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These are the special values L(1,y_,) and {(2) respectively.
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The Riemann zeta function
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Special values: N =—,04)=—, ... 2k) = Euler, 1730s
p (2) . 5(4) 90 (2k) 20k
No formula for {(odd) .
We will see:

« Spectral interpretation, & enters trivially
-> « ((2k) is essentially a finite graph zeta value
- {(2k + 1), no combinatorics



Special values in volume formulas

vol(SL,(R)/SLin(Z)) = ¢(2)¢(3)...¢(n)

MinkowskKi
i \\ /
vol(G/T") = Q)] H Cre(—m;),
i=1
Siegel, Weil, Langlands, Harder ... - 4>

=Q
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Spectral zeta functions

Carleman 1934; Minakshisundaraman-Pleijel 1949

Given a compact Riemannian manifold X with its Laplacian A, let
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Example: X = R/Z, with A = _

ox?

2 sin(27nx) and cos(2mnz), n > 0
Q CR/ Z(S)  2n)? 6(25) . are the eigenfunctions of —82/ 0xr?.
A= (2an)?




Spectral zeta functions from heat kernels

Given a space X with a Laplacian A, let
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Spectral zeta functions from heat kernels

Given a space X with a Laplacian A, let
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where Ky Is the heat kernel, i.e. (A + %)Kx(t, Xy, X) = 0 with K(0,x,, x) = 0, (%) .

This leads to analytic continuation and functional equation of {(s) and L(s, ).

Another interest comes from:
det'Ay ;= exp(—{4(0)) = "AjArA5. .. " -> talk by Julie Rowlett
1970s Ray-Singer, Dowker-Critchley, Hawking,...



Theta function or heat kernel on the circle

Riemann’s approach to his zeta function

1 [ | O
Z 6—(£E—|—27TTL)2/4t _ e—nzteznm.

VATt  or

n——o0 n=——0o0
The heat kernel on the circle, a.k.a. theta function

C(s) = P(ls) / Heat(t) .ts%



Graph Laplacian

Let X = (VX, EX) be a countable graph with bounded vertex degree.
Its Laplacian on L*(VX) is

.
Afx) = d*dfo) = ), fo) —f). ‘
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Spectral zeta functions of graphs

Let X = (VX, EX) be a countable graph with bounded vertex degree.

or Cx(s) =

2 [(s)

O J Tr (Kx)(t)fS L

AF0

In contrast to the |hara zeta function (lhara, Sunada, Bass, Terras, Kottos-

Smilansky,...)
there are much fewer studies of this topic: Dowker, Chinta-Jorgenson-K. 2010,

Kirsten ,Harrison, Weynand, Knill, Friedli-K., Meiners-Vertman, Lehman,
Xie-Zhao-Zhao, Muller, ...



Example: discrete circles

For Z/nZ the Laplacian is: Af(x) =2f(x) —f(x—1) —f(x+ 1) /,,/’*‘\\Q !
\
{ b
n—1 \\\ /
_ . n—1
C///n//(s) — ]; (4 Slnz(ﬂk/n))s \\..//‘

1990s Dowker

Special values appear in several physics contexts, for example Verlinde formulas:

dim Ho(ﬂ/g,Z,O, PN = (n+ 2)8—12g—1§Z,(n+2)Z(g —1)



The case of {,(s)



The Infinite discrete line

Ky Is the heat kernel, I.e. (A + %)KX(t, X, X) = 0 with Ky(0,xy, x) = 6, (x) .

Example:

Af(x) = 2f(x) = f(x = 1) = flx + 1)

11111111111
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The discrete Gaussian:
K,(2,0,x) = e‘ZfIx(zt)

|-Bessel function

Chinta, Jorgenson, K, Smajlovic, J.Physics A, 2025
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-5 =4 =3 =2 =1 0 1. 2 3 4 5

L, dt 1 T(2-s)  (=2s\ v (k=)
2(8) = I'(s) L ¢ BN = ra—-s) ( —s) R gk(k—zs)'

Friedli-K. 2017

Dubout, 2019 K.-Pallich, 2023
E(1—s)=E,(s) foralls.

Appears in Eisenstein series, Selberg zeta function, Gindikin-Karpelevich,...
and special values s=-n in Chebyshev.



The volume of spheres

dt 1

['(1/2 —s)

_ 1 ” —2t s
C7(8) = C(s) J I(20)1"— t

22571-1/2

K.-Pallich, 2023:

Vol(S™) = 25 ,(0),(=1) ... (—n+ 1)

2. 27, 4T, 2n2,§ :

C(s) := 72°¢,(s/2)

I['(1—2¥)

X

A
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Asymptotics:
discrete -> continuous




Asymptotics of determinant of Laplacians

Theorem (Chinta-Jorgenson-K. 2010)

Let A be matrices s.t. A /(det A ) = A € SL(R). Thenas 1 — 00

logdet ™ Ayqy 7o = logdet Azd‘l‘% logdet A, + logdet™ Apiaza+ o(1).

Studied in physics, previously known: d=2, and lead term all d
(Kasteleyn, Barber, David-Duplantier, Sokal-Starinets...)
In QFT, conjecture of Reshetikhin-Vertman.

Gives also link between maximal complexity of torus graph
and maximal height of torus.  -> talk by Julie Rowlett.



Asymptotics of spectral zeta functions
Friedli-K. 2017

Theorem (Friedli-K. 2017) Let A =diag(a,,..., a;)and A :=nA. Then:

CZd/A,,Zd (S) — Czd (S) det A nd + CRd/AZd (S)nzs -+ 0(1’!25) :

n — o0



Asymptotics in dimension 1

n—1
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Also for Dirichlet L-functions (Friedli 2016, K.-Muller 2025) / \




Asymptotics in dimension 1

n—1
—S 1 _ —S s S 2—s . s—2 s—2 n— 0.

2 S Co(s/2)n 4+ 2Q2x)~°C(s)n’+ = 2r) (s —2)n°~“ 4+ o(n’~ <)

k=1 A
Also for Dirichlet L-functions (Friedli 2016, K.-Muller 2025) // \\\
Theorem (Friedli-K, Friedli , K-Miiller) ZinZ |

/
GRH holds iff lim |—5% | _ ;. N
n— 00 5?1(1 _Sa)() \ AN = /

Theorem (K-Muller) Let y be a real, even, non-principal Dirichlet character.

It L (—m, y) > 0, then the corresponding Dirichlet L-function has no real zero.



New recursive identities




ldentities among special values

K.-Muller, 2025 (Zagier 1996, Xie-Zhao-Zhao 2024) And analogous

for Dirichlet
L-functions

Corollary 1.3. For any integers n,m > 1, the following holds:

()™t I 2m41 N\, e+l Ya+1-2 [ m+jn+(a—1)/2
4 Zn ( a+ 1 )Z(l) ( ' ) a+ 1 ( 2m + a )

j=0 /

— C(Qk) - z2/2 * _ 2k
fhe case n=1 Z k(1) (27m)2k 5 (Sin(z/Z)) = 2 a(s)2



Combinatorics to Euler



Spanning forests to Euler

1

Special case m = 1: CZ/nZ(l) — 2 Cll_k(l)CR/Z(l)Fle
k=0

n=2



Spanning forests to Euler

Yt 4
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Special case m = 1: Crmz(1) = Z a1 (1) 7z(1)n .
k=0



Spanning forests to Euler
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Special case m = 1: CZ/nZ(l) — 2 al—k(l)CR/Z(l)n%
k=0

= @=(i-5(03) S =%



Scheme for these special values

~NO OB WO DN =

. Pass to the circle and spectral zeta
. Define analogue for discrete circle

. Study asymptotics n — o0

. For integral s, -> symmetric power-sums

. Relate to elementary symmetric polynomials — Kirchhoft

. Polynomiality in n

. Conclude: Exact, finite-terms relations. Combinatorics -> Euler




New identities among special values

Theorem (K.-Miiller, 2025) L (.0 = k;)

Let y be an odd Drichlet character mod g. Then foranyn > 1,m > 0,

m qn 2k+1
k=0
N gn—1 cot (ﬂ>
2 /2 ot (s o 2k—1 Ln — ) — T 1S
(Sin(z/2)> Hz/2) = ;;)b | #X) Jzzl K 4 sin” (ZJT_TJL)

n=1 due to Xie-Zhao-Zhao, 2024




L(1.y_4) =

T

13
57 2 A-lieot(a)
| Z s(J)cot(mj/4) = ... = —
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Summary

- Spectral zeta functions for graphs; special values in many contexts

- Asymptotics link discrete spectral zetas to classical ones (physics; analytic number theory)

- This gives a combinatorial structure to the special values; and structure to volumes of spheres
- Infinite families of recursive identities between special values of Dirichlet L-functions

- What about spectral zeta funcitons of metric graphs and special values”?

Thank you for your attention!
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Appears in Selberg’s and Langlands’ theory of

Eisenstein series E(z,s)

FE(z,s) = ¢(s)E(z,1 — s)

Gindikin-Karpelevich formula

/ a(ug)”

P
p=infinity

w(y1+-...

['(2,/2)

['((ze+1)/2)



Spectral zeta vs lhara zeta function
C(s) := i ni = [ —p)"

Spectral zeta = Mellin (trace of heat kernel)

lhara zeta <-> Laplace (trace of heat kernel) (see Chinta-Jorgenson-K. 2014)
Ih [(P)\—1
K(w) = ][ =)
P

Kx (tv L0 ZE‘()) — KCH—I(t? L0 ZEO) T 6—(q—|—1)t Z Nglq—m/z‘[m(Q\/gt)

m=1
X is (g+1)-regular, vertex-transitive graph



Recall that the Bernoulli numbers By are defined via

€T €T 1 €T
— B.—=1— — B .
er — 1 l;) E k! 2" /; 2k (2k)!

o0

L ! : w
Cx(s) = ), = = Jz ) = 5= J T (K (&

140 0

where Ky is the heat kernel, i.e. (A + %)Kx(t, Xg, X) = 0 with K(0,x,, x) = 0, (X) .

0.30

K,(1,0,x) = e 1 (2f)




where the functions bi(s) are polynomials of degree k, given by the Laurent expansion

( | 2/22))28 cot(z/2) = Zbk )22k

sin(z/ >0

The first coefficients are bg(s) = 2, bi(s) = (s —1)/6 and ba(s) = (5s* — 9s — 2)/720.

gn—1 cot (%)
s, x) = > x(4)
j=1

_48111 (%) S

m qn 2k+1
La(m,x) =23 buoi(m) L2k + 10 (1)
k=0 n




Counting Molecules and Electrical networks

Spanning trees in graphs

1 V. source

Counting structural isomers:

g g
CH;—CH—CH,—CH,—CH;  CH,—CH,—CH—CH,—CH,

2-methylpentane 3-methylpentane




