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Eigenvalue inequalities for the Laplacian

Q C R? a bounded Lipschitz domain, L= —A.

—Ap = Ap in Q, —AY = in Q,
=0 on 09, o, =0 on 00 .

D<A < <. <)\, > OfLD7
O=pmi<pur<...<pup,—o0 ofLy.

Eigenvalues

Trivial:  pn < Ap. (dom(yv/Lp) C dom(v/Lx))

Pélya:  up < Ag.

Friedlander-Filonov:  pip+1 < Ap.
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Eigenvalue inequalities for the Laplacian

Q C R? a bounded Lipschitz domain, L= —A.

—Ap = Ap in Q, —AY = in Q,
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Eigenvalue inequalities for the Laplacian

Q C R? a bounded Lipschitz domain, L= —A.

—Ap = Ap in Q, —AY = in Q,
=0 ondQ, =0  ondQ.
Eigenvalues O0<AM<A<...<A;—o0 oflp,

O=pmi<pur<...<pup,—o0 ofLy.

Trivial:  pn < Ap. (dom(yv/Lp) C dom(v/Lx))

Pélya:  up < Ag.

Friedlander-Filonov:  ppr1 < Aj.

Levine-Weinberger: if Q C R convex, then tnrd < Ap.
Rohleder: if Q C R? simply connected, then 112 < Ap.

Proof idea: find functions v € dom(+/Lx) solving Lu = Au.
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The inhomogeneous setting

Q C RY bounded Lipschitz,  p: Q — (0,00) with p + 2 bounded.

Differential operators
— iyl P 1
L——dlvpV and L= pA,

with Dirichlet and with Neumann boundary conditions.

Eigenvalues 0< 5\1 < 5\2 < <o
N

Question: how do they compare?
o Trivial:  pup < Ap and n < 5\
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The inhomogeneous setting

Q C RY bounded Lipschitz,  p: Q — (0,00) with p + 2 bounded.
Differential operators
— _divl j__1
L——dlvpV and L= pA,

with Dirichlet and with Neumann boundary conditions.

Eigenvalues O<AM<Mm<...<X,—» o0 oflp,
0=/ <fio<...<fin—o00 ofly.
Question: how do they compare?
o Trivial:  pup < Ap and fin < 5\,,.
e S:if Q and p convex, then  jig < A1.
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A comparison result in planar domains

Theorem (S., 2026)

If Q C R? is simply connected,
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A comparison result in planar domains

Theorem (S., 2026)

If Q C R? is simply connected, then max{fiz, min{/is, A} < AL
If Q has at most one hole, then min{fiz, A\1} < A1.

Note: no assumption on p !

Simple estimate

oIf AL<0, then A1 >
o If Alogp<0,then A > ;.

Note: p satisfies both <= p constant.

If Q is simply connected and A% <0, then jiz < A\ < ;\1.
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The one-dimensional picture

Q=(-1,1)CR,  p:(-1,1) = (0,00).
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Q=(-1,1)CR,  p:(-1,1) = (0,00).

Lu= —(%u’)’ and Lv= —%v”.
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The one-dimensional picture

Q=(-1,1)CR,  p:(-1,1) = (0,00).

Lu= —(%u’)’ and  Lv=-—

L
P

e p=1 ~» A, = 1 and eigenfunctions are sin(nx) resp cos(nx).
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The one-dimensional picture

Q=(-1,1)CR,  p:(-1,1) = (0,00).

Lu= —(%u’)’ and Lv= —%v”.

e p=1 ~» A, = 1 and eigenfunctions are sin(nx) resp cos(nx).

Observation: If d =1, then A, =jip+1  and A, = pfpt1. J
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e p=1 ~» A, = 1 and eigenfunctions are sin(nx) resp cos(nx).

Observation: If d =1, then A\, =/ipr1 and A, = ppr1. J

Proof: If Lpu = —(u'/p) = Au and u(—1) = u(1) =0, thenv=1'/p
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The one-dimensional picture

Q=(-1,1)CR,  p:(-1,1) = (0,00).

Lu= —(%u’)’ and Lv= —%v”.

e p=1 ~» A, = 1 and eigenfunctions are sin(nx) resp cos(nx).

>

Observation: If d =1, then A\, =jfi,11 and n = fbnil- J

Proof: If Lpu = —(u'/p) = Au and u(—1) = u(1) =0, thenv=1'/p
satisfies v/(—1) = (pu')'(—1) = —=Au(-1) =0 = V/(1) and
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The one-dimensional picture

Q=(-1,1)CR,  p:(-1,1) = (0,00).

Lu= —(%u’)’ and Lv=-1".

e p=1 ~» A, = 1 and eigenfunctions are sin(nx) resp cos(nx).

Observation: If d =1, then A\, =jfi,11 and \p = Mntl- J
Proof: If Lpu = —(v'/p) = Auand u(—1) = u(1) =0, thenv=1'/p
(-1) = =Au(-1) =0 =v'(1) and

u
satisfies v/(—1) = (pu')
- _1

LNV p(

d/p) = ~1(-Au)
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The one-dimensional picture

Q=(-1,1)CR,  p:(-1,1) = (0,00).

Lu= —(%u’)’ and Lv=-1".

e p=1 ~» A, = 1 and eigenfunctions are sin(nx) resp cos(nx).

Observation: If d =1, then A\, =jfi,11 and /N\,, = [Upduilc J
Proof: If Lpu = —(v'/p) = Auand u(—1) = u(1) =0, thenv=1'/p
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The one-dimensional picture div=YV = 0,

Q=(-1,1)CR,  p:(-1,1) = (0,00).

Lu= —(%u’)’ and Lv=-1".
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The one-dimensional picture div=YV = 0,

Q=(-1,1)CR,  p:(-1,1) = (0,00).

Lu= —(%u’)’ and Lv=-1".

e p=1 ~» A, = 1 and eigenfunctions are sin(nx) resp cos(nx).

Observation: If d =1, then A\, =jfi,11 and /N\,, = [Upduilc J
Proof: If Lpu = —(v'/p) = Auand u(—1) = u(1) =0, thenv=1'/p
satisfies v/(—1) = (pu')'(—1) = —=Au(-1) =0 = V/(1) and
__1 _ 1/ I
[nv = ;( u/p) = p( Au) = Av. .. g
@ Cheng: p concave =— A1 = jip > 5\1 = . J
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The one-dimensional picture div=YV = 0,

Q=(-1,1)CR,  p:(-1,1) = (0,00).

Lu= —(%u’)’ and Lv=-1".

e p=1 ~» A, = 1 and eigenfunctions are sin(nx) resp cos(nx).

Observation: If d =1, then A\, =jfi,11 and /N\,, = [Upduilc J
Proof: If Lpu = —(v'/p) = Auand u(—1) = u(1) =0, thenv=1'/p
satisfies v/(—1) = (pu')'(—1) = —=Au(-1) =0 = V/(1) and
Inv=—=2/p)" = =L(=\u) = Av. .. O
P p
@ Cheng: p concave =— A1 = jip > 5:1 = .
©Q pconvex and even —> A1 = jip < A1 = U2
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e Q C R? simply connected, p: Q — (0, c0),
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In planar domains: an operator on vector fields

e Q C R2 simply connected, p: Q — (0,00), L2=L12(Q)°

e Operator M = —(V% div +VL% curl)  acts on L?
(where V+ = (—0,,01) and curl F = 9,F, — 0, Fy).

Note: if p =1, then M = (—A, —A)t.

The operator M with domain
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is self-adjoint,
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The operator M with domain
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In planar domains: an operator on vector fields

e Q C R2 simply connected, p: Q — (0,00), L2=L12(Q)°

e Operator M = —(V% div +VL% curl)  acts on L?
(where V+ = (—0,,01) and curl F = 9,F, — 0, Fy).

Note: if p =1, then M = (—A, —A)t.

The operator M with domain
dom(M) = {F € L? : MF € [*(Q), F -v = curl F|spq = 0} C L2

is self-adjoint, and has form domain
dom(VM) = {F € L2 : div F,curl F € [3(Q), F-v =0} C L.

Moreover (M) = ap(M) = {\,:n>1}U {ji,: n>2}.
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The spectrum of M = —(V% div +VL/—l)curI)

dom(M) = {F € L2: MF € L?(Q), F - v = curl F|pg = 0} C L2

Claim: o,(M) = {\,:n>1} U {ji, : n > 2}. |
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The spectrum of M = —(V% div +V+2 curl)

p

dom(M) = {F € L2: MF € L?(Q), F - v = curl F|pg = 0} C L2

Claim: o,(M) = {\,:n>1} U {ji, : n > 2}. |

Proof: If —%Av = jiv and d,v =0,
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The spectrum of M = —(V% div +V+2 curl)

p

dom(M) = {F € L2: MF € L?(Q), F - v = curl F|pg = 0} C L2

Claim: o,(M) = {\,:n>1} U {ji, : n > 2}. |

Proof: If —%Av =pvand d,v =0, then F =Vv satisfies
F-v=0,v=0, curl Flgg =curl Vv|sa =0 and
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dom(M) = {F € L2: MF € L?(Q), F - v = curl F|pg = 0} C L2

Claim: o,(M) = {\,:n>1} U {ji, : n > 2}. |

Proof: If —%Av =pvand d,v =0, then F =Vv satisfies
F-v=0,v=0, curl Flgg =curl Vv|sa =0 and

MF = —(V% divVv + VL% curl Vv) = —(V(=fv) +0) = iifF .

So {jin: n > 2} C o,p(M).

OTAMP2026 Stockholm June 2026



The spectrum of M = —(V% div +VL/—l)curI)

dom(M) = {F € L2: MF € L?(Q), F - v = curl F|pg = 0} C L2

Claim: o,(M) = {\,:n>1} U {ji, : n > 2}. |

Proof:

So {jin: n > 2} C o,p(M).

OTAMP2026 Stockholm June 2026



The spectrum of M = —(V% div +V+2 curl)
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dom(M) = {F € L2: MF € L?(Q), F - v = curl F|pg = 0} C L2
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The spectrum of M = —(V% div +V+2 curl)

p

dom(M) = {F € L2: MF € L?(Q), F - v = curl F|pg = 0} C L2

Claim: o,(M) = {\,:n>1} U {ji, : n > 2}.

Proof: If —%Au = \u and ulpgo =0, then G = V=+u satisfies

G-v=0.u=0, curlGlog = curl V>tu|sq = —Xu!ag =0 and
MF = —(V1divViu+ Ve curl Viu) = —(0+ VH(=Au)) = AG.

So {fin:n>2yU{\,: n>1} Cop(M).

Reverse inclusion follows from L2 = VHY(Q) ot VIHE(Q) O
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Finishing the proof - comparison with L = — div %V

Goal: max{ﬁg,min{ﬁg,s\l}} < \i.

Recall: M = —(V% div+V+1 curl) has form domain

1
p

dom(VM) = {F € L? : divF,curl F € 1?(Q), F-v =0} C L2.

max{fiz, min{fi3, \1 }} is the second eigenvalue of M.
Compare M with operator (Lp, Lp) on L.
u € HX(RQ) first eigenfunction of Lp, set F = (o, 8) u € L2

F € dom(v/M)
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Finishing the proof - comparison with L = — div %V

Goal: max{ﬁg,min{ﬁg,s\l}} < \i.

Recall: M = —(V% div +VL% curl) has form domain

dom(VM) = {F € L? : divF,curl F € 1?(Q), F-v =0} C L2.

max{fiz, min{fi3, \1 }} is the second eigenvalue of M.

Compare M with operator (Lp, Lp) on L.

u € HX(RQ) first eigenfunction of Lp, set F = (o, 8) u € L2
Fe dom(m) (but F ¢ dom(M) )

o F satisfies MF = A1F — curl(;Vu) (‘(f) ... O
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Final remarks

@ Inequalities for higher eigenvalues of M.

[ = —A(p-) has the same spectrum as L.

e “M=1ILp®LN" can be made abstract: Helmholtz decomposition

L2 =VH (Q) @&t VIHI(Q) ~ H=TH & SHp.

In dimensions d > 3 we get In= —%divV and [ = —%curl curl*

Does not (?) work for unifying Lp and Ly
~> instead one gets Ly = —div%V and Lp = —divpV.

@ The corollary A% <0 = fiz<A; complements the following

Nehari, Bandle: if Q C R2 simply connected and Alogp > 0, then fip < 5\1J
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Thank you for your attention
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