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We will see: 
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Special values in volume formulas

VOLUMES OF SPHERES AND SPECIAL VALUES OF
ZETA FUNCTIONS OF Z AND Z/nZ

ANDERS KARLSSON AND MASSIMILIANO PALLICH

Abstract. The volume of the unit sphere in every dimension is given
an interpretation as a product of special values of the zeta function of
Z, akin to volume formulas of Minkowski and Siegel in the theory of
arithmetic groups. A product formula is found for this zeta function
that specializes to Catalan numbers. Moreover, certain closed-form ex-
pressions for various other zeta values are deduced, in particular leading
to an alternative perspective on Euler’s values for the Riemann zeta
function.

1. Introduction

The determination of circumference, area, and volume of spheres is one
of the oldest topics in geometry. A more sophisticated volume formula, due
to Minkowski, is the following:

vol(SLn(R)/SLn(Z)) = ⇣(2)⇣(3)...⇣(n),

where ⇣(s) is the Riemann zeta function, and with a suitable coherent choice
of normalization of the Haar measure. This is not an incidental fact, instead
it is part of a more general phenomenon discovered and developed by Siegel,
Weil, Langlands, Harder, and others. It takes the form

vol(G/�) = c
[K:Q]

lY

i=1

⇣K(�mi),

and without going into details about this formula and when it holds (see
[H71, P01] for more information), let us just highlight one further example:

vol(Spn(R)/Spn(Z)) = ⇣(2)⇣(4)...⇣(2n).

The passage from negative integers to positive ones is done by means of the
fundamental functional equation. In the present paper we will in particular
provide a zeta value interpretation of the (n � 1)-dimensional volume of
spheres, which are the homogeneous spaces S

n�1 ⇠= SO(n)/SO(n� 1).

2020 Mathematics Subject Classification. Primary 11M41, 28A75; Secondary 05A15.
Key words and phrases. volume, zeta functions, special values, Catalan numbers.
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Spectral zeta functions
Carleman 1934; Minakshisundaraman-Pleijel 1949

Given a compact Riemannian manifold X with its Laplacian Δ,  let

ζX(s) = ∑
λ≠0

1
λs



Spectral zeta functions
Carleman 1934; Minakshisundaraman-Pleijel 1949

Given a compact Riemannian manifold X with its Laplacian Δ,  let

 Example: X = ℝ/ℤ,  with Δ = − ∂2

∂x2

ζℝ/ℤ(s) = 2
(2π)2s ζ(2s) . sin(2⇡nx) and cos(2⇡nx), n � 0

are the eigenfunctions of �@2/@x2.
<latexit sha1_base64="ZTAp3NKk7MFGyneNTky8QTocXbI="></latexit><latexit sha1_base64="ZTAp3NKk7MFGyneNTky8QTocXbI="></latexit><latexit sha1_base64="ZTAp3NKk7MFGyneNTky8QTocXbI="></latexit><latexit sha1_base64="ZTAp3NKk7MFGyneNTky8QTocXbI="></latexit>

ζX(s) = ∑
λ≠0

1
λs

λ = (2πn)2



Spectral zeta functions from heat kernels
Given a space X with a Laplacian Δ,  let

where KX is the heat kernel, i.e. (Δx+
∂
∂t )KX(t, x0, x) = 0 with KX(0,x0, x) = δx0

(x) .

ζX(s) = ∑
λ≠0

1
λs = ∫ λ−sdμ(λ) =

1
Γ(s) ∫

∞

0
Tr*(KX)(t)ts dt

t

“ “



Spectral zeta functions from heat kernels
Given a space X with a Laplacian Δ,  let

where KX is the heat kernel, i.e. (Δx+
∂
∂t )KX(t, x0, x) = 0 with KX(0,x0, x) = δx0

(x) .

ζX(s) = ∑
λ≠0

1
λs = ∫ λ−sdμ(λ) =

1
Γ(s) ∫

∞

0
Tr*(KX)(t)ts dt

t

“ “

This leads to analytic continuation and functional equation of  and .ζ(s) L(s, χ)



Spectral zeta functions from heat kernels
Given a space X with a Laplacian Δ,  let

where KX is the heat kernel, i.e. (Δx+
∂
∂t )KX(t, x0, x) = 0 with KX(0,x0, x) = δx0

(x) .

ζX(s) = ∑
λ≠0

1
λs = ∫ λ−sdμ(λ) =

1
Γ(s) ∫

∞

0
Tr*(KX)(t)ts dt

t

“ “

det'ΔX := exp(−ζ′￼X(0)) = "λ1λ2λ3 . . . " -> talk by Julie Rowlett

This leads to analytic continuation and functional equation of  and .ζ(s) L(s, χ)
Another interest comes from:

1970s Ray-Singer, Dowker-Critchley, Hawking,…



Theta function or heat kernel on the circle
Riemann’s approach to his zeta function

The heat kernel on the circle, a.k.a. theta function

Heat kernels on abelian groups 3

periodize to make it 2⇡-periodic in x (see e.g. [15]). As such it has a Fourier
series expansion and one has after a computation of Fourier coe�cients that

1p
4⇡t

1X

n=�1
e�(x+2⇡n)2/4t =

1
2⇡

1X

n=�1
e�n2teinx. (2)

Now specializing by letting x = 0 one gets the Poisson-Jacobi theta inversion

formula:
1p
4⇡t

1X

n=�1
e�⇡2n2/t =

1
2⇡

1X

n=�1
e�n2t (3)

proved for t > 0, but a posteriori valid for Re(t) > 0 since both sides are
analytic in that region. Riemann attributes this formula to Jacobi who in
turn attributes it to Poisson (see [7, p. 15]). Note that (3) is what we would
get from (1) with f(x) = KR(t, 2⇡x).

Define the theta function ✓(t) =
P1

k=�1 e�⇡k2t. Then the identity (3)
becomes in a more compact form

1p
t
✓(

1
t
) = ✓(t), (4)

which explains the name theta inversion.
In the many applications of these formulas the t plays a crucial role. The

theorems of Euler and Gauss are discussed below, and then there is also the
original Riemann’s meromorphic continuation and functional equation of his
zeta function, which is recalled without the proof in section 3.

Note that although these theorems of Euler, Gauss, and Riemann are
discussed in most basic textbooks on number theory (e.g. [3], [7], [11], and
[19]), it seems that nowhere it is pointed out that, remarkably, all three are
consequences of the Poisson-Jacobi theta inversion formula. Considering this,
we may be well-advised to study analogs of this formula more closely, which
is what we do in section 5 although only to a modest extent.

3 Special values of Riemann’s zeta function

What follows is a proof of the following theorem:

Theorem 1 (Euler). For any k > 0 it holds that

⇣(2k) :=
1X

n=1

1
n2k

= (�1)k�1 (2⇡)2kB2k

2(2k)!

where Bn denotes the Bernoulli numbers.

det(�+ x) = pnx
n + pn�1x

n�1 + ...p1x+ p0

where pn is the number of rooted spanning forests of n components.
.

�f(x) =
X

y neighbor to x

f(x)� f(y)

n ! 1
.

⇣(s) =
1

�(s)

1̂

0

Heat(t) · ts dt
t

1

*



Graph Laplacian
Let X = (VX, EX) be a countable graph with bounded vertex degree .
Its Laplacian on L2(VX) is

Δf(x) = d*df(x) = ∑
y:[x,y]∈EX

f(x) − f(y) .



Graph Laplacian
Let X = (VX, EX) be a countable graph with bounded vertex degree .
Its Laplacian on L2(VX) is

Δf(x) = d*df(x) = ∑
y:[x,y]∈EX

f(x) − f(y) .

The Matrix-Tree theorem 
Write  det(Δ + xI) = pnxn + pn−1xn−1 + . . . + p1x + p0,
then  equals the number of rooted spanning forests of  components.  pn n
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Spectral zeta functions of graphs
Let X = (VX, EX) be a countable graph with bounded vertex degree .

ζX(s) = ∑
λ≠0

1
λs

or ζX(s) =
1

Γ(s) ∫
∞

0
Tr*(KX)(t)ts dt

t

In contrast to the Ihara zeta function (Ihara, Sunada, Bass, Terras, Kottos-
Smilansky,…)

there are much fewer studies of this topic: Dowker, Chinta-Jorgenson-K. 2010, 
Kirsten ,Harrison, Weynand, Knill, Friedli-K., Meiners-Vertman, Lehman, 

Xie-Zhao-Zhao, Müller, … 



Example: discrete circles
For ℤ/nℤ the Laplacian is:

ζℤ/nℤ(s) =
n−1

∑
k=1

1
(4 sin2(πk/n))s

Special values appear in several physics contexts, for example Verlinde formulas:

dimℂ H0(𝒩g,2,0, ℒn) = (n + 2)g−12g−1ζℤ/(n+2)ℤ(g − 1)

0

1

2

n − 1

Δf(x) = 2f(x) − f(x − 1) − f(x + 1)

1990s Dowker



The case of ζℤ(s)



J. Phys. A: Math. Theor. 58 (2025) 035203 G Chinta et al

Figure 1. The dots show the discrete Gaussian at t= 1 as a function of integers x and
the curve is the ordinary Gaussian with t= 1 as a function of real numbers x .

see, for example, [CKS22]. (The constant (7) is known as a Thetanullwerte θ(0, i/2t) and is an
object of extensive mathematical significance; see, for example, [Mu83].) On the other hand,
in [CKS22], (6) is recognized as a discretized Gaussian; see the discussion before Definition
1.1 in [CKS22]. Other authors, such as [Li24], distinguish between (6), which they refer to as
the sampled Gaussian, and (3), which [Li24] calls the discrete analogue of the Gaussian; see
section 2.6 of [Li24]. See also [GK24], where the discretized Gaussian denotes a (continuous)
Gaussian quantized on a lattice.
Throughout this article, we will refer to (3) as the discrete Gaussian and to (6) either as the
discretized or sampled Gaussian.

We now turn to discussing the many ways the discrete Gaussian satisfies structural results
which are analogous to those which are fulfilled by (1).

One immediate justification for calling (3) the discrete Gaussian is that it is the fundamental
solution to the heat equation on Z. More precisely, for x ∈ Z and t ∈ R+, we have that

(
∆Z +

∂

∂t

)
KZ (t,x) = 0 with KZ (0,x) = δ0 (x) (8)

and where

∆Zf(x) = 2f(x)− f(x+ 1)− f(x− 1) .

As far as we know, (6) does not satisfy such an elementary differential or difference equation.
We note that operator ∆Z appears in various physics contexts, such as the study of discrete
random Schrödinger operators and Anderson localization [An58]. We call the operator ∆Z
a discrete, or combinatorial, Laplacian because it can be defined in analogy with the usual
Laplacian

∆R =− ∂2

∂x2

3

The infinite discrete line

… …

Example: 

ℤ
Δf(x) = 2f(x) − f(x − 1) − f(x + 1)

Kℤ(t,0,x) = e−2tIx(2t)
I-Bessel function

KX is the heat kernel, i.e. (Δx+
∂
∂t )KX(t, x0, x) = 0 with KX(0,x0, x) = δx0

(x) .

Chinta, Jorgenson, K, Smajlović, J.Physics A, 2025

The discrete Gaussian: 



Ther zeta function of ℤ
… …

ℤ

ζℤ(s) =
1

Γ(s) ∫
∞

0
e−2tI0(2t)ts dt

t
=

1
22sπ1/2

Γ(1/2 − s)
Γ(1 − s)

= (−2s
−s ) =

∞

∏
k=1

(k − s)2

k(k − 2s)
.

Friedli-K. 2017
Dubout, 2019 K.-Pallich, 2023
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ξℤ(1 − s) = ξℤ(s)  for all s .

Appears in Eisenstein series, Selberg zeta function, Gindikin-Karpelevich,…

and special values s=-n in Chebyshev.

Ther zeta function of ℤ



The volume of spheres

ζℤ(s) =
1

Γ(s) ∫
∞

0
e−2tI0(2t)ts dt

t
=

1
22sπ1/2

Γ(1/2 − s)
Γ(1 − s)

= (−2s
−s ) =

∞

∏
k=1

(k − s)2

k(k − 2s)
.

K.-Pallich, 2023:

Vol(Sn) = 2ζ̃ℤ(0)ζ̃ℤ(−1) . . . ζ̃ℤ(−n + 1)

2, 2π, 4π, 2π2, 8
3 π2, . . .

1

ζ̃ℤ(s) := π2sζℤ(s/2)



Asymptotics:  
           discrete -> continuous



Asymptotics of determinant of Laplacians

Theorem (Chinta-Jorgenson-K. 2010)

det(�+ x) = pnx
n + pn�1x

n�1 + ...p1x+ p0

where pn is the number of rooted spanning forests of n components.
.

�f(x) =
X

y neighbor to x

f(x)� f(y)

n ! 1

1

Studied in physics, previously known: d=2, and lead term all d  

(Kasteleyn, Barber, David-Duplantier, Sokal-Starinets…)

In QFT, conjecture of Reshetikhin-Vertman.

J. Phys. A: Math. Theor. 58 (2025) 035203 G Chinta et al

Figure 2. Spectral asymptotics of a discretized torus as the mesh goes to zero.

In the above theorem, ∆Zd/AnZd is the Laplacian on the discrete torus; ∆Zd is the Laplacian on
the latticeZd and∆Rd/AZd is the Laplacian on the (continuous) torusRd/AZd. The determinant
of the Laplacian on the discrete torus is a finite determinant, in the sense of linear algebra.
However, the determinant of the Laplacian on the continuous torus is obtained through zeta
regularization, which adds an entirely new level of complexity to the matter.

Let us briefly explain how the discrete Gaussian comes into play in this setting. Following
the usual formalism, logdet∆Zd/AnZd is related to the Mellin transform of the trace of the heat
kernel. The trace of the heat kernel is the theta function, which in our discrete setting involves

a sum of products of discrete Gaussians
d∏

j=1
e−2tInjkj(2t). A careful analysis of the asymptotics

of the discrete Gaussian is the key ingredient in the proof of theorem 7.
Theorem 7 is of interest in combinatorics, statistical physics and quantum field theory

(QFT). Several recent papers in mathematical physics, notably [HK20, IK22, Gr23], have
extended theorem 7. A problem is raised in [RV15] in connection with their approach to a
combinatorial QFT which theorem 7 addresses just a part, aside from the 2D case that was
already known as just mentioned.

We point out that in higher dimensions d> 2 the lead terms in the asymptotics of theorem 7
were established in [SW00, SS01, Ly05]; see also their bibliographies for further references.
In particular, the formula of Sokal-Starinets involves the I-Bessel function in the same way
as in [CJK10], but Sokal-Starinets have another way of interpreting the appearance of the I-
Bessel, presumably not as a discrete Gaussian. Detailed asymptotics for more general lattice
domains in 2D are obtained in the work of Kenyon, see [Ke00].

For other contexts in physics where recent similar considerations of discrete heat kernels
appear, see [KS18, KS23].

7. Spectral zeta functions

7.1. Spectral zeta function of Z

The zeta function regularization method in physics started in the 1970 s with papers by
Dowker-Critchley and by Hawking. For a survey of applications to mathematical physics of
this procedure, see [V03, El12, DEK12]. The zeta function in question is defined by a integral
transform, specifically the Mellin transform, of the heat kernel. The case of the circle essen-
tially gives rise to the Riemann zeta function. It is much less standard is to take the Mellin
integral transform of e−2tIn(2t), such as

ζZ (s) =
1

Γ(s)

ˆ ∞

0
e−2tI0 (2t) ts

dt
t
,

15

Let  be matrices s.t. . Then as An An/(det An)1/d → A ∈ SLd(ℝ)

log det * Δℤd/Anℤd = log det Δℤd+ 2
d log det An + log det * Δℝd/Aℤd + o(1) .

Gives also link between maximal complexity of torus graph 

and maximal height of torus.  -> talk by Julie Rowlett.



Asymptotics of spectral zeta functions
Friedli-K. 2017

Theorem (Friedli-K. 2017)
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X

y neighbor to x

f(x)� f(y)

n ! 1

1
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Let A = diag(a1, . . . , ad) and An := nA .  Then:



Asymptotics in dimension 1

2−s
n−1

∑
k=1

1
sins(πk/n) = ζℤ(s/2)n + 2(2π)−sζ(s)ns+ s

12 (2π)2−sζ(s − 2)ns−2 + o(ns−2) n → ∞ .

Also for Dirichlet L-functions (Friedli 2016, K.-Müller 2025)

ℤ/nℤ



Asymptotics in dimension 1

Also for Dirichlet L-functions (Friedli 2016, K.-Müller 2025)

Theorem (Friedli-K, Friedli , K-Müller)

GRH holds iff  lim
n→∞

ξn(s, χ)
ξn(1 − s, χ)

= 1.

Theorem (K-Müller)

If Ln(−m, χ) ≥ 0, then the corresponding Dirichlet L-function has no real zero.

Let χ be a real, even, non-principal Dirichlet character.

2−s
n−1

∑
k=1

1
sins(πk/n) = ζℤ(s/2)n + 2(2π)−sζ(s)ns+ s

12 (2π)2−sζ(s − 2)ns−2 + o(ns−2) n → ∞ .

ℤ/nℤ



New recursive identities



Identities among special values
K.-Müller, 2025 (Zagier 1996, Xie-Zhao-Zhao 2024)

1.2 Special values.

The fact that limits of certain trigonometric sums provide a method to evaluate Euler’s special
values for ’(s) has been observed in several places, for example by Apostol [Ap73] or Witten
[Wi91, p. 177-178]. A remarkable discovery of Xie-Zhao-Zhao [XZZ24] is that there is in fact no
need to take a limit. The finite cyclic graph approximates the circle, like in Archimedes, but in
contrast, for special values there is no need for any limits. In a precise sense, already the graph
on one vertex and one loop knows fi2/6 (from equation (1) above with m = 1 and ’(0) = ≠1/2).

Our method is to combine a refined Euler–Maclaurin–Sidi asymptotics with the structural
polynomiality of the spectral zeta functions. This gives that, an asymptotic expansion that
terminates because of trivial zeros, must in fact coincide with the exact finite n identity. Curiously,
this allows one to derive nontrivial closed formulas already at n = 1 from an argument initially
designed for n æ Œ.

This asymptotic-to-exact mechanism seems applicable in other settings, and we think that
the method will yield further applications.

We prove the following theorem, and refer to [JKS24] for previous results and pointers to
the extensive literature about such sums. First, let s ‘æ ak(s) be the polynomial functions of
degree k, given by the Taylor expansion

3
z/2

sin(z/2)

42s

=
ÿ

kØ0
ak(s)z2k.

The first coe�cients are a0(s) = 1, a1(s) = s/12, and a2(s) = (5s2 + s)/1440.
Theorem 1.2. For any 0 < ◊ < 1 and integers n, m Ø 1, the following holds:

n≠1ÿ

j=0
sin≠2m

3
fi(j + ◊)

n

4
= 22m

mÿ

k=0
am≠k(m)’R/Z(k, ◊)n2k, (2)

and

n≠1ÿ

j=0
cot

3
fi(j + ◊)

n

4 5
sin

3
fi(j + ◊)

n

46≠2m

= ≠
22m

2fim

mÿ

k=0
am≠k(m) ˆ◊’R/Z(k, ◊)n2k+1. (3)

The ’R/Z(s, ◊) is the spectral zeta function associated to a certain bundle over the circle
depending on ◊. As such, it is a version of the Hurwitz zeta function, and the corresponding
special values at integers involve Bernoulli polynomials and polygamma functions, see section 2.1
below. In particular, applying the theorem with n = 1 recovers part of a well-known reflection
relation for the polygamma functions. The previous theorem can be extended to any integers
m œ Z. This is described in section 6. In particular, for ≠m Æ 0,

’Z/nZ(≠m, ◊) = n’Z(≠m), (4)

for all 0 < ◊ < 1, and all n > m. See the end of this introduction for the definition of ’Z(≠m)
(with no dependence on ◊). Here is the case of the Riemann zeta function:
Corollary 1.3. For any integers n, m Ø 1, the following holds:

’Z/nZ(m) =
mÿ

k=0
am≠k(m)’R/Z(k)n2k.

Explicitly, the case n = 1 is the formula (1) above, and in general for n Ø 1,

(≠1)m+1

4

2mÿ

a=0
n≠a

A
2m + 1
a + 1

B
a+1ÿ

j=0
(≠1)j

A
a + 1

j

B
a + 1 ≠ 2j

a + 1

A
m + jn + (a ≠ 1)/2

2m + a

B

=
mq

k=0
am≠k(m) ’(2k)

(2fi)2k
n2k.
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Abstract
We obtain new infinite families of identities among special values of Dirichlet L-functions

using finite spectral sums. More precisely, we study Dirichlet L-functions via discrete
analogues Ln arising from the spectral theory of cyclic graphs as n æ Œ. Applying a
refined Euler-Maclaurin asymptotic expansion due to Sidi, together with an independent
polynomiality property of these finite spectral sums at integers, we obtain exact special-value
formulas, even starting at n = 1. This yields new expressions for certain trigonometric sums
of interest in physics, and recovers, by a di�erent method, the striking formulas of Xie, Zhao,
and Zhao.

Concerning zeros, using the same asymptotic expansion, we prove that for odd primitive
characters, an asymptotic functional equation relating Ln(1 ≠ s, ‰) to Ln(s, ‰) is equivalent
to the Generalized Riemann Hypothesis for the corresponding Dirichlet L-function L(s, ‰).
We also provide some remarks about the non-existence of possible real zeros.

1 Introduction

Dirichlet L-functions, defined by the meromorphic continuation of

L(s, ‰) =
ÿ

nØ1

‰(n)
ns

,

play a central role in analytic number theory, through their Euler product, special values,
functional equation, and zeros. In this paper we use a spectral viewpoint and asymptotics
that simultaneously lead to infinite families of new recursive identities among special values
(Corollaries 1.3 and 1.4), exact formulas for certain trigonometric sums (Theorem 1.2), and a
reformulation of the Generalized Riemann Hypothesis in terms of a certain asymptotic functional
equation (Theorem 1.6).

For example, generalizing the formulas of Xie-Zhao-Zhao [XZZ24, Theorem A], we show that
for any even Dirichlet character ‰ mod q and any integers m, n > 0,

mq
k=0

am≠k(m) L(2k, ‰)
(2fi/qn)2k

= 2≠2m≠1
qn≠1ÿ

j=1
‰(j) sin≠2m(fij

qn),

where ak(s) are universal, explicit polynomials of degree k with rational coe�cients. In the case
of the Riemann zeta function ’(s), the simplest identity of this type is

mq
k=0

am≠k(m) ’(2k)
(2fi)2k

= 0. (1)

See Corollary 1.3 for an infinite family of such relations. A version of this corollary already
appeared in a paper by Zagier on Verlinde formulas [Za96, Theorem 1.iii], and other types of
recursive relations can be found in the works of Euler, Ramanujan and others [SD86, Me17].

1

The case n=1

for even and non-principal ‰ of modulus q > 1, that is ‰(≠1) = 1. The denominators consist
of the non-zero Laplace eigenvalues of the graph of Z/qnZ. Note that for odd characters, the
above function vanishes identically. Therefore, following Xie-Zhao-Zhao in [XZZ24], we instead
define the discrete L-function Ln for odd characters of modulus q > 1 to be

Ln(s, ‰) =
qn≠1ÿ

j=1
‰(j)

cot
1

fij
qn

2

Ë
4 sin2

1
fij
qn

2Ès .

1.1 Asymptotics.

Similarly to [FK17] in the case of the Riemann zeta function, see Theorem 3.1 below, and by
Friedli [F16] for even characters, see Theorem 3.2 below, we use a modified Euler-Maclaurin
formula that allows for endpoint singularities, developed by Sidi in [Sid04] and [Sid12] in the
context of numerical analysis. We get:

Theorem 1.1 (Asymptotics for odd characters). Let ‰ be an odd Dirichlet character of modulus

q > 1. Then, for any fixed s œ C and any integer l Ø 0, the following asymptotic expansion

holds as n æ Œ:

Ln(s, ‰) = 2
lÿ

k=0
bk(s)L(1 + 2(s ≠ k), ‰)

3
qn

2fi

41+2(s≠k)
+ O(n1+2(s≠(l+1))),

where the functions bk(s) are polynomials of degree k, given by the Laurent expansion

3
z/2

sin(z/2)

42s

cot(z/2) =
ÿ

kØ0
bk(s)z2k≠1.

The first coe�cients are b0(s) = 2, b1(s) = (s ≠ 1)/6 and b2(s) = (5s2
≠ 9s ≠ 2)/720.

1.2 Special values.

The fact that limits of certain trigonometric sums provide a method to evaluate Euler’s special
values for ’(s) has been observed in several places, for example by Apostol [Ap73] or Witten
[Wi91, p. 177-178]. A remarkable discovery of Xie-Zhao-Zhao [XZZ24] is that there is in fact no
need to take a limit. The finite cyclic graph approximates the circle, like in Archimedes, but in
contrast, for special values there is no need for any limits. In a precise sense, already the graph
on one vertex and one loop knows fi2/6 (from equation (1) above with m = 1 and ’(0) = ≠1/2).

Our method is to combine a refined Euler–Maclaurin–Sidi asymptotics with the structural
polynomiality of the spectral zeta functions. This gives that, an asymptotic expansion that
terminates because of trivial zeros, must in fact coincide with the exact finite n identity. Curiously,
this allows one to derive nontrivial closed formulas already at n = 1 from an argument initially
designed for n æ Œ.

This asymptotic-to-exact method seems applicable in other settings, and we think it will
yield further applications.

We prove the following theorem, and refer to [JKS24] for previous results and pointers to
the extensive literature about such sums. First, let s ‘æ ak(s) be the polynomial functions of
degree k, given by the Taylor expansion

3
z/2

sin(z/2)

42s

=
ÿ

kØ0
ak(s)z2k.

The first coe�cients are a0(s) = 1, a1(s) = s/12, and a2(s) = (5s2 + s)/1440.
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Special case :m = 1 ζℤ/nℤ(1) =
1

∑
k=0

a1−k(1)ζℝ/ℤ(1)n2k
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Figure 1: The graph Z/2Z has 4 rooted spanning trees and 1 rooted spanning 2-forest. Hence,
’(2) =

1
1
4 ≠

2
12

1
≠

1
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22
(2fi)2

2·22 = fi2
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This asymptotic-to-exact mechanism leads to generalizations of the formulas of Xie-Zhao-
Zhao [XZZ24, Theorem A], in particular, for any even Dirichlet character ‰ mod q and any
integers m, n > 0,

mq
k=0

am≠k(m) L(2k, ‰)
(2fi/qn)2k

= 2≠2m≠1
qn≠1ÿ

j=1
‰(j) sin≠2m(fij

qn),

where ak(s) are universal, explicit polynomials of degree k with rational coe�cients. In the case
of the Riemann zeta function ’(s), the simplest identity of this type is

mq
k=0

am≠k(m) ’(2k)
(2fi)2k

= 0. (1)

See Corollary 1.3 for an infinite family of such relations. A version of this corollary already
appeared in a paper by Zagier on Verlinde formulas [Za96, Theorem 1.iii], and other types of
recursive relations can be found in the works of Euler, Ramanujan and others [SD86, Me17].

Our method is to view ’(s) and L(s, ‰) as spectral objects arising from the usual Laplacian,
and to approximate them by quantities defined in a completely parallel way from the combinatorial
Laplacian. This continues the approach set forth in [CJK10, FK17, F16, MV23, XZZ24].

An infinite sum, as the Dirichlet series displayed above, is by definition the limit of the
partial sums. Here we take instead limits of finite sums with a much richer structure: they are
defined entirely analogously as Mellin transforms of heat kernels, like in Riemann’s memoir or as
emphasized by Jorgenson-Lang [JL11]. Thanks to this structure, these sums have independent
interests in various physics and mathematics contexts, see [K20, JKS24] for references. For
example, the special value ≠’ Õ

X(0) is the logarithm of the number of rooted spanning trees,
which is an invariant with relevance from electrical circuit theory to the study of water systems
[BR18].

The spectral zeta function of a graph or a space X is the Mellin transform of the trace of the
heat kernel associated to a Laplacian on X:

’X(s) := 1
�(s)

⁄ Œ

0
Trú(KX(t))ts dt

t
,

where Trú is the usual trace but discarding the 0 eigenvalue of the Laplace operator when it is
in the point spectrum, and where � is the gamma function. For infinite transitive graphs one
can use KX(t, x, x) instead of a trace.

Friedli [F16] studied the following discrete analogue of Dirichlet L-functions:

Ln(s, ‰) =
qn≠1ÿ

j=1

‰(j)Ë
4 sin2(fij

qn)
Ès ,

2

Special case :m = 1 ζℤ/nℤ(1) =
1

∑
k=0

a1−k(1)ζℝ/ℤ(1)n2k

1

4

n=2

ℤ/2ℤ
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This asymptotic-to-exact mechanism leads to generalizations of the formulas of Xie-Zhao-
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where ak(s) are universal, explicit polynomials of degree k with rational coe�cients. In the case
of the Riemann zeta function ’(s), the simplest identity of this type is
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See Corollary 1.3 for an infinite family of such relations. A version of this corollary already
appeared in a paper by Zagier on Verlinde formulas [Za96, Theorem 1.iii], and other types of
recursive relations can be found in the works of Euler, Ramanujan and others [SD86, Me17].

Our method is to view ’(s) and L(s, ‰) as spectral objects arising from the usual Laplacian,
and to approximate them by quantities defined in a completely parallel way from the combinatorial
Laplacian. This continues the approach set forth in [CJK10, FK17, F16, MV23, XZZ24].

An infinite sum, as the Dirichlet series displayed above, is by definition the limit of the
partial sums. Here we take instead limits of finite sums with a much richer structure: they are
defined entirely analogously as Mellin transforms of heat kernels, like in Riemann’s memoir or as
emphasized by Jorgenson-Lang [JL11]. Thanks to this structure, these sums have independent
interests in various physics and mathematics contexts, see [K20, JKS24] for references. For
example, the special value ≠’ Õ

X(0) is the logarithm of the number of rooted spanning trees,
which is an invariant with relevance from electrical circuit theory to the study of water systems
[BR18].

The spectral zeta function of a graph or a space X is the Mellin transform of the trace of the
heat kernel associated to a Laplacian on X:

’X(s) := 1
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,

where Trú is the usual trace but discarding the 0 eigenvalue of the Laplace operator when it is
in the point spectrum, and where � is the gamma function. For infinite transitive graphs one
can use KX(t, x, x) instead of a trace.

Friedli [F16] studied the following discrete analogue of Dirichlet L-functions:
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This asymptotic-to-exact mechanism leads to generalizations of the formulas of Xie-Zhao-
Zhao [XZZ24, Theorem A], in particular, for any even Dirichlet character ‰ mod q and any
integers m, n > 0,
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where ak(s) are universal, explicit polynomials of degree k with rational coe�cients. In the case
of the Riemann zeta function ’(s), the simplest identity of this type is
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= 0. (1)

See Corollary 1.3 for an infinite family of such relations. A version of this corollary already
appeared in a paper by Zagier on Verlinde formulas [Za96, Theorem 1.iii], and other types of
recursive relations can be found in the works of Euler, Ramanujan and others [SD86, Me17].

Our method is to view ’(s) and L(s, ‰) as spectral objects arising from the usual Laplacian,
and to approximate them by quantities defined in a completely parallel way from the combinatorial
Laplacian. This continues the approach set forth in [CJK10, FK17, F16, MV23, XZZ24].

An infinite sum, as the Dirichlet series displayed above, is by definition the limit of the
partial sums. Here we take instead limits of finite sums with a much richer structure: they are
defined entirely analogously as Mellin transforms of heat kernels, like in Riemann’s memoir or as
emphasized by Jorgenson-Lang [JL11]. Thanks to this structure, these sums have independent
interests in various physics and mathematics contexts, see [K20, JKS24] for references. For
example, the special value ≠’ Õ

X(0) is the logarithm of the number of rooted spanning trees,
which is an invariant with relevance from electrical circuit theory to the study of water systems
[BR18].

The spectral zeta function of a graph or a space X is the Mellin transform of the trace of the
heat kernel associated to a Laplacian on X:

’X(s) := 1
�(s)

⁄ Œ

0
Trú(KX(t))ts dt

t
,

where Trú is the usual trace but discarding the 0 eigenvalue of the Laplace operator when it is
in the point spectrum, and where � is the gamma function. For infinite transitive graphs one
can use KX(t, x, x) instead of a trace.

Friedli [F16] studied the following discrete analogue of Dirichlet L-functions:
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2. Define analogue for discrete circle

3. Study asymptotics 
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5. Relate to elementary symmetric polynomials — Kirchhoff 
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New identities among special values

n=1 due to Xie-Zhao-Zhao, 2024

Theorem (K.-Müller, 2025)

Let χ be an odd Drichlet character mod q .  Then for any n ≥ 1, m ≥ 0,

L...(s, χ) = ∑
k≥0

χ(k)
λs

.

Theorem 1.2. For any 0 < ◊ < 1 and integers n, m Ø 1, the following holds:

n≠1ÿ

j=0
sin≠2m

3
fi(j + ◊)

n

4
= 22m

mÿ

k=0
am≠k(m)’R/Z(k, ◊)n2k, (2)

and

n≠1ÿ

j=0
cot

3
fi(j + ◊)

n

4 5
sin

3
fi(j + ◊)

n

46≠2m

= ≠
22m

2fim

mÿ

k=0
am≠k(m) ˆ◊’R/Z(k, ◊)n2k+1. (3)

The ’R/Z(s, ◊) is the spectral zeta function associated to a certain bundle over the circle
depending on ◊. As such, it is a version of the Hurwitz zeta function, and the corresponding
special values at integers involve Bernoulli polynomials and polygamma functions, see section 2.1
below. In particular, applying the theorem with n = 1 recovers part of a well-known reflection
relation for the polygamma functions. The previous theorem can be extended to any integers
m œ Z. This is described in section 6. In particular, for ≠m Æ 0,

’Z/nZ(≠m, ◊) = n’Z(≠m), (4)

for all 0 < ◊ < 1, and all n > m. See the end of this introduction for the definition of ’Z(≠m)
(with no dependence on ◊). Here is the case of the Riemann zeta function:

Corollary 1.3. For any integers n, m Ø 1, the following holds:

’Z/nZ(m) =
mÿ

k=0
am≠k(m)’R/Z(k)n2k.

Explicitly, the case n = 1 is the formula (1) above, and in general for n Ø 1,

(≠1)m+1

4

2mÿ

a=0
n≠a

A
2m + 1
a + 1

B
a+1ÿ

j=0
(≠1)j

A
a + 1

j

B
a + 1 ≠ 2j

a + 1

A
m + jn + (a ≠ 1)/2

2m + a

B

=
mq

k=0
am≠k(m) ’(2k)

(2fi)2k
n2k.

The left hand side in the last formula comes from [CM99, BY02]. The formulas in Corollary
1.3 should be compared with those in Zagier’s [Za96]. It seems unlikely that he thought of the
trigonometric sums as special values of graph zeta functions. See also [XZZ24, Theorem B]. There
are also more isolated examples of such recursive relations in the literature, see [SD86, Me17]
and references therein.

Furthermore, the theorem has the following corollary:

Corollary 1.4. Let ‰ be an even Dirichlet character of modulus q (not necessarily primitive).

Then for any integers n Ø 1 and m Ø 0,

Ln(m, ‰) = 2
mÿ

k=0
am≠k(m)L(2k, ‰)

3
qn

2fi

42k

.

Let ‰ be an odd Dirichlet character of modulus q (not necessarily primitive). Then for any

integers n Ø 1 and m Ø 0,

Ln(m, ‰) = 2
mÿ

k=0
bm≠k(m) L(2k + 1, ‰)

3
qn

2fi

42k+1
.

4

for even and non-principal ‰ of modulus q > 1, that is ‰(≠1) = 1. The denominators consist
of the non-zero Laplace eigenvalues of the graph of Z/qnZ. Note that for odd characters, the
above function vanishes identically. Therefore, following Xie-Zhao-Zhao in [XZZ24], we instead
define the discrete L-function Ln for odd characters of modulus q > 1 to be

Ln(s, ‰) =
qn≠1ÿ

j=1
‰(j)

cot
1

fij
qn

2

Ë
4 sin2

1
fij
qn

2Ès .

1.1 Asymptotics.

Similarly to [FK17] in the case of the Riemann zeta function, see Theorem 3.1 below, and by
Friedli [F16] for even characters, see Theorem 3.2 below, we use a modified Euler-Maclaurin
formula that allows for endpoint singularities, developed by Sidi in [Sid04] and [Sid12] in the
context of numerical analysis. We get:

Theorem 1.1 (Asymptotics for odd characters). Let ‰ be an odd Dirichlet character of modulus

q > 1. Then, for any fixed s œ C and any integer l Ø 0, the following asymptotic expansion

holds as n æ Œ:

Ln(s, ‰) = 2
lÿ

k=0
bk(s)L(1 + 2(s ≠ k), ‰)

3
qn

2fi

41+2(s≠k)
+ O(n1+2(s≠(l+1))),

where the functions bk(s) are polynomials of degree k, given by the Laurent expansion

3
z/2

sin(z/2)

42s

cot(z/2) =
ÿ

kØ0
bk(s)z2k≠1.

The first coe�cients are b0(s) = 2, b1(s) = (s ≠ 1)/6 and b2(s) = (5s2
≠ 9s ≠ 2)/720.

1.2 Special values.

The fact that limits of certain trigonometric sums provide a method to evaluate Euler’s special
values for ’(s) has been observed in several places, for example by Apostol [Ap73] or Witten
[Wi91, p. 177-178]. A remarkable discovery of Xie-Zhao-Zhao [XZZ24] is that there is in fact no
need to take a limit. The finite cyclic graph approximates the circle, like in Archimedes, but in
contrast, for special values there is no need for any limits. In a precise sense, already the graph
on one vertex and one loop knows fi2/6 (from equation (1) above with m = 1 and ’(0) = ≠1/2).

Our method is to combine a refined Euler–Maclaurin–Sidi asymptotics with the structural
polynomiality of the spectral zeta functions. This gives that, an asymptotic expansion that
terminates because of trivial zeros, must in fact coincide with the exact finite n identity. Curiously,
this allows one to derive nontrivial closed formulas already at n = 1 from an argument initially
designed for n æ Œ.

This asymptotic-to-exact method seems applicable in other settings, and we think it will
yield further applications.

We prove the following theorem, and refer to [JKS24] for previous results and pointers to
the extensive literature about such sums. First, let s ‘æ ak(s) be the polynomial functions of
degree k, given by the Taylor expansion
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=
ÿ
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ak(s)z2k.

The first coe�cients are a0(s) = 1, a1(s) = s/12, and a2(s) = (5s2 + s)/1440.
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1.1 Asymptotics.

Similarly to [FK17] in the case of the Riemann zeta function, see Theorem 3.1 below, and by
Friedli [F16] for even characters, see Theorem 3.2 below, we use a modified Euler-Maclaurin
formula that allows for endpoint singularities, developed by Sidi in [Sid04] and [Sid12] in the
context of numerical analysis. We get:

Theorem 1.1 (Asymptotics for odd characters). Let ‰ be an odd Dirichlet character of modulus

q > 1. Then, for any fixed s œ C and any integer l Ø 0, the following asymptotic expansion

holds as n æ Œ:

Ln(s, ‰) = 2
lÿ

k=0
bk(s)L(1 + 2(s ≠ k), ‰)

3
qn

2fi

41+2(s≠k)
+ O(n1+2(s≠(l+1))),

where the functions bk(s) are polynomials of degree k, given by the Laurent expansion
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The first coe�cients are b0(s) = 2, b1(s) = (s ≠ 1)/6 and b2(s) = (5s2
≠ 9s ≠ 2)/720.

1.2 Special values.

The fact that limits of certain trigonometric sums provide a method to evaluate Euler’s special
values for ’(s) has been observed in several places, for example by Apostol [Ap73] or Witten
[Wi91, p. 177-178]. A remarkable discovery of Xie-Zhao-Zhao [XZZ24] is that there is in fact no
need to take a limit. The finite cyclic graph approximates the circle, like in Archimedes, but in
contrast, for special values there is no need for any limits. In a precise sense, already the graph
on one vertex and one loop knows fi2/6 (from equation (1) above with m = 1 and ’(0) = ≠1/2).

Our method is to combine a refined Euler–Maclaurin–Sidi asymptotics with the structural
polynomiality of the spectral zeta functions. This gives that, an asymptotic expansion that
terminates because of trivial zeros, must in fact coincide with the exact finite n identity. Curiously,
this allows one to derive nontrivial closed formulas already at n = 1 from an argument initially
designed for n æ Œ.

This asymptotic-to-exact method seems applicable in other settings, and we think it will
yield further applications.

We prove the following theorem, and refer to [JKS24] for previous results and pointers to
the extensive literature about such sums. First, let s ‘æ ak(s) be the polynomial functions of
degree k, given by the Taylor expansion

3
z/2

sin(z/2)

42s

=
ÿ

kØ0
ak(s)z2k.

The first coe�cients are a0(s) = 1, a1(s) = s/12, and a2(s) = (5s2 + s)/1440.
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Example:

In the case n = 1 these formulas were found by Xie, Zhao, and Zhao in [XZZ24]. They also
displayed the corresponding formulas expressing the special values of the Dirichlet L-functions
in terms of the discrete ones.

Special values at negative integers ≠m < 0 of discrete L functions satisfy

Ln(≠m, ‰) = 0,

whenever n > m (see the proof of Corollary 6.6). These values should not be dismissed as trivial.
For example, when ‰ is real, even and non-principal the condition Ln(≠m, ‰) Ø 0 for all even
n Ø 2 and for any integers m > 0 implies the absence of real zeros in the critical strip of the
corresponding Dirichlet L-function.

The case m = 0 for odd characters in Corollary 1.4 has a special interest from the Dirichlet
class number formula and reads

L(1, ‰) = fi

2
1

qn

qn≠1ÿ

j=1
‰(j) cot

3
fij

qn

4
,

for all n Ø 1. By trigonometric manipulations, this formula reduces to the classical cotangent
formula (the case n = 1) for L(1, ‰).

1.3 Zeros of Dirichlet L-functions.

The asymptotics in Theorem 1.1 that was used to derive identities among special values, provide,
at the same time, information about zeros. We begin by:

Corollary 1.5. Let ‰ be a real, odd Dirichlet character. If, for each real 0 < s < 1, there is a

subsequence of n æ Œ such that Ln(s, ‰) Ø 0, then the associated Dirichlet L-function L(s, ‰)
has no Siegel zero.

Note that in the asymptotics above, for s in the critical strip, the values of the Dirichlet
L-function involved are all outside the critical strip. So in some sense, the existence of Siegel
zeros is linked to certain values of L outside of the critical strip.

Not only is there a connection via the sign, or the vanishing, of Ln(s, ‰), to zeros of L(s, ‰),
but there is a more surprising connection. Indeed, the Riemann Hypothesis (RH) in question is
equivalent to graph zeta- or L-function asymptotic functional equations. It has been established
in the following cases:

• ’(s) in [FK17],

• L(s, ‰) for primitive even Dirichlet character ‰ in [F16]

• the Dedekind zeta function of the field of Gaussian rationals in [MV23] (requiring a 9-point
Laplacian).

In each case, the form and algebra of the proofs di�er. In all cases, it relies on nontrivial
monotonicity results of Matiyasevich-Saidak-Zvengrowski [MSZ14]. To this list we can now add
the odd character version, which completes the picture in the 1-dimensional case. Let

›n(s, ‰) = 2sn≠s
3

fi

q

4 s
2

�
3

s + 1
2

4
Ln

3
s ≠ 1

2 , ‰
4

.

Note that apart from the 2sn≠s, these fudge factors are what is needed to complete the
corresponding Dirichlet L-function to have its functional equation in the symmetric form:

›(s, ‰) = w‰›(1 ≠ s, ‰).

The factor w‰ involves a Gauss sum, and has modulus 1 if ‰ is primitive, see section 4 below.
We obtain:

5

L(1,χ−4) =
π
2

1
4

3

∑
j=1

χ−4( j)cot(πj/4) = . . . =
π
4
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Summary

- Spectral zeta functions for graphs; special values in many contexts 

- Asymptotics link discrete spectral zetas to classical ones (physics; analytic number theory) 

- Infinite families of recursive identities between special values of Dirichlet L-functions

- This gives a combinatorial structure to the special values; and structure to volumes of spheres 

Thank you for your attention!

- What about spectral zeta funcitons of metric graphs and special values?





Gindikin-Karpelevich formula

Chapter 9. Langlands constant term formula

9.6 The Gindikin–Karpelevich formula

Using the expression (9.2) for the character �, the desired integral is

I` =

Z

A
a(u`)

�+⇢+w(�1+...�`�1)du` =
Y

p1

Z

Qp

a(u`)
�+⇢+w(�1+...+�`�1)du`, (9.24)

and can be evaluated for each finite and infinite prime  1 as follows. For this one needs
the explicit Iwasawa decomposition expressions for a(u`) that will be derived below for
p = 1 and p < 1. We also introduce the notation

a(u`)
�+⇢+w(�1+...�`�1) = |�`|z`+1 (9.25)

with (9.2) and

z` = (�+ w0⇢)(H�w�`)� 1 = �h�|w�`i, (9.26)

where we have used a(u`) = elog(�`)H�w�
` to introduce the Cartan generator H�w�` of the

SL(2,A) associated with the �w�` positive root space. We have also used

w(�1 + . . .+ �`�1) = w0⇢� ⇢ (9.27)

and

(w0⇢)(H�w�`) = �hw0⇢|w�`i = �h⇢|w`�`i = h⇢|↵i`i = 1 , (9.28)

since �` = ↵i` and we have normalised the symmetric bilinear form such that ⇢ has unit
inner product with all simple roots. The precise value of �` depends on whether one is at
Q1 = R ⇢ A or at Qp ⇢ A for p < 1.

9.6.1 Integral over R: p = 1
At the archimedean place we have result:

Lemma 9.2 (archimedean Gindikin–Karpelevich formula).
Z

Qp

a(u`)
�+⇢+w(�1+...+�`�1)du` =

p
⇡

�(z`/2)

� ((z` + 1)/2)
. (9.29)

Proof. If u = u` 2 R, the Iwasawa decomposition (9.20) is (see example 4.5)
✓
1 0
u 1

◆
=

✓
1 u

1+u2

0 1

◆✓
1/
p
1 + u2 0
0

p
1 + u2

◆
k (9.30)

with

k =
1p

1 + u2

✓
1 �u
u 1

◆
2 SO(2,R). (9.31)

The diagonal matrix is a(u`). Substituting it into the integral (9.24) for u = u` 2 R,
one obtains with (9.25)

Z

R
(1 + u2)�(z`+1)/2du =

p
⇡

�(z`/2)

� ((z` + 1)/2)
. (9.32)

166

⇣Z(s) =
1

4s
p

⇡

�(1/2� s)
�(1� s)

=
✓
�2s
�s

◆

Appears in Selberg’s and Langlands’ theory of 
Eisenstein series E(z,s)

E(z, s) = �(s)E(z, 1� s)
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Spectral zeta vs Ihara zeta function
⇣(s) :=

1X

1

1
ns

=
Y

p

(1� p�s)�1

Spectral zeta = Mellin (trace of heat kernel)

Ihara zeta <-> Laplace (trace of heat kernel)               (see Chinta-Jorgenson-K. 2014)

Recall that cn(x) denotes the number of paths without backtracking from the identity x0 to x of
length n in X. We also use c

0
n = cn(x0) as notation for the number of geodesic loops, i.e. closed

paths without backtracking, starting at x0. Note that cn(x) is equal to the number of elements of
the form �x for some � 2� on the radius n sphere in Tq+1. We therefore have

KX(t, x) =
X

n�0

cn(x)Kq+1(t, n)

or more explicitly by inserting the expression from Proposition 3.1 for Kq+1(t, n),

KX(t, x) = e
�(q+1)

X

n�0

cn(x)
1X

j=0

dq(j)q
�n/2�j

In+2j(2
p
qt),

where dq(j) is 1 if j = 0 and 1� q otherwise. A rearrangement of the terms gives

KX(t, x) = e
�(q+1)t

X

m�0

bm(x)q�m/2
Im(2

p
qt),

where bm(x) = cm(x)� (q � 1)(cm�2(x) + cm�4(x) + ...) where the last term is c1(x) if m is odd
and c0(x) if m is even. This is also with the understanding that b0(x) = c0(x) and b1(x) = c1(x).
This proves Theorem 1.1.

Now specialize to x = x0. In view of Propositions 2.1 and 3.1 we obtain Corollary 1.2 as well.

3.4 Spectral theory

An excellent reference here is that of Mohar and Woess [MW89]. One has that there are spectral
measures µx such that (suppressing x0)

KX(t, x) =

Z
e
��t

dµx(�). (12)

In particular if X is a finite graph with n vertices, then the Laplacian has eigenvalues 0 = �0 <

�1  ...  �n�1 and corresponding orthonormal eigenfunctions �j . The heat kernel may thus be
written as

KX(t, x0, x) =
1

n

n�1X

j=0

e
��jt�j(x)�j(x0). (13)

4 Ihara formulas

In this final section we describe how the G-transform introduced in Section 2.6 applied to the heat
kernel gives rise to the Ihara zeta function.

4.1 Zeta functions

Motivated by Selberg’s work, Ihara defined a zeta function for a finite graph X, which is now
referred to as the Ihara zeta function. The product formula for the Ihara zeta function is

⇣
Ih
X (u) =

Y

[P ]

(1� u
l(P ))�1

where the product is over equivalence classes of prime geodesics and l the length. (Actually,
Ihara worked in a specific group setting, but Serre remarked in the preface of [Ser03] that the
definition could be given a simple interpretation in terms of graphs.) By a general calculation, see
for example [Ter11, p. 29], one has

log ⇣IhX (u) =
1X

m=1

Nm

m
u
m
,

10

Theorem 1.1. The heat kernel on a (q + 1)-regular graph X is given by

KX(t, x0, x) = e
�(q+1)t

1X

m=0

bm(x)q�m/2
Im(2

p
qt),

where Im is the I-Bessel function of order m, bm(x) = cm(x) � (q � 1)(cm�2(x) + cm�4(x) + ...)
with the last term being either c1(x) or c2(x), and cm(x) is the number of geodesics from a fixed

base point x0 to x of length m � 0.

To be specific, we define a geodesic in a graph to be a path without back-tracking. The terminology
is consistent with concepts from Riemannian geometry where a geodesic is a path which locally is
distance minimizing. Moreover, a closed geodesic is a closed path without back-tracking or tails.
We defer until section 2 more details on these definitions and a precise axiomatic characterization
of the heat kernel. In view of a combinatorial observation, Proposition 2.1, we may formulate the
following result.

Corollary 1.2. In addition to the stated assumptions, suppose that X is vertex transitive. Let

N
0
m denote the number of closed geodesics of length m in X with base point x0. Then

KX(t, x0, x0) = Kq+1(t, x0, x0) + e
�(q+1)t

1X

m=1

N
0
mq

�m/2
Im(2

p
qt)

where Kq+1 denotes the heat kernel of the (q + 1)-regular tree.

For finite, not necessarily vertex transitive, graphs X, similar formulas were previously proved by
Ahumada [Ahu87], Terras-Wallace [TW03] and Mnëv [Mnë07]. Note that our formula holds for
infinite graphs as well, and is therefore more general than the finite graph case. With our methods,
one can also deduce the formula for the finite non-vertex transitive case using Proposition 2.2.

There is a second expression for the heat kernel coming from spectral considerations. Equating
the two expressions for the heat kernel, as in known approaches to the Poisson summation formula
or the Selberg trace formula, one obtains an identity which is a type of theta inversion formula.
To this identity we will apply a certain integral transform, which amounts to a Laplace transform
with a change of variables, and obtain the logarithmic derivative of the Ihara zeta function. This
procedure is motivated by McKean [McK72] in his approach to the Selberg zeta function and
was axiomatized in [JL01] to abstract settings. In the end, one obtains determinantal formulas
for Ihara zeta-like functions. In a special case, we recover the standard formula stemming from
Ihara’s work [Iha66], which in turn is generalized in [Has89, Bas92, FZ99, KS00, TS07] for finite
graphs; see subsection 4.3.

We now describe one sample outcome which comes from the above described sequence of calcu-
lations. Let X be a vertex transitive (q + 1)-regular graph. We define the associated Ihara zeta

function of X by

⇣X(u) = exp

(
1X

m=1

N
0
m

m
u
m

)
,

where N
0
m is the number of closed geodesics of length m starting at a fixed vertex x0. For finite

graphs, the classical Ihara zeta function is just our Ihara zeta function raised to the power equaling
the number of vertices.

Theorem 1.3. Let X be a vertex transitive (q + 1)-regular graph with spectral measure µ for the

Laplacian. Then

⇣X(u)�1 = (1� u
2)(q�1)/2 exp

✓Z
log

�
1� (q + 1� �)u+ qu

2
�
dµ(�)

◆
.

Again, we defer to section 2 the definitions of the Laplacian and spectral measure. There are some
papers in the literature defining Ihara zeta functions for infinite graphs, in particular Clair and
Mokhtari-Sharghi [CMS01], Grigorchuk-Zuk [GŻ04] and Guido, Isola and Lapidus [GIL08]. Their

2

X is (q+1)-regular, vertex-transitive graph
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Recall that the Bernoulli numbers Bk are defined via

x

ex � 1
=
1X

k=0

Bk
xk

k!
= 1� 1

2
x +

1X

k=1

B2k
x2k

(2k)!
.

See [11, Ch. 15] for more information on Bernoulli numbers, and in this refer-
ence it is also remarked that the theorem above ”constitutes one of [Euler’s]
most remarkable calculations” which in Euler’s case does not mean little....
Since B2 = 1/6, B4 = �1/30, and B6 = 1/42, we get for example that
⇣(2) = ⇡2/6, ⇣(4) = ⇡4/90 and ⇣(6) = ⇡6/945.

Let f be a measurable function which |f(t)| = O(ebt) for some b as t!1.
The Gauss transform of f(t) following Jorgenson-Lang, see e.g [16, p. 301] or
[13, p. 1], is

Gf(s) = 2s

Z 1

0
f(t)e�s2tdt

and is an analytic function in s for Re(s2) > b. From [6, p. 25] one has that
the Laplace transform of

1p
⇡t

e�a2/4t, for a � 0, is
1p
�

e�a
p

�.

Now if we take the Gauss transform of the left hand side LHS of (3), we
get for s > 0, by repeatedly interchanging the order of sums and integrals
(justified by absolute and uniform convergence of the series and integrals in
question) that

G(LHS)(s) = 2s
1X

n=�1

Z 1

0

1p
4⇡t

e�⇡2n2/te�s2tdt =
2s

2

1X

n=�1

1
s
e�2⇡|n|s

=
1X

n=�1
e�2⇡|n|s = 1 + 2

e�2⇡s

1� e�2⇡s
=

1 + e�2⇡s

1� e�2⇡s
.

The right hand side RHS becomes

G(RHS)(s) =
2s

2⇡

1X

n=�1

Z 1

0
e�tn2

e�s2tdt =
2s

2⇡

1X

n=�1

"
e�(n2+s2)t

�(n2 + s2)

#1

0

=
1
2⇡

1X

n=�1

2s

s2 + n2
.

Therefore we have that the Gauss transform of the theta identity on R gives:

Proposition 1. For real s 6= 0 it holds that

1 + e�2⇡s

1� e�2⇡s
=

1
2⇡

1X

n=�1

2s

s2 + n2
.

where KX is the heat kernel, i.e. (Δx+
∂
∂t )KX(t, x0, x) = 0 with KX(0,x0, x) = δx0

(x) .

ζX(s) = ∑
λ≠0

1
λs = ∫ λ−sdμ(λ) =

1
Γ(s) ∫

∞

0
Tr*(KX)(t)ts dt

t

Kℤ(t,0,x) = e−2tIx(2t)
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Figure 1. The dots show the discrete Gaussian at t= 1 as a function of integers x and
the curve is the ordinary Gaussian with t= 1 as a function of real numbers x .

see, for example, [CKS22]. (The constant (7) is known as a Thetanullwerte θ(0, i/2t) and is an
object of extensive mathematical significance; see, for example, [Mu83].) On the other hand,
in [CKS22], (6) is recognized as a discretized Gaussian; see the discussion before Definition
1.1 in [CKS22]. Other authors, such as [Li24], distinguish between (6), which they refer to as
the sampled Gaussian, and (3), which [Li24] calls the discrete analogue of the Gaussian; see
section 2.6 of [Li24]. See also [GK24], where the discretized Gaussian denotes a (continuous)
Gaussian quantized on a lattice.
Throughout this article, we will refer to (3) as the discrete Gaussian and to (6) either as the
discretized or sampled Gaussian.

We now turn to discussing the many ways the discrete Gaussian satisfies structural results
which are analogous to those which are fulfilled by (1).

One immediate justification for calling (3) the discrete Gaussian is that it is the fundamental
solution to the heat equation on Z. More precisely, for x ∈ Z and t ∈ R+, we have that

(
∆Z +

∂

∂t

)
KZ (t,x) = 0 with KZ (0,x) = δ0 (x) (8)

and where

∆Zf(x) = 2f(x)− f(x+ 1)− f(x− 1) .

As far as we know, (6) does not satisfy such an elementary differential or difference equation.
We note that operator ∆Z appears in various physics contexts, such as the study of discrete
random Schrödinger operators and Anderson localization [An58]. We call the operator ∆Z
a discrete, or combinatorial, Laplacian because it can be defined in analogy with the usual
Laplacian

∆R =− ∂2

∂x2

3



for even and non-principal ‰ of modulus q > 1, that is ‰(≠1) = 1. The denominators consist
of the non-zero Laplace eigenvalues of the graph of Z/qnZ. Note that for odd characters, the
above function vanishes identically. Therefore, following Xie-Zhao-Zhao in [XZZ24], we instead
define the discrete L-function Ln for odd characters of modulus q > 1 to be

Ln(s, ‰) =
qn≠1ÿ

j=1
‰(j)

cot
1

fij
qn

2

Ë
4 sin2

1
fij
qn

2Ès .

1.1 Asymptotics.

Similarly to [FK17] in the case of the Riemann zeta function, see Theorem 3.1 below, and by
Friedli [F16] for even characters, see Theorem 3.2 below, we use a modified Euler-Maclaurin
formula that allows for endpoint singularities, developed by Sidi in [Sid04] and [Sid12] in the
context of numerical analysis. We get:

Theorem 1.1 (Asymptotics for odd characters). Let ‰ be an odd Dirichlet character of modulus

q > 1. Then, for any fixed s œ C and any integer l Ø 0, the following asymptotic expansion

holds as n æ Œ:

Ln(s, ‰) = 2
lÿ

k=0
bk(s)L(1 + 2(s ≠ k), ‰)

3
qn

2fi

41+2(s≠k)
+ O(n1+2(s≠(l+1))),

where the functions bk(s) are polynomials of degree k, given by the Laurent expansion

3
z/2

sin(z/2)

42s

cot(z/2) =
ÿ

kØ0
bk(s)z2k≠1.

The first coe�cients are b0(s) = 2, b1(s) = (s ≠ 1)/6 and b2(s) = (5s2
≠ 9s ≠ 2)/720.

1.2 Special values.

The fact that limits of certain trigonometric sums provide a method to evaluate Euler’s special
values for ’(s) has been observed in several places, for example by Apostol [Ap73] or Witten
[Wi91, p. 177-178]. A remarkable discovery of Xie-Zhao-Zhao [XZZ24] is that there is in fact no
need to take a limit. The finite cyclic graph approximates the circle, like in Archimedes, but in
contrast, for special values there is no need for any limits. In a precise sense, already the graph
on one vertex and one loop knows fi2/6 (from equation (1) above with m = 1 and ’(0) = ≠1/2).

Our method is to combine a refined Euler–Maclaurin–Sidi asymptotics with the structural
polynomiality of the spectral zeta functions. This gives that, an asymptotic expansion that
terminates because of trivial zeros, must in fact coincide with the exact finite n identity. Curiously,
this allows one to derive nontrivial closed formulas already at n = 1 from an argument initially
designed for n æ Œ.

This asymptotic-to-exact method seems applicable in other settings, and we think it will
yield further applications.

We prove the following theorem, and refer to [JKS24] for previous results and pointers to
the extensive literature about such sums. First, let s ‘æ ak(s) be the polynomial functions of
degree k, given by the Taylor expansion

3
z/2

sin(z/2)

42s

=
ÿ

kØ0
ak(s)z2k.

The first coe�cients are a0(s) = 1, a1(s) = s/12, and a2(s) = (5s2 + s)/1440.
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Theorem 1.2. For any 0 < ◊ < 1 and integers n, m Ø 1, the following holds:

n≠1ÿ

j=0
sin≠2m

3
fi(j + ◊)

n

4
= 22m

mÿ

k=0
am≠k(m)’R/Z(k, ◊)n2k, (2)

and

n≠1ÿ

j=0
cot

3
fi(j + ◊)

n

4 5
sin

3
fi(j + ◊)

n

46≠2m

= ≠
22m

2fim

mÿ

k=0
am≠k(m) ˆ◊’R/Z(k, ◊)n2k+1. (3)

The ’R/Z(s, ◊) is the spectral zeta function associated to a certain bundle over the circle
depending on ◊. As such, it is a version of the Hurwitz zeta function, and the corresponding
special values at integers involve Bernoulli polynomials and polygamma functions, see section 2.1
below. In particular, applying the theorem with n = 1 recovers part of a well-known reflection
relation for the polygamma functions. The previous theorem can be extended to any integers
m œ Z. This is described in section 6. In particular, for ≠m Æ 0,

’Z/nZ(≠m, ◊) = n’Z(≠m), (4)

for all 0 < ◊ < 1, and all n > m. See the end of this introduction for the definition of ’Z(≠m)
(with no dependence on ◊). Here is the case of the Riemann zeta function:

Corollary 1.3. For any integers n, m Ø 1, the following holds:

’Z/nZ(m) =
mÿ

k=0
am≠k(m)’R/Z(k)n2k.

Explicitly, the case n = 1 is the formula (1) above, and in general for n Ø 1,

(≠1)m+1

4

2mÿ

a=0
n≠a

A
2m + 1
a + 1

B
a+1ÿ

j=0
(≠1)j

A
a + 1

j

B
a + 1 ≠ 2j

a + 1

A
m + jn + (a ≠ 1)/2

2m + a

B

=
mq

k=0
am≠k(m) ’(2k)

(2fi)2k
n2k.

The left hand side in the last formula comes from [CM99, BY02]. The formulas in Corollary
1.3 should be compared with those in Zagier’s [Za96]. It seems unlikely that he thought of the
trigonometric sums as special values of graph zeta functions. See also [XZZ24, Theorem B]. There
are also more isolated examples of such recursive relations in the literature, see [SD86, Me17]
and references therein.

Furthermore, the theorem has the following corollary:

Corollary 1.4. Let ‰ be an even Dirichlet character of modulus q (not necessarily primitive).

Then for any integers n Ø 1 and m Ø 0,

Ln(m, ‰) = 2
mÿ

k=0
am≠k(m)L(2k, ‰)

3
qn

2fi

42k

.

Let ‰ be an odd Dirichlet character of modulus q (not necessarily primitive). Then for any

integers n Ø 1 and m Ø 0,

Ln(m, ‰) = 2
mÿ

k=0
bm≠k(m) L(2k + 1, ‰)

3
qn

2fi

42k+1
.

4



Counting Molecules and Electrical networks
Spanning trees in graphs

Counting structural isomers:

5.1: Isomers

Define isomer.
Determine the isomeric relationship between a pair of molecules.
Identify the chiral centers in a molecule.
Describe different types of isomers.

One of the interesting aspects of organic chemistry is that it is three-dimensional. A molecule can have a shape in space that may contribute to its properties. Molecules can differ in the way the atoms
are arranged - the same combination of atoms can be assembled in more than one way. These compounds are known as isomersisomers. Isomers are molecules with the same molecular formulas, but
different arrangements of atoms. There are several different types of isomers which will be described and a flowchart (see figure below) can help you determine which type of isomers are present.

Figure : Isomer flowchart.

Conformational Isomers
Conformational isomersConformational isomers, also known as conformers, differ from one another by their rotation around a single bond. Rotations occur freely around single carbon-carbon bonds. Unlike double and
triple bonds, which are "locked" in their orientation, single bonds have no such restrictions.

Figure : Conformational isomers of pentane.

Structural Isomers
A structural isomerstructural isomer, also known as a constitutional isomer, is one in which two or more organic compounds have the same molecular formulas but different structures. The two molecules below
have the same chemical formula, but are different molecules because they differ in the location of the methyl group.

Alkenes can also demonstrate structural isomerism. In alkenes, there are multiple structural isomers based on where in the chain the double bond occurs. The condensed structural formulas of 1-
butene and 2-butene show this.

The number in the name of the alkene refers to the lowest numbered carbon in the chain that is part of the double bond.

Stereoisomers
StereoisomersStereoisomers have the same connectivity in their atoms but a different arrangement in three-dimensional space. There are different classifications of stereoisomers depending on how the
arrangements differ from one another. Notice that in the structural isomers, there was some difference in the connection of atoms. For example, 1-butene has a double bond followed by two single
bonds while 2-butene has a single bond, then a double bond, then a single bond. A stereoisomer will have the same connectivity among all atoms in the molecule.

Geometric Isomers
With a molecule such as 2-butene, a different type of isomerism called geometric isomerism can be observed. Geometric isomersGeometric isomers are isomers in which the order of atom bonding is the same but the
arrangement of atoms in space is different. The double bond in an alkene is not free to rotate because of the nature of the bond. Therefore, there are two different ways to construct the 2-butene
molecule (see figure below). The image below shows the two geometric isomers, called cis-2-butene and trans-2-butene.

Figure : 2-butene

The cis isomer has the two single hydrogen atoms on the same side of the molecule, while the trans isomer has them on opposite sides of the molecule. In both molecules, the bonding order of the
atoms is the same. In order for geometric isomers to exist, there must be a rigid structure in the molecule to prevent free rotation around a bond. This occurs with a double bond or a ring. In addition,
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