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Eigenvalue inequalities for the Laplacian

Ω ⊆ Rd a bounded Lipschitz domain, L = −∆.

−∆φ = λφ in Ω , −∆ψ = µψ in Ω ,

φ = 0 on ∂Ω , ∂νψ = 0 on ∂Ω .

Eigenvalues 0 < λ1 ≤ λ2 ≤ . . . ≤ λn → ∞ of LD ,

0 = µ1 < µ2 ≤ . . . ≤ µn → ∞ of LN .

Trivial: µn ≤ λn. (dom(
√
LD) ⊆ dom(

√
LN))

Pólya: µ2 ≤ λ1.
Friedlander-Filonov: µn+1 ≤ λn.
Levine-Weinberger: if Ω ⊆ Rd convex, then µn+d ≤ λn.
Rohleder: if Ω ⊆ R2 simply connected, then µn+2 ≤ λn.

Proof idea: find functions u ∈ dom(
√
LN) solving Lu = λu.
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The inhomogeneous setting

Ω ⊆ Rd bounded Lipschitz,

ρ : Ω → (0,∞) with ρ+ 1
ρ bounded.

Differential operators

L = − div 1
ρ∇

and L̃ = −1
ρ∆ ,

with Dirichlet and with Neumann boundary conditions.

Eigenvalues 0 < λ1 ≤ λ2 ≤ . . . ≤ λn → ∞ of LD ,

0 = µ1 < µ2 ≤ . . . ≤ µn → ∞ of LN .

0 < λ̃1 ≤ λ̃2 ≤ . . . ≤ λ̃n → ∞ of L̃D ,

0 = µ̃1 < µ̃2 ≤ . . . ≤ µ̃n → ∞ of L̃N .

Question: how do they compare?

Trivial: µn ≤ λn and µ̃n ≤ λ̃n.

S: if Ω and ρ convex, then µ̃d ≤ λ̃1.
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A comparison result in planar domains

Theorem (S., 2026)

If Ω ⊆ R2 is simply connected,

then max{µ̃2,min{µ̃3, λ̃1}} ≤ λ1.
If Ω has at most one hole, then min{µ̃2, λ̃1} ≤ λ1.

Note: no assumption on ρ !

Simple estimate

If ∆1
ρ ≤ 0, then λ̃1 ≥ λ1.

If ∆ log ρ ≤ 0, then λ1 ≥ λ̃1.

Note: ρ satisfies both ⇐⇒ ρ constant.

Corollary

If Ω is simply connected and ∆1
ρ ≤ 0, then µ̃3 ≤ λ1 ≤ λ̃1.
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The one-dimensional picture

div = ∇ = ∂x

Ω = (−1, 1) ⊆ R, ρ : (−1, 1) → (0,∞).

Lu = −(1ρu
′)′ and L̃v = −1

ρv
′′ .
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In planar domains: an operator on vector fields

Ω ⊆ R2 simply connected, ρ : Ω → (0,∞),

L2 = L2(Ω)2.

Operator M = −(∇1
ρ div +∇⊥ 1

ρ curl) acts on L2

(where ∇⊥ = (−∂2, ∂1)t and curlF = ∂1F2 − ∂2F1).

Note: if ρ ≡ 1, then M = (−∆,−∆)t .

Lemma

The operator M with domain

dom(M) = {F ∈ L2 : MF ∈ L2(Ω), F · ν = curlF |∂Ω = 0} ⊆ L2

is self-adjoint, and has form domain

dom(
√
M) = {F ∈ L2 : div F , curlF ∈ L2(Ω), F · ν = 0} ⊆ L2 .

Moreover σ(M) = σp(M) = {λ̃n : n ≥ 1} ∪ {µ̃n : n ≥ 2}.
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Finishing the proof - comparison with L = − div 1
ρ∇

Goal: max{µ̃2,min{µ̃3, λ̃1}} ≤ λ1.

Recall: M = −(∇1
ρ div +∇⊥ 1

ρ curl) has form domain

dom(
√
M) = {F ∈ L2 : div F , curlF ∈ L2(Ω), F · ν = 0} ⊆ L2 .

max{µ̃2,min{µ̃3, λ̃1}} is the second eigenvalue of M.

Compare M with operator (LD, LD) on L2.

u ∈ H1
0 (Ω) first eigenfunction of LD, set F = (α, β)t u ∈ L2.

F ∈ dom(
√
M) ( but F /∈ dom(M) )

F satisfies MF = λ1F − curl(1ρ∇u)

(
−β
α

)
. . . . □
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Final remarks

Inequalities for higher eigenvalues of M.

˜̃L = −∆(ρ · ) has the same spectrum as L̃.

“M = L̃D ⊕ L̃N” can be made abstract: Helmholtz decomposition

L2 = ∇H1(Ω)⊕⊥ ∇⊥H1
0 (Ω) ⇝ H = TH1 ⊕⊥ SH0 .

In dimensions d ≥ 3 we get L̃N = −1
ρ div∇ and L̂ = −1

ρ curl curl
∗

Does not (?) work for unifying LD and LN
⇝ instead one gets LN = − div 1

ρ∇ and L̂D = − div ρ∇ .

The corollary ∆1
ρ ≤ 0 =⇒ µ̃3 ≤ λ̃1 complements the following

Nehari, Bandle: if Ω ⊆ R2 simply connected and ∆ log ρ ≥ 0, then µ̃2 ≤ λ̃1.
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Thank you for your attention
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