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> We consider a semi bounded self adjoint operator A in Hilbert
space H

» Assume A has discrete spectrum A\; < A» < ... with
corresponding e.f. 1,0, ...

» Let H; be the form domain and H_; = H;. Note
dom(A)C Hy C HC H_4

> Let p1,92 € H_1 be H independent i.e. if ap; + bpr € H
thena=b=0

Let a1, 0 € RU {OO}
Define

Dom(Aa,,0,) = {u € Hi 1 Au+ a1(p1, u)p1 + az(p2, u)p2 € H}
Acyanl = Au+ a1 (1, u)o1 + az(p2, u)pa.

Then Ay, «, is self adjoint and has discrete spectrum
1,02 1,02
AT L



For rank one pertubations A + a(y, -)¢ we have eigenvalue
interlacing: if o < 8 then A% < )\f < A%, and we only have an
equality if there is 1) eigenfunction of A,, Ag corresponding to )\f

with (¢, 1) =0
In particular we have A\ = \; only when a({p, 1) = 0.

We want to know under what conditions A\{""* = )\; and
)\al,az _ )\

2 — A2
We first characterize when A is an eigenvalue of A, o, then we
look at the order of the eigenvalues



- (onaber) (o1 anen)
[P, 5P P11, =X P2
Q) = <<902, 1) (e, Al,\s02>> '

For A not in the spectrum of A, A is an eigenvalue of Ay, o, iff

det <Q()\) + (%1 i)) =0

We want to consider A\, simple eigenvalue of A. We use a
regularization of Q:

Ce() = <<9017PkLAi—)\PkL‘P1> <‘1017PI<LA;/\PI<L902>>
(02, P azx Picwn) {92, Prats Picea)

where Py is the projection on v, and PkL =1-P,.



Fixing one eigenvalue

Theorem
A simple eigenvalue \i of A is an eigenvalue of A, «, if and only if

{01, ¢k>|2a1 + {2, ¢k>|2042 + ckarap =0

o= (o) o (i)

where



Proof

Every element u € dom(A,,.q,) can be written as
copl 1 1
u=1ia+ Pj Pi (a1p1 + a2¢2)
A— Ak

where i € dom(A) and aj, a; € C satisfy

(aow+ (5 1)) (2)-(125)

<



Proof

We want u to be an eigenfunction of Ay, a,:
0= (Aal,ag - )\k)U = (A — )\k)ﬁ + Pk(alcpl + aggog)

(A —X\g)d and Py(a1p1 + axp2) are orthogonal so both terms are
zero. Hence i and ajp1 + axypp are orthogonal
So we get

((aon(5 1) (@) GD-((229) ()

= (0, a101 + a22)
=0

—<<p2,¢k>>

Since Py(ai1p1 + azxp2) =0, <al> is a multiple of <
a (o1, %)



M-function

We can also write the condition using the M-function

M(A\) = —Q(X)~L. This function is defined for all A not in the

1,00 P+ (p2,80k) 2
Mi1(Ak))+Maz(Ak))

spectrum of Ay . We have ¢, = —

Theorem
A simple eigenvalue A\ of A, which is not in the spectrum of
Aso,00 iS5 an eigenvalue of A, o, if and only if

—Mzz()\k)al — Mll()\k)OZZ + a1 =0



Fixing two eigenvalues

Requiring both A1 and \> to be eigenvalues of A,, ., gives:

(o1, 91) [Por + [{p2, 1) %2 + craran =0
(o1, 92) 2o + (@2, ¢) [Pas + c2aran = 0.

Let us denote

A =det
A1 . =det
Ao 1 = det

(o1, 91)]? |<<P2ﬂ/11>|2]
(pr, )P {2, 102)[?
[ |<801,¢1>|1
L2 [p1,12)?
[ !<902,w1>!1
L2 {2, 2 ?



Theorem

1. If A # 0, then there exists a unique (non-zero) solution

A o1, v1) Pl e2, 2)1? — o1, ¥2) 2 (@2, 11)]?

a1 = = 5

A cil{p1, ¥2)[2 — c2[(p1, )2
= _A — ‘<<P171/11>‘2’<902;¢2>’2 B ’<901a¢2>’2|<9027w1>’2
2 AV cil{p2, ¥2)]? — e2|(p2,¥1)|? .

for which the spectrum of the perturbed operator Aq, a,
contains the eigenvalues A1 and As.

2. If A =0 and at least one of the numbers A1 or As is 0, the
system has infinitely many solutions.

3. If A =0,A1 # 0,As # 0 then there is no non-trivial solution.



Preserving the order of the eigenvalues

We have picked o, ap such that Aq, Ap are eigenvalues of Ay, .-
However we want to see when A; and Ay are actually the first two
eigenvalues of Ay, .-

Theorem

Assume A, the k:th eigenvalue of A, is simple and Ay is also an
eigenvalue of Ay, ,. If at least one of a1 (1, Vi), (w2, k) is
non-zero, then Ay is the k:th eigenvalue of A, , iff aran < 0.



Metric graphs

A compact metric graph I' = (E, V) is given by:
> edges e, = [xop—1,%2n], n=1,..., N
» vertices vq, ....vy that form a partition of the end points
X1, eeey XON .

An edge connects two vertices if it has an end point in each vertex

L2(T) = @,’Yzl L?(e,) forms a Hillbert space of functions on I'. For
u € W22(T) define: du(x;) := (=1} *1u/(x;) normal derivative at
Xj.



Vertex Conditions

We consider three types of vertex conditions.
Standard conditions at vertex v,:

{u(x,-) = u(xj) =1 u(vm), Xj € Vm
ij-evm au(XJ) =0

Delta conditions at vertex v,,, with coupling parameter a:

{u(x,-) = u(xj) =1 u(Vm), Xj € Vm
ij-evm du(x;) = au(vim)

Dirichlet conditions at vertex v,;:

u(xi) =0,x; € vy



Delta potential

2 .
9 on I with standard

» Consider the Laplacian L = ——=

conditions.
> Let §,, be the delta potential supported at the vertex vy,.

» Then Ly, a, = L+ a1y, + a20,, is the Laplacian on I" with
delta couplings at v; and vo.

» If o, = 00 we instead have Dirichlet conditions at that vertex.



M-function for a metric graph

Let u € W22 be a continuous function satisfying standard
conditions at all vertices except v, vo.

For any A not in the spectrum of the Dirichlet operator L o the

. . . d?
u(vm) uniquely determine a solution to —Z7u = Au.

The M-function is the matrix valued function s.t.

( u(wv) D osen Ou(v))
M(A)'<U(Vz)>H<Z au(v»)

X;€EVo



Interval

Consider just the interval [0, ¢]. We put delta couplings at the two
endpoints. The M-function is given by

N\ cos vV
M(A) _ \/>sm sm(xf@)
ﬁ 7\/’::05
sin(v/\0) sin( \fﬂ)

The condition on a1, as is

« « a1
; 1 / 2 1662

a1 +ar =0

We are in the case A =0, A1, Ay # 0 so there is no non-trivial
solution.



Lasso Graph

Let I be the lasso graph with:
» loop of length ¢; parametrized by e; = [x1, x2]
» outgrowth of length ¢, parameterized by e; = [x3, xa]
> vertex vi = {x1,x2, x3} where loop and outgrowth meet
> vertex v» = {xa} at the end of the outgrowth

At the vertices vi, v» we add d-couplings of strength a3 and as
respectively.

a1 Q2
X3 Xa

Figure: Compact lasso graph



Lasso Graph - Dirichlet spectrum

If A is an eigenvalue of L as well as the Dirichlet operator L o
then /Arf1 is a multiple of .

If /Akl1 is an even multiple of 7: then sin(y/Axx) is an
eigenfunction on the loop and we will get that Ay is an eigenvalue
of Aay,a, for all ag, an.
Note: The lowest two eigenvalues A1 = 0 and A are smaller than
(35)?

12 :
If /Af1 is an odd multiple of 7: then we get that Ak is an
eigenvalue of Ay, o, if a2 =0 or a3 = o0



Lasso Graph - Non-Dirichlet spectrum
For the Non-Dirichlet spectrum we can use the M-function:

1—cos(v/ ;) \ cos (V) N
M()\) 2f sin(v/ A1) fsm (V) sin(v/Al2)
v \fcos(\fég)
sin(vAly) sin(v/Aly)
From this we can derive a secular equation

tan(VM2) + 2tan(VAl1 /2) =

Moreover for Ay that is an eigenvalue of L:

1
M= _ﬁcos(ﬁﬁz)sin(ﬁﬁz)
Mo () = —AM

Sin(ﬁeg)



Lasso Graph - Fixing two eigenvalues

Let k» = v/A>. The conditions on a1, as are

1 1
0= 5 + 5 + araz
 cos(kat2) 1

Sin(k2€2) a COS(k2€2) Sin(kz@) @2+ o0

The solution to this system is

B k sin?(kal3)

- Sin(szz) COS( szz) — szz COSz(k2f2) ’
ko sin?(kats)

B /(252 — Sin(kzgg) COS(k2£2) '

Qo —




Lasso Graph - When is order preserved?

We can also ask the question of whether the two eigenvalues are
the lowest two eigenvalues of the operator Ly, ,.
A1 and Xy are the first and second eigenvalues of L,, q, if and only
if cnan < 0.
From the formulas for a1 and as we see
> ar <0
> a1 < 0if and only if kolr <
» a3 > 0 if and only if kxly >

SERNTE

Note: the case kal> = 5 corresponds to a; = 00, ap = _%_ In
this case ¢1 = 2/, and the order is preserved.



From the secular equation tan(v/Ala) + 2tan(v/Al1/2) = 0, we see
that ko always lies in between

il
2,

[

12

T and &~

20y

il
2

[

Figure: y = tan(xf») +2tan(x%) when ¢; > 20, (left) and ¢1 < 205 right

If 205 < #1 then kyts < g and if 20 > {1 then kol > g
Hence there is a unique non-zero choice of a1, ap such that
ATV = A, AT = M iff 200 > 4y



Thank You!



