Pass 1
2003.01.28
Geometry of the Hilbert space
Hilbert space - complete metric space (vector space) with scalar prod-
uct

e a) scalar product (f, g)

i) (fr9) =19, f)
i) (afi + aafe, 9) = ai(fi, g) + aalf2, 9)
iii) (f,f) =0, {(f,f)=0&f=0.

o b) norm || f [l=/{f, f)

i) afll=lal I /I
i) KAl <Iflllall Cauchy — Bunyakovsky — Schwarz inequality,
iid) ' f+g Il 1+ 1g triangle nequality

e ¢) Complete: every Cauchy sequence is converging to an element from
the space.

Theorem Every metric space can be completed.

e d) Separable - countable e-net exists.

Distance of a point from a convex set in H
Convex set: flge K =Af+(1—-XN)ge K

Th
K — closed convex set inH
| — =
S—inf | h—f| fecK }:>3.g€KS.t. | h—g|=29.
Projection into a subspace
Pch=g€Gst. |[h—yg|=inf||h-¢|,¢ €.
Th

h — Pgh is orthogonal to G.



Othogonalization of a sequence - Schmidt method.

hi = e

hn =€p — Pﬁ{el,eg,...,en,l}en
Bessel inequality:
- othonormal sequence

> [hsen)* <] 1 |P?
n=1
Closed system < every vector h € H can be written in the form h =

Zzozl hnen-

Parseval’s equation:

I A |*= Zlhek

In particular:
o0
Z g, Gk €k7

provided the ortonormal systme {ex} is closed.



Pass 2
2003.02.03

Compact sets

(see Kolmogorov, Fomin voll, p51-57)

We consider arbitrary metric space R with the metric p.

Compact set - every sequence of elements contains a subsequence con-
verging to some element from the set.

Relatively compact set - every sequence of elements contains a con-
verging subsequence.

i) In R™ every closed bounded set is compact. Every bounded set is
relatively compact.

ii) In /5 the unit ball is not compact.

iii) The fundamental parallelogram II in [y is compact

I
I=A{zx=(z1,22,...) : |z5] < 5 €bfN}.

e-net with respect to M - set such that for an arbitrary point x € M
at least one point a from the net can be found such that

pla,z) <e.

Totally bounded set - for any positive € a finite e-net can be found
(NB! the net depends on ¢, it does not necessarily belong to the set).

i) Every totally bounded set is bounded. These two notions are equivalent
in finite dimensional spaces only.

ii) The fundamental parallelogram in [ is totally bounded.

Theorem A necessary and sufficient condition that a subset M of a com-
plete metric space R be relatively compact is that M be totally bounded.

Proof. Necessity. Consider the sequence x1,zs,... € M such that
p(xj,x)) > €. This sequence is not compact.

Sufficiency. Trick with the diagonal subsequence.

Theorem A necessary and sufficient condition that a subset M of a com-
plete metric space R be relatively compact is that for every e > 0 there exist
in R a compact e-net for M.




Compact set in Cla, b|.
Uniformly bounded set - there exists a positive number C' such that
lo(x)| < C for all x € [a,b] and all functions ¢ from the set.
Equicontinuous set - for every ¢ > 0 there exists 6 > 0 such that

|71 — 22| <6 = [pp(w1) — p(12)] <€

for all ¢ from the set.

Theorem (Arzela) A necessary and sufficient condition that a family of
continuous functions defined on the closed interval [a,b] be compact in Cla, b
is that this family be uniformly bounded and equicontinuous.

Proof Necessity. Consider any finite €/3-net ¢;, j = 1,2,.... Each function
; is uniformly bounded: |¢;(z)| < M;.

Set M = max; M; + ¢/3. By definition of the e-net we have for at least

one @;

max|p(z) — ¢;(x)| < ¢/3
= |p(2)] < pj(x)] +€/3 < M.

Each of the functions ¢, is uniformly continuous, i.e. for any € > 0 there
exists a d; such that

|1 — 12| < 85 = [pj(x1) — ps(22)] < €/3.

Set § = min; §;. Then for |x; — 22| < ¢ and any function ¢ from the family
and some ¢; we have

(1) — (w2)| < [o(21) — @j(@1)| + [0 (1) — @5 (z2) | + |05(w2) — p(22)| < €.

Sufficiency. Let ® be a uniformly bounded and equicontinuous family of func-
tions. We are going to construct a finite e-net.

Subdivide the interval [—M, M| on the y-axis by means of the points y;
such that yx < Yr+1, Yer1 — Yk < €/5.

Subdivide the interval [a, b] on the x-axis by means of the points z,, such
that x, < T,.1, Tpr1 — Tp < 0 = d(e€).

Claim: continuous functions with the graphs passing through the points
(@, yx) form a finite e-net for ®. Obviously this set is finite.



Consider any function ¢ € ®. Assign to this function a polygonal arc
¥ (z) such that | (z,) — ¢(z,)| < €/5. Then by construction:

[ (2n) = (@n41)] < 3¢/5

= |(x,) — Y(x)] for anyz € [x,, T,i1].

Finally:

o(z) — (@) < [o(@) — plan)] + [@(zn) = Y(za)| + [¢(zn) — ¥(2)] <€

where x,, is the subdivision point which is closest to z from the left.



Linear functionals in normed spaces.

Let R be a normed space with the norm || - || .
Linear functional f - numerical function (values belong to R or C)
defined on a normed linear space such that

flax +Py) = af(z) + 51 (y).

Continuous functional f at point x -

Ve>030 >0:]|z—x ||[<d=|f(x) — flzo)| <e.

Theorem If the linear functional is continuous at some point xy, then it
18 continuous everywhere on its domain.
Bounded functional f - there exists a constant N such that

f@)| <N |-
Norm of the functional f

IS {1= sup{[f@)I/ | = [I; ] = [I7 0F.

Theorem For linear functional the conditions of continuity and bound-
edness are equivalent.
i) In C™ consider the functional

fa(z) = (z,a)

parametrized by the vector a € C".
ii) In C([a, b]) consider the functionals

where a € C([a,b]).



Hahn-Banach Theorem

Theorem FEvery linear functional f(x) defined on a linear subspace G of
a normed linear space E can be extended to the entire space with preservation
of norm, i.e. it is possible to construct a linear functional F(x) such that

F(x) = f(x) r e,
HE =l f [l -

Proof.

i) The theorem will be proved for separable spaces only

ii) It is enough to consider one-dimensional extensions only, since every
separable space E contains everywhere dense countable set. One can extend
the functional by extending it on one dimensional subspaces.

Consider Gy one dimensional extension of G obtained by adding one ele-

ment xg.
yeG =y=trg+z,veG,teC.

To extend the functional it is enough to define it on the element xg
F(y) = F(txo + x) = tF(xo) + f(x).
This extension has the same norm as f iff
|[f (@) +tF(zo)| <[| f ||| © + to ||
holds for all x € G,t € C. Putting z = =/t we get
£ (2) + F(ao)l <|| f [ 2+ 0 I,
which is equivalent to
=1 f Il 2+ 20 < f(2) + F(zo) <[ f [ 2+ 20 [|=

= =+ z+z0 ) < Fao) < —f@)+ | I 2+ 20|l -

The constant F(xg) can be chosen iff for any two points z/,z” € G the
following inequality holds

—(FENFN I =20 ) < =FED+ L2 =20 |-



The last inequality follows from the boundedness of the original functional
and triangle inequality

FE) = FE) <N FIIZ = 2"l

SEANIE =20 [T+ 11 F 12" = 2o 1=
FE)= 1IN = 2o 1< fED)+ A" =20 ] -

(]
Linear functionals in the Hilbert space
(AG 58-63 (Dover 30-36))
The following functionals are unbounded in the corresponding Hilbert
spaces:

o(f) = f(0)

defined on the continuous functions from Ly(R).

considered in the space Lo(R); this functional is bounded in the space
Li(R).

O(f) = lim (f,er +e2+... +en),

where {e} is any orthonormal basis in the Hilbert space.

Example of the functional which is defined on the whole space but not
bounded - see AG p 60.

Theorem (F.Riesz) Every linear bounded (=continuous) functional ®
in the Hilbert space H has the form

(I)(h) = <h’ f>>
where f is a certain element of H which is uniquellydefined by ®; moreover
e I=Il 1l
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Proof. Consider the kernel G of the functional
G={he H:®h)=0}.

It is obvious that G is a closed subspace of the Hilbert space H (follows from
the linearity and continuity of the functional).

If G = H then the functional ® is equal to the zero functional ®(h) =0
and the theorem holds for f = 0.

If G # H consider the orthogonal complement of the subspace G in H

Gt =HodG.

We are going to prove that the subspace G is in fact one dimensional. Really
any two nonzero vectors hy, hy € G* are linear dependent

O(P(hy)hy—P(hi)hy) = 0 = ®(hy)hi—®(h)hy € G = (GF)F = ®(hy)hy—P(hy)hy = 0,
(®h; # 0,7 = 1,2). Let us chose the basis vector f in G* such that
o(f) =l 11
Then the following formula holds
O(h) = ®(af +h) = a®(f) = a | f |[*= (h f).

The uniqueness of the representation follows from the fact that the sub-
space G is one dimensional.
It remains to show that

|| o ||as linear functionad:” f ||as vector from the Hilbert space -
We have:
®(h) = (h, [) = [@R)| <[ LI f A=l (I<[ fI.
On the other hand, putting h = f we obtain

e(f) =l fIP=l @)=l 1.

It follows that || @ ||=| f | . O

Corollary. Fvery Hilbert space coincides with its adjoint. Every contin-
uous linear functional defined on a closed subspace can uniquelly be extended
to the whole Hilbert space preserving the norm of the functional.



Bounded linear operators
(AG 67-73 (Dover 39-43))
Linear operator T
1) domain Dom(7") linear subspace of H
2) linear transformation 7' : f +— T'f, f € Dom(T),Tf € H;

T(af +Bg)=aTf+ BTg.

Bounded operator:

sup | Tf < oc.
feDom(T), || fl=1

Swom [T =  sup | Tf].
feDom(T),| f]|=1

Important facts
1. Every bounded linear operator is continuous.

2. Every continuous linear operator is bounded.

3. Extension by continuity: Suppose that Dom(7") # Dom(T"). Then every

bounded linear operator can be extended to Dom(7") by continuity.

Suppose that f € Dom(7'). Then there exists a certain sequence f,, —
fs fn € Dom(T'). One can define T'f using the following equality

T = Jim T

Ex. 1 Show that the limit is independent of the chosen sequence { f,.}
Prove that the norm of the extended operator is equal to the norm of

the original one.

Sum of two linear operators S and 7' is defined on the common domain

Dom(S + T') = Dom(S) N Dom(7") using the following equality

(S+T)f=Sf+1TfF.

Product of two linear operators S and T is defined on the domain

Dom(ST) = {f € Dom(T) C H : Tf € Dom(S)}

10



by the formula (ST)f = S(Tf).
NB! The domains Dom(ST') and Dom(7'S) could be different.
Orthogonal sum of two linear operators
Let T7 and T5 be two linear operators acting in the Hilbert spaces H; and
Hj respectively. Then the operator T' = T} & Ts is defined in the Hilbert
space H = H, @ H, on the domain Dom(H) = Dom(H;) & Dom(H>) by the
following formula

T(hl, hQ) = (Tlhl, TQhQ).

Bilinear forms
Bilinear form (sesquilinear) €2 in H - mapping H x H — C

Q:(f,9) — Qf9)

such that:

1) Qarfi + oz fo, 9) = a1 f1, 9) + 22 f2, g)
ii) Qf, Big1 + Pag2) = L1 S, g1) + B2 f, 92)

Bilinear form is called bounded if

sup  [Q(f, g)| < o0.
I£lI=1,llgll=1

Theorem FEvery bounded bilinear form Q(f, g) in H has the form

Q(f,9) = (Af,9),

where A is a bounded linear operator in H and is uniquelly determined by €.
Also

LA =l

Proof. Follows from F.Riesz‘s theorem.

11



Lecture 3

Adjoint operator
Let A be a bounded linear operator defined on the whole space H. Then
the adjoint operator A* is the unique operator in H, such that for all f,g € H
the following equality holds

(Af,9) = (f, A%9),
Dom(A*) = H.
The following formula holds
(AB)* = B*A”".

Bounded linear operator A defined on the whole Hilbert space is called
symmetric or self-adjoint if the following relation holds:

A=A"

The definitions of symmetric and self-adjoint operators coincide in the case
of bounded operators only!!!.

Def Let A be an unbounded operator with the domain Dom (A4) = H.
An element g € H is said to belong to the domain Dom (A*) of the adjoint
operator A* if there exists h € H, such that

(Af,9) = (f.h), Vf € Dom(A).

In this case the adjoint operator A* maps the element g into h: A*g = h.
The domain of the adjoint operator is the set of all ¢ € H such that
(Af,g9) < Cy || f |l - The adjoint operator is defined (uniquely) only if the
original operator is densely defined.
Def The linear operator A is called symmetric if and only if for any
f,g € Dom (A) the following equality holds

(Af,g) = (f, Ag).

Theorem Let A be a densely defined symmetric operator in the Hilbert
space H. Then the domain of the adjoint operator A* contains the domain
Dom (A) of the original operator

Dom (A*) D Dom (A)

12



and moreover
A|Dom (A) — A” |Dom (A)»

i.e. the adjoint operator is an extension of the operator A

A=A

Compact operators

(AG 91-97, F.Riesz, B.Sz.-Nagy, 227-244)

A linear operator A defined on the whole Hilbert space H is called
compact if it maps every bounded set onto a compact set.

Every compact operator is bounded.

Ex 2 Show that product of any compact operator and a bounded operator
defined on the whole space is compact.

Ex 3 Show that the sum of two compact operators is compact.

Theorem If A is a bounded linear operator defined on the whole space
H, and if the operator A*A is compact, then the operator A is compact.
Proof.

Theorem The norm limit of compact operators is a compact operator.
Proof. Consider trick with the diagonal sequence.
Theorem
Absolute norm of an operator
Consider arbitrary orthonormal basis ¢,,.n in the separable Hilbert
space H. Then the map
d:H — 0y

O f={(f )}

defines a one-to-one correspondance between all elements from the Hilbert
space H and ¢5. Every bounded operator can be then represented by its
(infinite) matrix

A = (Apj, oi).

The absolute norm of the operator A is given by

N(A) = [ X [Apl = [ 3 (Ags 00l

jkeN jkeN

13



The ordinary norm does not exceed the absolute norm
N(A) =] Al

Theorem If the absolute norm of the operator is finite, then the operator
18 compact.
Proof. Follows from the approximations of the operator A by finite rank
operators

AT = 3 Ak (k)
Jk<n

The matrix {A,;} is infinite and its diagonalization even in the symmetric
case is a hard problem. We are going to prove that every compact symmetric
operator has a basis, where its matrix is diagonal.

Spectral theorem for compact operators
(F.Riesz, B.Sz.-Nagy, p 227-244)
Theorem
Let A be a symmetric bounded operator acting in the Hilbert space H, then:
1) its eigenvalues are real,
2) the eigenfunctions corresponding to different eigenvalues are orthogonal,
3) the quadratic form

QA(f?f) = <Af7f>

18 real valued,
4) the smallest constant N4 for which

QUL DI Na |l f 1

equals to || A | .
Proof. Points 1-2: the proof follows the same lines as the proof for Hermitian
matrices.

3)

QUL = (AL ) = ([LAf) = (Af, f) = Q(f. f)
= Q(f,f) €eR.

4) The quadratic form of the operator is bounded by the same constant as

14



the operator.
a) Na <|[[ A||

QUL NI =KAL DI <IAF I FN<ITATF 117
= Ny <[l A

b) Na>|| A ||

A7 1P= ¢ [{(AOF + S AN+ A7) = (A0S = LA AF - A7)

1

1 1 1
<-|N ~Af || +N - ZA }:N
<7 [NVall A+ SAF P +Na [ Af = SAf (|| = 5N

1
US4z 1AL

Chosing \? = % we get

A IP< Na L AF NI f =1 A< Na.

O
Theorem (Hilbert)
FEvery nonzero compact operator A has at least one eigenvalue py different
from zero, such that |ui| =|| A ||.
Proof. Consider the set F' = {f € H :|| f ||= 1}, and a sequence f, € F
such that

Consider the limit

| Afn = mofu IP=I1 Afa I =2p1(Afn, fu) + 1 || fu = 0.

It follows that
nh_{go Afn = pfn-
The operator A is compact, therefore one can find a subsequence f,, such

that Af,, is converging. It follows that the sequence f,, is converging. The
limit denoted by f has the following properties:

Af = f.

15



Theorem Spectral theorem for compact operators (Hilbert)
FEvery compact operator in the Hilbert space has a finite or infite set of real
eigenvalues s of finite mutiplicity approaching zero. The set of corresponding
eigenvectors s can be chosen forming an orthonormal basis in the Hilbert
space H & KerA. The action of the operator A is then given by the following
formula

F=>Y {f, es)es + fo, fo € KerA;

seN

Af = Z Us(fa 908>st-

seN

Proof. The previous theorem states that at least one eigenvalue p; exists
and the corresponding eigenfunction ¢; can be chosen having unit norm.
Consider the space H; of functions from H orthogonal to ;. The space H;
is a Hilbert space and it is invariant with respect to the operator A: let
f € H; then
(Af, 1) = (f, A1) = m(f, ) = 0.

The restricted operator is compact and the same theorem implies that there
exists i, |zl < |pui].

Applying this procedure many times we get a set of eigenvalues 1, s, ....;
lpes| > |pss1]|. All these eigenvalues (except zero eigenvalue) have finite mul-
tiplicity. Otherwise the operator is not compact. The corresponding eigen-

vectors form orthonormal basis in H © KerA.
O

16



Lecture 4

Hilbert-Schmidt operators

Consider the function k(s,t) € Ly(R?), i.e. such that

/ / K(s,t)]2dsdt < oc.

The corresponding linear operator defined on the whole Hilbert space Lq is
called Hilbert-Schmidt operator

Kf(s) = /°° K(s,)f(1)dt.

—00

The last formula defines the function K f almost everywhere.
It is a bounded operator, since

lg IP<I1 & 117, ezl f I -
= K< E |z.me) -

The absolute norm of this operator is bounded

| K ||< W / K(s,0)[2dsdt = N(K).

Corollary Every Hilbert-Schmidt operator in Ly(R) is compact.
Using any orthonormal basis in Ly(R) and formula for the absolute norm
of an operator in terms of its matrix coefficients we get that

N(K) =] k || m2)

and that every operator in Lo(R) with finite absolute norm is a Hilbert-
Schmidt operator.

Spectral theorem for Sturm-Liouville
operator

on a finite interval [a, b]!!!
Consider the Hilbert space Ls[a,b] and the linear operator

L= o)t | + atana

17



defined on the domain of functions having square integrable second derivative
and absolutely continuous first derivative and certain boundary conditions
at the end points, for example

The coefficients p, ¢ satisfy
p(x),p'(z),q(z) € Cla,b], p(x)>po>0, q(x)>0.

The operator A is a positive unbounded operator in Lya, b].
The energy norm and the energy space
Positive symmetric operator = the energy norm

lu 3= (Au,u)
The energy scalar product
<u7 U>A = <A’LL, U>'

The energy space H,4 - the completion of Dom (A) in the energy norm.

Theorem Let A be a positive operator A > a > 0. Then the energy space
1s a subspace of the original Hilbert space. It is a Hilbert space itself with
respect to the energy scalar product.

It is clear that the energy scalar product satisfies all axioms for the scalar
product in a Hilbert space. Suppose that v is an element from the energy
space. Then there exists a sequence u,, € Dom (A) converging to u in the
energy norm. This sequence is a Cauchy sequence both in the energy and in
the original Hilbert spaces:

Il wn =t [|a— 0 = wp — upm ||— 0.

It follows that the limit vector limwu, = u can be associated with a certain
vector from the original Hilbert space H, i.e. that H4 can be embedded into
H.

Dom (A) C Hy C H.
Example
d*u

AU:—@ in LQ[O, ]_]

18



with Dirichlet boundary conditions at the end points.

(u,v) 4 = /01 o' (x)v (z)dz.

The energy space consists of absolutely continuous functions equal to zero at
the end points and having square integrable first derivatives.

Theorem Let A be a positive definite operator, such that, every set
bounded in the energy norm is compact in the original norm. Then the
spectrum of this operator is discrete, i.e. there is an infinite sequence of
eigenvalues A, and eigenfunctions ¢, complete in the Hilbert space H.
Observation The operator is positive definite = the operator is symmet-
ric = the spectrum is real (and therefore positive) and the eigenfunctions
corresponding to different eigenvalues are orthogonal.

Proof.

1. Ay =inf || w||?, w € Ha,|| u ||= 1. Minimizing sequence is bounded in the
energy norm and therefore a subsequence is converging in the original norm
= the first eigenvalue and the first eigenfunction.

2. Consider H} = Ha © L{p1, ..., pn}. The same trick to find Ay, Ay > ;.
3. Numbers A, tend to +o00. Suppose not = there are two possibilities

a) either the sequence is finite - trivial case

b) or there is an orthonormal sequence of functions, which is bounded in the
energy norm = contradiction.

4. The system {¢,} is complete in H,4. Consider the space H} and

Moo =inf || u ||}, €ue HY, | ul=1.

It is an eigenvalue (the proof is identical to 1.) = contradiction.
5. The system {¢,} is complete in H.

N N
lu— 3" onpn lla< e = w— 3" aneps 1< €/ Va.
k=1 k=1

Sturm-Liouville operator

Theorem The spectrum of the Sturm-Liouville operator L in Ly[a,b] is
discrete and consists of an infinite number of eigenvalues tending to +oc.
The corresponding eigenfunctions form a complete system in Ls|a, b].

Consider the energy norm

b b
luli= [ (ple® + gwye) de > o [ wPda

19



It follows that every set bounded in the energy norm is bounded in Wy norm.
But every such set is compact in L, since

b

u(z) = / " (t)dt = / k() () dt,

a

where
1, a<t<zx,
k@’t)_{(), r<t<b

is a Hilbert-Schmidt operator.
Ex 4 Write down all details concerning the spectral theorem for Sturm-
Liouville operators.

Projection operator
(AG 103-112 (Dover 63-71))
Spectral projector for Hermitian matrices
Projection operator
Let G be a subspace of the Hilbert space H. Then every vector h € H can
be written in the form

h=hl +nt,
where hl € G, h* L G. The operator
Pg:h bl

is called the projector operator on G.
Proposition Fvery projection operator P possesses the following proper-
ties

L[ Pl=1;
2. P2 =P;
3. P*=P;
4. P> 0.

Theorem If P is an operator defined everywhere in H, and such that,
for all hy,hy € H
]) <P2h1,h2> - <Ph1,h2>
2) <Ph1,h2> - <h1,Ph2>,
then there is a sub-space G € H such that P = Pg.
Proof The operator P is bounded by 1, since

| P ||*= (Ph, Ph) = (P*h,h) = (Ph,h) <|| Ph ||| I || .

20



Let G be the eigensubspace corresponding to the eigenvalue 1
geG<& Pg=g.

The subspace G is closed linear subspace. Moreover Range (P) = G. The
same is true for the projector Pg. Therefore let us prove that (Pf,g) =
(Paf,g) for any g € G

(Pf,g) = (f,Pg) = (f, Pag) = (Paf,g) = P = Fg.
Theorems

1. The product of two projection operators Pg, and Pg, ts a projection
operator iff these operators commute

FPe, Pa, = Fg,FPe,
iof this condition 1s satisfied, then
P, Pe, = Fa
where G = G1 N Gs.
2. The two sub-spaces Gy and Gy are orthogonal iff

Pe,Pg, = 0.

3. A sum of projections is a projection operator iff the subspaces are pair-
wise orthogonal

4. The difference of two projectors
PGI - PGQ
1s a projector iff Gy € Gy, then G = Gy © Gs.

Proof
1. a) Let Pg, Pg, be a projector =

PGlpGQ - (PGlpGQ)* = P52P51 = PGQPGl‘

21



b) Suppose that Pg, Pg, = Po,Pa, =
(Po,Pe,)? = ... = Po, Pa,
(Po,Pe,)" = ... = Po, Pa,

g € Range(Pg, Ps,) = g € Gy
=g c G1 N GQ.
g € Range(Pg,Pg,) = g € Gs
2. GlJ_G2:>PG1PG2 = 0.

Pg, . Pg,
P, Ps, =0:h — g € Gyarbitrary — 0= G; L Gy
3. Consider the operator
Q=PFPs +Pg,+..+Fg,.
Suppose that G; L Gy, = Pg;Pg, =0
Q*=..=Q
= = () is a projection.
RI=..=0Q
Theorem If {P,} is an infinite monotonic sequence of projection opera-
tors, then as k — oo Py, converges strongly to some projector P.
NB! The theorem is not true for the convergence in the operator norm.
Proof Suppose that the sequence is increasing Py, > P,.. Then the sequence
of subspaces Gy, is increasing as well: Gp.1 O Gg. Let us denote by G the

closure of the union of all G, : G = UGg. Then G possesses the following
decomposition

G=G1®(G20G) D (G30Gy) D ...
Then every vector f € H can be presented as an orthogonal sum
f=fot i+ fot+.., foeG" f€G oG .
The norm f can be calculated using

I e[ T (R
Then the sequence Py f converges strongly to Pgf

| Pof = Bf IP=1 X2 PifIP= 22 11 fi P 0,k — oo
j=k+1 j=k+1

22



Lecture 5

Introduction into the theory

of unbounded linear operators
(Birman, Solomyak 60-72)
Linear operator:
domain of the operator Dom (A) - linear subset of the Hilbert space H;
linear mapping

A: Dom(A) - H
x +— Az € Range (A) C H.

Two operators A; and As are equal if and only if their domains are equal
as well as the corresponding mappings.

Graph norm
The domain of the operator is a pre-Hilbert space (=not necessarily complete)
with respect to the inner product

(z,y)a = (2, y) + (Az, Ay).

Kernel of the operator N(A) = {z € Dom (A) : Az = 0}.
Theorem
Let A be a linear operator on H. Then A has a bounded inverse if and only

if
| Tz [|>c| x|, ¢>0, Yx € Dom (A).
Graph of an operator I'(A) - subset of H & H
{(z,y) : ® € Dom (A),y = Ax}.

The scalar product between any two vectors in I'(A) is equal to the corre-
sponding graph inner product

((x, Az), (y, AY)) Han = (z,y) + (Az, Ay) = (2, 9) 2.

Theorem
Linear set M C 'H & H is a graph of a linear operator iff

N(Pi|a) = {0},

where P, denotes the projector operator onto H & {0} in H & H.
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Closed operator
Three equivalent definitions
I An operator A is closed iff the domain the operator is complete with respect
to the graph norm (z,y) 4.
IT An operator A is closed iff I'(A) is closed in H & H.
IIT An operator A is closed if relations

T, € Dom (A)’nlLHQO Ty = x,nh_>nolo Az, =y

imply that
r € Dom (A), Az =y.

These definitions are equivalent. Note the difference between bounded
and closed operators.

Theorem
A bounded operator A is closed if and only if the domain of the operator is
closed.

Theorem
Let Aq, Ag, A3 be linear operators, Ay C A C Az, Ay and Aj are closed
operators, and

dim[Dom (A3)/Dom (4;)] < oc.

Then A, is closed.

Theorem ( Important !)
If A is closed and Dom (A) is a subspace of the Hilbert space H, then A is a
bounded operator.

(to be proven later)

Theorem
Let A be a closed operator having an inverse and a closed range. Then A~!
is bounded.
Proof The graph norms of the operator and its inverse coincide. Hence
the inverse operator is closed and its domain Dom (A™') = Range (4) is a
subspace of H.

Closure of an operator

Suppose that I'(A) is a graph of an operator. Then this operator is called
the closure of A and denoted by A.

An operator A is closable iff for any sequence {z,} in Dom (A) satisfying
lim,, o , = 0 and lim,, .., T'x, = y we have y = 0.
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Example 1.
H = Ly(0,1), Bx(t) = 1 42(t), Dom (B) = C§°(0,1). Then the closure of B
is the second derivative operator with the domain

r € W}(0,1),2(0) = 0.

Example 2.
H = Ly(0,1), Az(t) = z(0)1(¢), Dom (A) = W3 (0,1). The operator A is not
closable
zo(t) = (1 —1)".
The inner product is given by

(@0} = [ Oyt + (0)50)

Closure of this operator can be defined in the space L9(0,1) & C.

Adjoint operator
The domain Dom (A*) of the adjoint operator A* consists of all vectors y € H
such that (Ax,y) is a bounded linear functional with respect to x,i.e.

(Az,y) <Cy [l x| .

Every such functional is given by a certain element h € H. The mapping
y — h is linear and determines the adjoint operator.
1. Adjoint operators are defined for densely defined operators only, otherwise
the element h is not unique.
2. The domain Dom (A*) is never empty (3 0).

Let us introduce the operator W : H&®H — H O H; (z,y) — (—y,x).
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Lecture 6

Introduction into the theory
of unbounded linear operators

(continuation)
(Birman, Solomyak 68-75)
Theorem
Let A be a densely defined linear operator. Then

[WT(A)]*: =T(A").

Corollary
1. The operator A* is linear and closed.

2. If A is closable, then (A)* = A*.
Theorem
a) B bounded operator = (A + B)* = A* + B*.
b) B, B! - bounded operators = (AB)* = B*A* (BA)* = A*B*.
Proof. a) Let y € Dom(A)

(Ax 4+ Bzx,y) = (Ax,y) + (Bz,y).

(Bz,y) is a bounded linear functional with respect to x for any y. Therefore
(Az+ Bz, y) is a bounded linear functional iff (Ax, y) is bounded with respect
to x. Hence Dom ((A + B)*) = Dom (A*). Let € Dom (A), y € Dom (A*),
then equality

(Ax + Bz, y) = (x, A*y) + (x, B*y)

implies that the proposition.

b) We note first that Dom (AB) = B~'Dom (A), i.e. every element z €
Dom (AB) possesses the representation x = B™'z, z € Dom (A). The norms
of x and z are equivalent

clal<lzll<Cl=].
Consider any z = B~'z € Dom (AB), then
(ABz,y) = (Az,y)

determines a bounded linear functional with respect to x iff it determines a
bounded linear functional with respect to z. It follows that Dom ((AB)*) =

26



Dom (A*). Then the following equality proofs the theorem
(ABz,y) = (A(Bx),y) = (Bx, A"y) = (z, B*A"y).
Theorem
The subspaces Range (A) and Kernel (A*) are orthogonal in ‘H and
'H = Range (A) @ Kernel (A").

In particular:

H = Range (A — \I) @ Kernel (A* — XI).

Without proof:
Theorem
Let Dom (A) = Range (A) = H and let A have an inverse. Then the adjoint
A* also has an inverse and

(A*)—l — (A_l)*.

Theorem
Let A be a densely defined and closable, then

A=A,
The proof is based on the formula valid for closed operators:

WI(T) B T(A*) = H & H

Theorem (The closed graph theorem)
Let A be a closed operator in the Hilbert space H and its domain is a subspace
of H. Then A is bounded.
Proof
1. There is a ball in Dom (A), such that the vectors mapped to a bounded
set form a dense subset. Let us denote by S the following subset of Dom (A)

S ={u € Dom(A):|| Au ||< 1}.
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Then Dom (A) is the union of the open sets S, 25, 35S, .... It follows from Bair’s
theorem' that S contains a ball, say B(ug, ).

2. This ball can be chosen having center at the origin. Any u € Dom (A), ||
u ||< 2r can be written in the form v = u' — ", with «/, v” € B(uqg,r). Since
B C S there are two sequences

u, —u', up — U u,ul €S,

From || A(u, —ul) ||<|| Aul, || + || Aul || < 2 it follows that u = lim,, o (u], —
u”) € 25. Using homogeneity we conclude that the ball B(0, A7) is a subset
of AS for any \ > 0.

3. The operator A maps the whole ball to a bounded set. Consider arbitrary
u € Dom (A), || u ||< r, we shall prove that || Au || is uniformly bounded, i.e.
that the operator A maps a unit ball to a bounded set. Take any €,0 < € < 1.
u € S = there exists u; € S, such that || u —u; [|< er. The difference u — uy
belongs to the set €S and therefore there exists uy € €S (|| Aus ||< € ) such
that | u — u; — uy ||< €2r. Proceeding in this way we get the sequence u,
with the properties

|l w = —ug — ... —uy ||< ™, || Au, ||< L

Both sequences Yp_;u; and A>; ; ux are Cauchy sequences. Moreover
>h_i ur — u and it follows that
n n
— 1 k—1 __ o1
I Aw =l fim 3 Au 1< 3¢ = (1)

It follows that the operator A is bounded and
A< 1/r,
since the real number € is arbitrary between 0 and 1.

Perturbation theory for closed operators
Perturbation by bounded operators

!Theorem (Baire)
If a Banach space X is the union of countable number of closed subsets s,,, at least one
of the s,, contains a ball.
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Theorem
Let A be a closed operator and B be a bounded operator, such that Dom (B) D
Dom (A). Then the operator A+ B defined on the domain Dom (A) is closed.
Proof Let x,, be an arbitrary sequence from Dom (A) such that
lim z, =z, nlingo(A + B)z, =v.

n—oo
Since the operator B is bounded and lim,,_.. z, = x, the sequence Bz,
converges to the vector Bx. Hence the sequence x,, satisfies the two conditions

lim z, =z, lim Ax, =y — Bx.

n—oo n—oo

Using that the operator A is closed one concludes that x € Dom (A) and
y — Bx = Ax. The theorem is proven.

Perturbation by dominated operators

Def Operator B is called A-bounded iff
Dom (B) D Dom (A);
| Bu [?< a® || Au || +b% || u [* .
The operator B is called strongly dominated by A if the constant a can
be chosen less than 1.

Equivalent condition

I Bu[|< ol Aul[+6 | wll. ()

Theorem
Let A be a closed operator and B be strongly dominated by A. Then the
operator A + B defined on Dom (A) is closed.
Proof. Suppose that § < « in (%), then the graph norms for the operator A
and A + B are equivalent

I Az + Bz || + || @ =] Az || = | Bz [| + | 2 = (1 =) (I Az | + [[ 2 []) .
I Az + Bz || + ||  [<]| Az || + | Bz [| + | = [[< (L + ) (| Az || + [} [])-

Since the operator A is closed, its domain is closed with respect to the graph
norm || x || 4, but then it is closed with respect to the graph norm || || 45,
i.e. the operator A + B is closed on the domain Dom (A).

The case § > « can be treated using the operators ¢A and ¢B with
q=a/B.

Ex 5 Prove that the inverse operator to any invertible closed operator A
with Range (A) being a subspace of H is bounded.
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Lecture 7
03.03.10
Please read paragraphs 5 and 6 from Birman, Solomyak yourself. (Pages

75-81)
Detect Number, Spectrum

and Resolvent
(Birman, Solomyak 81-86, AG 124-139(Dover 88-93))
All operators in this section are closed and densely defined!!
Def Defect number - the dimension of the orthogonal complement to

Range (A)

ds = dim(H © Range (A)) = dim Kernel (A*).

The defect number is the number of conditions one needs to impose in
order to guarantee that the equation Au = f is solvable, provided that the
operator A is invertible. In particular, if d4 = 0, then the inverse operator
is defined on the whole Hilbert space if || Au ||> ¢ || u ] .

Theorem
Let A be a closed operator satisfying

| Au||>c || u |, Yu € Dom (A)
, Dom (B) D Dom (A) and
| Bu ||<a| Aul|, a < 1,u € Dom (A).

Then A + B is closed on Dom (A) and the defect numbers of A and A + B
are equal
dA+B - dA.

Proof The operator B is strongly dominated by A and thus the operator
sum A + B is closed on the domain of the original operator. Moreover

I (A+ Blu||Z[| Au || = | Bu [ (1 = a)c || u ],

and it follows that Range(A + B) is a subspace. To prove that dayp = da
consider two possibilities:
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1 dayp < ds Then there exists a certain vector u € Dom (A) such that
Auw is orthogonal to Range(A + B) and in particular Au L (A+ B)u

— ((A+ BJu, Au) = 0 = Au ||*= [(Au, Bu)| < c || Au |*,

which is possible only if v = 0.

2 dayp > dy Then there exists a certain vector u € Dom (A) such that
(A + B)u is orthogonal to Range(A) and in particular (A + B)u L Au. The
same calculations lead to a contradiction.

It follows that daip = da.

Consider the family of operator A — A\I, A € C.

Def The defect number of A at A

dA()\) — dA,)\].

Def The quasiregular set of A p(A) - the set of points A for which A— A/
has continuous inverse on Range (A — A\I)

| (A=XNu ||>c| u]|, Yu € Dom (A).

Theorem
The set p(A) is open. The function da(\) is constant on each connected
component of p(A).
Proof We prove first that each point \y belongs to p together with a certain
neighborhood. Really Ay € p(A) implies that there exists a certain constant
¢o such that the following estimate holds

| (A= XoJu 1> co || w [, Y € Dom (A).
Take any A from the disk |\ — A\¢| < ¢ and consider the decomposition
A=A = (A=) + (Ao — NI

It follows that
| (A= XNu[|> (co—[Ao = A]) | u |,

which implies that the point \ is inside p.

Consider any two points belonging to the same connected component of p.
The path connected these points can be covered by a finite number of disks.
Therefore the defect number is constant on each connected component.
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Def Regular points - the values of the parameter A for which the inverse

operator (A — X\I)~! exists and is a bounded operator defined everywhere in
H

da(\) = 0.

The set of all regular points will be denoted by p(A).
Def Spectrum of the operator A - all points from C which are not regular

o(4) = C\ p(A).

Theorem The correspondence between Dom (A) and R(A — AI) deter-
mined by the operator A — Al is one-to-one iff A is not an eigenvalue of the
operator A.

Def Self-adjoint operator - A = A*.

Theorem A number A is an eigenvalue of a self-adjoint operator A iff

R(A— ) # H.

The eigensubspace corresponding to the eigenvalue A can be calculated as
follows
G(\)=Ho R(A— ).

Proof. The proof is based on the formula
N(A—-X)=Ho R(A—- ).

Theorem (Boundedness of the resolvent of a self-adjoint operator)
Non-real points in the complex A—plane are regular points for any self-adjoint
operator A.

Proof.
g=A=-ADf=]gP= NI f]*.

Hence 1
A=X\D"lg|I< — .
(A=A 1< o )

o(A) CR

Corollary The set of regular points of a self-adjoint operator A coincide
with the set of points for which R(A — A\) = H.
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Def
Point spectrum of a self-adjoint operator A - the set of points for which

R(A—\I) # H.
Continuous spectrum of a self-adjoint operator A - the of point for which

R(A—XI) # R(A - \I).

NB Sometimes the eigenvalues of infinite multiplicity are included into
continuous spectrum (like in AG book).

Theorem The spectrum of a self-adjoint operator is closed.

The resolvent
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Lecture 8
03.03.24

Resolvent
Def The operator-valued function Ry(A) = (A — A)~! defined for \ €
p(A) is called the resolvent of A.
Hilbert identity:
R,\ — RH = ()\ — /JJ)R)\RM

Theorem The resolvent Ry(A) depends analytically on A € p(A). In a
neighborhood of each point A\g € p(A) the resolvent is represented by the

power series
o0

Ry(A) =D (A = o) Ry
0
converging uniformly in the disk |A — Xo| <|| Ry, || -
Ex 6 Calculate the resolvents of the following operators:

2

=
Ly = —ga in Ly (0, )

Dom (L;) = {¢ € W3 (0,7) : ¢(0) = ¢(r) = 0}

L2 = ) in LQ(O,W)

Dom (Lz) = {¢€ W3(0,7):¢/(0) = ¢/(7) = 0}
Check that the singularities of the resolvents coincide with the eigenvalues of

the corresponding operators. Show that the difference between the resolvents
is an operator of rank two.
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Symmetric and self-adjoint operators
(Birman, Solomyak 97-100, AG 128-131(Dover 85-87))
Operator A is called symmetric iff

(Az,y) = (z, Ay)

for any =,y € Dom (A).

Operator A is called self-adjoint iff A = A*.

Every self-adjoint operator is symmetric, but the opposite is not true in
general.

The adjoint operator to any symmetric operator is an extension of the
symmetric operator:

A — symmetric = A" D A.

Lemma 3
Let A be a symmetric operator, A - its symmetric extension, then the fol-

lowing relation holds o
ACACA CA.

Maximal symmetric operator - the operator that cannot be extended
to another different symmetric operator. Such operator is not necessarily
self-adjoint.

Theorem
Let A be a symmetric operator. Then the upper half-plane S\ > 0 and the
lower half-plane S\ < 0 are contained in the quasiregular set p(A).

Proof

I (A=NF 17

| (A—a—ib)f |*
| (A=a)f > +[bI* || f [|* +2Rib{(A — a) f, f)
| (A—a)f >+l || f I

|
|
’ 2
SN

>
The operator A — X is boundedly invertible if I\ # 0.
Corollary
The core of the spectrum of a closed symmetric operator is contained in R.

Deficiency indices n4(A) for a symmetric operator A - the defect num-
bers of the operator in the upper and lower half-planes.
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ne(A) = dim(A* F1i)

Lemma
If a symmetric operator A has at least one real quasiregular point, then
ny(A) =n_(A).

In particular: any semibounded symmetric operator has equal deficiency
indices.

Theorem
In order that a closed symmetric operator A be self-adjoint it is necessary
and sufficient that n(A) =n_(A4) =0.
Proof.
Necessity
Let A be self-adjoint, A\ ¢ R then

Kernel(A* — A\) = Kernel(A — \) =0 = ny(A) =0.

Sufficiency. Take any y € Dom(A*). Calculate h = (A* +1i)y. Since ny(A) =
0 = Range(A F i) = H, there exists certain yo € Dom(A) such that (A +
i)yo = h. For any x € Dom(A) the following chain of equalities holds

(A = i), y) = (o, (A" +i)y) = (2, h) = (2, (A + yo) = (A - i), o).

It follows that yo = y since (A — i)x runs over the whole Hilbert space H.
Corollary

A symmetric operator A such that the range of A— ) is all of H is self-adjoint.
Ex 7 Prove that one of the following operators is self-adjoint

2
L3 = _ddx2 in LQ(0,00)
Dom (Ls) = {1y € W5(0,00) : :(0) = ¥'(0) = 0}
2
L4 = —;;2 in LQ(O, OO)

Dom (Ly) = {¢ € W3(0,00) : 4(0) = 0}
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Lecture 9
03.03.31

Isometric operators
Def
Linear operator V' is called isometric iff for any = € Dom (V') the following
equality holds
Ve [=lz].

The kernel of any isometric operator is trivial = every isometric operator
is invertible and the inverse operator V! defined on Dom (V~!) = Range (V)
is isometric.

Theorem
The core of the spectrum of an isometric operator belongs to the unit circle.
Proof Consider any z, |z| # 1.

IV =2z |2 [ Ve[l ==z =[]
= the operator (V' — z)~! is bounded and z belongs to the quasiregular set.

Deficiency indices
n (V) =def R(V — z21), |z < 1,
ne(V) =def R(V — zI), |z| > 1.

Theorem
Let V' be an isometric operator.

n; (V') = def Range (V'), n.(V) = def Dom (V).
Proof
n;(V) = def Range(V — 0) = def Range (V).
def Dom(V') = dp, vy = d d

Vi use the fact that perturbation of the operator zIpom(vy by the operator V'
does not change the defect, since

ZIDom(V) = ZIDom(V)fv

Ve |[< (1 =€) || 2lpom) [|[= (1= €)la] || z ]
Lemma
The eigenvectors corresponding to different eigenvalues of an isometric oper-

ator are orthogonal.
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Def
Linear operator is called unitary iff
1. Dom (V) =H, Range (V) =H;

2. it is isometric | Va [|=]| z || .
Lemma
A linear operator is unitary iff
ViV =VV*=1.
Theorem

Let V' be an isometric operator. Then the adjoint operator defined originally
on the whole H is isometric between the spaces Dom (V*) = Range (V') and
Range (V*) = Dom (V). Moreover

V'V = Ppom (V) VV* = PRange(V)-

Cayley transform
V=(A-X)(A-X)"
h=(A-Nf Vh=(A-\f
[ VRIZ = [(A=NFI? = [ (A=a)f [2+62] £ IP

Ihl? = TA=NfI? = [ A=a)f [P+8° [ f |

The inverse Cayley transform

A=V =)V =1)"!

It is necessary that Range (V — I) = H. Point 1 is not an eigenvalue of

V.

Theorem
The Cayley transform

V= (A—\)(A—- )™
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is a one-to-one correspondence between the set of closed symmetric operators
and the set of isometric operators satisfying

Range (V —I) = H.

Theorem
A symmetric operator A is self-adjoint if and only if its Cayley transform is

a unitary operator.
A=1

V=A-)A+i)", A=—i(V+1)(V-1)""
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Lecture 10
03.04.06

Extensions of Symmetric operators,

von Neumann formulas
(Birman Solomyak 105-122, Akhiezer, Glazman vol 2, 91-101)
V' - closed isometric operator with the domain Dom (V') and range Range (V).
Consider the subspaces Dy C H © Dom (V'), Ry C H © Range (V') and
isometric operator

% : DO — RO (:> dlmDO = dlmRo)

Then the operator V =V @& V} is an isometric extension of V.
Moreover

ny(V) = dim (H © Range (V) = ny(V') — dim (D);
ne(V) = dim (H © Dom (V) = n. (V) — dim (Dy).

Conclusions:
[sometric operator V' has a nontrivial extension iff both deficiency indices are
different from zero;
Isometric operator V' can be extended to a unitary operator iff the deficiency
indices are equal;
Every nontrivial extension of isometric operator V' is unitary if n;(V) =
n.(V) = 1.

The Cayley transform makes it possible to translate these conclusions to
the language of symmetric— self-adjoint operators
Symmetric operator A has a nontrivial extension iff both deficiency indices
are different from zero;
Symmetric operator A can be extended to a self-adjoint operator iff the
deficiency indices are equal;
Every nontrivial extension of symmetric operator A is self-adjoint if n (V') =
n_(V)=1

von Neumann formulae

Theorem
A - closed symmetric operator; A\ - nonreal complex number. Then the
domain of the adjoint operator possesses the decomposition

Dom (A*) = Dom (A)+Kernel (A* — M )+Kernel (A* — XI).
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Proof Let y be an element from Dom (A*). Then equality
H = Range (A — \I) @ Kernel (A* — 1)
implies that vector (A* — )y can be presented as follows
(A" =Ny = (A= Nz + (A= Ny,
S (A=) (y— 7 —23) = 0
=y —x — x5 € Kernel (A" — X)
= y=r+x5+ 1T,
where
z € Dom (A), 5 € Kernel (A* — )), z, € Kernel (A* — )).
Action of the adjoint operator:
A*(x 4 oy + 13) = Az + Awy + A2y,

Theorem
Let Dy C Kernel (A* — XI), Ry C Kernel(A* — AI) be subspaces of the same
dimension. Let V) be a unitary isometric mapping of Dy onto Ry. Then the
restriction of the adjoint operator A* to the domain

Dom (A) = Dom(A)+ (Vo — I) Do

is a closed symmetric extension of the operator A.
Proof is based on the formula

Dom (A) = Range (V — I)

Birman-Krein-Vishik theory for semibounded operators
A - positive symmetric operator

A - any positive self-adjoint extension of A
Theorem

Then the domain of the adjoint operator possesses the decomposition

Dom (A*) = Dom (A)+Kernel (A* + 1).
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Action of the adjoint operator:
A'(x+x_1) = Ax —x_;.

Theorem
Self-adjoint extensions of the operator A can be described as restrictions of
the operator A* to the set of functions satisfying the following boundary

conditions

UI',1 = (A + 1).]],

where U is a certain isometric operator.
(see the paper by Simon)
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Pass 11-13
I. Rank one perturbations

(after the book S.Albeverio and P.Kurasov Singular perturbations of dif-

ferential operators, Cambridge 2000, chapter 1)
Bounded perturbations

Resolvent analysis

Let us start our investigation of finite rank perturbations of self-adjoint
operators with the simplest sort of perturbation — a rank one bounded pertur-
bation. Let A be a self-adjoint (perhaps unbounded) operator in the Hilbert
space H with domain Dom (A). Let ¢ be a vector from the Hilbert space,
¢ € H and a be a real number, a € R. A symmetric rank one bounded
perturbation of A is the operator defined by the following formula

Aa = A+a<907'>907 (1>

where (-, -) denotes the scalar product in the Hilbert space H. The rank one
operator a{yp, -)p is a bounded operator in the Hilbert space and the operator
sum A, is well defined. Actually the operator A, is self-adjoint on the
domain Dom (A) of the operator A. The spectral properties of the perturbed
operator can be obtained using its resolvent, which can be calculated using
Krein’s formula connecting the resolvents of two self-adjoint extensions of
one symmetric operator with finite deficiency indices. In fact the operators
A, and A are two self-adjoint extensions of the symmetric operator A° being
the restriction of the operator A to the set of all functions orthogonal to the
vector ¢ :

Dom (A%) = {1 € Dom (A) : {p, ) = 0}.

The operator A° is a symmetric nondensely defined operator, since ¢ € H.
Self-adjoint extensions of such symmetric operators have been studied by M.
A. Krasnosel’skii [?, ?]. The resolvent of the operator A, can be calculated
in this case without using the extension theory for symmetric operators.

Theorem 1 Let A be a self-adjoint operator acting in the Hilbert space
H and let p be arbitrary vector from the Hilbert space, p € H. Then the
resolvents of the original operator A and its rank one perturbation A, =
A+ alp, Yo, a € R, are related as follows for arbitrary z, Iz # 0,

11 a < 1 > 1 )
Au—2 A—2z  1+aF(2) A—z0) A%
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where

F() = (0, —w). g

Proof To calculate the resolvent of the self-adjoint operator A, we have to
solve the following equation

h’:(AOé_Z)fa

for a given h € H and f € Dom(A,) = Dom (A). We assume that the
imaginary part of the spectral parameter z is positive &z > 0. We apply the
operator A, — z to the latter equality

ho = (Atalp.)e—2)f

= Af —zf +afp, fle.
By applying the resolvent of the original operator we get

1 1
jh:fﬂLa@af)A_z%

Projection on the vector ¢ leads to the following formula for (¢, f)

_ leash
1+ alp, 75)

(@, f)

It follows that

o1, o < 1 > 1
S A—z 1+alp, 20) A=) A

which is exactly formula (2). The theorem is proven.

Formula (2) can be used to calculate the resolvent of the operator A, =
A+ afp,)p even in the case where the vector ¢ is not an element from
the Hilbert space, but a linear functional on the domain Dom (A). The
perturbation can then be defined using the quadratic form a(y, -)¢, where
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the scalar product is understood as the action of linear functionals. Such
generalized perturbations will be studied in the following sections of this
chapter. Formula (2) can even be used to define the perturbed operator A,
in the case where the perturbation a(y, ) is not a bounded operator in the
Hilbert space. In the latter case the domains of the operators A and A,
are different in the general situation and the extension theory for symmetric
operators starts to play an important role during the investigation of such
perturbations. (In fact we have not used the extension theory to derive the
resolvent formula (2).) See the following section where the case of infinite
coupling constant « is considered.

Let us study first the spectral properties of the bounded perturbations
defined above. These properties are described by the function

Fu(2) = {0 %) ()

a — R

The function Fy(z) = F(z) appears in the denominator in formula (2). This
function is related to Krein’s Q)-function

1+A,z 1

which will be defined later

Ful) = <90, AleD> Q)

The function F, is a Nevanlinna function, i.e. a holomorphic function in
C \ R satisfying the following conditions

F(z) = F(z); (5)

Sz

&

>0, ze C\R. (6)

Such functions are also called Herglotz and R-functions. Every Nevanlinna
function R possesses the representation

1+Xz 1

45



where a € R,b > 0 and the positive measure do () satisfies

/R f;’ (+A)1 < 0. (8)

The operator A, is self-adjoint and the vector ¢ is an element from the
Hilbert space. Therefore there exists a spectral measure du, such that the
function F,(z) is given by the integral

_ [ dpa(N)
R A\—2z'

Fa(z)

where the measure p,, is finite, i.e.

/ dte, < 0.
R

The functions F,(z) belong to the class Ry of Nevanlinna functions [?]. The
class Ry is the subset of Nevanlinna functions R with the following properties

sup ySR(iy) < oo,
y>0

lim R(iy) = 0.

Yy—00

Every Nevanlinna function from the class Ry possesses the following repre-

sentation do (M)
o
R(z) = /R A— 2z

where the measure do is finite, [g do(\) < 0.
Formula (2) implies that the functions F,,(z) and Fy(z) are related by the
following rational transformation

Fa(z) = —2012)

1+ aF(2) ©)

The difference of the resolvents of the original and perturbed operators is a
rank one operator and its trace can easily be calculated

T 1 1 o 1
T — = :
A—z A,—=2 1+ aFy(z) > (A—z)ﬂ)
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We use the relation

to get the following formula
d

1 1
A_Z—Aa_z} =~ In(1+aky(2), (10)
The branch of the logarithm can be fixed arbitrarily. Different branches of
the In function lead to the same result after differentiation.

The family of measures p,,a € R, is characterized by the following
lemma.

ol

Lemma 1 Let A be a self-adjoint operator in H, A, = A + a(p, )¢ be
its bounded rank one perturbation. Let du,.(E) be the corresponding spectral
measure. Let f € Li(R). Then f € Li(R,dus) for almost every o and we
have

o /R F(B)duo(E) € Li(R, da)

and

L ([ fB)dua(B)) do= [ s(m)ap. )

Proof We prove the lemma first for functions of the form
1 1
z E) = - )
J-(E) E—z FE+i

where z € C\ R. The integral on right hand side of (11) can be calculated
by closing the contour in the upper half plane

0 Sz <0
/RfZ(E)dE_{ 2mi 3z > 0.

On the other hand
h(@) = [ FAE)dpa(E)




The function Fy(z) belongs to the Nevanlinna class and the poles of the
function h,(«) are situated in the same half planes as those of the function
f.(E). Integration of the function h,(«) with respect to « gives the same
result as the integration of f,(F) with respect to E. The result is proven for
every function f.(E). The statement of the lemma follows from the Stone-
Weierstrass approximation theorem.

O

The results obtained here for bounded rank one perturbations will be gen-
eralized in what follows for arbitrary perturbations having finite and even
infinite rank.

Infinite coupling

We have just considered rank one bounded perturbations of self-adjoint
operators given by (1). Only finite real parameters a have been considered.
If the coupling constant « is infinite then formula (1) has only a heuristic
meaning. We use instead the resolvent formula to define the perturbation
in this case. We are going to show that such a perturbation determines a
self-adjoint operator relation, not a self-adjoint operator.

The operator corresponding to the formal expression (1) when o = oo
is well defined on the domain Dom (A°) = {¢p € D(A) : (p,v) = 0}. The
domain Dom (A°) is not dense in the Hilbert space. One can define the
perturbed operator in this case using the resolvent formula (2). This formula
gives the following expression for the perturbed resolvent in the case a =
oo =1/a=0

I 1 < 1 > 1
A —2  A—z 1/a+ Fy(2) Az ) A7
(12)
1 < 1 > 1
A —2z Fy(2) A—z07) A7

The latter expression defines a self-adjoint relation A, in the Hilbert space
H, not a self-adjoint operator. To prove this we apply the latter operator
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equality to the vector ¢ and get the following equation

1 o 1 < 1 > 1
A — 27 = A7 Fo(z) A—z0%) A%

1 1 1
A7 FO(Z)FO(Z>A .7

=0

due to the formula (4). It follows that formula (12) does not define the
resolvent of any self-adjoint operator. It gives the formula for the resolvent of
the self-adjoint relation A°+(0, ). The latter formula implies that Fl.(z) =
0, which coincides with the limit

lim F,(z) = lim Fo(2) = 0.

a—00 a—= 1 4+ aFy(z)

In what follows we are going to consider only self-adjoint operators and
we try to avoid discussing self-adjoint relations. But we have to keep in
mind that using Krein’s formula one obtains not only operators, but also
operator relations. The operator relations in connection with the finite rank
perturbations have been recently studied by H. de Snoo and S. Hassi [?, ?,
7,7,7.7.

Krein’s formula

Bounded and singular perturbations

We have mentioned in the previous section that not only can bounded
rank one perturbations be defined in the framework of the theory of self-
adjoint operators, but formula (2) can define a rank one perturbation of the
self-adjoint operator A even if ¢ is not an element from the Hilbert space.
We start with two examples. Consider first the formal linear differential
operator

2

Buth = — 30+l 9)5 (13)
defined on functions on the real line, where the symbol § denotes Dirac’s
delta function and the scalar product (d,v) is defined as the action of the
linear functional ¢ on the function . The standard norm on the domain of

the operator By is equal to the norm in the Sobolev space W3 (R). Therefore
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the scalar product (4, ) is well defined since the function 1 is continuous at
the origin. Suppose that there exists a self-adjoint operator acting in Ly(R)
corresponding to the formal differential expression (13). Then this operator
coincides with the unperturbed operator B = —d?/dz?* on the set of functions
vanishing at the origin, i.e. on the domain

Dom (B°) = {¢ € W3(R) : ¢(0) = 0}.

The restricted operator B® = B|pom (Bo) 1 a symmetric operator with the
deficiency indices (1,1). The restricted operator is densely defined and all
its self-adjoint extensions can be calculated using the von Neumann theory.
The adjoint operator B% coincides with the second derivative operator and
has domain Dom (B%) = {4 € WZ(R.\ {0}) : ¥(—0) = ¥(+0)}. To define
the self-adjoint operator B, we apply the linear operator (13) to an arbitrary
function 1 from the domain of the adjoint operator B%*

¥ € Dom (B™).

The expression
2

B,y = (—d + a(d, ->5> 0

dx?

is well defined in the distributional sense, since every ¢ € Dom (B%) is a
continuous square integrable function due to the Sobolev embedding theorem
(see [?]). The result in general is equal to the sum of a square integrable
function and a distribution with support at the origin. From the condition
that the range of the function ¢ belongs to the Hilbert space Ls(R) we get

—4'(+0) 4 ¢'(=0) + arp(0) = 0.

If the function v satisfies the latter condition, then B,y € Ly(R). Consider
the restriction of the operator B, to the domain

Dom (By) = {y € W(R\{0}) : 9(=0) = ¥(+0) = ¥(0)
U(+0) = ¢'(=0) = azp(0)}.

The restrictions of the operators B, and B% to this domain coincide. This
operator is a self-adjoint extension of the operator B° and this operator can
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be considered as a natural definition for the operator B, in the framework
of the theory of self-adjoint operators.

The above example shows that formula (1) can define a rank one pertur-
bation of the self-adjoint operator A even if the vector ¢ does not belong to
the corresponding Hilbert space. But the vector ¢ cannot be arbitrary. To
define the perturbed operator we used the restriction of the original opera-
tor B to the domain Dom (B°). Therefore the vector ¢ should be a linear
bounded functional on the domain of the operator A with the graph norm.
Only in this case does the restriction of the self-adjoint operator A have non-
trivial deficiency indices. But not every vector ¢ € Dom (A)* defines a rank
one perturbation in a unique way. Consider the following linear differential

operator
2

, d
By = =t + afd, )0, (14)

where §() denotes the first derivative of the delta function. If the self-adjoint
operator in Ly(R) corresponding to the formal expression (14) exists, then
it coincides with the operator B = —d?/dx? restricted to the domain of
functions from WZ(R \ {0}), satisfying certain boundary conditions at the
origin. Consider the formal expression B.1, where ¢ € W2(R \ {0}). The
scalar product (60, ) is well defined only if the function v is continuous at
the origin and has continuous first derivative at this point. But if these two
conditions are satisfied, then B! belongs to the Hilbert space Ly(R) if and
only if ¢/(0) = 0. The second derivative operator defined on the domain of
C*(R) functions from W3 (R\{0}) satisfying the latter condition is symmetric
but not self-adjoint. Therefore the heuristic rank one perturbation (14) does
not determine any self-adjoint operator, but only a symmetric operator. The
corresponding family of self-adjoint extensions of this symmetric operator is
described by one real parameter, which is not determined by the heuristic
expression (14). One needs additional assumptions on the interaction to
define the unique self-adjoint operator in this case.

The two examples considered show that the rank one perturbations can
be defined by vectors ¢ € Dom (A)*. We are going to refer to the perturba-
tions defined by vectors ¢ which do not belong to the Hilbert space, ¢ ¢ H
singular. The perturbations defined by vectors from the Hilbert space will
be called bounded. The main difference between singular and bounded rank
one perturbations is that the domains of any self-adjoint operator and its
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rank one singular perturbation are in general different, while the domain of
the operator does not change under rank one bounded perturbations. We
are going to consider differential operators with singular interactions. The
first mathematically rigorous study of such operators was carried out by
F.A Beresin and L.D.Faddeev [?]. The Laplace operator with delta interac-
tion in Lo(R?) was considered. We are going to discuss this operator in more
detail in later. In the rest of this chapter we concentrate our attention on
rank one singular perturbations.

Scale of Hilbert spaces

The scale of Hilbert spaces associated with the self-adjoint operator A
acting in the Hilbert space H will be defined using the modulus |A| of the

operator A, where
|A| = (A*A)V2.

The operator |A| is positive and self-adjoint, its domain coincides with the
domain of the operator A. For s > 0, H,(A) is Dom (|A|*/?) with norm equal
to the graph norm of the operator

1 lls=1 (AT + 1) e - (15)

The space Hy with norm || - ||s is complete. The adjoint spaces formed by
the linear bounded functionals will be denoted by H_,(A) = Hs(A)*. The
norm in the space H_4(A) is defined by the formula

1
|| (G ||—s: H(|A‘+1)S/Q¢HH’ (16)

where the operator 1/(|]A| +1)*/? is defined in the generalized sense. Let
e H_(A),n € H="Hy(A). Then

1 1
<<|A| T 1)5/2¢’”> B <‘”’ AT+ 1>s/2”> |

It follows that (1 J(JA] + 1)/ 2) 1 € H and the norm of the functional is given
by the formula (16).

The operator (JA| 4+ 1)¥/2 defines an isometry from H,(A) to H,_,(A).
Each space H_4(A) is equal to the completion of the Hilbert space H in the
norm (16).
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In what follows we are going to use the brackets (-, -) to denote not only
the scalar product in the Hilbert space H, but the action of the functionals.
Let v € H_s(A),n € Hs(A). Then we define

1 5/2
o = (gt 041+ D7), )

where the bracket on the right hand side denotes the scalar product.
The spaces Hs(A) form the following chain of triplets

... C HQ(A) C H1<A) C H= H(](A) C H_l(A) C H_2<A) C ...

The space Hz(A) coincides with the domain of the operator A and H;(A) is
the domain of |A|'/2. For every two s,t;s < t, the space H,(A) is dense in
Hs(A) in the norm || - ||s . The norm in the original Hilbert space H will be
denoted

[ 7 (18)

The norm in the space H;(A) can be calculated as follows
To I = ((A+ 1Y%, (1] + 1))
= (&, ([A[+1)¢) (19)

= (V14 + ), (1A] + D))

Similarly we have

2 _ 1 1 >
Hwal <M+iw’M+z’w .

One can also introduce the norms || - ||5 and || - ||*, in the spaces Ha(A) and
H_5(A), which are equivalent to the standard norms in these spaces

T ll* = A=y * = (@ (A% + 1))

(20)

1 1 (21)

ol = g9 = W¥h
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In fact the spaces H(A) are Hilbert spaces with the scalar product associated
with the standard norm

W, 90>s = <¢> (’A‘ + 1)5(10>'

Form bounded and form unbounded perturbations

It has been shown that rank one perturbations of a given operator A can
be defined only by the vectors ¢ which are bounded linear functionals on
the domain of the operator A, i.e. by the vectors ¢ being elements from the
space H_o(A). If the operator A is positive then every rank one perturba-
tion defined by the vectors ¢ from H_;1(A) can be defined using the form
perturbation theory. Let us explain this in more detail. The linear operator

(@, )¢ Ha(A) — H_o(A)
defines naturally the following sesquilinear positive form

Vol nl = (0, ¥)(n, ) = (@, ) {p,n)

for 1, n € Ha(A). The sesquilinear positive form V[, n] will be called form
bounded with respect to the operator A if and only if the domain
Dom (V') of the form is contained in the space H;(A) and there exist two
positive real constants a and b such that for any ¢ € Dom(V") the following
estimate holds:

Vvl <al v [lf +0ll ¢ |7 - (22)

If the constant a can be chosen arbitrarily small, the form V' is said to be
infinitesimally form bounded with respect to the operator A. Note
that to define form bounded and infinitesimally form bounded perturbations
we have actually used the quadratic form of the positive operator |A|, since
the norms defined by

allvli+blle Il

and

a(y, |Al) +0(, ¥)

are equivalent.

Lemma 2 Let p € H_1(A). Then the sesquilinear from V[, n] = (@, V) {p,n)
1s infinitesimally form bounded with respect to the operator A.
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Proof The Hilbert space H is dense in H_1(A) and for any € > 0 there
exists ¢g € H such that || ¢ — o [|2,< €/2. For any ¢ € Ha(A) C Hi(A) the
following estimate proves the lemma

Vo[, ] = (e, 0)1* < 2(0 = w0, ¥)I* + 2l (0, ¥)|*

< el vl +2 0w Pl II% -

The lemma is proven.

The latter lemma is valid for any self-adjoint operator A. If the operator
A is a positive self-adjoint operator then the KLMN theorem [?] implies
that for any real « the formal expression A 4+ oy, -)¢ defines a certain self—
adjoint operator A,. One can prove that perturbations defined by vectors

from H_5(A) \ H_1(A) are not form bounded.

Lemma 3 Let ¢ € H_3(A) \ H_1(A). Then the sesquilinear from

Vol[,ml = (p,¥){(p,n)

s not form bounded with respect to the operator A.

Proof Suppose that the bilinear form V,, is form bounded i.e. there exist
positive constants a, b such that

Vel vl <allvlli+b ] v ll% -

The latter estimate is valid for every ¢ € Hy(A), which is dense in H;(A). It
follows that ¢ can be extended as a linear bounded functional to the whole
of H1(A). We get a contradiction which proves the lemma.

O

Thus we have proven that rank one perturbations of positive operators are
uniquely defined if ¢ € H_1(A). The perturbations defined by vectors ¢ €
H_5 \ H_1(A) cannot be defined using the form perturbation technique.
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In what follows we are going to call form bounded all rank one per-
turbations determined by the vectors ¢ from the space H_1(A), even if the
operator A is not positive. Rank one perturbations defined by the vectors
v € H_o(A) \ H_1(A) will be called form unbounded. Note that Lemma
2 implies that every form bounded rank one perturbation is in fact infinites-
imally form bounded.

Rank one perturbations and the extension theory for symmetric
operators

Consider the self-adjoint operator A and its rank one perturbation A, =
A+ afp, -)p restricted to the set of functions Dom (A°) = {¢) € Dom (A) :
(p,1) = 0}. Let us denote the restricted operator by A°. In the case of a
bounded perturbation the operator A° is not densely defined. If the rank one
perturbation is singular, then the operator A° is a densely defined symmetric
operator with deficiency indices (1,1).

Lemma 4 Let A be a self-adjoint operator acting in the Hilbert space H and
let o € H_o(A)\ H. Then the restriction A° of the operator A to the domain
of functions Dom (A%) = {1 € Dom (A) : (p,v) = 0} is a densely defined

symmetric operator with deficiency indices (1,1).

Proof We prove first that the restricted operator is densely defined. The
operator A is densely defined and thus for every f € H there exists a sequence
fn € Dom (A) = Hy(A) converging to f in the Hilbert space norm:

lim || f— fu [|#= 0.

n—oo

The functional ¢ is not a bounded functional on the Hilbert space H. It fol-
lows that there exists a sequence 1, € Dom (A) = Hy(A) with the unit norm
| ¥n ||p= 1 such that the corresponding sequence (g, 1, ) diverges to infinity.
This sequence can be chosen in such a way that lim, . (¢, fn)/{®, ¥n) = 0.
Then the sequence f, — ({¢, fn)/{p,¥n)) ¥, belongs to the domain of the

restricted operator
<§07 fn - <§07 fn> 2/}n> =0

(0, 10n)
and converges to the element f in the Hilbert space norm
(o, fn) (¢, fn)
fn_ ¢n_f < fn_f + nﬂooo-
| (0, ¥n) by =1 = (0, ¥n)
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Thus the operator A° is densely defined.

The deficiency elements of the operator Ag at the point A = i are equal to
gi = (A —1)7tp. The latter equality has to be understood in the generalized
sense, i.e. g, is the bounded linear functional which acts on every v € H in
accordance with the formula

(giv) = (A=) "0, 9)
= (p, (A+i)_1¢>
A 1
< el <HA|+|ZwHH+ HA+@¢}HH>

< 2 ell-2ll¥lo-
Let ) € Dom (A%). Then the following equalities hold

WAg) = (g = (o)

—1i
= <A—|— i¢,¢> = i1, gi).
It follows that g; is the deficiency element for the restricted operator and
corresponds to the complex number i. The deficiency element is unique (up
to multiplication by complex numbers) and this finishes the proof of the
lemma.
O

We see that the self-adjoint operator corresponding to the formal expres-
sion A, = A+alp,)p, p € H_o(A)\ H, is one of the self-adjoint extensions
of the symmetric operator A° having deficiency indices (1,1). Let us discuss
now the extension theory for such operators.

In what follows we are going to normalize the vector ¢ € H_5(A) using
the norm || - ||*, defined by (21)

1

~1. (23)

*
—2

=l = lle

Then the deficiency elements g+; = (1/(AFi)) ¢ have unit norms in the
Hilbert space H.
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The extension theory and Krein’s formula

In this section we are going to study the self-adjoint extensions of sym-
metric operators with unit deficiency indices. Let A° be a certain densely
defined symmetric operator acting in the Hilbert space H. Without loss of
generality we suppose that the operator A is closed. Suppose also that the
deficiency indices are equal to (1,1) and let g; and g_; be two normalized
deficiency elements corresponding to A = =+i

A% gy = Figa;

| gsi la= 1.
Then the domain of the adjoint operator is equal to the following linear sum
Dom (A%) = Dom (A°)+£{g;,g_i}, where + denotes the direct sum. Every
element ¢ from the domain of the adjoint operator possesses the following
representation

¥ =1+ ar(¥)gi + a(¥)g—s, (24)

where ¢ € Dom (A°), ax(¢)) € C. The adjoint operator A% acts as follows
on every ¢ € Dom (A%)

A%+ ay () gi + a_(¥)g—i) = Ab + iar (V)gi —ia_(¥)g_i.  (25)

All self-adjoint extensions of the operator A° can be parametrized by one
unimodular parameter v; |v| = 1 using the von Neumann theory. Every
self-adjoint extension A(v) coincides with the restriction of the operator A%
to the domain Dom(A(v)) = {¢ € Dom (A”) : —va_(¢) = a(¥)}.

Let us denote by A the self-adjoint extension corresponding to v = 1.
Then the deficiency elements ¢g; and g_; are related as follows

A
g—Z_A_I_igZ'

(26)

We are also going to use the following representation for the functions
Y € Dom (A™)
b(v)

Y = @Z)‘FT(%‘FQ—D
(27)
~ A
= Y+ b(wﬁg“
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where 1) € Dom (A). This representation is related to the representation (24)
via the formulas

~ 1

= bt (a4 ) - ()

b(¥) = ap(P)+a(¥),

where we have used (26). Using representation (27) the action of the adjoint
operator A% is given by

Ay =A™ (Wb(w) A g)
(28)

~ 1

= A = b)) 0

The latter formula follows directly from (25). Let us calculate the boundary
form (A%, n) — (v, A%n) of the adjoint operator for two functions 1,7 €
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Dom (A%)
<A0*¢7 77> - <¢7 AO*T]>

- 1 A
= <A@/} - b(@b)mgm 7+ b(n)AJrZ.gi>

~ A 1
— (04 b(0) i AT — b))

7

= (A7)~ D) ()

+0) (A4, 00) = B00) {0 500

(0, Ay = 00) {59047

+50) (9, ) + B0 { s )

= ((A—=1)gi, ¥)b(n) = b(¥)((A —i)gi, 7).

The deficiency element g; belongs to the Hilbert space. Therefore the vector
(A—1)g; is a bounded linear functional on the domain of the operator A, i.e.
belongs to H_5(A) and the scalar products ((A — i)g;, ) and ((A —i)g;, 7)
appearing in the latter formula are well defined. Another way to parametrize
the self-adjoint extensions is to use a real parameter 7 instead of the unitary
parameter v appeared in the von Neumann formulas. Let us denote by A”
the restriction of the operator A% to the domain

Dom (A7) = {¢) € Dom (A™) : {(A —1i)g;,¥)) = 7b(¥)}. (29)

We are even going to consider infinite values of the parameter v : ~ €
R U {o0}. For v = oo we put formally

Dom (A®) = {1 € Dom (A™) : b()) = 0} = Dom (A),

60



i.e. the operator A* coincides with the operator A. The operators A(v) and
A7 coincide if the parameters v and ~ are related as follows

' 1
7+Z<:>7:—i T

. 30
v —1 1—wv (30)

V=
When ~ runs over all real numbers including infinity, the parameter v runs
over all unimodular complex numbers. Therefore every self-adjoint extension
of AY is described by a certain parameter v € R U {oo}. In what follows we
are going to use both descriptions of self-adjoint extensions.
The resolvents of two self-adjoint extensions of one symmetric operator
are related by Krein’s formula [?, ?]:

Theorem 2 Let A and B be two self-adjoint extensions of a certain sym-
metric densely defined operator A° with unit deficiency indices. Then there
exists a real number v € R U {oo} such that the resolvents of the operators
A and B are related as follows

1 1 1 A—i A—i
- " ia(\ 0, 31
B -z A_Z+7_<gi,1:iz9i><f4—ig >A—zg 327 (31)

where g; is the normalized deficiency element for A° at the point \ = i. If
A = B, then v = 0o and the resolvents of the self-adjoint operators coincide:

1 1

_ Cx
5L A Sz # 0. (32)

Proof The operator A is a self-adjoint extension of A°. Therefore the func-
tion ((A—1i)/(A+1))g; is a deficiency element for A% at the point A = —i
and we can choose A

—1

g—i = A+z’gi'

Let us describe the self-adjoint extensions of A° using (29). Then the opera-
tor A coincides with the operator A*. The operator B is also a self-adjoint
extension of A% therefore there exists a certain real parameter v € RU {oo}
such that B = A".

If v = o0, then the operators A and B coincide and formula (32) obviously
holds.
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To prove the theorem we have to calculate the resolvent of the operator
A7, i.e. we have to solve the following equation

h=(A"-2)f, (33)

for a given h € H. The function f belongs to the domain of the operator A,
f € Dom (AY). Let v # 0, 00. Then every function f from the domain of the
operator A7 possesses the representation

f=F A= g g

Equality (33) and formula (28) imply that

- ~ - A
h=Af = = (A= oo H

Applying the resolvent of the original operator A to the latter equation and
then projecting to the element (A —i)g; € H_o(A) we get

_ Aig b
(A= i)gi, ) = 1_<f<—g%91+ﬁzg,>- (34)
y\Tb AL T

It follows that the function f is given by

1 1 -1+ Az 1

= A—zh—i_?«A_i)gi’ﬁA—zT—i—z’gi

+i<<A— g5, F)

A+

1 1 S A—1

= A—zh+ ;((A—@')gz‘,ﬂr_zgi

I S (4=Lgi, h) A—ig'
A—z oy — (g, HAzg) A2

The latter formula implies (31).
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In the exceptional case v = 0 the resolvent formula is obviously satisfied.
The theorem is proven.
O

In fact we have proven that the resolvent of any self-adjoint extension A" of
A is given by

1 1 1 A—i A—i
E AR gy ) A S0 )
The function 14 A
z
Q(Z)——<gmfl_m> (36)

is called Krein’s @-function. It is a Nevanlinna function, since the defi-
ciency element g; has finite norm. Usually the Q-function is defined by the
following relation

N -Q At At
W:<g/\,gz>z<A_;gi>A_igi>.

Obviously the latter relation defines the @-function uniquely up to real con-
stants. In general two self-adjoint extensions of one symmetric operator with
deficiency indices (1,1) define a one-parameter family of @-functions which
differ by real constants. In what follows we are going to use definition (36)
for the Krein’s Q-function, i.e. we are going to distinguish the @-functions
which differ by real constants. We hope that this convention will not cause
any problem for the reader.

Comparing formula (36) and representation (7) for an arbitrary Nevan-
linna function we see that the @)-functions corresponding to self-adjoint ex-
tensions of densely defined symmetric operators do not have a linear term
in the asymptotics, i.e. the constants b appeared in (7) are always equal to
Zero.

A similar analysis can be carried out in the case where the operator A° is
not densely defined [?, ?]. The resolvents of the self-adjoint extensions are
related by similar formulas. The difference is that Krein’s formula for the
resolvent describes in this case not only the resolvents of all extensions that
are self-adjoint operators but also the resolvents of the self-adjoint relations
which are extensions of the symmetric operator.

(37)
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@-function for rank one perturbations

Let us continue discussion of the operator A, formally given by A, =
A+a(p, ) already started in Section . Lemma 4 implies that the deficiency
element for the operator A° at the point A =i is given by ¢; = (1/(A4 — 1)) ¢.
Therefore the Q-function corresponding to the operators A° and A is given

by
1+ Az 1+Az 1
) = (o g5 0) = e T mrre) (58)
If ¢ € H_5(A), then the scalar product appeared in the latter formula is well
defined.

Let ¢ be an element from H_;(A). One can write the following formula
for the corresponding Q-function

Q(z) = <907 i 1_ Zsﬂ> - <90, A;4+190>- (39)

It follows that Q(z) possesses the integral representation

Q(z) = a+ /M TN 5. 20, (40)

—00 )\—Z

where a € R and

/+°° dr () _
00.
e T
Therefore the function Q(z) belongs to the class Ry of Nevanlinna functions

[?7]. The class R, is the subset of Nevanlinna functions R with the following

property
+oo S R(12
[0 gy < oo (41)
1 Yy

Obviously the class Ry contains the class Ry of Nevanlinna functions.

Let us define another scale of Hilbert spaces associated with the operator
A and the vector ¢ € H_5(A) \ H

Hy(A) =Dom (A) C H,(A) C H C Hy(A)* C Dom (A)" = H_2(A). (42)
Here H,(A) denotes the domain of the adjoint operator A%

H,(A) = Dom (A™).
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In the spaces Ha(A) and H_2(A) we are going to use the norms || - ||5 and
| - |5 defined by (21).

Consider the resolvent 1/(A — i) of the operator A acting in the gener-
alized sense. Let ¢ € Dom (A)*. Then (1/(A — 1)) ¢ is the linear functional
which acts on every ¢ € H in accordance with the formula

el =lo e st o

It follows that (1/(A —i))¢ is a bounded functional on H and thus is an
element from the Hilbert space H.

The norm in the space H,(A) will be defined using representation (27)
as follows

1
A+i

sz

~ A
= b ——
|4 [, ca) HI/HL W) 190’ Ho(4) "
= (19I5 +b@),
since H,(A) is a one dimensional extension of the space Dom (A). The space

H,(A)* is adjoint to H,(A). Let ¢ € Dom (A). Then

19 .=l -

The inclusion (42) are now obvious.

The second scale of spaces is constructed using the functional ¢, while
the standard scale of Hilbert spaces is determined by the operator A only.
This determines the main difference between the two scales of Hilbert spaces.

Singular rank one perturbations

Form bounded rank one singular perturbations

Let us consider first form bounded rank one perturbations. We have seen
that the operator

Ao =A+alp,)p, ¢ € H1(A) (44)

can be defined using the form perturbation technique if the operator A is
positive. Another way to define the self-adjoint operator corresponding to
the latter formal expression is to consider the linear operator defined by this
expression. Consider the operator A defined in the generalized sense. Then
formula (44) determines a linear operator on H;(A) with the range in the
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space H_1(A). The corresponding operator acting in the Hilbert space is
defined by the restriction of the linear operator A, to the following domain

Dom (A,) = {¢Y € H1(A) C H : Ay € H}. (45)

The operator A, restricted in this way is self-adjoint and will be considered
as the unique self-adjoint operator corresponding to the heuristic expression

(44).

Theorem 3 Let ¢ € H_1(A)\ H. Then the domain of the self-adjoint op-
erator A, = A+ a(p, )¢ coincides with the following set

Dom (4.) = {v € Hy(4): (0.0) = = (= + (6, g9 W)} (46)

A, is a self-adjoint extension of A°. For o = 0 we have Ay = A.

Proof The linear operator A, maps the vector space H;(A) to the space
H_1(A). Let ¢ be an element from H;(A). Let us study the question: Under
what conditions is the distribution A, an element from the Hilbert space
H? Consider an arbitrary vector 7 from the domain Dom (A°) C H. Then
(n, Aq®) is a bounded linear functional on 7 only if 1 € Dom (A%), since the
following equalities hold

(n, Aa) = (0, A+ alp,)p)
= (n, AY) + a{p, ¥)(n, ¢)

= (An, ).

We have taken into account that (1, p) = 0 (as an element from Dom (A?))
and the operator A is defined in the generalized sense on the vectors from
H1(A).

Let ¢ € Dom (A%) = H,(A). Then the representation (27) is valid and
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the linear operator acts as follows
~ A
A = (A alp)e) (B +b0) 5 9)
=AY+ oy, Php + b0 e

+ab(y) <<,0, AZAH@ @ (47)

- {AQE_W)A?IH“”}

+ [afe. 010(0) + abw) o, )]

The expression in the braces { } belongs to the original Hilbert space H.
Therefore the vector element A, belongs to H if and only if the expression
in the square brackets | | is equal to zero, i.e. if the following equality holds

(0.0 == (5 + {0, g0} ) o). (49)
The parameter

is real and the adjoint operator A% restricted to the domain of functions from
H,(A) satistying the boundary condition (48) is self-adjoint. The restrictions
of the operators A, and A% to this domain are identical since the expression
in the square brackets [ | in formula (47) vanishes for the elements satisfying
the boundary conditions (48). Thus we have proven that the self-adjoint
operator defined by the formal expression (44) is a self-adjoint extension of
the operator A° described by the parameter v given by (49).
If @« = 0 then the parameter v = co and corresponding operator coincides
with the original operator A. The theorem is thus proven.
O

The latter theorem describes the rank one perturbations of the operator A
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using the real parameter . The unitary parameter v describing the A, is
given by

,_ Ltale 5%
1+ afp, 7=¢)

Considering different @ € R U {oo} all self-adjoint extensions of the
symmetric operator A? can be obtained. The formula (48) establishes a one—
to—one correspondence between the parameters a and v, a, 7y € RU{o0}. The
parameter « describes all self-adjoint extensions of the symmetric operator
AY in an additive manner, while the real parameter v appeared in Krein’s
formula and the unitary parameter v from the von Neumann formula are not
additive.

We have proven once more that the self-adjoint operator corresponding to
a singular rank one perturbation is a self-adjoint extension of the symmetric
operator A°, which is a restriction of the original operator A. In the case
of form bounded perturbations the self-adjoint operator is uniquely defined
even for operators that are not semibounded. Form unbounded perturbations
will be studied in the following section.

Family of rank one form unbounded perturbations

Consider a form unbounded rank one perturbation defined by the same
formal expression

(50)

Au = A+alp, e, ¢ €Ho(A)\ Hoa(A). (51)

We have shown that any self-adjoint operator corresponding to this formal
expression is an extension of the symmetric operator A°. Considering rank
one form bounded perturbations we have determined the unique self-adjoint
extension of the operator A° which coincides with the linear operator A,
defined in the generalized sense. In the case under consideration the linear
operator A, is not in general defined on the space H,(A) = Dom (A%).
The reason is that the linear functional ¢ is not defined on this domain.
It is defined on the domain Dom (A) = H_5(A). Thus to define the linear
operator on the domain Dom (A%) one has to extend the functional ¢. The
extension has to be chosen in such a way that the corresponding sesquilinear
form is real. The following lemma describes all possible real extensions.
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Lemma 5 Every extension of the functional ¢ to the domain H,(A) =
Dom (A%) is defined by one parameter ¢ € C. Let

b= b) o € H,(A).

A2 +1
Then the extended functional . acts as follows
(e ) = (0, 9) + Eb(¥)). (52)

This extension defines a real quadratic form Q[v,v] = (W, (A/(A? + 1)) )
with domain Dom (Q) = H+L{p} if and only if the parameter ¢ is real.

Proof The linear functional . defined by formula (52) is bounded and
defined on any element 1 from the domain of the adjoint operator. The
norm in the space H,(A) has been defined by (43). The quadratic form
corresponding to this extension is real if the parameter c is real.

Consider now an arbitrary bounded linear extension ¢ of the functional
¢ to the domain of the adjoint operator. Let v = ) 4+ b(1)) (A/(A% +1)) ¢
be an element from the domain Dom (A%) of the adjoint operator. Since the
functional ¢ is a linear extension of ¢, the following equality holds

(6,9) = (0.0) +00) (8, 351 7%)-

Thus every bounded linear extension of the functional ¢ is defined by one

parameter
¢ < : A >
Cc= — ).
@, A2 1 180

Consider an arbitrary element ¢ = ) + ¢(¢))¢ € Dom (Q), where 1) €
H,q(y) € C. Then the quadratic form can be calculated as follows

QW vl = (J+aW)p, oy 5+ a0)9)

- (5t a0 (o)

+a) (3, o) + P (6, o0

= ({4, ) +200) (5 o)) + el
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The latter formula shows that the quadratic form is real if and only if the
parameter c is real. The lemma is proven.
O

The following definition will be used below.

Definition 1 Let p € H_o(A)\'H_1(A). Then the functional @. is the linear
bounded extension of the functional ¢ to the domain H,(A) defined by the

condition
(oo y7%) = 53
8067 A2 + 1§0 - C7
where ¢ € R.

The following theorem describes the domain of the self-adjoint operator
corresponding to the formal expression (51) and extension (53).

Theorem 4 Let ¢. be a linear bounded extension of the functional ¢ €
H_o(A)\ H_1(A). Then the domain of the self-adjoint operator

Aa =A+ O‘(@C? '>90>

being a rank one form unbounded perturbation of A, coincides with the fol-
lowing set

Dom (4a) = {w = +b(e) ;"¢ € Dom (A7) :
(o0 == (5 +¢) b))}

A, is a self-adjoint extension of A° if c € R. For a = 0 we have Ay = A.

Proof The proof is similar to that of theorem 3. The linear operator A,
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acts as follows on the domain Dom (A%) > 1

A = (A alpe o) (34 000) )
A2

= A+ alp, e+ b(Y) 5

@
+ab(y) <<pc, A2A+190>

= {40 - vw) o)

+ e, ) + (1) + ach(¥)] .

The range of the linear operator A, does not belong to the Hilbert space.
The domain of the self-adjoint operator A, is equal to the following set

Dom (A,) = {¢ € H,(A) : A,y € H}.

The element A,1 belongs to H if and only if the following condition is

satisfied .
(0.0) = —( + (W),

The parameter
1
= —(— 54
1= +0) (54)

is real. The operator A% restricted to the domain of functions satisfying the
latter condition is self-adjoint and coincides with the operator A, restricted
to the same domain. Thus the theorem is proven.

O

The latter theorem describes rank one perturbations using the real parameter
~ appearing in the boundary condition. The unitary parameter v describing
the same self-adjoint extension of the operator A° is given by

1+ oalc+1)

1+ a(c—i)
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Considering different o € R U {oo} we get all self-adjoint extensions of the
operator A°. In general the extension depends on the parameter ¢ which
describes the extension of the functional ¢.

We have considered only extensions of the functional ¢ determined by the
real parameters c. One can see that unreal values of this parameter lead to the
boundary conditions defining non-self-adjoint operators (the corresponding
parameter v is not real). Considering different extensions of the functional
(different values of the constant ¢ € R) and one particular o # 0 we also
get all except one self-adjoint extensions of the operator A°. The exceptional
extension A* coincides with the original operator A (see Section ).

Singular rank one form unbounded perturbations of homoge-
neous operators

This section is devoted to the investigation of form unbounded rank one
perturbations in the case where the original operator and the element ¢ are
homogeneous with respect to a certain group of unitary transformations of
the Hilbert space H. The extension of the functional ¢ in general can be
uniquely defined using the homogeneity properties of the operator and its
perturbation.

Lemma 6 Let the self-adjoint operator A and the vector ¢ € Dom (A)* be
homogeneous with respect to a certain unitary group G(t), i.e. there exist real
constants 3,60 € R such that

G(t)A=tPAG(t); (55)
(G()p,v) = (0, G(1/)Y) = t°(p, ) (56)

for every v € Dom (A). Then ¢ can be extended as a homogeneous linear
bounded functional to the domain H,(A) if and only if

C1—tf 1
IO =i 5 <"”’ (A—i)(A= m)"”> 57)

does not depend on t #£ 1.

Proof Consider an arbitrary linear bounded extension ¢. of the functional
¢ which is defined by one parameter (see Lemma 5)

B A
c= <80a AQHSO> .
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Suppose that this extension is homogeneous and thus satisfies equation (56).
Then the function f(¢) can be calculated

f(t)

1—¢8

. 1
c—|—2<g0,A2+1<p>.

It follows that for any homogeneous extension ¢, the function f(t¢) is equal
to a certain constant determined by the extension. The imaginary part of
f(t) is always equal to 1 if the parameter c is real.

Suppose conversely that the function f(¢) is equal to a given constant.
Let us define the extension of the functional ¢ by the following condition

(b iye) == FO —i (53)
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The imaginary part of f(t) is always equal to 1:

) = 1—t9 A% — P
SIS T T \ P (A2 1) (A2 1 25) 7

B 1 1 9 1
1=t <<¢’ A? + 190> B <90’ A? + t25¢>>

1 1
= —— (1 — P22 < >
1_t,ﬂ,29( ) 907 A2+1(’0
= (o, 27%).

Therefore the constant ¢ determined by (58) is always real. It is necessary
to show that the extension of the functional is homogeneous in this case. In
fact it is enough to prove this property only for the elements (1/(A —1)) ¢
and (1/(A+1))¢. We have:

(61160 )
= (. GlO) )
= )
e <<¢C,A1_iso>+(tﬁi—i> <%0v (A—i)(lA—tﬂi)SO>>
0 (o)~ =) ()

= t‘9<90 S 90>
“A—i"/

Similarly one can prove that

(G(1/t)g., Aiiw) =%,
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and the lemma is proven.

It has been shown during the proof of the latter theorem that every homo-
geneous extension of the functional ¢ is defined by the real parameter c. It
follows that every homogeneous extension necessarily defines a real extension
of the quadratic form Q[w), ] = (1, (A/(A% + 1)) ).

If the unitary group G consists of only two elements

then the homogeneous extension can always be constructed and it is unique.
This condition is true for example for the first derivative operator and Dirac
operators in one dimension with the delta potential. The group of the uni-
tary transformations coincides with the symmetry group with respect to the
origin. These operators are studied at the end of this chapter.

Lemma 6 implies that if the original operator A and the vector ¢ €
H_5(A) \ H_1(A) are homogeneous and if the corresponding function f(t) is
constant, then there exists a unique self-adjoint operator corresponding to
the formal rank one perturbation and possessing the same symmetry prop-
erties. Therefore in this case the unique self-adjoint operator can be deter-
mined even if the rank one perturbation is not form bounded, but we have
to use extra assumptions to determine this operator. The function f(t) is
not always constant. For example consider the following operator with rank
one singular perturbation

—A + a(d, )0,

where A is the Laplace operator in Ly(R™) and ¢ is the delta function with
the support at the origin. If n = 1,3 then f(t) is equal to a constant and the
homogeneous extension can be constructed (see Section ). If n = 2 then the
function f(t) is not constant and no homogeneous extension exists.
Resolvent formulas
The resolvent of the perturbed operator can be calculated explicitly using
the general Krein formula (31) and taking into account (54)

11 1 < 1 > 1 59)
An—z A—2z 1jatc+ (p, B2 0) A—z07)A—"
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The parameter ¢ which appears in the latter formula can be chosen arbitrary
for H_o(A) \ H_1(A) perturbations. For H_;(A) perturbations instead c is
determined according to

- m%)
C= 90? A2 _|_ 1 (10 .
Let us introduce the following Nevanlinna function

1+4z 1
0)

(60)
= c+Q(2),

where Q(z) is the @Q-function associated with the operator A and the vector
¢ € H_2(A). Using this notation formula (59) just coincides with the formula
for the resolvent of rank one bounded perturbation (2).

If o € H_1(A) then the function F'(z) is given by

A 1+A2z 1 1
P =+ Q) = (o yge) (9 5=, ma19) = (9 7=3%)

which is again formula (3). For ¢ € H_5(A) \ H_1(A) the function F(z) can
be calculated using the extension ¢, of the functional ¢ as follows

F() = (0 ).

Let us introduce the function

1
Fo(z) = <90c, A—z%>

describing the rank one perturbations of the operator A,.

All five critical formulas for the rank one perturbation [?] can be written
in the same form for bounded, form bounded and form unbounded pertur-
bations

R = T i o)
Aa1_2¢: 1—01F(z)A1—zS0; (62)
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1 1 o 1 1

Aa_Z:A—Z_1+aF(z)(A—zg0">A_Z90; (63)
o [A 1— z Aal— z] B jz In(1 4 aF(2)). (64)
/R[dMa<E)]da = dE, (65)

where p, is the spectral measure corresponding to the operator A,. The
formulas can be proven following the main lines of Section . We note that
the result does not depend on the parameter ¢, which can be chosen arbitrary
for form unbounded perturbations.

We are now going to prove that if the operators A and B are two self-
adjoint extensions of one symmetric densely defined operator A° having defi-

ciency indices (1, 1), then the operator B is a rank one singular perturbation
of A.

Theorem 5 Let A° be a densely defined symmetric operator with the de-
ficiency indices (1,1). Let A and B be two self-adjoint extensions of the
operator A°. Then the operator B is a rank one singular perturbation of the
operator A.

Proof Theorem 2 implies that the resolvents of the operators A and B are
related by formula (31), where g; is the deficiency element for A° at the point
1. Consider the vector ¢ given by

= (A—1i)g

Since ¢; belongs to the Hilbert space, the vector ¢ is an element of the
Hilbert space H_5(A). The closure of the operator A° then coincides with
the restriction of the operator A to the domain of functions orthogonal to
the vector . Obviously the vector ¢ does not belong to the Hilbert space,
since the operator A° is densely defined.

To prove the theorem it is enough to show that there exists a real constant
a such that

B=A+alp, ).

If the parameter y appearing in Krein’s formula is infinite, then the operators
A and B coincide. It follows that the operator B is a rank one perturbation
of the operator A with the coupling constant « equal to zero.
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If the parameter v is finite, v # oo, then we have to distinguish be-
tween form bounded and form unbounded perturbations. Suppose that
v € H_1(A). It follows from Theorem 3 that the operator A, coincides
with the operator B if

—1
v+ (e e

Suppose now that ¢ € H_5(A) \ H_1(A). To define the corresponding
rank one perturbations we fix the real parameter ¢ = (p., (A/(A% + 1)) ¢).
Then the operator A, = A + a{p., )¢ coincides with B if the coupling
constant is chosen equal to

«

—1
o= .
Y+c

The theorem is proven.

The same result holds in the case when the symmetric operator A° is not
densely defined. The vector ¢ belongs to the original Hilbert space in this
case and all except one self-adjoint extension of the restricted operator A® are
defined on the same domain. The exceptional extension is not an operator
but an operator relation. It corresponds to the infinite value of the coupling
constant « (see Section ).

The latter theorem implies that the self-adjoint extensions of any sym-
metric operator with unit deficiency indices can be considered as rank one
perturbations of a self-adjoint operator and can therefore be parametrized
by the additive parameter « instead of the nonadditive parameters v and v
appearing in the boundary conditions.

Approximations of singular rank one
perturbations

Norm convergence of the approximations

We are going to discuss how to approximate singular rank one perturba-
tions by bounded ones. More precisely we consider operators

Ao = A+ alp, ) (66)

given by a singular perturbation, i.e. ¢ € H_5(A) \ H. Let ¢, € H be
a sequence of functions from the Hilbert space. Consider the sequence of
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operators with bounded rank one perturbations
Al = A+ a{en, ) Pn- (67)

The self-adjoint operators A, and A” have in general different domains, since
Dom (AZ) = Dom (A). But one can consider linear operators defined by (66)
and (67) in the generalized sense. Two different types of convergence will be
studied.

Considering A, and A7 only as self-adjoint operators in the Hilbert space
we can study the corresponding resolvent operators, which are bounded op-
erators and therefore have common domain H. We say that the operators A}
converge to A, in the strong resolvent sense if and only if

lim

1 1
n—>ooHAZ_Z_Aa_2H:O (68>

for some z, Iz # 0.

Considering the linear operators defined by formal expressions (66) and
(67) in the generalized sense suppose that these operators can be defined
as bounded linear operators on a certain normed space D with the range in
perhaps a different normed space D’. We say that the operators A” converge
to the operator A, in the sense of linear operators if and only if

D D Dom(A,),

(69)
D D Dom(A)= Dom (A}),
and the following limit holds
I A% = Aa |B—D)—n—00 0, (70)
where || - || pp—pr) denotes the norm of the linear operator acting on D with

the range in D’. Note that the operators A, A, defined in the original Hilbert
space are not necessarily bounded, but these operators could be bounded as
operators mapping D to D’.

Consider first the approximations in the sense of linear operators. We
start by investigating the question of how to approximate arbitrary ¢ €
H_2(A) \ H by vectors from the Hilbert space.
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Lemma 7 Let f be an element from H \ Ha(A) and ¢ be an element from
H_5(A); then for any c there exists a sequence @, of elements from H con-
verging to ¢ in the H_o(A) norm such that (f,¢,) converges to c.

Proof The original Hilbert space H = H(A) is dense in H_5(A). It follows
that there exists a sequence @, of elements from H converging in the H_,
norm to ¢. If the sequence (f,@,) = a, converges to ¢, then the lemma is
proven. If it does not then let us consider a sequence 1, € Ho(A) with unit
H_o norm || ¥y, ||3¢_,= 1 such that |(f,1,)| diverges to co. Such a sequence
exists because f ¢ Hy(A). We can then choose a subsequence such that
¢ —an/{f,¥n) — 0. We keep the same notation for the chosen subsequence.
Consider then the sequence

c— ay,

©n = @n + 7#%-
(f,%n)
The following estimates are valid
H o<l @n = @ llpcs + | 77—
Pn — Pl H S| Pn — @ [H_s TNk
(fthn)

It follows that ¢, converge to ¢ in the H_5 norm. At the same time the
sequence (f, p,) = a, +c—a, = c obviously converges to ¢, hence the lemma

is proven.
O

The convergence in H_5(A) was crucial for the proof of the lemma. For
example the following lemma is valid.

Lemma 8 Let f be an element from Hi(A) and ¢ be an element from
H_1(A). Then for every sequence v, € Ho(A) converging to ¢ in the norm
of H_1(A) the sequence (f,p,) converges to (f, ).

Proof The statement of the lemma follows from the fact that strong con-

vergence of bounded functionals implies weak convergence.
O
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The operators A, and A} are defined on the common domain H,(A) =
Dom (A%) :

Dom (A”) O Dom (4,),

Dom (A”) > Dom (A) = Dom (A”).
The range of the linear operators A”, A, belongs to the space H_5(A) with

the standard norm.

Theorem 6 Let the sequence p,, € H converge to @ in H_s(A) and (¢, (A/ (A% + 1)) )
converge to c. Then the sequence of linear operators AL = A+ a{p,, -)pn de-

fined on the domain H,(A) converges in the operator norm to the operator
Ag.

Proof Consider an arbitrary element g = g+ b(g) (A/(A? + 1)) p € H,(A).
Then the following estimates are valid

| (A5 — Aa)g [

= a| || (ens 9)en — (Pe; 9@ || -2

_ A
= |ol|[{n, )pn + blo) <90n, ,42+190> Pn

g0~ o) (e g9 )l

IN

| {[{pn: ) = (2. DI | n -2 + [{0; D | on = (|2

A
()| | (onsgrg9) — el | 0n -2 +Hb(@ el 1l 00— -2}
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< ol {l @nllall on =@ 12l 1l + 1l 0 = l-2ll & 1211 3 11
A
| (on rg2) = el N 1 @) el Il 60 = @ 12 b(0) )
< ol {0l @n 2 + 110 2 +lel) T o — 91l 2

A
12 | (o g 0) = 2/} 1 lnca

The sequence ¢,, converges to ¢ in the H_s(A) norm, the sequence ||
¢, ||-2 is bounded and the sequence {p,, (A/(A%+ 1)) ) converges to c. It
follows that the linear operators converge in the operator norm.

O

Theorem 7 Let ¢ € H_o(A) \ H. Then there ezists a sequence p, € H
converging to @ in the H_s(A) norm such that the sequence of linear operators
Al = A+ opn, -)pn defined on the domain H,(A) converges in the operator
norm to the operator A, = A+ a(p., )p.

Proof The element (A/(A? + 1)) ¢ belongs to the Hilbert space but does
not belong to the domain of the operator. It follows from Lemma 7 that
there exists a sequence ¢, converging to ¢ in the H_5(A) norm and such
that (p,, (A/(A% + 1)) ¢) converge to c. It follows from Theorem 6 that the
operators A converge to A, in the operator norm.

O

The approximating sequence ,, can be constructed using the spectral rep-
resentation of the original operator A. If the element ¢ € H_5(A) then there
exists a certain measure du(\) such that

< 1 1+2zA4 1 >_/+°01+z)\ 1 ()
A—iP A A—i%) " ) Az 1
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and [12° %) oo Consider the spaces H_;_o(A) and H_5_;(A) formed

00 A241

by the elements from H_5(A) satisfying the following additional conditions

| Aldp(N) / [Aldp(A)
/oo Ny oo and )\2+1

respectively. The following lemma can be proven.

Lemma 9 Let p € H_5(A) \ (H_1-2(A) UH_5_1(A)) then there ezist two
sequences ¢y, d, — oo such that

dn

lim

LS I v 1du()\) —c

Proof Convergence of the integral [°°(1/(A% + 1)) du()) implies that the
two sequences

(1) [ g,

n 1
and
1) [ du),
—n—1 A2+ 1
n = 1,2,..., have zero limits when n — oco. The sums of both sequences are

diverging, since

n+1 )\ d )\ < 1 n+1 1 d )\
/ ) < (n+ )/ ).

[ A g < ( vy [ ey
D S S U

The sequences have different signs. It follows that the sequence

moA
/_n SERRLC)

can converge to any real number when n, m — oo. The lemma is proven.

O

Consider the approximating sequence of the elements from the Hilbert space
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on = E(_¢,.4,)(A)p, where E(A) denotes the spectral projector for the oper-
ator A. The following limit holds

, A
Jiny (ons y7on) =

The sequence ¢, will be used in the following section to construct the ap-
proximations of rank one perturbations in the strong resolvent sense.
Strong resolvent convergence of the
approximations
In this section we study the strong resolvent convergence of the operators.
We have shown in fact that the difference of the resolvents of the original
and perturbed operators has rank one. We prove first that every rank one
‘H_; perturbation can be approximated in the strong resolvent sense.

Theorem 8 Let A be a self-adjoint operator in the Hilbert space H and ¢ be
an element from H_1(A). Let the sequence ¢, € H converge to ¢ in the norm
H_1(A). Then the sequence of operators A = A+a(py, - )on converges to the
operator A, = A+ oy, )¢ in the strong resolvent sense for all z, Sz # 0.

Proof Since the {1/(A” — z)} are uniformly bounded it is enough to prove
the weak convergence of the resolvents. Consider two arbitrary vectors 11, 1o
from the Hilbert space. The convergence in the space H_;(A) implies

ﬁ%<Aig¢—%%%>=& (71)
ﬁﬁ;<¢%fLiz(¢n—qﬂ>=:0. (72)

Moreover the quadratic form of the resolvent converges at the point z = ¢
and similarly at all other points in the resolvent set of A and we have

(oo o) = (0 %)

< 2flen—@llca (lenll-+ 1@ ll-1) =0

We have for the difference of the resolvents
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(2, ) — (W2, )

«

[+ alp, 2 0) <A1_Z<p,¢1> <¢2,141_290>

(67

1 1
_1+a<gpn’%_zgpn> <A_z<;0nu¢l> <77Z)2,A_Z(,0n>

The weak resolvent convergence follows from the formulas (71),(72) and the
convergence of the quadratic form of the resolvent. The denominator in the
first quotient does not vanish because Sz # 0.

O

Let us study rank one H_, perturbations.

Theorem 9 Let A be a self-adjoint operator and ¢ be a functional from
H_o(A), || (1/(A—=1) ¢ ||=1. Let ¢, be any sequence from the Hilbert space
converging to ¢ in H_o(A) and let lim,, oo {pn, (A/(A%+1)) @,) = c. Then
the sequence of self-adjoint operators

AZ =A + OZ(%DTH >(70n

converges to A, in the strong resolvent sense. If

A
lim | pp, ———¢n )| = 00,
n—00 A2 + 1

the operators Al converge to the original operator in the strong resolvent
sense.

Proof The first part of the theorem can be proven using the fact that the
convergence in ‘H_, implies weak convergence of the resolvents and formulas
(71),(72) hold for every 94,1, € H. Calculations similar to thoes carried out
during the proof of Theorem 8 lead to the result which has to be proven.
One has to take into account only that
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. 1
nh_,Holo <90n7 A_ZSOn>

_ < 1+ Az 1 >+1_ < A >
= AP T ) T (P m
_< 1+A42 1 >+

N SO’A—,zA?Jrlgp ¢

= ¢+ Q(2)

= F(z),

where F'(z) appeared in (60). Consider now the case where

) 1
lim |(¢n, T_Zgon)\ = 00.

n—oo

The difference of the resolvents of the original operator and its rank one
perturbation is the rank one operator

1 1 a < 1 > 1
A=z A=z Italpm g \A—z M) A=

The first term on the right hand side of the last equality converges to
zero. It follows that the difference of the resolvents converges weakly to
zero since (1/(A — z)) ¢, and (1/(A — 2)) ¢, converge to (1/(A — z)) ¢ and
(1/(A — 2)) ¢ respectively. Hence the theorem is proven.

O

Let ¢ € H_o(A) \ (H-1,-2(A) UH_5_1(A)). Then it is possible to construct
a sequence of operators converging to A, in the strong resolvent sense, ac-
cording to the following

Theorem 10 Let ¢ € H_o(A) \ (H-1,-2(A) UH_3_1(A)). Then there exist
two sequences cp,d, — 00 such that ¢, = FE(_., a,)(A)¢ determines the
sequence of self-adjoint operators A2 = A + a(pn, )¢, involving bounded
perturbations of A converging to the perturbed operator A, = A+ alp, ) in
the strong resolvent sense.
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Proof The statement follows easily from Lemma 9 and Theorem 9.

The latter theorem shows how to construct the approximating sequence ¢,
leading to the approximations of the operator A, in the strong resolvent
sense.

If o € H_1(A) then the sequence ¢,, € H converging to ¢ in the H_; norm
defines a sequence of self-adjoint operators converging to the perturbed oper-
ator A, in the strong resolvent sense. If ¢ € H_o(A)\(H_1 _2(A)UH_2_1(A))
then there exists a sequence ¢,, converging to ¢ in the H_5 norm such that
the sequence of the corresponding perturbed operators converges to A, in the
strong resolvent sense. If ¢ € H_1 _o(A)\H_1(A) or ¢ € H_o_1(A)\H_1(A)
then every sequence ¢,, converging to ¢ in the H_5 norm defines a sequence
of self-adjoint operators converging to the original operator in the strong
resolvent sense. It follows that not every form unbounded rank one per-
turbation can be approximated in the strong resolvent sense by operators
with bounded perturbations. For example if the original operator A is semi-
bounded, then the subspace H_o(A)\ (H_1,-2(A) UH_2_1(A)) is trivial and
no form unbounded perturbation of such an operator can be approximated
in the strong resolvent sense without the renormalization of the coupling
constant. See Section , where such an approximation with the renormal-
ized coupling constant is constructed for the Laplace operator with the delta
interaction in R3.

Approximations in the sense of linear operators can be constructed for
every rank one perturbation. If the perturbation is form bounded then ev-
ery sequence ,, converging to ¢ in the H_; norm determines a sequence of
operators converging to the perturbed operator in the norm of linear opera-
tors. If ¢ € H_2(A) \ H_1(A) then one can prove only the existence of the
approximating sequence.

Differential operators with rank one
singular perturbations

Point interactions in dimension three

We consider now the Schrodinger operator in dimension three defined by
the heuristic expression:

Lo =—A+ ad, (73)
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where A is the Laplace operator, « is a real coupling constant and ¢ is a Dirac
delta function in dimension three. This operator was studied for the first time
from the mathematical point of view by F.A.Beresin and L.D.Faddeev [?].
The operator L, to be defined in Ly(R3) can be considered as a singular rank
one perturbation of the Laplace operator because d¢o = ¢(0)0 = (¢, §)d and
the generalized function 0 is an element from H_o(—A) \ H_1(—A) in three
dimensional space. Consider the group S(t),t > 0, of scaling transformations
of Ly(R?) defined as follows: for every function ) € D and distribution f

(SE)(z) = ¢ y(ta);
(S f 4y = (LSA/0Y).

The Laplace operator and the delta function are homogeneous with respect
to the group S(t) :
St)A = t*AS(e);

St = %
The perturbed operator coincides with one of the self-adjoint extensions
of the symmetric Laplace operator —A, defined on functions from W3(R?)
vanishing at the origin. The domain Dom (—A{) of the adjoint operator —A(
coincides with the space WZ(R?\ {0}). The distribution § possesses a unique
extension to the set WZ(R?\ {0}). To calculate the parameter ¢ defining the
extension of the functional ¢ = § one has to take into account that the vector

d does not fulfil the normalization condition || (1/(A — 1)) ¢ |[|= 1. Formula
(58) should be modified as follows

(o i) == 0 =il el

Therefore the parameter ¢ is equal to

-2, 1 1 -
© T NI <—A+z‘5’—A—t2z5>_lH—A—i5H

- i(1+t)<

Ar|z|’ 4m|z|

eiv=ilz| itVilz| ‘ eiVilz|  ivilz]
, —1
Ar|x| * Am|x|

1
A2
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Any function v belongs to the domain of the adjoint operator ¢ € Dom (—Ay)
if and only if

b(v)) (6<1/x/§+i/x/i)|x| e(wii/ﬁ)ad)

47| x| * 47 |x|

where ¢ € Dom (—A) = W2(R?),b(1)) € C. Using the homogencous exten-
sion of the delta functional we define the parameter v which describes the
self-adjoint extension using (54)

B 1+ 1
7= o 4m/2

Therefore the self-adjoint operator corresponding to the formal expression
(73) is the restriction of the adjoint operator to the domain of functions
satisfying the boundary condition

~ 1 1
LYy =|——+ b(1)). 74
) = (-1 + g ) ) (71

Let us consider this extension of the linear functional ¢ in more detail to
underline the main ideas of the calculations. Every function v € W2 (R3\{0})
is continuous outside the origin and has the following asymptotics there

V() = o7+ v+ o), (75)

where the boundary values ¢ _, 1, are equal to

{ ¢— = a(w)v 5
o = —a(¢)/47r\/§ +1(0).

The linear operator (73) is not defined on all such functions. The distribution
¢ = ¢ should be extended to the set of all functions having the asymptotics
(75). We denote by E the set of all C*°(R? \ {0}) functions with compact
support having the asymptotic behaviour (75) at the origin. Convergence in
this space is defined using an arbitrary C$°(R?) function x equal to one in
some neighbourhood of the origin.
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Definition 2 A sequence {1} of functions from E is said to converge to a
function ¥ € E if and only if:

1. lim, oo Y = Y_
2. There exists a bounded domain outside which all the functions 1, vanish;

3. The sequence {1/?%“} of the reqularized derivatives of order k :

() = (o) - Xy

4 ||

converges uniformly to

This definition does not depend on the choice of the function x. The deriva-
tive of any function from F is defined pointwise everywhere outside the origin.
We denote by E’ the set of all bounded linear forms on E. The set E contains
the standard set of test functions D = C°(R?).

The following lemma follows easily from Lemma 6.

Lemma 10 Let the distribution § € E'
1. be equal to § on the test functions from D;
2. be a homogeneous distribution;

then this distribution for every function ¢ € E is equal to
(1) = tho. (76)

This means that the distribution § ”does not feel” the singularity of the test
function at the origin.

We are going to use the same notation ¢ for the delta distribution in D’
and E’ in what follows. This is justified because of the uniqueness of this
extension under our assumptions.

Definition 3 The delta distribution 6 in E' with support at the origin is the
linear functional on E defined by the formula (76).
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Following Section we define the linear operator L, on the whole Sobolev
space WZ(R3?\ {0}) = Dom (—A}) using the closure. The corresponding
self-adjoint operator, also denoted by L,, is defined on the following domain

Dom (L) = {v € W3R\ {0}) : Lot € L*(R%)}.

The latter inclusion has to be understood in the distributional sense with D
as the set of test functions. It follows that every function v from the domain
Dom(L,) should satisfy the following boundary condition

b+ ay = 0. (77)

The latter condition implies (74).

Relations with the Schrodinger operator on the half axis

Consider the subsets F, C E;D, C D consisting of functions ¢ in E,
respectively D, which depend only on the absolute value of the coordinate,
i.e. such that ¥(x) = ¥(|z|). The corresponding distribution spaces will be
denoted by E!, respectively D.. The space of square integrable functions on
R? depending on |z| will be denoted by L?(R?). The transformation T :
U(|z]) — VArry(r) acting from L?(R3) to L?(R..) preserves the L? norm.
This transformation transforms the set of test functions D, into the set D of
C*(R.) functions with compact support and equal to zero at the origin. The
set of test functions E, is transformed into the set E of C*°(R.) functions
with compact support having the following asymptotics at the origin:

b(r) = Y= 4 o /Erd + o(r).
VT

The transformed linear operator L, = T'L,T~" is defined by the following

formula:
(0 La¥)pam,y = (T70LaT ™), o)
2
= <S07_C;ZZEQ > +O‘@0¢0
L?(Ry)



Here §() denotes the derivative of the Dirac delta function, i.e. the functional
defined on the functions from E as follows: (1, §1)) = —/(0).

Thus the three dimensional delta potential is quite similar to the pseu-
dopotential on the half axis equal to the projector P in L?*(R.) into the
derivative of the delta function, i.e. (Pf) = <5(1), f> 6. We remark that

the element 0" belongs to H_»(—d?/dx?), where the operator —d?/dz? is
defined on the functions from W3 (R, ) which satisfy the Dirichlet bound-
ary condition at the origin. (See Section ?? where point interactions of the
second derivative operator in Ly(R) are studied in more detail.)

Approximations of the delta potential

It follows from the previous consideration (see Section ) that it is possible
to construct an approximation of the operator L, by rank one perturbations
from Ho(L) = Ly(R3). In the case of the Laplace operator in dimension three
such an approximation can be constructed explicitly. The sequence of ap-
proximations can be chosen from the set of infinitely differentiable functions
with compact support. We discuss first the approximation of the operator
L,. Let w be a C§°(R) real function with compact support and vanishing
at the origin, normalized such that [;°w(x)dr = 1. An approximation of
the delta function can be constructed with the help of scaling. We use the
following definition w,(z) = (1/¢)w(z/¢€),x € Ry. The following calculations
show that the sequence v (x) = dw,(z)/dz converges when ¢ — 0 to the 5
distribution for any function ¢ € E :

(v, ) = /Ooovg(x)iﬂ(x)dx
= [ wl@w@)d

= = [ e @ + ol

The integral in the latter formula converges as ¢ ™\, 0 to the value of the
function ¢’ at the origin. The nonintegral terms are equal to zero because
the function w has, by assumption, zero limits at the origin and at infinity.
By closure this result can be extended to all ¢ € E. It follows that for any
function ¢ € E and any test function ¢ € D the following limit holds

a

d2
lim <30, (—@ + Eve@)ea >)¢> = <90a Law>'

e—0
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Thus the sequence of operators

2
La,e = _CZCQ + 4a <U57 >

converges to the operator L, pointwise in the weak operator topology. An

approximation of the operator L, can be constructed using the same func-

tional sequence v.. We choose a special (but ”standard”) delta functional

sequence equal to

—1vc(|z])

A |z

Ve(x) =

V. has compact support and it is easily verified that

3 _ - _ o /
/R3 Vi(zx)d’z = / roq (r)dr /0 rw'(r)dr
= —rw(r)|e° +/ = 1.

Moreover V, has the usual scaling properties:

Vi(r) — —Lo(|z|) _ igwg(r)lr:m

A |x| Amr Or

—1 1 r 1 €T
—'@W&TWQ)“W— a”()'

Finally, for any test function v continuous in a neighbourhood of the origin
the following limit holds

lim V. (v) = lim | V.(z)(x)d*x = (0).

e—0 e—0 JR3

Lemma 11 Let ¢ be any test function from E. Then the following limit
holds

Proof Every function ¢ € E possesses the following representation

w_ ~
o) = (4 0) o) + )
where y has compact support and is equal to one in a neighbourhood of the
origin and satisfies

Y(z) =o(1), x — 0.
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Then the following limits exist:

lim [ dzV.(2))(x) = 0;

e—0 JR3

lim - V. (z)x(x)y = 1bo;

e—0

lim [ d*zV.(z) x(2) Yo =0.

e—0 JR3 47T‘ZU|

The last limit follows from the orthogonality of the functions V(z) and 1/|z|
in L?(R?). The lemma is proven.

O

Consider now the sequence of linear operators defined in the generalized sense
Loe=—A+aV(z) (Ve(x),-) .

This sequence of linear operators L, . converges as € “\, 0 to the operator
L, in the weak operator topology. We prove now that the sequence of linear
operators L, . converges to the operator L, in the operator norm. All these
operators are defined on the domain Dom (Af) and their ranges belong to
H_2(—A). The norms are defined by equations (43) and (16) respectively.

Lemma 12 Let w be an infinitely differentiable function with compact sup-
port on the positive half axis and assume w(0) =0 and [;°w(r)dr = 1. Then

Velw) = (;giw C)) e CER
converges to 6 in H_o(—A) when €\, 0.
Proof We have to prove that
lim I _A1+ 6=Vl ) =0 (78)
e >

94



since the operator —A is positive. The Fourier transform V, of the function
V. can be calculated at any p € R3 :

~ 0 T ) _2 1
Ve(p) = / dT’TQ/ df sin Qe”pcoseig,w (T)
0 0

drtr Or e \e€
00 1
= / CcoSrp—w (T> dr.
0 e \e
1 r

\A/E(p) —1= /Ooo(cosrp —1)—w(-)dr

€ €

The function

is uniformly bounded and tends to zero uniformly on every compact domain
D C R3. Tt follows that, with g.(p) = (1/(p* + 1)) (Vi(p) — 1),

|| Ge ||L2(R3)—>e—>0 0

and the limit (78) holds.
O

Theorem 11 The sequence of linear operators L, . converges in the operator
norm to the linear operator L, on WZ(R?\ {0}).

Proof This follows easily from Lemma 12 and Theorem 6.

Approximations with the renormalized coupling constant

The operator —A is positive and the functional § belongs to H_o(—A) \
H_1(—A). Therefore a point interaction in dimension three can be approxi-
mated in the strong resolvent sense or even norm resolvent sense only using
a suitable renormalization of the coupling constant. Two approaches have
been developed. In the first approach the operator with the point interaction
is approximated by the sequence of operators

Loe=—-A+a(e)Vo(x).

The functions V(x) are obtained from a certain function Vj(z) by unitary
scaling. In this approach the interaction term a/(J,-)0 = ad is considered as
a singular potential, not as a rank one operator. To get the norm resolvent
convergence the coupling constant o should be chosen with a suitable depen-

dence on the scaling parameter e¢. This approach is described in detail in the
book by S.Albeverio, F.Gesztesy, R.Hoegh-Krohn, and H.Holden [?].
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We are going to describe here in more detail the second approach where
the approximating sequence of operators is constructed using the spectral
representation of the Laplace operator. This approach was first developed by
F.A Beresin and L.D.Faddeev [?]. Consider the sequence of functions u, ()
converging to the d(x). The sequence can be constructed using the Fourier
transformation which is just the spectral representation for the Laplace op-
erator . ) )

in(p) =4 @ DS
0, p*>n?
where 1,, denotes the Fourier transform of the function wu,,.
Obviously if ¢ € C§°(R?) then
W) = [ o@)un(@)ds —6(0) = (1,9)

Consider the operator

LM = A0+ agun(@) [ (l)dy.

Let us calculate the resolvent of the operators in terms of the Fourier trans-
form for some z, Iz # 0

(L =2 =]
= (1* = 2)6(p) + ania(p) [ itn(a)

It follows that

A
=
ISH
)
<
I
=
=

p?—z p?—z

/ an(q)P(q)dg. (79)

We multiply the latter equality by 4,(p) and integrate with respect to p to
get the following equation

frs H2 i (p)d%p
R3 p= 1 + anf Un(P)) d3

Finally we get the following formula for the resolvent

b= 1@ an o ( f(q) n(q)d3q> fgn(p)'

P-z 14 ap [gs © R? ¢% — 2
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The resolvents of the operators L™ have a nontrivial limit if and only if the

fractions
(07%

1 + (67 fRS Md:%q

?—z

converge to a nontrivial limit. The asymptotic of the integral can be com-
puted explicitly using the spherical coordinates

2

Un(q)?* 5 4w o1 1
/R3 q2—qu_87r3/o TZ—zdr_ﬁn+0<n)’ e

One can choose for example

an, N a
— === .
1+ apn/2m? 1 —an/2n?

For this choice of the coupling constant the sequence of the self-adjoint op-
erators L™ converges to the operator L, in the strong resolvent sense. We
note that the sequence of coupling constants «,, is infinitesimal (in the sense
that o, — 0 as n — 0). If the coupling constant does not depend on n then
Theorem 9 implies that the resolvents of the operators L™ converge to the
resolvent of the original operator.

Perturbations of the first derivative operator

Consider rank one perturbations defined by the formal expression

1 1
Aa = chi+a6: Zi+0&<5,>(5 (80)
The operator A, can be considered as a rank one perturbation of the self-
adjoint non-semibounded operator A = 1/id/dx with domain Dom (A) =
W} (R). The ¢ measure defines a bounded linear functional on W} (R) due
to the embedding theorem. But the element (1/(A —i))d = ie *O(x) does
not belong to the domain of the operator A. (O(z) denotes here the Heav-
iside step function.) The restriction A° of the operator A to the domain of
functions Dom (A%) = {¢p € W}(R) : ¢(0) = 0} has deficiency indices (1,1).
The deficiency elements are given by

1 .
9 = Al_i(s = e "O(z),
9-i = 7 Z_(S = —ie"O(—x).
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Every function ¢ from the domain of the adjoint operator possesses the
standard representation

U(x) = U+ b(;b)z signz e~ 1?,

where zﬂ € W3 (R). Consider the group of the central symmetries of the real
line:

G)=1,G(-1) = J,
G(-1)* =G(1),

where I and J are the identity and inversion operators respectively defined
by the following formulas in the generalized sense

(L) (@) = f(x);
(J) (@) = f(=x).

The original operator and the functional § are homogeneous with respect to
this group
AG(t) = tG(t)A,

G(t)§ = 6.

The parameters # and 6 for this problem are equal to 1 and 0 respectively.
The group consists of only two elements and the extension of the functional
d can be defined using the parameter f(—1). The parameter ¢ defining the
extension of the functional ¢ is given by

5" =i (s 1 5-4<1(5'15>—0
i T\ (A= i) (A +9) A—i A—i /7

The latter equality implies that the extension of the delta function, which is
an even distribution, vanishes on every odd test function.

It follows from Theorem 4 that the self-adjoint operator A, corresponding
to the formal expression (80) is defined on the domain of functions satisfying
the following conditions

e=J0 =il

A
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Thus the operator A, is the self-adjoint operator 1/id/dx defined on the
following domain

Dom () = {1 & WA {03) s 0(-0) = 112

e
1 5

o0},

The spectral analysis of the operator A, can be easily carried out.

Dirac operator with a pseudopotential

A similar analysis to that made in the previous section can be carried out
for the one dimensional Dirac operator with the delta potential

_;d 5
Ha:< n ’dw) 10} (81)
—'LE —m
V=V*= V11 Vi2 7
V21 V22
where v11,v99 € R,v195 = T3y € C. This family of Dirac operators with

pseudopotentials is described by four real parameters. The original operator

is defined on the two component functions f = (fi1, f2) € L2(R) & La(R)
from the domain Dom (H) = W3 (R) @& W3 (R). Two delta functions dy, dy
defined as follows (&;, f) = fi(0),i = 1,2, are bounded linear functionals on
the domain of the original operator. The delta function § is the linear map

§: W)R)® WHR) — C?,

an=( 10

The product of the delta function and an arbitrary continuous function f is

equal to
N _ > [ fin
<f57 ¢> - <57 ( f2w2 > >



where 1) is an arbitrary test function from C§°(R) @ C§°(R). The heuristic
expression (81) can be written as

m  —id =
H, = ( il _Tcg ) + V diag{(d;, -) }4. (82)
This operator can be considered as a rank two perturbation of the self-adjoint
non—semibounded original operator H. In accordance with this approach we
restrict the original operator H to the domain of functions Dom (H®) =
{1/ € Dom (H) : (0,4) = 0}. The restricted operator H® has deficiency
indices (2,2). The adjoint operator H% is defined on the domain W} (R \
{0}) ® W} (R \ {0}). To determine the perturbed operator, bounded linear
functionals §; have to be extended to a set of functions which are discontinu-
ous at the origin and continuous outside the origin. The delta functions are
homogeneous with respect to the group of central symmetries of the real line
and the extension is unique:

fi(+0) + fi(=0)
2

<52,f>: 5 7,:1,2

This extension allows one to define the perturbed linear operator on the
domain W3 (R\ {0})® W3 (R\{0}) since the boundary values at the origin of
the functions from this domain are well defined. The domain of the perturbed
self-adjoint operator coincides with the set of all function 1) € Ly(R)® La(R),

such that
m

. d _i% ) )+ Vg(xw € Ly(R) ® Ly(R).
—ig-  —m

Let us calculate the distribution
m  —id 2
— dx
f ( —i% i >¢+V(5(x)w

for any function % from the domain of the adjoint operator Hj. Every such
distribution can be presented in the following form

;= f—i(? é) diag{151(+0) = ¥1(=0), Us(+0) — Us(~0)}d

+;V diag{11(+0) + 11(—0), 2(+0) + ¢ha(—0)}9,
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where f € Ly(R) @ Ly(R). The vector f belongs to the Hilbert space if and
only if the coefficient in front of the delta function ¢ is equal to zero. We get
the following boundary conditions for the function ¢ at the origin:

(3 )= (rs( 1))

These boundary conditions can be written in the form:

(+0) = Ap(=0); (83)

() (1)

One can show that
01 « (01
vo)a=(V)

and it follows that the operator H%* restricted to the domain of functions
satisfying the boundary conditions (83) is self-adjoint ([?, ?]).
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