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Agmon’s Estimates (Continuous Setti

Agmon 1982

Each eigenpair (E,¢) of H= —A + V on R
satisfies

/ U= ECRD | ()P dx < oo
Rd

where

pe(x,y) = _inf (V(r()) — E), 7(1)] dt,

vE€ACy Jo

{x:V(x) < E}.

KEZ

Schmuel Agmon

® connected components of Ke = classically (1922-2025)

allowed region (“potential wells")
® describes tunnelling between potential wells
® on metric graphs: Harrell-Maltsev 2018-20
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The Landscape Function Idea

Landscape function

Given H = —A + V and a source p > 0, solve

Hu = p.

If p =1: uis the torsion function:
® Saint-Venant 1850s: Modelling of torsional rigidity problems
® Pdlya 1948: Proof of a Faber—Krahn-type result for ||u]|1.
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Why is it a “landscape function”?

Proposition (Filoche-Mayboroda 2012, van den Berg 2012)

Let (E, ) be an eigenpair of H = —A + V with Dirichlet BC on p, V > 0, s.t.
@ € L. Then

|90(X)| < |E| . (H—ll)(x)

lelleo —

Proof.
@ = EH Y, hence

ol < 1ENIH ol < |EIH ol < [EIHT (lellol) < |ElllpllH™1 O

® ¢ can only be supported in {x : |E|- (H"'1)(x) < 1}: H™'1 can predict
localization regions before computing eigenfunctions.

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 5/32
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Why is it a “landscape function”?

Proposition (Filoche-Mayboroda 2012, van den Berg 2012)

Let (E, ) be an eigenpair of H = —A + V with Dirichlet BC on p, V > 0, s.t.
@ € L. Then

|SO(X)| < |E| . (H—ll)(x)

lelleo —

@ = EH Y, hence
ol < IEIIH "ol < |EIH Mol < |EIHT (lollol) < [Elllello ™1 O

® o can only be supported in {x : |E| - (H7*1)(x) < 1}: H7'1 can predict
localization regions before computing eigenfunctions.

® Hoskins—Quan—Steinerberger 2023: Extensions to magnetic Schrodinger
operators

® M. 2024: Extensions to operators with dominated inverse
® Can be extended from 1, p € L to 0 < p s.t. ¢ < ||¢||co,pp-
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A reminder of domination theory on Hilbert lattices

T € L(H) is dominated by T* if | Tf| < T*|f]| for all f € H.

(T(t)"e>0 C L(H) is the modulus semigroup of (T(t))t>0 C L(H) if for each
t>0
® T(t)* dominates T(t)
e T(t)! is dominated by any other positivity preserving operator T that also
dominates T(t).

Examples

o (2,50 is dominated by (e )¢so.
® A positivity preserving semigroup is its own modulus semigroup.
* Kato 1972, Simon 1977: (e~ *(Y=AV)) js dominated by (e~{(~2+FeV))

® Schaefer 1974: Not every operator has a modulus; if M = mj; is a matrix,
then the modulus semigroup of (¢™):>o is generated by

it . Rem;i i=},
= my =
’ |my| i # )
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Landscape theory for —Ap + Vo = Ep

e If Vislarge = uis small = p/u is large: p/u as effective potential:useful
e.g. in Anderson models

® Filoche-Mayboroda 2012: behavior of the ¢ at various energy levels E is
controlled to a good extent by the landscape function v := (—A + V)7'1

® Arnold-David-Filoche—Jerison—Mayboroda 2019:
—Ap+ Vo =Ep
is equivalent to
1 1
—=v (fvw) + 2o = Eq, b=
u u

Agmon metric wrt potential wells Kg := {x : i} E} instead of
Ke = {x:V(x) < E}

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 7/32
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Landscape theory for —Ap + Vo = Ep

e If Vislarge = uis small = p/u is large: p/u as effective potential:useful
e.g. in Anderson models

® Filoche-Mayboroda 2012: behavior of the ¢ at various energy levels E is
controlled to a good extent by the landscape function v := (—A + V)7'1

® Arnold-David-Filoche—Jerison—Mayboroda 2019:
—Ap+ Vo =Ep
is equivalent to
1 1
—=v (fvw) + =4 = Ex, bo=2
u u u

Agmon metric wrt potential wells Kg := {x : ﬁ < E} instead of
Ke = {x: V(x) < E}: useful if V is very rough (Anderson!)
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Agmon-type estimates vs landscape theory

Theorem (Arnold—David—Filoche—Jerison—-Mayboroda 2019)
Every eigenpair (E, ) of H on Q C R? with Neumann BCs satisfies, for any

a € (0,1),

JACReY;

ah 2
xe*"p 2 1 ah 2
\% dx+ (1 — « /( —E) xe" ) dx
(H*l)’ ( ) q \H'1 +( )

< (1+20) (V] — E) / o dx
{x0<h(x)<1}

Here:
® we(x) = (7H_%1(X) — E)+

* pe(x,y) =infy [§ v/ we(3 (D)5 (1) dt
® h(x) := pe(x, Ke)
® x(x):=1A h(x)
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Extension to matrices

Real B is a M-matrix if b < 0 for all i # j and Re E > 0 for all eigenvalues E.
Examples: discrete Laplacians on un/directed graphs (by Gersgorin)

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 9 /32
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Extension to matrices

Real B is a M-matrix if b < 0 for all i # j and Re E > 0 for all eigenvalues E.
Examples: discrete Laplacians on un/directed graphs (by Gersgorin)

Theorem (Filoche-Mayboroda—Tao 2021)

If B is a real, symmetric, non-singular n x n M-matrix with connectivity W

= L E) <w b
w - .
E Pie <(B_11)k >+_  max ||

Here:

® pg shortest path pseudometric wrt

w(x,y):=In (1 + 7'\%%)

Pigig]
o o= (L1 __ _
Vi (B oy E)Jr

oKE::{i:ﬁSE}
® W:=max#{j #i: by #0} Amax#{i #j: b; #0}
i i
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Extension to matrices

Real B is a M-matrix if b < 0 for all i # j and Re E > 0 for all eigenvalues E.
Examples: discrete Laplacians on un/directed graphs (by Gersgorin)

Theorem (Filoche-Mayboroda—Tao 2021)

If B is a real, symmetric, non-singular n x n M-matrix with connectivity W

= L E) <w b
w - .
E Pie <(B_11)k >+ < W max |by|

Here:

® pg shortest path pseudometric wrt

wix,y) = 1n (1 + ﬁ) Proof:
. Dissipativity for
¢ = <B T _E)+ double commutator of

B, eoPe(k.K)

oKE::{i:ﬁSE}
® W:=max#{j #i: by #0} Amax#{i #j: b; #0}
i i
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Infinite Weighted Graphs

Definition
Let X be a finite or countably infinite set, m : X — [0,00). A graph over
(X, m) is a function (1: X x X — [0,00) such that
(1) pxy = pyx for all x,y € X,
(i) pe =0 for all x € X,

(i) " pxy < oo for every x € X.
yeX

Hilbert space:

Co(X) :=={f: X > C | > m(x)|f(x)]* < oo}

xeX
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Motivation and Background Magnetic Schrédinger Operators Main Results Summary and Outlook

00000000800 00000 0000000000 0000
The standard Dirichlet form on graphs
Consider

Q) : Z Py £ (x) = F(y)I?

x,yeX

with domain

D(Q) := h'(X) :={f € £2,(X) | Q(f) < >}

Keller—Lenz 2012: Q is a closed form.

L is the self-adjoint operator on £2(X) associated with Q.

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 11 /32
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L has pure point spectrum if

® Bonnefont—Golenia—Keller 2015; Keller—-Lenz—Wojciechowski 2021:
X is weakly sparse and

su inf deg,(x) = co.
X/CpxxeX\X’ g‘u( )

® Georgakopoulos—Haeseler—Keller—-Lenz—Wojciechowski 2015:
m(X) < oo and diam,—1(X) < oo;

* Hofmann-Kennedy—M.—Pliimer 202? m(X) < oo and h'(X) < ££,(X)
for some p € (2, 00).

Elementary: h'(Z) — (>(Z)

Varopoulos 1985: h'(Z¢) — ¢7-2(Z%) for d > 3
(forpy=1m=1)

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026
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Theorem (Keller-Pogorzelski 2025)

If (E, ) is a generalised eigenpair of H := L + V. If H — E satisfies a Hardy
inequality with weight w, and if (X, p) is complete, then for || ~ 0 there holds

¥ € ésve—ap(x) = @ S éa,eap(x).

Here

14
plx,y) = inf Z

Y= X YEPx,y

p(x) == p(x,0), o0€X

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 13 /32
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Schrodinger Operators on Graphs

Formal magnetic Schrodinger operator

For a,y = —ayx € [0, 27):

(Lo + V)f(x) = ﬁ D iy (F(x) — € f(y)) + V(x)F(x) |, € C(X)

Studied by Lieb—Loss 1993, ..., Colin de Verdiere-Torki-Hamza—Truc 2011, Golénia 2014, ...

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 14 / 32
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Magnetic Schrodinger operators on infinite graphs

Consider the quadratic form

Qra+v(f) = % Do wglf(x) =™ )P+ Y VEIF(P, e C(X).

X,y

® Friedrichs extension of (Lo 4+ V)|c.(x) is a self-adjoint, positive
semidefinite operator on £2,(X).

¢ Ouhabaz 1996 + Lenz-Schmidt-Wirth 2021 + discrete diamagnetic
inequality [£(x) — e f(y)| > |F(x) = F(y)] ~ (75 ") i s
dominated by (e *£*¥)),5...

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 15 / 32
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Magnetic Schrodinger operators on infinite graphs

Consider the quadratic form

Qra+v(f) = % Do wglf(x) =™ )P+ Y VEIF(P, e C(X).

X,y

® Friedrichs extension of (Lo 4+ V)|c.(x) is a self-adjoint, positive
semidefinite operator on £2,(X).

¢ Ouhabaz 1996 + Lenz-Schmidt-Wirth 2021 + discrete diamagnetic
inequality |F(x) — e f(y)| > [f(x) = F(y)| ~ (e7“")iz0 is
dominated by (e *£*¥)),5...

® or by Schaefer 1974 + approximation

e Laplace transform: If info(Ly 4+ V) > 0, then (Lo + V)™ is dominated
by (£L+ V)™

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 15 / 32
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Setup: info(L+ V) >0,0<pel>(X), p#O.
Let (An)nen be a monotone exhaustion of X by finite sets.

Landscape function & potential well

u(x) = lim (£+ V)7 (La,p)(x) € (0,+00].

— . p(x)
Ke,i={xex: 23 <E}

® The limit is independent of the exhaustion (by monotonicity).
o If pc 2(X): u=(L+ V) !pin the usual sense.

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 16 / 32
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Towards an Agmon pseudometric

Definition (Frank—Lenz—Wingert 2014)

A pseudo-metric o: X x X — [0,00) is an intrinsic metric for a graph p over
(X, m) if

pryaz(x,y) < m(x) Vx € X.

y

® combinatorial shortest path metric, if m = 1 and sup, deg(x) < oo
® combinatorial shortest path metric, if m(x) := 7 jix

® shortest path metric wrt edge weight

ws(x, y) := (Deg(x) V Deg(y))fl/2 As, s € (0, 00),

1
where Deg(x) = ) Z”Xy‘
y

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 17 / 32
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The Agmon Pseudometric

Given the landscape function u = u, and E > 0, set

For an intrinsic metric o, let d = do,,,r shortest path pseudometric wrt

w(x,y) :=In (1 + vv(x)v(y) a(x,y)) ,

® d, =0 on Kg,, (where v = 0).

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 18 / 32
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Main Theorem: Agmon-Type Decay Estimate

Theorem (M.-Schonlau-T3ufer 2027?)

Letinfo(L£L+ V) >0, 0< p e (>°(X), o be an intrinsic metric for (X, m). For
every eigenpair (E, ) of Lo + V with ¢ € £5,,(X), any0 <y <1

2 X 2 2~d(x, K, 2
(1= Y (et — E) eGP e mix) < gl -

deg
xeX

® Once (£ + V) !pis computed for o = 0, the estimate holds for all
magnetic potentials o simultaneously.

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 19 / 32
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Main Theorem: Agmon-Type Decay Estimate

Theorem (M.-Schonlau-T3ufer 2027?)

Letinfo(L£L+ V) >0, 0< p e (>°(X), o be an intrinsic metric for (X, m). For
every eigenpair (E, ) of Lo + V with ¢ € £5,,(X), any0 <y <1

2 2 2~d(x, K
(1= Y (et — E) eGP e mix) < gl -
xeX

® Once (£ + V) !pis computed for o = 0, the estimate holds for all
magnetic potentials o simultaneously.
® It is convenient to take v ~ 0 (resp., v =~ 1) if d(x, Ke,,) predominantly
small (resp., large).
* € lig(X) if
o deg c goo
® X is weakly sparse (planar, tree, ...);
® hY(X) = £ and {x : deg(x) > Cm(x)} is finite, for some C > 0.

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 19 / 32
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Proof: First Key Lemma

Lemma (Hardy inequality)
Ifinfo(L+ V) >0, then for all f € D(Q):

ZWV(XN m(x) < Qa,+v(f).

xeX

Earlier Hardy inequalities on graphs:

¢ Keller-Pinchover—Pogorzelski 2018

® Fischer 2024

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 20 / 32
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Proof: Second Key Lemma

Lemma (upper bound)

For any eigenpair (E, @) of Lo + V with ¢ € deg(X) and g € £°(X)
real-valued:

Qs.v(28) < 5 3wy eA)0) ~ 8IF + E D lol)Pg0om).

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 21 /32
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Proof: Combining and the Cut-off Argument

Lemma 1 + Lemma 2 ~»

S (et — E)ela®m < 53 maletx)e()l18(x) ~ g

Introduce cut-off function:

gN(X) = I{XQKE,,J} e’Y(d(X’KE’p)/\N), 0<vy<l1l, NeN.
® Because d,(x,y) < In(1+ /m(x)m(y)o(x,y)) and (1 + t)? <1+ ~t:

len(x) —en(y)l < venly) Vm(x)m(y)o(x,y)  Vx,y ¢ Ke,p
~  lgn(x) — en(y)? < 7 an(x)en(y) vVm(x)m(y) o*(x, y)

® Claim follows by Cauchy—Schwarz + Fatou.

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 22 /32
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Theorem (M.—Schonlau—T&ufer 2027)

Letinfo(L£L+ V) >0, 0 < p € £>°(X), o be an intrinsic metric for (X, m).

For every eigenpair (E, @) of Lo + V with ¢ € éﬁeg(X) and any0 <y <1
(1= 77) 2 lpCqe e (bl — E) m(x) < llell_oxe -

xeX

where d = shortest path pseudometric wrt w(x, y) := In (1 + Vv v(y)o(x,y )

Theorem (Filoche-Mayboroda—Tao 2021)

If B is a real, symmetric non-singular n X n M-matrix with connectivity W

2pg(k,Kg) )
W 1 ,
z¢ke ((B*ll)k E)+ S ng?énlbﬂ

where pg = shortest path pseudometric wrt w(x,y) = B
igipy1

n <1+ \/V"zv"z+1>

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 23 /32
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Theorem (M.—Schonlau—T&ufer 2027)

Letinfo(L£L+ V) >0, 0 < p € £>°(X), o be an intrinsic metric for (X, m).
For every eigenpair (E, @) of Lo + V with ¢ € éﬁeg(X) and any0 <y <1

2 2 2vd(x, K X 2
(1—v );( lip(x)] 77 E"”(W - E>+m(x) < ||<P||e§eg(aK57p)-

where d = shortest path pseudometric wrt w(x, y) := In (1 + Vv v(y)o(x,y )

Theorem (Filoche-Mayboroda—Tao 2021)

If B is a real, symmetric non-singular n X n M-matrix with connectivity W

2pg(k,Kg) )
z¢ke 44 (W—E)+SW max |bj|

1<ij<n

[b; |

/Vi Vi
where pg = shortest path pseudometric wrt w(x, y) := In (1 + %)
igipy1

AN If (L + V) p(x) = 0o x € Ke,p for all E >0 ~» no exponential decay &

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 23 /32
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Finiteness criterion for landscape function

Let info(£+ V) >0 and

Glx,y) = [(£+ V) 1))

Theorem
(L+ V) p(x) < oo for all x € X if G(x,-) € £*(X) for all x € X.
The converse holds if inf; p(z) > 0.

For Q C R?: Poggi 2024

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 24 /32
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Finiteness criterion

Proposition

Let M := sup, .y deg(x) < oo, and let a :=info(A+ V) > 0.
If for all x € X there exists a finite set F, C N and C = C > 0 such that for
some0< Kk <1+a/M

ISv(x)| < C&" VN e FE,

then G(x, -) € £*(X) for all x € X.

Proof.
Combes—Thomas estimate from Aizenman—Warzel 2015 O

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 25 /32
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Examples (with p =

1. On any graph of sub-exponential volume growth, G(x,-) € £*(X), hence
u(x) < o0 for all x € X.
E.g.: on Z9, |S,(x)| ~ CNI™! ~ u < o0

2N+1

2. Tree with root o where each vertex at level N has exactly children:

N
|5N(O)| _ sz _ 2N(N+1)/2.
k=1

For V=1, 3  cx G(o,y) = 00, so u(o) = co. By connectedness,

u(x) = o0 for all x € X.

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 26 / 32
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Alternative metric for dense Graphs

AN d(x, Ke,) =0if x & Ke,», x ~ Ke,, ~+ no exponential decay &

Alternative pseudometric dj

® Go:=sup{0: Y,y ° < oo Vx e X}; pick § € (0,0).
® Let o be an intrinsic metric wrt ! ~°.

® ds shortest path metric wrt edge weight

wi(x,y) == In (14 5 H(m()) h(m(y)) 0 () . () = {f .
Theorem (M.—Schonlau-T3aufer 2027)

Let info(L+ V) >0, 0 < p € £°°(X).
For every eigenpair (E, ¢) of Lo + V with ¢ € (5,,(X) N ¢*(X) and any
0<y<+5-2

2 2 2~d, xK 2 2
(1-47-7)) 3 (et —E) ol ") < ol ox, y+lielione,,-

X

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 27 / 32
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Example: Fractional Laplacian on Z9 (m=1, =

A?, defined via spectral calculus for 6 € (0,1);

* 7% sparse, but A%, full matrix with |A%;(x, y)| ~ [x — y|~(@+20)
(Gebert—Rojas-Molina 2020; Keller—Post—Sabri—T&ufer 2025)
a(A?,) = [0, (4d)?], but info(a(AY,)) if V >0

® If V strong enough: Agd + V has pure point spectrum
(Aizenman—Molchanov 1993) and

2 2yds(x,K, 2
Z (W ) o] e s0ekE) < Cd”‘P”z?(aKE,py
d Z!

xXe

* Let AL C Z9 box, V : AL — [0,1]: then inf (AR, + V) > 0 and

2 2vd(x,K 2
Z ((Ag +1\/)711 - E) |ip 2?7 HE) < Co,allell2(n,)-
xENL L +

for Cy,4 independent on L and V!

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 28 / 32



Motivation and Background Magnetic Schrédinger Operators Main Results Summary and Outlook
00000000000 00000 0000000000 @000

Summary

® Landscape function for & = 0 (defined as a monotone limit) governs all
A, 4 V simultaneously.

® If u= oo: p/uis an effective potential for Lo + V; any eigenfunction ¢ of
Lo + V with eigenvalue E will decay exponentially away from

Kep:={x:3 < E}.

® Bounds independent of the graph connectivity.
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® David-Filoche-Mayboroda 2021: Landscape law for IDSs.
Can this be extended to infinite graphs?

* Carmona-Simon 1981: |o(x)| < e /R85,
Steinerberger 2023: |o(x)| < e PECKE) |||,

where pg = shortest path pseudometric wrt w(x, y) := log (1 +
Can this be obtained for infinite graphs?

Vi) —E)y )
deg(x;)

® Sharper estimates in terms of the oscillation of the magnetic field

Delio Mugnolo Agmon Estimates on Infinite Graphs Stockholm — OTAMP — June 2026 30 /32
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Commercial for a COST Action

multiscale Stochastics, Patterns, and Analysis
of Combinatorial Environments (mSPACE -:-)

Start: November 1, 2025

40 applicants from 20 European countries

4 Working Groups
® Financial support for Short Term Scientific Missions
® ...and the organisation of training schools

® . .and of conferences, workshops, minisymposia, special sessions, ...

® Participation open to new members, too: from
countries in Europe and beyond

® Currently ~300 members in 39 countries

® Reach out if you're interested!
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Thank you for your attention!
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