PSEUDO-HERMITIAN LAPLACE OPERATORS ON
STAR-GRAPHS: REAL SPECTRUM AND SELF-ADJOINTNESS

MARIA ASTUDILLO

ABSTRACT. Pseudo-Hermitian Laplace operators on graphs are constructed
using the method of point perturbations. We study whether all such operators
with purely real spectrum are self-adjoint or not.

1. INTRODUCTION

Recently there has been a great interest in substituting the mathematical con-
dition of Hermicity for Hamiltonians by a weaker and sometimes more relevant
condition of spacetime reflection symmetry (P7 -symmetry), which can be further
extended to a more general mathematical context known as pseudo-Hermicity. As
a result, a wide range of Hamiltonians which a decade ago would have been unfit
for the theories of quantum mechanics can now be considered in a new extended
pseudo-Hermitian quantum mechanics.[3, 4, 6] It has been proven that Hamilto-
nians with the pseudo-Hermicity property either have real or conjugated pairs of
eigenvalues [13]. Therefore, it is important to investigate the relation between the
pseudo-Hermitian Hamiltonians and the reality of their spectra [3, 4, 5, 6, 12, 13, 14].
The present work is a generalization of the studies carried out in [3] on P7T -self-
adjoint point interactions with the support at the origin and at points £, [ > 0
for the second derivative operator in one dimension. In this instance, a particular
pseudo-Hermitian point interaction at the vertex of the star graph for the Laplace
operator will be studied.

The growing interest in non-Hermitian Hamiltonians was motivated when many
researchers found by considering various examples that such Hamiltonians could
still have only real spectra. It was then in 1998 that Bender and Boettcher based
on the results of various numerical studies, established the field of P7-symmetric
quantum mechanics [5, 12]. They showed the existence of a huge class of non-
Hermitian Schrondiger eigenvalues problems whose entirely real and positive spec-
tra was due to an unbroken space-time reflection symmetry [5, 6]. It was later that
Zmnojil, Japaridize, Kretcher, and Szymanowski among others carried out analyti-
cal studies to investigate the mathematical structure and the interpretation of the
PT -symmetric quantum mechanics [10, 11, 12, 17].

However, P7-symmetry is neither a necessary nor a sufficient condition for a Hamil-
tonian to have a real spectrum. Actually, classes of non P7-symmetric Hamiltoni-
ans with real spectra have been constructed [7, 12].

It was Mostafazadeh who first pointed out that because the parity operator P is
Hermitian, it may be used as an intertwining operator [6]. He then showed that the
remarkable spectral properties of the P7 -symmetric Hamiltonians follow from their
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pseudo-Hermicity [14]. He also considered the class of pseudo-Hermitian hamil-
tonians that have a complete biorthonormal eigenbasis and showed that pseudo-
Hermicity is a necessary condition for having a real spectrum [12].

Our aim is to study the generalization of pseudo-Hermicity for the case of the
Laplace operator on the star graph. Natural generalization for the space reflection
P is the rotation operator R which performs cyclic permutation of the edges of the
graph. We are interested in the discrete spectrum of pseudo-Hermitian operators
using R as the intertwining operator. It is proven that the discrete spectrum is
formed by pairs of eigenvalues conjugated to each other.

Conditions for which the spectrum is real are investigated. In the first step we con-
struct a certain family of pseudo-Hermitian operators (described by the boundary
conditions of type (7)). It appears that if the number of edges of the star-graph is
odd, then all operators from the constructed family have non-trivial discrete spec-
trum which is real if and only if they are self-adjoint. If the number of edges is
even, then there exists a rich set of non-self adjoint pseudo-Hermitian operators
having real spectrum.

2. DEFINITIONS

Pseudo-Hermitian. According to the literature the definition of a pseudo-Hermitian
operator is as below:

A linear densely defined operator A acting in a Hilbert space H is pseudo-Hermitian

if there exists a Hermitian invertible linear operator n: H — H such that

(1) A" =nAn!,

where A* is the adjoint operator, and 7 is called the intertwining operator. The
condition of pseudo-Hermicity coincides with the ordinary Hermicity when 7 is the
identity and reduces to P7 symmetry when n = P [6].

It was suggested in [3] to call such operators pseudo-self-adjoint. In the present
article we reserve the name of pseudo-Hermitian to a slightly different family of
operators.

Star graph. The star graph I'y = Tgor = (E,
a finite set E of semi-infinite closed intervals A;
2
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edges, joined together at the unique vertex V := {0}.

Fig.1 Star-like graph.

With I'y we associate the following Hilbert space
N N
(2) Loy(Tn) = @) La(A)) =@ ) Ls[0,00).
j=1 j=1
Every function F € Ly(T'y) can be seen as a vector function with components
fj € La(A;) on the edges j =1,--- ,N:
F={fi}.

Laplace operator. By the Laplace operator in Ly(I") we mean the (minus) second
derivative operator:

N d2
L= -
(3) @; 7

defined on the domain:
(4)
N

N
Dom (L) ={f € @Z W(A;): f is continuous at the vertex V and Z f;(0) = 0}.
j=1 j=1

Circulant matrix. A circulant matriz is a special case of a Toeplitz matrix. The
value of the entry a;; of the N X N circulant matriz depends only on the difference
(j —i)mod N, i.e,

3



ag ai az a3z -+ AN-1

aN—1 ap a a2 -+ AaAN-2
A= aN-2 GN-1 Qo G1 -+ QAN-3
ai a3z az a4 - ag

The family of pseudo-Hermitian Hamiltonias in Ly (T 5) will be constructed as point
perturbations of the standard Laplace operator.

3. R- PSEUDO-HERMICITY OF POINT INTERACTIONS

The method of point-interaction presented in this section is very similar to the
one described in [2], which is based on the extension theory of symmetric operators.
It is well known that to determine an operator in the Hilbert space, its domain
must be specified. To determine the symmetric extensions of a densely defined
operator then reduces to determining its domain of definition, since every symmetric
extension is a restriction of the adjoint operator. As in [3], we start with the Laplace
operator restricted to a certain densely defined operator, and extend the operator, in
this case, to a pseudo-Hermitian operator which has non trivial spectrum structure.
The bounded linear operator which will be used is the rotation R with center at
the vertex of a star graph , which performs a cyclic permutation of the edges,i.e,

fl .f2
f2 . f3
f:n f.‘l

We will then define what appears to us to be a natural generalization for the P7 -
symmetric operator

The Laplace operator with the standard domain described in (4) on the star graph
is both self-adjoint and R pseudo-self-adjoint.We will now study point interactions
at the vertex to get pseudo-Hermitian operators. In general, all point interactions
of L at the vertex can be obtained by restricting L. to the set of functions having
support separated from the vertex [2]. Then a linear operator L would be a point
perturbation at the vertex of the operator L if and only its restriction to C§°(Tn\V)
coincides with the restriction of the operator L:

Llcgery\v) = Llcgery\v) = Lo-
All self-adjoint extensions of the operator L determined by the last equation can
be described by the boundary condition:

(5) Bf(0)+Cf(0)=0

where B, C' are certain N x N matrices satisfying the following two conditions:

1. rank (B,C) =N

2. BC* is Hermitian.[15]

In the current article we are going to study extensions of L described by the bound-

ary conditions of the same form (5), with the matrices B, C satisfyng condition 1,
but the second condition will be substituted by:

RTL=LRT
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where 7 is the antilinear operator of complex conjugation:

(Tf)(x) = f(x)
More precisely:

Definition 3.1. An operator L is a pseudo-Hermitian extension of Lo if and only if
it is a restriction of L§ to the domain of functions satisfying the boundary condition:
Bff+Cf=0

with the matriz (B,C) having rank N and satisfying the condition RTL = LRT.
L§ is the maximal operator L,,qq, Where Ly, q5 is the second derivative operator
in Ly(T'x\V) with the domain Dom (Lyaz) = W3(Ix\V). It can then be proven

that the following boundary conditions define pseudo-Hermitian point interactions
of L on the star-graph:

Definition 3.2. Let A be a certain N X N matriz, we denote by L4 the restriction
of Liaz = —(j—;) defined originally on WZ(T'x\V), to the domain of functions
satisfying the following additional boundary conditions at the verter of the star-
graph:

70 £1(0)
o fsz) , f2§o>
£4(0) Ix(0)

L 4 is a certain point perturbation of the Laplace operator L.

Theorem 3.1. Consider the operator L, defined previously, definition 3.2.
If N is odd then the operator L 4 is pseudo-Hermitian if and only if A is a circulant
matriz with real entries:

ag ay az a3z -+ AN-1
aN—1 Qg a a2 -+ GN-2
A= aN-2 4aN-1 Gp ai -+ AaN-3 ,a; €ER ,j7=0,--- ,N—1.
ay az az aq - ag

If N is even, then the operator L4 is pseudo-Hermitian if and only if A is a
complex block circulant matrixz of the following form:

ao ai az a3 -+ AN-1
aN-—1 a a; Gz -+ AN-2

A= anN—-2 anN—-1 Qo ap an-3 ,ajEC,jZO,---,N—l.
ar as as ag - ag

Proof. Let us recall that any pseudo-Hermitian extension of Ly is a restriction of
L, which in this case is Ly,q,. We can then consider the vector space C2N of
boundary values of functions from the domain of L,,,, and the map A assigning to
any funtion F € W3 (I'x\V) its boundary values:
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Similarly the operator of complex conjugation 7 is mapped by A into the oper-

ator T of complex conjugation in C2".

The closure of the operator Lg is defined on the functions having trivial boundary

values at the vertex and vice-versa any function from the domain of L,,., with

trivial boundary values belong to Dom (Lyg).

Let us study every edge separately and consider f; € A;,; i =1,---, N. It can then

be seen that letting g1, go € W2Z(R™), such that:

91(0) =1, ¢2(0) =0,
91(0) =0, g5(0) =1.
f = £i(0)g1 — f;(0)g2 € Dom (Lo).

Then, defining L4, and Ly on each edge, the dimension of the quotient space
Dom (Lypa.)\Dom (Lg) is 2. As a result, the dimension of Dom (L4, )\Dom (L)
on the star-graph is 2N.
Extending Ly amounts to removing certain boundary conditions, thereby enlarg-
ing the Dom (Lg) and reducing Dom (L,,q.). Functions belonging to the pseudo-
Hermitian extensions of Ly have boundary values from an N dimensional subspace
L of C*V and belong to the domain of the restriction of L,,q,. Every such subspace
can be described by N (linearly independent) boundary conditions using a N x 2N
dimensional rank N matrix Q = {g;;} as follows:

q11f1(0) + q12f1(0) + - - - + q12n) [ (0) = 0,
(7) AFe L& ;
an1f1(0) +gn2f1(0) + -+ gneen) fy(0) =0

The restriction of the maximal operator to a N-dimensional subspace £ posseses
the pseudo-Hermitian property if and only if

XelLeRTIX e L.
Let us start by observing that since the @ appearing in (9) has rank N, at least

one of its N x N minors is non degenerate. Let us suppose that:
g1 913 - qi(2N-1)
. . # 0'

gN1 4gN3 " 4N(2N-1)

The boundary condition can then be written using a N x N matrix

aoo ao1 cee a1(N-1)
aio ail e ag(N-1)
A= . ,
anN—-1(0) aAN-1(1) "°° ON-1)(N-1)



fn(0) fn(0)
Suppose the function F satisfies the boundary conditions. The boundary condi-
tions for the function RTF are given by:

f1(0) AN-1)(N=1) G(N=1)(0) *°* G(N—1)(N=2) f1(0)
f2(0) B Ao(N-1) Qoo i Ao(N—2) f2(0)
In(0) A(n—2)(n—1) G(N=2)(0) -~ G(N—2)(N-2) In(0)

Then we have the following equality:

(8)

AQN-1)(N-1) OQ(N-1)(0) ~°° QN-1)(N—2) aoo ao1 e a1(N-1)
ap(N-1) [ e ap(N-2) a0 ail e Ag(N-1)
AQN-2)(N—1) OQ(N-2)(0) ' QN-2)(N—2) aN-1(0) ON-1(1) *°° GN-1)(N—1)

Consider the entries on the main diagonal to obtain the following set of IV equal-
ities

Q(N-1)(N-1) = @00,
apo = a11,

(9)

A(N—-3)(N—3) = Q(N—2)(N—2),
A(N-2)(N-2) = G(N-1)(N-1)-

When N is odd, the previous set of equalities (10) can be rewritten as
G(N-1)(N—1) = Q00 = @11 = *** = Q(N-3)(N-3) = G(N-2)(N-2) = Q(N—1)(N—1)-

Then, all entries on the diagonal are equal and real and will be denoted by ay,

i.e,
ap = Qo = a11 = - * = Q(N-1)(N-1) € R.
Similarly,
a; = a(N-1)0) = Go1 = a1z = -+ = anv-2)(n-1) € R,
aN-1=agN-1) = Q10 = G21 = - = aN-1)(N-2) ER

This shows that when IV is odd the entries a;; of A depends only on the difference
(j — i) mod N, therefore it is a circulant matrix and a; € R for i =0,--- , N — 1.

If N is even, let us consider again the set of N equalities in (10) to obtain the
following equalities :

apo = a11 = Q22 = *** = Q(N—2)(N—2) = G(N—1)(N—1)-
7



The entries in the odd rows of the main diagonal are all equal. Let us denote them
by ag. Then, ag are the entries of the main diagonal in the even rows, i.e,

ap = Goo = A22 = = Q(N-2)(N-2)»
ap = Q11 = "+ =033 = Q(N—-1)(N—1)-
Similarly,
ap = aog1 = a23 = = G(N-2)(N-1)»
ap =12 = ag4 =+ = G(N-1)0s
AN—1 = @21 = Q43 = "+ = Ag(N—-1)»
aAN-1 =021 =32 = "+ = G(N-1)(N—-2)-

Then each row of the matrix A is the conjugated of the previous row shifted to the
right, i.e,

ag ay az as -+ AN-1
aN-—1 ay a1 Gz .- AN-2
A= anN-2 anN-1 Go a1 -+ AN-3 ,
ar az a3z a4 ag
as claimed. O

The family L 4 describes almost all pseudo-Hermitian extensions of the operator
Ly. However, there exist other extensions which are not considered in the present
article.

4. THE SPECTRUM OF THE PSEUDO-HERMITIAN OPERATOR

We can now look at the discrete spectra of the constructed pseudo-Hermitian
operators on the star graph. A function F is an eigenfunction of L 4 if and only if
it satisfies the differential equation:

(10) —F" = EF,

where E = —r2 and the boundary conditions described in (6).
The differential equation can be easily calculated and it solution belonging to the
domain Ly(T'x\V) on each edge is as follows:

(11) fz =cie " R Rr > 0.
i=1,- N

Let us then find the eigenvalues of the pseudo-Hermitian operator.
Again, we look first at the odd case:
We recall that we have the following boundary conditions:

(0 ag ay az az -+ GN-1 0
jj% Eog aN—1 ap ap a2 -+ AN-2 f; Eog

2. = anN-2 anN-1 Go a1 -+ AN-3

, : S :
I3(0) o a a e @ fx(0)



Substituting the corresponding values of the functions at the edges, we obtain:

a a as as -+ an_
—rey 0 1 2 ag N-1 o
aN-1 ap ar az -+ AN-—2
—Trca C2
= aN-2 aGN-1 Go aip -+ AaN-3 ,
e : : : : . : c
N a  ay a3 ay - ap N
a a as as -+ aN—
0 1 2 Az N-1 , o
aN—1 ag a az -+ AN-2 r o
(12) aN-2 aN-1 Gp a1 -+ AaN-3 + =0.
T CN
ay an az Q4 - Qg
Letting A = —r, then the last equation has non trivial solutions if and only if
det (A—AI)=0.

Remembering that A is a circulant matrix, it is known that for these type of matrices
the determinant and the eigenvalues can be nicely calculated as follows [8]:

n—1
(13) det A = H(a0+a12j+a222j+...+aNilz(N—l)j))
j=0

and the eigenvalues \; are
(14) A =ag+ a2 +agz¥ - tay_12V VI,
]:Oa 7N_17

where z is the N — th root of the unity:

z=eN.

It is easily seen that (ag+a1 +ag+as+---+an—1) is an eigenvalue of the circulant
matrix, by simple column operations

ag — A a1 a2 as - aN-—-1

aN—1 G — A a1 az -+ AN-2

det (A—AI)=| aN-2 aN-1 ap—XA ap -+ an—3

aq as as Qg - ao—)\
ag—A+ai+ax+---+an—1 ay  ax az -+ an—1
anN_1+ayg—A+a+---+an_o ag a, as -+ AN_29
—|ay—2o+tan_1+ag—A+---+an_3 ay-1 a a1 -+ GN-_3
ai+aztaz+---+ag—A az az ag -+ Qg
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1 a1 a2 a3 -+ an-1
1 ag a; az - anN—2
=(ag—A+a1+---+an_1) 1 any-1 a a1 -+ an-3
1 as as aq - ag

Now, following [1] let Q = diag (1, z, 2%,--- , 2V ~1) where

z=enN.
Then
OF = diag (1, 2k 22k ,z(N_l)k).
The matrix Q7% AQF is also a circulant matrix determined by the entries a;27~*

instead of a;, j = 1,--- , N. Now using that det (4 — AI) = det (Q~*(A — AI)QF)
,then the value of det (A — AI) can be calculated as follows:

det(A — X)) = det(Q~*AQF — AI)

ag — A ay 2" ao22k e an_12-DE

an_12"k ag — A az* s an_gz(N T2k

— (J,N,QZ_WC aN,lz_k ag — A <o aN,3z(N_3)k
a 21Nk =Nk g (B-N)k ao — A

apg — A a2k asz®k . ay_zV-DE

an_1z Dk ag — A arzF o an_gz(V2E

an_9zN=F g N=DE g N gy g (VB
a1 2* a 2%k aszkF ... ag — A

Again by simple column operations it can be seen that (ag — A + a1z + a222* +
cotay_12N"DF) s a factor of det (A—AI) for k =1--- N —1, and together with
the factor ag — A+ a; + -+ + ay—_1, these are the N factors in det (A — \I).

N-1
det(A—\I) = (ap — A+ a12? +a9z¥ + - +ay_12N7D7)
7=0
= aof)\+a1+a2+~~~+aN_1)><
N—1
2
H(ao +)\+a1zj 4+ ... +CLN_1Z(N_1)j) X (a0+)\+a12’_j —|—-"+GN_1Z_(N_1)j)
j=1

The following theorem concerning the spectrum of the operator can then be
proven:

Theorem 4.1. When N is odd, consider the pseudo-hermitian operator L4 on
the star-graph Ty defined in 3.2. If the operator has N eigenvalues and these
etgenvalues are real then the operator is self-adjoint.
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Proof. If N is odd, A is a circulant matrix with the characteristic polynomial

N-1
det(A+ M) = H(a0+/\+a12j+a222j+---—|—aN_1z(N_1)j)
7=0
ap+ A+ +an_1)X

n—1
5
H (ap + A+ + an_lz("—l)j) X (ag+A+---+ an_lz—("—l)j)
Jj=1

Let
. . N—1 . N+41 . _ . _ .
ni = ao+a127 +agz¥ 4+ Fanaz z I fanz 2 I 4 tan_olzWV D gy 2N1I
2 2
- j 2j 3 % —2j =
= aotarzd +az +---+an-12?2 tant122 +---+any_slz +an_12"7,
2 2
o s N—1,/n_ N+1/nr - - o
pun—j = ag+azy T 4a02?W0) o panazm VD) pannz 2 V7D 44 ay_gz(N"2W—0)
2 2

+aN_1z(N_1)(N_j)

N—-1 N+1(
2

= avtaz i +az ¥+ tanaz 2 G 4 gnpaz Do tan_02% +ay_ 177
2 2

i Y i . ) )
= aptaz tapz ¥+ danaz? favpnz T+ tan_22 +ay_177,
2 2

j=1,---,N—1.

Therefore, 1; = fin—;.
Let us then consider the following linear combination of p;’s

Pi(z) = po+ 2N "ty 4+ 2N P+ + 22 un—o + 2N -1,

and taking into account that Zg;ol zF =0, we obtain that P;(z) = Na;.
Similarly,

Pn_1(2) = po + zp1 + 22+ + 2V 2un o+ 2N un_1 = Nan_1.
If A € R, then pu; = py—; and
Pl(Z) = PN_l(Z),

which means that a; = an_1.
In the same way linear combinations of u;’s can be found such that P;(z) = Na;
and then use the reality of the eigenvalues to show that

g = aN-2,
a3 = aN-3,

AQN—-1 — AN+1.
2 2

aj =an—j, j =1,---,N — 1. The matrix A must be symmetric. [l
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Let us now look at the even case:
We recall that we have the following boundary conditions

bo by by b3 - bp—:

(0 0
?503 be—1  bo b1 by -0 b2 220;
(15) > — | bk—2 br—1 bo by -+ b3 . 7
x SR :
fN(O) bl bg b3 b4 . bO fN (0)
where k = %7 and
b — a; ag;+1 mod N
v G2;—1 mod N ag; ’
Now letting
v
v
w— 2% :
zkilv

where v is a non-zero 2-vector and z is the k — th root of the unity :
z=eTd, j=0,-- k—1.

The vector w is an eigenvector of A with eigenvalue A if and only if

(16) Aw = \w.

Extending (16) the following set of k equations are obtained:

(bo + b1z + baz? + b323 + - + bp_1 287 )v = Mo,
(b—1 + boz +b12% + bo2® + - + by_22F v = 2w,

(bl =+ bQZ + b3212 + b4Z3 + -4 bozkil)v = Zkil)\'lﬁ
Diving the kth equation by 2*, k =2,..., %, then every equation reduces to the
first one. Let us now rewrite it as an eigenvector equation:
(17) Hv = v,

where the square matrix H is

(18) H:b0+b12+b22’2+b32’3+"'+bk_1zk_1

a a as a aN_2 aN-— _
_( @ e ), (a2 a) [ 0N-2 ON-1 ) k-1
an-1 Qo ar  az aN-3 GN-2
_ a0—|—a2z+~-~+aN_2zk_1 a1 +a32+~-~+aN_1zk_1
an-1+ @iz 4 ban-32" Tt @Gzt taye2 )
Now for each value of z corresponding to different j’s the eigenvectors v of H, give
eigenvectors w of the block circulant matrix A, with that eigenvalue A [16].

The following theorem concerning the spectrum of the pseudo-hermitian operators
can then be proven.
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Theorem 4.2. Let the number of edges of the star-graph I' y be even. Then among
the pseudo-Hermitian operators L 5 there are non self-adjoint operators with N real
etgenvalues.

Proof. Since each eigenvector of H, gives an eigenvector w of A with the same A,

we shall now calculate the eigenvalues of H and as a result the eigenvalues of A:

det (H—M)= (ag+-+an_ozF 1 —N)(@+ - +an_22F"1—))
—(a1 + -+ aN,lzk_l)(EN,l —+ - +6N,32k_1).

Let us use the following notations:

(19)

Ge(Z) = ap +a2z+ +aN—22k717

Go(z) =ar1+asz+---+an_12" %

Then we have:

Ge(1/z) =g+ gz + -+ + an—22""",
and
2Go(1/2) =an_1 + a1z + - +ay_sz" L
The determinant det (H — AI) can then be rewritten as:
det (H — M) = A2 = MN(Ge(2) + Go(1/2)) 4+ (Ge(2)Ge(1/2) — 2Go(2)Go(1/2)).

Then the eigenvalues corresponding to each z are as follows:

Ae(z) = (Ge(z) +G(1/2) £\ (Gelz) - G122 + 4zG0(z)G0(1/z)> /2.

Let us consider z € RT and use that VZ = —ﬁ. Let us also introduce the notation
u = 1/z. We obtain that:

(z) = (Ge(u) + G (10 F\ (Golw) - Col1/u)? + 4uG0(u)G0(1/u)) /2.

If A4 (2) is an eigenvalue of A then Ax = A\+(1/z) is also an eigenvalue of A.
Therefore the complex eigenvalues of A come in conjugated pairs. Now let us study
when the eigenvalues are real. Let us use the following notations:

Uz) = Gel2)+Ge(1/2),
Viz) = Gelz) —Ge(1/2),
W(z) = 2Go(2)Go(1/2).

Then we have:
Ae(z) = (U(z) +/V2(2) + 4W(z)) /2.

To prove the theorem it is enough to present a family of non self-adjoint pseudo-
Hermitian operators with N real eigenvalues.Therefore we must show that it is
posssible to find entries a; of A such that the following conditions are satisfied:

1. U(z) <0,

2. V2(2) +4W(z) > 0,

3. V3z2) +4W(2) < U(2)%

Let us then take the following values for the a;’s:

(20) a2 = Q4 =+ = AN-2,

(21) a1 =4az =--+=GaN-1,
13



(22) %ao = %ag.

In particular:

(23) ag=—-8k+2+1i, k>0,
(24) ar =1+1,
(25) as =2 +1,

let us then see that condition 1 is fullfilled, i.e,
(26) U(z) = (ap + @) + (ag +@2)27 +--- + (any_a +an_2)z* "V e R™.
If (20) holds then:

Ras =+ = Ray_s.
Then:
k—1
U(z) = 2Rap + 28%2(2 2™).
m=1

Let us now substitute values of ag and ay described in (24) and (25) respectively.
If 2 # 1 then:
U(z) = 2(Rag — Raz) = —16k.
Otherwise z = 1 and:
U(z) = 2(Rag + (k — 1)Raz) = —12k.
Then in both cases U(z) < 0.
We must also show that V?(z) + 4W (z) > 0. Let us recall that
V2(z) +4W (2)

= ((a0—a0)+(az—az)z++ - +(an—2—an—2)2""1)’+4(ar+- - +an_12" ) (@n_1+arz+- - +an_3z"")
= 4[(a1+- - ~+aN,1zk_1)(EN,1+chz+- . -—I—EN,gzk_l)—(%ao—i—%an—i—- . -—l—‘\‘yaN,gzk_l)Q].
Substituting (20),(21), and (22) gives:
k—1 k—1 k—1
V2(2) +4W (2) = 4(ar (Y 2™)@i( Y =™) = (Sao( Y =)

m=0 m= m=0

0
Subtituting values of a; and ag described in (23) and (24) respectively we obtain
that: If z # 1:
Vi(2)4+4W(z) =0
otherwise z =1 and:
V2(2) 4+ 4W (2) = 4[(ka1)(kar) — k*(Sao)?] = 4k (Ja1 |* — (Sap)?) = 4k>

Then conditions 2 is satisfied.
We have obtained that if z = 1:

U(2)? = (12k)?
and

V(2)? +4W (2) = 4k*

This means that V2 4+ 4W (z) < U(z)?, which is condition 3.
If z =1 then

U(z)? = (16k)?
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and

V(2)2 +4W(z) =0
Then it is clear that V2 + 4W (z) < U(z)?, and condition 3 is also satisfied in this
case.
Therefore, let the entries a; € C, i = 0,--- ;N — 1, be such that they satisfy
(20)-(25), then A is of the following form:

(~8k+2) +i 1+ 24 2+ 1+
1—i (—8k+2) —i 1—i 1—i 2—
y p 1+ (—8k+2)+i - p ) 1+i
24 1+ 2+ o (8K +2) 4 1+
1—i 2 1—i 1—i —8k+2) —i

and L4 is pseudo-Hermitian with IV real eigenvalues but it is not self-adjoint. [J
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