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INTRODUCTION

Consider —oo < a < b < +00 and a (possibly complex) lo-
cally integrable function |a,b|> x +— V(x). One-dimensional
Schrodinger operators, for brevity during my talk called Hamil-

tonians, are operators of the form
L.=—-8+V(x),

defined initially on C°(la,b|). Let Le be a realization of
L in the sense of L?]a,b] possessing a nonempty resolvent

set. (Note that this implies that Le is closed). For z in the

resolvent set, the resolvent of Lo, will be denoted T 1_Z and

its integral kernel + 1_Z(a:, 1) will be called the Green function

of Le — 2.




| will describe 14 holomorphic families of Hamiltonians with
Green functions expressible in hypergeometric class functions.
These families on the formal level can be found in numerous
papers in the physics literature, including collections of prob-
lems on Quantum Mechanics.

Unlike most of the old literature (including my old paper with
Michat Wrochna) | will be interested in closed realizations of
these Hamiltonians and their Green functions.

The Hamiltonians reducible to Bessel and Whittaker functions
are discussed in Part |—joint work with Jinyeop Lee.
Those reducible to Gegenbauer and hypergeometric functions

are discussed in Part [I—joint work with Pedram Karimi.



1. Reducible to Bessel equation:

(a) Bessel operator; (b) with exponential potential.

2. Reducible to Whittaker equation:
(a) Whittaker; (b) Morse; (c) Isotonic oscillator.

3. Reducible to Gegenbauer equation:
(a) spherical, (b) hyperbolic, (c) deSitterian.

4. Reducible to hypergeometric equation, 1st kind:
(a) spherical, (b) hyperbolic, (c) deSitterian.

5. Reducible to hypergeometric equation, 2nd kind:
(a) spherical, (b) hyperbolic, (c) deSitterian.



For a large set of parameters there will be a unique closed
realization of L. However, for some values there will be a
whole family of closed realizations, corresponding to various
boundary conditions. In such cases our boundary conditions
will be selected by analytic continuation from the region where
we have the uniqueness.

In most applications one is interested in self-adjoint realiza-
tions of L. They are possible if V' is real. It is however re-
markable that the theory of closed realizations is very similar

to that of self-adjoint realizations.



Part 1.
1-DIMENSIONAL SCHRODINGER OPERATORS
SOLVABLE IN TERMS OF
BESSEL AND WHITTAKER FUNCTION

in collaboration with JINYEOP LEE



Operators reducible to Bessel equation.

The modified Bessel equation (which is essentially a subclass

of the Whittaker equation) is

1 m?
(—8,,2——(9f,~+—2+1)g:().
T T

Its standard solutions are the modified Bessel function I,,,(7)

and the Macdonald function K,,(r). They are characterized




The so-called 1d modified Bessel equation

(—8%+(m2—i)r—12+1>g:().

is equivalent to the usual modified Bessel equation by a simple

gauge transformation. It is solved by

Ln(r) : = |/ 5-Im(r),
Kon(r) : = 1| 22K ().

T



Let m € C. The Bessel operator is defined on C2°(]0, o)
by
Hyy = —07 + (m2 — i)%
For Rem > 1 there exists a unique closed realization of Hp,.
In particular, for real m > 1, Hy, is essentially self-adjoint on
C°(]0,00]). It extends to a holomorphic family for Rem >
—1. For Rek > 0 its Green function is
1 1 | (k) K (ky) if 0 <z <y,
s 209 =7 {Im(ky) Ko (k) if0 <y <




The Schrodinger operator with the exponential potential is
given on C2°(]0, oo|) by

Mk = —8:% -+ k262x.

For Rek > 0 there exists a unique closed realization of M.,

depending holomorphically on k. lts Green function is
(

1 I (ke®) K (ke¥) if x <y,
ptm I (ke¥Y) K (ke®)  ify < .

\



The following transmutation relation links Green functions

of the two above families of operators:
1 1

Note that the coupling constant becomes the spectral pa-

DO

(z,y) = e 2 (e*,e¥) e 2.

rameter and the other way around.



Operators reducible to Whittaker equation

The Whittaker equation

I, 1 1
(—8%+(m2—1)p—§+1)v(7’)20.

is closely related to two kinds of the confluent equation:

1. (Kummer's) | I equation,

2. the o F{) equation.



The || equation (rd2 + (¢ — )0 — a) f(r) = 0 as its

standard solution has the confluent function

1Fi(a;c;r) = Z +k/€"

The o F{y equation (w28120—(1—(1+a+b)w)5’w+ab)v(w) =0
as its standard solution has the oF{y function with a branch

point at 0, and the following asymptotic expansion:

o Fy(a, b, — w) ~ Z (CL)n(b)nwn, larg(w)| < ™ — e.

n!
n=0




The Whittaker equation has the following standard solutions:

1 r 1
Ty lr) i= 12 TR (S mF 5 1+ 2m; ),

r 1 1
Kgm(r) = 7“66_?2F0 (5 +m — f3, 5 T M= B;—; —7“_1).
They are characterized by
1 1
7 ~ 2T 0
pml?) = oy 0



We will also need the following closely related functions:

2

[5,m<r) = Ezﬁ,m(r)a
70

Kﬁ,m(ﬂ ‘= glcﬁ,m(r)a

2
=
S
=
|
e
[\DI —
e
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The Whittaker operator is defined on CZ°(]0, co|) by
I\ 1

For Rem > 1 there exists a unique closed realization of Hg .

r2  r

It extends to a holomorphic family for Rem > —1 with a
singularity at (8,m) = (0, —%) Outside of spectrum, for

Rek > 0 its Green function is
1

Hﬁ,m + k2

(z,y)

o 5 73 (2kaz)lC%7m(2ky) for 0 <z <y,

=5 (3 +m—3)

Ts (2ky)K 3 m(Qkx) for 0 <y < .
PI%



Note a curious identity

Hy =Hz1, B#0

This identity does not extend to 8 = 0. In fact, for all Rem >
—1, the Bessel operator is a special case of the Whittaker

operator: H( ,, = Hyp,. Moreover

H | = Hy, Laplacian on halfline with Neumann b.c.
2

H, = Hp, Laplacian on halfline with Dirichlet b.c..
2

Clearly, Hy # Hp, which implies that the Whittaker operator
has a singularity at (3, m) = (0, —%)



The Schrodinger operator with the Morse potential is for-
mally
Mg, = — 02 + k%e* — Be”.
For Rek > 0 it possesses a unique closed realization in the
sense of L(R). It depends analytically on k. For Rem > 0
its Green function is
1

Ig (2ke")K 5 (2keY), ifx <y,

. 1 6 By UL 11

=IG+m—g)q * * o

Is (2keY)K g m(le ), ify<uw.
I




The isotonic harmonic oscillator is formally defined by

1
: 2 2 1 | 2,2

For Rem > 1 it has a unique closed realization, which extends
holomorphically to Rem > —1. For Rek > 0 it depends

holomorphically also on £ with the Green function

(u, v)
Vkv) if0<u<w,
(Vku) if0<v<u.

fan VRO B
g Ks
k

, 11 %,m



We have transmutation relations permuting m, k and §3:

e 23) el ) ()
N — 28" H&%Jrk? 27 2/\2/ 7

1 z 1 y

(z,y) =e"2 (e*,e”)e2,

M57k+m2 Hﬁfm—l—kz

: (u,v) = (u_2)4 : (10gu—2 logv—2

_ ! o 2 9
Niem =26 27 Mg+ (%) .



Part 2.
1-DIMENSIONAL SCHRODINGER OPERATORS
SOLVABLE IN TERMS OF THE
GEGENBAUER AND HYPERGEOMETRIC FUNCTION

in collaboration with PEDRAM KARIMI



The hypergeometric equation is given by
Fla,be) = 2z(1—2)0?+ (¢ — (a + b+ 1)2)d, — ab.

The Gegenbauer equation (essentially, a special case of the

hypergeometric equation) is given by

Gax = (1— w2)012u — 2(1 + a)woy + A — (oz — %)2



| will describe 3x3 families of 1-dim. Schrodinger operators
reducible to the Gegenbauer or hypergeometric equation:
1. Gegenbauer Hamiltonians:
(a) spherical, (b) hyperbolic, (c) deSitterian.
2. Hypergeometric Hamiltonians of the first kind:
(a) spherical, (b) hyperbolic, (c) deSitterian.
3. Hypergeometric Hamiltonians of the second kind:

(a) spherical, (b) hyperbolic, (c) deSitterian.



In the literature these Hamiltonians have various names:

Our name Name in DerWro |Name in Cotfas et al.
Spherical of 1st kind | Trig. Poschl-Teller Scarf |
Hyperbolic of 1st kind |Hyp. Poschl-Teller Scarf |l

DeSitterian of 1st kind Scarf Gen. Poschl-Teller
Spherical of 2nd kind Rosen-Morse Rosen-Morse |
Hyperbolic of 2nd kind Eckart Eckart

DeSitterian of 2nd kind

Manning-Rosen

Rosen-Morse ||




Let us apply the Liouville transformation to the Gegenbauer

operator:

Then we substitute

spherical case: w = cosr, w €| —1,1];

hyperbolic case:  w = — coshr, w €] — 0o, —1[

deSitterian case: w = —isinhr,  w €] — ioo, +ioco|.



Spherical Gegenbauer Hamiltonian, LQ]O,W[Z

1 1
L = —9? 2= .
“ rt (Q 4) sin? r

Hyperbolic Gegenbauer Hamiltonian, L*(R):

1 1

sinh? r

DeSitterian Gegenbauer Hamiltonian, L*(RR):

1\ 1
d 2 2
LS .= 92— <a — Z)

cosh? r



All Gegenbauer Hamiltonians have a natural geometric in-

terpretation:

1. The Laplacian on the sphere S? in spherical coordinates

becomes the spherical Gegenbauer Hamiltonian.

2. The Laplacian on the hyperbolic space HY in spherical co-

ordinates becomes the hyperbolic Gegenbauer Hamiltonian.

3. The d’Alembertian on the deSitter space dS? in the so-
called global coordinates becomes the deSitterian Gege-

bauer Hamiltonian.



Hypergeometric Hamiltonians of the 1st kind.

AT (Bl atBoptl o) m8-i0 - o)
1 \2 1\ 1 1 1 112

= —((2(1-2))%0:) 2_ ) — 4+ (p2-= S
((Z< 2))20:) + (O‘ 4) = ( 4) 1—2) 4
spherical case: z = sin? r, z €0, 1];
hyperbolic case: z = — sinh? r, z €] —o0,0];

deSitteri - _ 1 i'hZ E} ' + 1 {
edltterian case: z—2 28111 r, Z 5 100,2 100 | .



Spherical hypergeometric Hamiltonian of the 1st kind, LQ]O, |

1 1 1
o —82 2 = 2 - .
o B (Oé 4) 4sin?5 (6 4) 4cos?’

2
Hyperbolic hypergeometric Hamiltonian of the 1st kind, L?(]0, 0o]):

1 1 1 1
Lh o _82 (QQ__> . ( 2__) .
a,p 4 ) 4sinh? 5 b 4 ) 4 cosh? 5

DeSitterian hypergeometric Hamiltonian of the 1st kind, L*(R):

1 1 1 isinhr
s o2 (21 1
@ g (oz 4 /) cosh?r \2 " 2

(52 1) 1 (1 isinhr)
4) cosh?r \2 2 .




All hypergeometric Hamiltonians of the 1st kind have a nat-

ural geometric interpretation:

1. The Laplacian on the sphere SPT¢ in double spherical co-

ordinates becomes the spherical Gegenbauer Hamiltonian.

2. The pseudolaplacian on the hyperboloid HP9 in double
spherical coordinates becomes the hyperbolic Gegenbauer

Hamiltonian.

3. The pseudolaplacian on the hyperboloid HP~1P in the
complex coordinates becomes the deSitterian Gegebauer

Hamiltonian.



Hypergeometric Hamiltonians of the 2nd kind.

(8% 6 . 87
— 421121 — o)l et ot Pt | )T (1 - 2) T

= — (22(1 - z)@z)Q +a*(1—2) 4 %2 — (u° — 1)2(1 = 2).

herical : c | —ico,: +i [

spherical case: 2z = . z € |= — oo, = +i00|;

p 1 L e21u7 2 Y 2 )

. 1 _

hyperbolic case: 2z = o z €] —00,0];
1

deSitterian case: 2 z €)0,1].

- 1 + e2u’

VISV



Spherical hypergeometric Hamiltonian of the 2nd kind, LQ]O, |:

2
COS U 1 1
K%M::—@QL%—T , +<,u__> 5

SIN U 4 4] sinu

Hyperbolic hypergeometric Hamiltonian of the 2nd kind, L?(]0, oo[):

cosh u T 1
KM =57 — — - .
le u /{sinhu T ( 4 4) Sil”th U

DeSitterian hypergeometric Hamiltonian of the 2nd kind, L?(RR):

inh 2 1
Kg’SMIZ—({)Z—/{SIH w(u__)

cosh w 4 4] cosh?w

Open Question: Find a geometric interpretation

of hypergeometric Hamiltonians of the 2nd kind!



Gegenbauer Hamiltonians are special cases of hypergeomet-
ric Hamiltonians of both the first and second kind. In fact, we

have the following coincidencies:
S S s .
L :Loz,oz — KO,QON
h h h .
Lo :Loz,oz — KO,Qow
dS dS dS
Ly :Loz,oz — KO,ZOz'



Moreover,

K7S_’_1 = 5 T # O,

7,1

h h
K/{,—l :K/i,l' /43740
But
KM = LE% = Ay £ KD = ng — —Ap.

Therefore, (0, —1) is a singularity of the functions
(7, 1) = K%, and (5, p) = K} .



There are many transmutation relations:
1. Gegenbauer spherical — Gegenbauer deSitterian;
2. 1st kind spherical — 1st kind hyperbolic;
3. 2nd kind spherical — 2nd kind hyperbolic;
4. 1st kind spherical — 2nd kind deSitterian;
5. Ist kind hyperbolic — 2nd kind hyperbolic;
6. Ist kind deSitterian — 2nd kind spherical.



THANK YOU FOR YOUR ATTENTION.



