty is to establish the asymptotics both on cac(Lper) and C1 and
to show that the coefficient in the asymptotics is analytic and has boundary lim-
its. In §3, we transform the eigenfunction equation to a linear differential system
in C? of the special (Levinson) form, which is easy to analyse. The central part
of these transformations uses the uniform Harris-Lutz method [11] and is simi-
lar to the transformation used by Behncke in [3] (‘complex I + @’). Our method
uses a different regularization of the formula in order to make it work both on
the real line and in Cy. In §4 we formulate and prove a variation (rather stan-
dard) of the classical Levinson asymptotic theorem [8, lemma 4.2]. We use it
in §5 to find ‘uniform’ asymptotics of ¢, and prove the Weyl-Titchmarsh-type
formula.

2. Preliminaries

The spectrum of Lpe; consists of infinitely many intervals (see [9, theorem 2.3.1])

7 (Lper) = |J (g p125] U (241, Aajial),

Jj=0

where
Ao <poS<pr <A <A <pup<puz < A3 A<,

where \; and p; are the eigenvalues of the Schrodinger differential equation on the
interval [0, a] with periodic and antiperiodic boundary conditions. Spectral proper-
ties of Lyer are related to the entire function D(\) (discriminant) and the function
k(M) (quasi-momentum), where

Tr 1'2 —
k(/\):z—iln(t D)) + 2t D()\) 4>'

We can choose the branch of k(\) so that (as follows from the properties of D()\),
see [9, theorem 2.3.1])

k(AO) = 07
k(po) = k(p1) =,
k(A1) = k(A2) = 2,

where

E(A) eR if A € 0(Lper),
k()\) €C+ 1f>\€<C+

The eigenfunction equation for Lyer,

—"(x) + q()¢(z) = Mp(z), z€ER,
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has two solutions (Bloch solutions) ¢ (z, A) and ¥_(x, A) satisfying quasi-periodic
conditions

Vi(r+a,0) = e My (2,0),
V_(z+a,\) = e FNy_(2,1).

They are determined uniquely up to multiplication by coefficients depending on A.
It is possible to choose these coefficients so that Bloch solutions have the following
properties:

(1) ¥y(x, M), »_(x,N) for every & > 0 and their Wronskian W{y (X),1¥_(\)} are
analytic functions of A in C4 and continuous up to o(Lper) \ {Aj, 15,7 = 0};

(2) for A € o(Lper) \ {Nj, 15,5 = 0} one has ¢4 (z,\) = _(z,\);
(3) the Wronskian does not have zeros and for A € o(Lper) \ {Aj, 15,7 = 0} one
has W{y4(A), - (A)} € iR4.

Bloch solutions can also be written in the form
Yi(z,A) = eik(/\)w/aer (z,A),
Yo (2, A) = e Ve (g N),

where the functions py(x,A) and p_(z, A) have period a in the variable z and the
same properties as ¥4 (x, \) and _(x, \) with respect to the variable A.

As we mentioned earlier, the operator £, was studied in [16], where the asymp-
totics of the generalized eigenvectors was obtained. Kurasov and Naboko showed
that in every band of o(Lper) ([Aj, ;] if j is even and [p;, A;] if j is odd) there exist
two critical points v; + and v; _ determined by the equalities

k(uj,+)=7r<j+1—{a7‘r"}) and k(uj,)=ﬂ<j+{a:}>, (2.1)

where by {-} we denote the fractional part. Critical points do not coincide with
each other and with the ends of bands, if

2“7“’ ¢ Z. (2.2)

3. Reduction of the eigenfunction equation to a linear system of
Levinson form

In this section we transform the eigenfunction equation for £, to a linear 2 x 2
system with the coefficient matrix being a sum of the diagonal and summable
matrices.

Consider the eigenfunction equation for £,

csin(2wz + 9)

~0(a) + (o) + 2

N q1<z>)w<a:> “ (). (31)

For every
A€ CyU(o(Lper) \ {Nj, 15,5 = 0})
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let us make the following substitution:

(j’((?» - (ii gi; Zﬁig) u(@). (3.2)

Writing (3.1) as
/ 0 1
() = csin(2wx ()
(W) = <q<x> + SRR @) 0) )

and substituting (3.2) into it, we get

esin2wz + 6)/(x + 1)7 + q1(x)

Y = T )

_ 2
ZZ’_ (SC, )‘) ¢+ (:E7 A)w— (‘Ta A)
Let us introduce another vector-valued function v,
—ik(A)(z/a)
o(x) = (e ) eik(k?@ /a)> u(z), (3.4)
and the matrix
2

R(l) 7)\ — q1($) —p+($,/\)p_(x,>\) —p+($,/\) . 3.5
CZWo T 2@y s @) ¢

Then system (3.3) is equivalent to
o) — —ik(\)/a 0 csin(2wz + 9)
= (" v * errw i

X —p+ (@, Mp— (2, A) —pi(z,N) W (g v(x
< P2 (x, ) p+(m,/\)p_(x,)\)> + R W) (x). (3.6)

Let us search for a differentiable matrix-valued function @Q(x) such that
Q(x),Q'(x) = O(1/x7)
as * — +oo and such that the substitution

v(z) = Q@5 (x) (3.7)

leads to a system for the vector-valued function v of the form

csin(2wzx + 9)

@ = (5" W) e e

—p4(7)p—(x) 0 @ () 5
( 0 p+<x>p<x>>+R ()) )
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where the remainder R (z) also belongs to L (0,00). Using that

" 1
Q) = T4 Q(x) +O(x%>,
(eiQ(ac)>/ _ iQI(SL‘) _"_O(xlh)

as T — +o0o we obtain

0= (7" W)+ T

y <p+(x)p— (z) —pi(z

where

o (5" )]

is the commutator of the two matrices. Our aim is to cancel the anti-diagonal entries

of
(—p+ (x)p—(x)  —pi(a) )
P> (x) p+(z)p—(x)

in (3.8) by properly choosing Q. To this end, @ has to satisfy the following equation:

Q’(:v)+[Q(:c), (—ilg/a ik(;@)]( esin(2wz + 6) ( 0 —pi(x))

r+1)YW{Ys, v-} \p? (2) 0
(3.9)
The latter is equivalent (after multiplication by
efikx/a 0
0 eikw/a
from the right and by its inverse from the left) to
eikw/a 0 efikm/a 0 /
< < 0 e—ikm/a) Q(l’) < 0 eikx/a) >
 csin(2wr +9) 0 —PR@EN )
T W e \R@e e o )0 ©

For every

e U(Eper) \ {)‘ja,u‘ja VjdsVj,— N 2 0}
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and for the values of A from some neighbourhood of the point g (which we will
specify later) let us take the following solution of (3.10):

eika:/a 0 e—ika;/u 0
( 0 eikm/a) Q(LL', )"/’L) < 0 eik:n/a)

C

T W (M), 90— (V)]

0
X /w sin(2wt + §)p? (¢, N)e 2k(Mt/a q¢ /oo sin(2wt + 8)p2 (t, N)e~2ik(Wt/a g
0 (t+1)7 0 (t+ 1)
/oo sin(2wt + 8)p2 (¢, \)e2kNt/a 4
T (t —+ ]_)’Y
0

(this is our choice of constants of integration that depend on p). This leads to

Q(z, A, 1)

c

T WL (), - (V)

0

e2ik(N)z/a ( /x sin(2wt + 6)p
0 (

% (t7 )\)e—Qik()\)t/a dt
t+ 1)
/oo sin(2wt + 0)p2 (£, A)e2ik(mt/a gt
(t

0

X

ef2ik()\)93/a /OO Sin(2Wt + 6)p3- (ta /\)QQik(A)t/a dt

(t+1)7 . (3.11)
0
In particular, for A = p,
Qz, p,p) = “
T WY (), - ()}
0
X _QZik(/L)m/a /OO Sin(2Wt + 5)1/}2— (ta /J/) dt
\ (t+1)

672ik(,u):r:/a /OO Sin(2Wt + 5)1/}-2% (ta ,LL) dt

. (t+1)

(3.12)



408 P. Kurasov and S. Simonov

Formula (3.12) does not make sense if ;1 € C, due to the divergence of the integral
in the lower entry. But it has analytic continuation in the spectral parameter from
the point p. As was mentioned in §1, a similar transformation was used in [3]
and was called the ‘complex I + @’ transformation. Nevertheless, here we need
analyticity with respect to A, and to this end we introduce an additional parameter
1. The rest of this section is devoted to proving uniform (with respect to \) estimates
for the entries of ), which we need to establish uniform asymptotics of the solution.
Let us denote

£(0) = iy { |2

Consider some 8 > 0 and the set

2k(p)

2
™ 9w+
a

2
+ 2w+ -

)

UB,p) :={N € Cy:2e(N\) = e(u), 0<Im2k(N\)/a <1,
[Rek()) — k()] < BTm (M)},

The set U(8, p) is compact and contains the point u. For every 51 < [ it contains
some neighbourhood of the vertex of the sector

B1
K’ (1)

Note that k'(p) is positive for p € o(Lper) \ {Aj, 15,7 = 0}.

Im A.

[Re A — pf <

LEMMA 3.1. Let 8> 0 and
1€ 0(Lper) \ ANy, > V15 vj—, 5 2 0}
Then there exists c¢1(8, u,y) such that, for every x > 0 and A € U(B, u),

C1 (ﬁa ) PY)
(z+1)7

1Q(, A, W Q" (=, A, | <
holds.
Proof. Note first that
kE(A) e R for A € o(Lper)
and
k(A e Cy for AeC,.
Let us denote the entries of Q(z, A, i) as follows:

0 ng(x,)\))
Q21(1‘7/\,M) 0 ’

Let us first estimate the entry Q2. Let f be a periodic function with period a such
that f € L1(0,a). Its Fourier coefficients will be denoted by

Q0 = (

frn = 1/ f(x)e2minz/a gy,
0

a
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LEMMA 3.2. If
{fidn o € 11(2)

n=—oo

and £ € C is such that
ak Z,
2

then

) oo gt
‘e_@/ et f(t)dt

+oo
| fal 1
(t+ 1) <2( Z |§27m/a|)(x+1)“f (3.13)

n=—oo

(i.e. the expression on the left-hand side exists and is estimated by that on the
right-hand side).

Proof. Consider z; > x. Since the Fourier series converges absolutely, we have

1 it too foo T1 Li(€+27mn/a)t
—iéx e 2nnt/a dt = —iéx / e dt

n=-—o0o T
(3.14)
Integrating by parts and estimating the absolute value, we get

—itx /"E1 el(€t2mn/a)t q¢
o e
z (t+1)7

_ (e e [ )

Sig+2mn/all T\ (@ +1)7 0 (2 4+ 1)7 . (E+1)H
2

- |€ +2mn/al(x +1)7

Substituting into (3.14) yields

T1 i€t
e [ F(t)dt
«  (E+1)7

<2( > ) G

n=—oo

By Cauchy’s criterion the integral

/°° et f(t) dt

(t+ 1)
exists and the desired estimate (3.13) follows. O

Formula (3.11) implies that

Q12(337/\)

2iwz+id

= ik jasawye [T DL ARV a2t gy
T AW (N, - () /x (t+1)
ei(QkO\)/a—Qw)t dt
(t+1)7

—2iwx—id

_ ce o i(2k(N) fa—2w)a /°° pr(t, )
2iW {94 (A), - (M)} -

(3.15)
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Denote the Fourier coefficients of the function p2 (-, A) by by, (X),

1 /@ -
bn(A) := 7/0 pi(m,)\)e_%‘m/“ dz.

a
Then lemma 3.2 applied to (3.15) gives
|Q12(z, M)
_ % !
WYL (N, - (VY (z+ 1)

s 1 1
X Z |bn()\)|(|2k()\)/a+2w+27m/a| * |2k()\)/a—2w+27m/a|>

n=—oo

2|c| 1
e(W) Wit (A), ¢ ( Z b (A ) CESIEA (3.16)

n=—oo

Let us now estimate the entry Q9. Formula (3.11) implies that

Qa1(w, A, 1)
ce2ik(Nz/a (/“ sin(2wt + 0)p? (t, N)e 2k(Mt/a q¢

~ WL (), v-(MVF \ o (t+1)7
/OO sin(2wt + 8)p? (t, \)e~2ik(W)t/a dt)
0 (t+ 1)
B 21k(/\)x/a / blIl 2wt + 6) (t A)( —2ik(MNt/a _ e—21k(,u)t/a) dt
; W{¢+( ), - (A)} (t+1)
21k(>\ z/a / SlIl th + 5) ( ) —2ik(pn)t/a dt
W{¢+( A} (t+1)7 '
Define
)\ Qik( )z /a
e M) = S ) 0 O]
y / sin(2wt 4 8)p2 (¢, A) (e~ 2N/ a _ o=2ik(1)t/a) q¢
0 (t+1)7
and
I ce2ik(Mz/a sin(2wt + 6)p2 (t, N)e 2k Wt/a gt
21 (‘T7 >\7 /.L) = / ~ )
W{1/)+( A} (t+1)
so that

QZl(vawU') = Qél(xa )‘v#) + le(xv)‘v/i)

The second term can be estimated in the same manner as Q12(x, \) using lemma
3.2. Denote by
1

l;n()\) = a/o P2 (x,)\)efzﬂi"‘”/a dx
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the Fourier coefficients of p2 (-, \). Then,
Q3 (2, A, )
_ % 1
WL (A, - (WY (& 4 1)

too 1 .
: n;oo a2 <|2]€()\)/a — 2w — 2mn/al M [2k(N)/a + 2w — 27rn/a>
2ld S )
S S ES, o-(0H <HZOO bnw) CEEY (3.17)

(using that k(u) € R and k(\) € C).
To estimate Q%; we shall need the following lemma.

LEMMA 3.3. Let g,8 > 0, then there exists ca(e, 3,7) such that, for every & and

52;

0 < Imgl < 1a
52 GR,
[Reéi — & < fIm &y

and for every x >0

‘§l|> g,
‘£2|> g,

02(57 ﬂa ’7)

T —i&qt —i€at
eiﬁlw/ (e §it _ o182 )dt
0 (t+1)7

holds.

Proof. Integrating by parts, we get

(x +1)7

el(61—&2)z

R /x (e7it — =iy dt el (£ — &)
0 (t+ 1) i£162

i

i£2 ((L’ + 1)’Y
Ve (& e izt q¢

AT

Consider the new constant

c3(y) := maxzTe .

x>0

For every x > 0 and &; considered,

c3(7)

—&) [*
6162 /o (t+ )7+t
,yeiflw

eIm &1

/I (e7i&rt —e—ik2t) gt
; :

i& (t+ 1)v+1

x

ec3(7)

I Yao—Imé&iz g
(Im&)e (z+ 1)

Using that

Sz 1)

[Re&y — &2 < BImy,
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which is equivalent to
|61 — &l < VB2 + 1Im &y,

the integral can be estimated as

e /r (e—iflt _ e—iﬁzt)dt‘ - 2ec3(7) /62 +1 N )
0

(t+ 1) e2(x +1)7 e(z+ 1)

ity / (emie1t — e~i2t) d
0 (t+ 1)+t ’

+le
€

The last term can be split into three parts as follows:

i€1a /I (e7i6t —emi2t) dt
e
0 (t+ 1)v+t

Ime 1/Imé&; z/2 T |e—if1t _ e—i£2t| dt
coma [ |
0 1/Ime  Ja/2 (t+ 1)+t

Let us estimate these three integrals separately.

(1)

1/Im &, |e—i(§1—§2)f _ 1| dt

Imé&z 1/Imé |e_i£1t — e_i£2t| di Imé&iz
- 1 — o 1
e /0 (t+ 1)1 € /0 (t+ 1)1

Introduce the constant

cs(B) == max [o* — 1]

lz|<+/B2+1 ||

Since for the first interval

(e — et < =8l T

Im 51
we have
oI /1/ Im &, |efi£1t _ eii£2t|dt
0 (t+1)7v+1

<o Im&iz /1/Im51 04(5)\/m1m§1tdt
h 0 (t+ 1)+t
_ ecs(Vea(B)y/B? + 1(Im ) /1/Im§1 q

) (@4 1) 0 (t+ 1)

_ ecs(y)ea(B)vB% + 1((1 + Im&;)' ™7 — (Im&;)' ™)
(z+1)7(1—7)

o 2! Yecs(y)ea(B)/ 8% + 1

(I =7)(z+1)7
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(2) For x > 2/Im¢&; we have
e Im&ix /I/z |eiiElt — eii§2t| dt
1/Imé; (t+ 1)+t
1

/Imé, (t+ 1)+t
<2e—1m§11‘/2 /OO di
1/Im& e+t
27 lecs(v)
oty

For < 2/Im¢&; the integral is negative.

3)

—Imé&x /I |eii§1t — eii£2t| de < /x 2dt < 27+1
e < .
w2 (E+1)H o2 (EH 1) 7 y(2 4 2)7

Combining these estimates, we get

eiflz /L (e_iglt — e_i&t) dt‘ < 62(5767 ’Y)
0

(E+ D @+ 1)
with
2ec VB2+1 2
ca(e, B,7) == 3(7)5—25 + -
v (21 Vecs(7)ea(B)/ B2+ 1 27T ecs(y) 20T
+ - + + :
£ =7 gl gl
This completes the proof of the lemma. O

Let us continue to estimate Q%;
too 2 i§+2iw+27wina/a
cbp(N)e
QI21(‘T7)‘7M) = Z . ( )
2 SW G, () oV
y /I (efi(2k:()\)/a72w727rn/a)t _ efi(Qk(u)/a72w727rn/a)t) dt
0 (t+1)

i(2k(N)/a—2w—27n/a)x

too 7 —id—2iw+2winz/a
— Z Cbn(A)e b2tz / ei(2k()\)/a+2w—27rn/a);v

2iW L (N), - (M)}
y /CE (efi(Qk()\)/a+2w727rn/a)t _ efi(Qk(,u,)/aJr2w727rn/a)t) dt
0 (t+1)7 '

n=—oo

Applying lemma 3.3, we get

1 s By) (2N 1
Q1@ A WS [ ), o OO (nZ ) G 819

=—00
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Therefore, combining the estimates (3.16), (3.18) and (3.17) the matrix @ can be
estimated as follows:

1Q. A )]
1 |c]
S @D W ), o]

J‘(‘m( 3 bn(/\)|)2+<€(2m+02(6(u),ﬁ77)>2( 5 |6n<A>)2.

n=—oo n=—oo

Let us now estimate the Fourier coefficients. For n # 0 we have

_ l ¢ 2 —27inz/a _ a /a 2 1" —2winz/a
bn(/\)_ a/o p_,_(x, )‘)e dz = 47T27’L2 0 (p-',-(va)) e dz.
Thus,
a a
a1 < s | 103 20 (319)

In terms of the corresponding Bloch solution, the second derivative of pf_ is

2
(R )" = 20721 (41 0 ,0) = 202 (0,
k()

+(W (2, 0))?

a

Sle ) )
Let us estimate the norm in L;(0, a) of the function ¥/ (-, A). From the equation

Y, A) = (q(z) = N (x,A)

we see that
9Nl 22 00) < (laliago + ) max [ (2, ).
z€[0,a]

Since the functions

efik()\)w/a’ T/)+ (33, >‘)7 w;(% )‘)

are continuous in both variables on the set

[0,a] X U(B, ),
and hence attain their maximums, we have that the integral
| 162y
0

is bounded on U(g, u). For n = 0,

a 1 a i
bo(N) = 7/ P2 (z, ) de = 7/ e 2kNz/ay2 (1 N)da
0

aJo
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and is also bounded. The same argument is valid for by Finally, we see that there
exists ¢5(03, 1) such that, for every A € U(S, p),

N CS(ﬁmu’)
[P (V)]s e (NI < =5 1

The Wronskian W{y1(\),¥_(A\)} does not have zeros in U(S, u). Also, in the
formula for the derivative of @,

. —2 (z
Qe A1) = csin(2wx + 9) <p2 (0 y( 7>‘)>

(z + 1) W{h(N), - (N} 2, \) 0
—ik(\)Ja 0
- l:Q('TaAaM)7( 0 lk()\)/d)il’

the functions £k(\)/a, £esin(2wz + §)p3 (z, A) are bounded for (z; \)
U(B, u). Hence, there exists c1(0, u,y) such that for every A € U(G,
the following estimates hold:

€ [0; +00) x
Jand z > 0

Cl(ﬁv 12 ’Y)

1Q(, A I, 1Q" (=, A, Il < (z+1)

This completes the proof of the theorem. O

Let us study the properties of the remainder
R®(z,\, )
= o~ Q)

—ik(A)/a 0 csin(2wzx + 9)
g ( ( 0 ik(/\)/@> T DT, - (V)

—p (@, Np-(2,7)  —pi(z, ) M (g2 ) 6@ Am)
(BN o) HROE)

~ik(\)/a 0 Q) (@A)
_< ¢ ikm/q) _ o=@ ) ((Q A

B esin(2wz + 9) —p+ (2, A)p— (7, ) 0
(z + 1) W{(A), - (A)} 0 py(x, Np_(z,\) )
(3.20)

LEMMA 3.4. The remainder R®) given by (3.20) possesses the following properties:

(1) R (-, A ) € L1(0,00) and the integral

(e}
| 18O @A) da

0

converges uniformly with respect to A € U(B, u);
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(2) one has
(B (2, 1, 1)1 = (R@)(ﬂc,um))u»} (3.21)
(R (@, 1, 11))22 = (R (w, 1, 1) )11
Proof. The first assertion follows directly from lemma 3.1.
The property of matrices from the second assertion is preserved under summa-
tion and multiplication of such matrices, as well as taking the inverse. We can

see from (3.5) and (3.12) that R (z,u) and Q(x, u, ) possess this conjugation
property. Therefore,

Q' (z, u, 1), RACDN (e@@spap)y!

and, finally, R (x, u1, 1) (from (3.20)) also possess this property. It should be taken
into account that W{ 4 (1), (u)} is purely imaginary. O

Let us define

ik(A)  esin2wz + 6)py(z, N)p—(z, A)
a (@ + D)IW{Y(A), - (N}

Finally, we obtain a system of the Levinson form

v(z,A) = —

¥ (2) = ( (V(% A 71/& A)> + RO (a, )\, ,u))f)(:v). (3.22)

4. A Levinson-type theorem for 2 X 2 systems

In this section, we prove two statements that give a uniform estimate and asymp-
totics of solutions to certain 2 x 2 differential systems. The approach is the same as
for the Levinson theorem [8], but the difference is that we are interested in prop-
erties of solution with a given initial condition. Note that concrete values of all
appearing constants are important, since they will be needed to prove the uniform
asymptotics. In this sense, we can say that in these lemmas the uniform estimates
and asymptotics are proven.
Consider the system

o (z) = ((A(Ox) - Ao(x)> 4 R(x))ul(x) (4.1)

for > 0, where uy(z) is a two-dimensional vector function and R(x) is a 2 x 2
matrix with complex entries.

LEMMA 4.1. Assume that

/Ooo IR(H)]| dt < oo (4.2)

and that there exists a constant M such that for every x <y it holds that

Yy
/ ReA(t)dt > —M.
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Then every solution uy to (4.1) satisfies the estimate
lus (2)]] < lun (0)]] exp (/0 Re A(t) dt)
x V1 + et exp (m/ooo R(t)|dt). (4.3)
Proof. First transform system (4.1) by variation of parameters. Define

1= )

and take
ul(:c)exp< /0 AW dt)ug(z) or us(x) = exp( /0 w/l(t)dt)ul(x). (4.4)

After substitution, (4.1) becomes

uh(z) = exp < — /093 A(t) dt> R(z)uq(z). (4.5)

Integrating this from 0 to x and returning to the function wuy, on the left-hand side
we get

ui(x) = exp (/01 A(t) dt> u1(0) + /01 exp (/tw A(s) ds) R(t)uq (t) dt. (4.6)

Now multiply this expression by

o (= [ a05)0s)

us(z) = exp ( - /0 A dt) i (z). @.7)

We get the following equation for uz considered in L., ((0,00); C?):

1 0
us(z) = (0 exp ( _9 Ox A(s) ds)) u(0)

1 0
n /O (O - (_2 /I)\(s)d8>) R(t)us(t)dt. (4.8)

The norm of the operator V,

. /1
V. u&—>/0 (0 exp<_2/tf A(s)d8>) R(t)u(t) dt,

and define
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is bounded by

VI < V1t / |R(t)] dt

and the norm of the jth power is bounded by

oy oo i
Vi) < ﬂ(¢1+e4M/0 R<t>|dt) .

Hence,

us(x) = (1 — V)" (l 0 ) 1 (0)
0 exp(—=2 [, A(s)ds)

and
U3l Lo ((0,00),C2) < €xP (v 1+ 64M/ [R(2)|] dt) V14 etMlug (0)].
0

Returning to uq, we arrive at the estimate (4.3). O
The next lemma states the asymptotics of the solution.

LEMMA 4.2. Let all conditions of lemma 4.1 be satisfied. Then the following asymp-
totics hold:

(1) f )
/ Re A(t) dt < oo, (4.9)
0
then every solution uy of (4.1) has the asymptotics
up ()
_ (exp(fom A(s) ds) 0 )
0 exp(— [, A(s) ds)
o0 exp(—fot A(s) ds) 0 > >
u1(0 " R(t)uq(t)dt + o(1
X( ()+/0 ( 0 exp( [, A(s) ds) (Eha(£) dt + o1)
as r — +00;
) i )
/ Re A(t) dt = +oo0, (4.10)
0

then every solution uy of (4.1) has the asymptotics

i (z) = exp ( /0 \s) ds)
v ((é 8) <u1(0) —|—/Oooexp (—/Ot)\(s) ds)R(t)ul(t) dt> +o(1))

as x — +00.
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Proof. Asymptotics 1. Consider the function us given by (4.4) and integrate (4.5):

ua(z) = 11 (0) + / " exp (- /O "As) ds) Rltyus () dt. (4.11)

0

Since for every = < y we have the estimate
Yy Y 0o oo
/ Re/\(s)dsg/ |Re)\(s)|ds§/ \Re/\(s)|d5§/ ReA(s)ds +2M,
x x 0 0

the exponent under the integral in (4.11) is bounded. The solution wus(t) is also
bounded in this case, due to lemma 4.1. Hence the integral in (4.11) converges as
x — +o00 and there exists

T—+00

lim us() = ur (0) + /0 " exp (- /0 ") ds) R(Hyus (t) dt.

Returning to w1, we obtain the answer.

Asymptotics 2. Consider the function us given by (4.7) and the correspond-
ing equation (4.8). It follows from lemma 4.1 that ugz(t) is bounded, and hence
Lebesgue’s dominated convergence theorem implies that the following limit exists:

xgrfwug(x) = (é 8) (ul(O) +/OOO R(t)us(t) dt).

This is equivalent to the announced asymptotics for ;. O

5. Asymptotics for the solution ¢ and Weyl-Titchmarsh-type formula

In this section, we put together the results obtained earlier to find the asymptotics of
the solution ¢, (x, A) and prove the Weyl-Titchmarsh-type formula for the operator
L. Consider the set

U(p) = U U (B, 1),

HET (Lper)\{Nj, 15,5, +,v5,—,5 =0}
which belongs to C; and contains
o(Lper) \ {Njs 15, vj+,vj,—, § 2 0}
as part of its boundary. The value of 3 is arbitrary here.

THEOREM 5.1. Let 2aw/m ¢ Z and ¢1 € L1(Ry), then the solution o of the
Cauchy problem

—cpg(x,k) + <q(1’) + W + Q1(x)> @a(x’)‘) = )‘Spa(x’)‘)7 T e R+,

©a(0,\) = sina, @l (0,)) = cosa

has the following asymptotics: for every A € U(B) there exists Ay (\) such that
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(1) if A € CLNU(B), then
Palr,X) = Aa(N)9 (2, A) + o™ FN#/a),
Ph(@,A) = Aa(NYL (2, A) + o(e™FNV#/e)
as T — +00,
(2) if A€ o(Lper) \ {Aj> 155 Vi, V5,53 = O}, then
Pal; A) = Aa(N)Y— (2, A) + Aa (MNP (2, A) + o(1),
Pa(®,A) = Aa(NP. (2, A) + Aa(N)P) (2, A) + o(1)

as r — +00.

The function A, is analytic in the interior of U(B) and has boundary values on

O—(Eper) \ {)\jﬂ Hgs Vi +5 Vj,—aj = O}

Proof. We are going to omit the index a here since the value of the boundary
parameter is fixed throughout this proof. According to (3.2) and (3.4) we write

o)\ _ [(V-(@A) ¥i(z,A)) [eFNe/a 0
(‘Pl(ﬂf)> B (w’(x,/\) Y, (, A)) ( 0 eik()x):p/g) Vo (T, A). (5.1)

This is the definition of v, a solution of (3.6) corresponding to ¢. Let us fix the
point

1€ o(Lper) \ AN, 1y, vj4, v, § = 0}
and consider A € U(f, ). The function

D (x, A, ) 1= e~ Q@NBy (2 ))

is a solution to (3.22) corresponding to ¢. Let us see that the conditions of lemma 4.1
are satisfied for system (3.22) uniformly with respect to A € U(f, ). First of all we
have estimate (4.2) from lemma 3.4 and

_Imk(d) o esin(2wz + §)py (z, N)p—(x, \)
Revta) = S - e (S )

Estimating the second term in the same way as in lemma 3.1 we have

/y csin(2wt + 6)p4 (t, A)p—(t, A)
z (t+1)7W{py (A), - (M)}

a

cla

. |
S W { (V) v (M}
SR 1 1 1
% < Z b"(A)|<|2aw/ﬂ'+2n| * |2aw /7 — 2n|)> (x+ 1)’

n=—oo

where | e
BN i= 5 [ b - o, e 2 da
a Jo
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are Fourier coefficients for p (-, \)p—(-, A). Analogously to (3.19) we have

Bl < i [ 1040002

So there exists ¢g(3, ) such that for every A € U(f, u) and n # 0

hu)] < 2,
while
[bo(M] < ¢6(5, 1)

Finally, there exists c¢7(3, 1) such that

esin(2wt + 6)p4 (¢, A)p— (¢ ,)\)
C7(/6'7 /1’)

‘/ (t+ 1)7WH{thy (A), - (A)}

for every 0 < <y and A € U(B, u). Thus, we can take
M) = ez(B, 1)
for these values of A\. Lemma 4.1 gives the estimate
1T (2, X, )| < 1150, A, p)l[e"™ F N/ ey (8, ), (5.2)
where
oo
cs(B, 1) := V1 + eder(B) exp ( 1+ eter(Br)  max / IR (&, \)|| dt).
A€U(B,1) Jo

The conditions of lemma 4.2 are also satisfied; (4.9) holds for A € RN U(B, u)
and (4.10) holds for A € C.NU(B, p). So, lemma 4.2 gives the following asymptotics:

(i) for A€ CL. NU(B, p),
O, A, 1)

= exp ( ik(\)

(2 (o

: t b esin(2ws 4 8)p (s, \)p_(s,\) ds
’ / o (#005+ [ R o)

x R (t, X\, 1), (t, A, ) dt) + 0(1));

_/ csin(2wt + 6)p4(t, A)p (,A)dt)
(t+ 1)W{p (M), v (N}
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(& [ esin(wt + 0)py (¢, plp— (8, p) dt
(e’“’< K~ [ e >

0
ex [ T T esin(2wt 4+ 0)p4 (¢, p)p—(t, 1) dt )
(s [ T )

X (%(0, 4, 1)

o (oxo (et o [ csn(2ws +0)py (s, m)p-(s,p) ds
v (p(’“’“‘)a*/o s+ 177W (s (1), 0 (10) )

0

0
ex —1 E _ ' CSin(2ws + 6)p+ (87 M)pf(& /J) ds )
P ( T e e Gty )

< ROt 11, 1) (£, 1, 1) dt+0(1)) :
(5.3)

Since Q(z, A\, ) = O(1/(z + 1)7), we can define, for A € U(8, u), that

= {(o) o (- [ oo o)

X (e_Q(o’/\’“)vw(O, A)

Ooex ; t b esin(2ws + 6)py (s, \)p_(s,\) ds
AR G A e e ey

x R (t, X\, p)eQEA 1y (¢, X) dt) >

(where (-, -) stands for the scalar product in C?), which yields

Tr—+00

lim v, (2, \)elFMe/a = (A()(\)’ ,u)> . (5.4)
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From this, we see that the coefficient A(\, p) does not depend on p, so we will
denote it by A(A). Relation (5.1) can be written as

O (0 ol X) — e ) (2 )
0ol = ), o ) (ww,A)w (2, 0) = sl Y, A)) 69

S0 Ugo(% -) is analytic in C; and continuous up to
U(‘Cper) \ {)‘jvﬂjJ > 0}.

From the estimate (5.2) and properties of Q(z, A\, ) and R® (z, \, 1) given by
lemmas 3.1 and 3.4 it follows that A(\) is continuous in U(f, i) and analytic in its
interior. Thus, A is analytic in the interior of U () having non-tangential boundary
limits on

U(Eper) \ {)‘j’:ujayj,+al/j,—7j 2 0}

that coincide with its values on this set.

The solution ¢(x, A) and its derivative are real if A is real. Thus, (5.5) shows that
the upper and the lower components of the vector v, (z,\) are complex conjugate
for A € o(Lper) \{Aj, 115, = 0}. This property is preserved if we multiply the vector
by a matrix X such that

Xo1 = X2, Xoo = X11,

as in (3.21). It follows from lemma 3.4 that the upper and lower components of the
vectors in the equality (5.3) are complex conjugate to each other. Hence for A =

we have
A(M)e_ik(u)m/a
v (z, 1) = A(aek0sa +o(1) asx — +oc. (5.6)

The asymptotics of the solution ¢ and its derivative follows from (5.1), (5.4)
and (5.6). O

Using the obtained asymptotics both on the spectrum and in C; we now prove
the Weyl-Titchmarsh-type formula.

THEOREM 5.2. Let 2aw/m ¢ Z and ¢1 € L1(Ry), then for almost all X € o0(Lper)
the spectral density of the operator L, defined by (1.1), is given by
_ 1

2m[W{th4 (N), - (M) H[Aa (V)2

where A, is the same as in theorem 5.1.

P (N)

Proof. In addition to ¢, consider another solution of (3.1), to be denoted by
0o = Payr/2, satisfying the initial conditions

0,(0,\) = cos a, 6/,(0,\) = —sina.
The Wronskian of ¢, and 6, is equal to 1. Theorem 5.1 yields, for A € U(8) NCy,

0o (2, A) = Aarn (NP (2, ) + 0(e™ /%) ag 2 — 400,
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Since the operator £, is in the limit point case, the combination
0o + MaPa
belongs to Ls(0, 00) (where m,, is the Weyl function for £,,). It has the asymptotics
O (2, A) +Ma(N)pa(@, ) = (Aasr/2(N) + MaAa(N))i- (2, ) + o(e! HVT/2),

Therefore,
o A(x+7r/2(>\)
me(A) = 77140[()\)
for A e U(B) NC4 and
Apinsa(A
o iy = A

for A € o(Lper) \ {Nj, 15, Vj,+,vj—, 5 = 0}. It follows from subordinacy theory [10]
that the spectrum of £, on this set is purely and absolutely continuous and

Aa(A)Aa+7r/2(/\) - Aa(/\)AoHrﬂ'/? (/\)
21 An( V)2

o) = %Imma()\ +i0) = (5.7)

Theorem 5.1 yields, for these values of A,
ea (33‘, )‘) = Aa+7r/2()‘)’(/}f (!.C7 >‘) + Aa+ﬂ/2()‘)w+($> )‘) + 0(1)u
9;(1‘7 >‘) = Aa+w/2(>‘)¢,— (I7 )‘> + Aa+ﬂ/2()‘)wi§-(za >‘) + 0(1)3

as ¢ — +oo. Substituting these asymptotics and the asymptotics of ¢, and ¢/, into
the expression for the Wronskian, we get

1= (AN Aatr/2(N) = Aa(N)Aayr2(M))WH{D4 (A), - (M)}

(the term o(1) cancels, since both sides are independent of z). Combining with (5.7)
we have

1 1
/

Pa A) = - = )
= oW ) o N AL VP~ 22 W (0 (O v (VT A P
which completes the proof. O

Acknowledgements

S.S. expresses his deep gratitude to Professor S. N. Naboko for his continuous
attention to this work and for many fruitful discussions on the subject and also
to the Mathematics Department of the Lund Institute of Technology for financial
support and hospitality. The work was supported by Grants RFBR-09-01-00515-a,
INTAS-05-1000008-7883, Swedish Research Council 80525401, by the Chebyshev
Laboratory (Department of Mathematics and Mechanics, Saint-Petersburg State
University) under Grant no. 11.G34.31.0026 of the Government of the Russian
Federation and by the Erasmus Mundus Action 2 Programme of the European
Union.



Weyl-Titchmarsh formula 425

References
1 S. Albeverio. On bound states in the continuum of N-body systems and the virial theorem.
Annals Phys. 71 (1972), 167-276.

2 H. Behncke. Absolute continuity of Hamiltonians with von Neumann—Wigner potentials. 1.
Proc. Am. Math. Soc. 111 (1991), 373-384.

3 H. Behncke. Absolute continuity of Hamiltonians with von Neumann—-Wigner potentials.
II. Manuscr. Math. 71 (1991), 163-181.

4 H. Behncke. The m-function for Hamiltonians with Wigner—von Neumann potentials. J.
Math. Phys. 35 (1994), 1445-1462.

5 B. M. Brown, M. S. P. Eastham and D. K. R. McCormack. Absolute continuity and spectral
concentration for slowly decaying potentials. J. Computat. Appl. Math. 94 (1998), 181-197.

6 V. S. Buslaev and V. B. Matveev. Wave operators for the Schrédinger equation with a
slowly decreasing potential. Theoret. Math. Phys. 2 (1970), 266-274.

7 F. Capasso, C. Sirtori, J. Faist, D. L. Sivco, S. N. G. Chu and A. Y. Cho. Observation of
an electronic bound state above a potential well. Nature 358 (1992), 565-567.

8 E. A. Coddington and N. Levinson. Theory of ordinary differential equations (New York,
NY: McGraw-Hill, 1955).

9 M. S. P. Eastham. The spectral theory of periodic differential equations (Edinburgh: Scot-
tish Academic Press, 1973).

10 D. J. Gilbert and D. B. Pearson. On subordinacy and analysis of the spectrum of one-
dimensional Schrodinger operators. J. Math. Analysis Applic. 128 (1987), 30-56.

11 W. A. Harris and D. A. Lutz. Asymptotic integration of adiabatic oscillators. J. Math.
Analysis Applic. 51 (1975), 76-93.

12 D. B. Hinton, M. Klaus and J. K. Shaw. Embedded half-bound states for potentials of
Wigner-von Neumann type. Proc. Lond. Math. Soc. 3 (1991), 607-646.

13 M. Klaus. Asymptotic behavior of Jost functions near resonance points for Wigner—von Neu-
mann type potentials. J. Math. Phys. 32 (1991), 163-174.

14 P. Kurasov. Zero-range potentials with internal structures and the inverse scattering prob-
lem. Lett. Math. Phys. 25 (1992), 287-297.

15 P. Kurasov. Scattering matrices with finite phase shift and the inverse scattering problem.
Inv. Probl. 12 (1996), 295-307.

16 P. Kurasov and S. Naboko. Wigner—von Neumann perturbations of a periodic potential:
spectral singularities in bands. Math. Proc. Camb. Phil. Soc. 142 (2007), 161-183.

17 V. B. Matveev. Wave operators and positive eigenvalues for a Schrédinger equation with
oscillating potential. Theoret. Math. Phys. 15 (1973), 574-583.

18 V. B. Matveev and M. M. Skriganov. Scattering problem for radial Schrodinger equation
with a slowly decreasing potential. Theoret. Math. Phys. 10 (1972), 156-164.

19 S. Naboko and S. Simonov. Zeroes of the spectral density of the periodic Schrodinger
operator with Wigner-von Neumann potential. Math. Proc. Camb. Phil. Soc. 153 (2012),
33-58.

20 E. C. Titchmarsh. Figenfunction expansions associated with second-order differential equa-
tions. Part I (Oxford: Clarendon Press, 1946).

21 J. von Neumann and E. P. Wigner. Uber merkwiirdige diskrete Eigenwerte. Z. Phys. 30

(1929), 465-467.
(Issued 5 April 2013)





