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Definition

Let o > 0 and I C R? be a closed, injective, reasonably regular curve. Define the
sesquilinear form

AL (u, v):/<vU,vV>dx—a/nvds, D(hL) = H'(R?)
R2 r

and denote by H., the self-adjoint operator in L>(R?) that is generated by hl, which is the
Schrédinger operator with a delta interaction on T.

Some general properties of HY, are known (Behrndt, Brasche, Exner, Holzmann, Kuperin,...):

— H' is shown to be the limit of Schrédinger operators with attractive regular potentials
strongly localized near I’

spec,..(HL) = [0, 4+00) for any o € R
spec(HY) = [0, 4+c0) for any a < 0
— there are finitely many discrete eigenvalues for any a > 0

Seite 2 We are interested in the elgenvalue asymptotics of H., as av — +o0.
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Motivation

Theorem (Exner, Yoshitomi, 2002)

Assume that I is an injective, closed C* curve and set
— 0 := the length of

— k := the curvature of I

~ T =2 — ¥ with domain D(T) = {u € H*(0,£)| u(0) = u(¥), u'(0) = u'(£)}

Then for any n € N there exists ap > 0 such that for any a > a(n) the nth eigenvalue of H\,
exists and has an asymptotic expansion of the form

E,(HL) = ——+E,,(T)+O(|°ia> e e

The proof uses a tubular neighbourhood of I that can only be constructed for sufficiently
smooth I'. What happens if I is not smooth?
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Curves with corners

We call T a curve with corners if it is in-
jective, closed, and piecewise smooth. To
be more precise, ' has a decomposition
=T U---Ulpy where

— T; are C3-smooth with regular ends
such that a2

— [j—1 and I'; meet at the corners A; at
an angle 26; with

-0,€(0,m\ {3}
We set
- 4 =T

— kj := curvature of T;
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Figure: Curve with corners
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Figure: The curve I'y C R, two straight lines

Ty
2 meeting at an angle 20 at the origin,
’\&\ 0 € (0,m).

Proposition (Exner, Nemcova, 2003; Benhellal, Kérner, Pankrashkin, 2026)

— HLY is unitary equivalent to azleG

2
The essential spectrum of HL! is [, )

Set (6) as the number of discrete Eigenvalues of Hy? then
- 1< K(0) < oo for any 6 € (0,7)\ {5}
- (0, %) 3 0 — k() is non-increasing

For any Eigenfunction v, of HyY, 0 € (0, %) there exist B, b > 0 such that

il L
/eb M1Vl + al)dx < Bllgallizs

R2
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— & := disjoint union of {En(leej), n=1,...,k(0)}forj=1,....M
- K:=x(01) + -+ k(0m)
_&,

= nth Element of £ numbered in non-decreasing order
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- & := disjoint union of {En(leej), n=1,...,k(6;)} forj=1,....M
- K:=k(601)+ -+ &(0m)

n := nth Element of & numbered in non-decreasing order

Theorem ((Benhellal, Kérner, Pankrashkin, 2026))
Letne {1,...,

KC}. Then there exists ag > 0 such that for all & > «p the nth discrete
eigenvalue of HY, exists and has the following asymptotic expansion

E.(HL) = 2(En + a_g),

Assuming that all angles 0; lie in [Z, 3=

&)\ {5} then for any n € N there exists cg > 0 such
that for any a > a(n) the K + nth eigenvalue of H!, exists and has an asymptotic expansion
of the form

as o — 0Q.

2 M k I
Excyn(HY) = 7% + En(@(o, )y +0( ‘\’gfa) as & — 0o
=
where D; is the Dirichlet-Laplacian on the interval (0, ¢;).
Seite 6 V.
22.06.2026 i ics for strong 5-il i PP on curves with corners —




U
Oldenburg

General proof idea

Figure: Tubular neighbourhood of an edge

Figure: Decomposition of a neighbourhood of I

Figure: Neighbourhood of a corner
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Denote by Dga/Nga the operators
generated by ( x € {d, n}) o

X2 (u) /|vu| dx—a/IUI ds

Figure: The Kite KR, a truncation of [y
around the origin

D(nf) = Hl(Ké?), D(dé?a) = Hy(K§)

Lemma (Benhellal, Kérner, Pankrashkin, 2026)

- En(DR L) ~ Ea(HE?), ne{l,....x(0)}
En(N§ o) ~ En(Ha®), ne{l,...,x(0)}
Ev(o)+1(D5 o) > —O‘Tz

2
- Eeo)1(N§ o) > —% + o(a?)
as @ — +00, R — 0" and aR — +o0.
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Non-resonance condition

Definition

A half-angle § € (0, T) is called non-resonant, if there exists C > 0 such that as aR — +oo

it holds: )
R «@ C
> 4 =
En(9)+1(Np,o) > 7 + B2

We call 6 € (5, 7) non-resonant, if m — 6 is non-resonant.
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Non-resonance condition

Definition

A half-angle § € (0, T) is called non-resonant, if there exists C > 0 such that as aR — +oo

it holds:

2
R « C

> 4=
En(9)+1(Np,o) > 7 + B2

We call 6 € (5, 7) non-resonant, if m — 6 is non-resonant.

Let 6 € [5,37]\ {3} Then it holds x(f) = 1 and 6 is non-resonant.

40 4
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Main result (complete version)

Theorem (Benhellal, Kérner, Pankrashkin, 2026)

Let n € KC. Then there exists cg > 0 such that for all « > «g the nth discrete eigenvalue of
H' exists and has the following asymptotic expansion:

E,(HL) = o?(En + a_%), ne{l,....K} asa— oco.

Assuming that all angles 0; are non-resonant then for any n € N there exists ag > 0 such

that for any a > «(n) the K + nth eigenvalue of H exists and has an asymptotic expansion
of the form

Excin(H )=——+En(@ ) +0("\’gfa) @6

where D; is the Dirichlet-Laplacian on the interval (0, ¢;).
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Closing remarks

— The general approach was adapted from a paper on eigenvalue asymptotics of the
Robin-Laplacian on a curved polygon (Khalile, Oumieres-Bonafos, Pankrashkin, 2020).
Let I be a curve with corners and Q the interior of . Then the Robin-Laplacian on Q is
generated by

r(u) :/|Vu|2dx—a/|u|2d5, D(rd) = HY(Q)
Q r

In the case of the Robin-Laplacian, there are corner- and edge-induced eigenvalues as
well (for constant curvature and under a similar non-resonance condition)
— The non-resonance condition for the Schrédinger operator remains underexplored
— Are there more non-resonant angles?
— Are there 'resonant’ angles?
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