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The Basel problem — Euler



The Basel problem

(Mangoli, 1650) What is the exact value of 
∞

∑
n=1

1
n2 = 1 + 1

22 + 1
32 + . . .  ?

Euler, 1735: 
∞

∑
n=1

1
n2 = π2

6 .

“So much work has been done on this series, 

I too, despite repeated efforts could only find 

approximate values.” “I have recently found, 

quite unexpectedly, an elegant expression for 

this sum in terms of quadrature of the circle”



The Riemann zeta function 

Re(s) > 1

ζ(2) = π2

6 ,  ζ(4) = π4

90 ,   . . .

We will see: 

• How   enters

• Calculate these values from counting spanning forests

• 

π

ζ(2n + 1), no combinatorics

ζ(s) =
∞

∑
n=1

1
ns = ∏

p
(1 − p−s)−1

No formula for ζ(odd) .

Special values: Euler, 1730sζ(2n) = (2π)2n(−1)n+1B2n

2(2n!)



Special values in volume formulas

VOLUMES OF SPHERES AND SPECIAL VALUES OF
ZETA FUNCTIONS OF Z AND Z/nZ

ANDERS KARLSSON AND MASSIMILIANO PALLICH

Abstract. The volume of the unit sphere in every dimension is given
an interpretation as a product of special values of the zeta function of
Z, akin to volume formulas of Minkowski and Siegel in the theory of
arithmetic groups. A product formula is found for this zeta function
that specializes to Catalan numbers. Moreover, certain closed-form ex-
pressions for various other zeta values are deduced, in particular leading
to an alternative perspective on Euler’s values for the Riemann zeta
function.

1. Introduction

The determination of circumference, area, and volume of spheres is one
of the oldest topics in geometry. A more sophisticated volume formula, due
to Minkowski, is the following:

vol(SLn(R)/SLn(Z)) = ⇣(2)⇣(3)...⇣(n),

where ⇣(s) is the Riemann zeta function, and with a suitable coherent choice
of normalization of the Haar measure. This is not an incidental fact, instead
it is part of a more general phenomenon discovered and developed by Siegel,
Weil, Langlands, Harder, and others. It takes the form

vol(G/�) = c
[K:Q]

lY

i=1

⇣K(�mi),

and without going into details about this formula and when it holds (see
[H71, P01] for more information), let us just highlight one further example:

vol(Spn(R)/Spn(Z)) = ⇣(2)⇣(4)...⇣(2n).

The passage from negative integers to positive ones is done by means of the
fundamental functional equation. In the present paper we will in particular
provide a zeta value interpretation of the (n � 1)-dimensional volume of
spheres, which are the homogeneous spaces S

n�1 ⇠= SO(n)/SO(n� 1).

2020 Mathematics Subject Classification. Primary 11M41, 28A75; Secondary 05A15.
Key words and phrases. volume, zeta functions, special values, Catalan numbers.
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Siegel, Weil, Langlands, Harder …

… …



Spectral zeta functions



Spectral zeta functions
Carleman 1934; Minakshisundaraman-Pleijel 1949

Given a compact Riemannian manifold X with its Laplacian Δ,  let

 Example: X = ℝ/ℤ,  with Δ = − ∂2

∂x2

ζℝ/ℤ(s) = 2
(2π)2s ζ(2s) . sin(2⇡nx) and cos(2⇡nx), n � 0

are the eigenfunctions of �@2/@x2.
<latexit sha1_base64="ZTAp3NKk7MFGyneNTky8QTocXbI="></latexit><latexit sha1_base64="ZTAp3NKk7MFGyneNTky8QTocXbI="></latexit><latexit sha1_base64="ZTAp3NKk7MFGyneNTky8QTocXbI="></latexit><latexit sha1_base64="ZTAp3NKk7MFGyneNTky8QTocXbI="></latexit>

ζX(s) = ∑
λ≠0

1
λs

λ = (2πn)2
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ζX(s) = ∑
λ≠0

1
λs

det'ΔX := exp(−ζ′ X(0)) = "λ1λ2λ3 . . . "

λ = (2πn)2



Graph Laplacian
Let X = (VX, EX) be a countable graph with bounded vertex degree .
Its Laplacian on L2(VX) is

Δf(x) = d*df(x) = ∑
y:[x,y]∈EX

f(x) − f(y) .

The Matrix-Tree theorem 

Write  det(Δ + x) = pnxn + pn−1xn−1 + . . . + p1x + p0,
then  equals the number of rooted spanning forests of  components.  pn n
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Spectral zeta function of discrete circles
For ℤ/nℤ the Laplacian is:

ζℤ/nℤ(s) =
n−1

∑
k=1

1
(4 sin2(πk/n))s

Special values appear in many contexts, for example Verlinde formulas:

dimℂ H0(+g,2,0, ℒn) = (n + 2)g−12g−1ζℤ/(n+2)ℤ(g − 1)

0

1

2

n − 1

Δf(x) = 2f(x) − f(x − 1) − f(x + 1)



The case of ζℤ(s)



Graph Laplacian on ℤ
… …

ℤ
Δf(x) = 2f(x) − f(x − 1) − f(x + 1)

ζℤ(s) = 1
Γ(s) ∫

∞

0
e−2tI0(2t)ts dt

t
= 1

22sπ1/2
Γ(1/2 − s)
Γ(1 − s) = (−2s

−s ) =
∞

∏
k=1

(k − s)2

k(k − 2s) .

Friedli-K. 2017
Dubout, 2019 K.-Pallich, 2023

ξℤ(1 − s) = ξℤ(s)  for all s .

Appears in Eisenstein series, Selberg zeta function, Gindikin-Karpelevich,…

and special values s=-n in Chebyshev.



The volume of spheres

ζℤ(s) = 1
Γ(s) ∫

∞

0
e−2tI0(2t)ts dt

t
= 1

22sπ1/2
Γ(1/2 − s)
Γ(1 − s) = (−2s

−s ) =
∞

∏
k=1

(k − s)2

k(k − 2s) .

K.-Pallich, 2023:

Vol(Sn) = 2ζ̃ℤ(0)ζ̃ℤ(−1) . . . ζ̃ℤ(−n + 1)

2, 2π, 4π, 2π2, 8
3 π2, . . .

1

ζ̃ℤ(s) := π2sζℤ(s/2)



Asymptotics:  
           discrete -> continuous



Asymptotics of spectral zeta functions
Chinta-Jorgenson-K. 2010; Friedli-K. 2017

Theorem (Friedli-K. 2017)

det(�+ x) = pnx
n + pn�1x

n�1 + ...p1x+ p0

where pn is the number of rooted spanning forests of n components.
.

�f(x) =
X

y neighbor to x

f(x)� f(y)

n ! 1

1

Physics. In the special case of the . Previously known: d=2, 

and lead term all d  (Kasteleyn, Barber, David-Duplantier, Sokal-Starinets…)

det(Δ) J. Phys. A: Math. Theor. 58 (2025) 035203 G Chinta et al

Figure 2. Spectral asymptotics of a discretized torus as the mesh goes to zero.

In the above theorem, ∆Zd/AnZd is the Laplacian on the discrete torus; ∆Zd is the Laplacian on
the latticeZd and∆Rd/AZd is the Laplacian on the (continuous) torusRd/AZd. The determinant
of the Laplacian on the discrete torus is a finite determinant, in the sense of linear algebra.
However, the determinant of the Laplacian on the continuous torus is obtained through zeta
regularization, which adds an entirely new level of complexity to the matter.

Let us briefly explain how the discrete Gaussian comes into play in this setting. Following
the usual formalism, logdet∆Zd/AnZd is related to the Mellin transform of the trace of the heat
kernel. The trace of the heat kernel is the theta function, which in our discrete setting involves

a sum of products of discrete Gaussians
d∏

j=1
e−2tInjkj(2t). A careful analysis of the asymptotics

of the discrete Gaussian is the key ingredient in the proof of theorem 7.
Theorem 7 is of interest in combinatorics, statistical physics and quantum field theory

(QFT). Several recent papers in mathematical physics, notably [HK20, IK22, Gr23], have
extended theorem 7. A problem is raised in [RV15] in connection with their approach to a
combinatorial QFT which theorem 7 addresses just a part, aside from the 2D case that was
already known as just mentioned.

We point out that in higher dimensions d> 2 the lead terms in the asymptotics of theorem 7
were established in [SW00, SS01, Ly05]; see also their bibliographies for further references.
In particular, the formula of Sokal-Starinets involves the I-Bessel function in the same way
as in [CJK10], but Sokal-Starinets have another way of interpreting the appearance of the I-
Bessel, presumably not as a discrete Gaussian. Detailed asymptotics for more general lattice
domains in 2D are obtained in the work of Kenyon, see [Ke00].

For other contexts in physics where recent similar considerations of discrete heat kernels
appear, see [KS18, KS23].

7. Spectral zeta functions

7.1. Spectral zeta function of Z

The zeta function regularization method in physics started in the 1970 s with papers by
Dowker-Critchley and by Hawking. For a survey of applications to mathematical physics of
this procedure, see [V03, El12, DEK12]. The zeta function in question is defined by a integral
transform, specifically the Mellin transform, of the heat kernel. The case of the circle essen-
tially gives rise to the Riemann zeta function. It is much less standard is to take the Mellin
integral transform of e−2tIn(2t), such as

ζZ (s) =
1

Γ(s)

ˆ ∞

0
e−2tI0 (2t) ts

dt
t
,

15

Let A = diag(a1, . . . , ad) and An := nA .  Then:



Asymptotics in dimension 1

Also for Dirichlet L-functions (Friedli 2016, K.-Müller 2025)

Theorem (Friedli-K, Friedli , K-Müller)

GRH holds iff  lim
n→∞

ξn(s, χ)
ξn(1 − s, χ) = 1.

Theorem (K-Müller)

If Ln(−m, χ) ≥ 0, then the corresponding Dirichlet L-function has no real zero.

Let χ be a real, even, non-principal Dirichlet character.

2−s
n−1

∑
k=1

1
sins(πk/n) = ζℤ(s/2)n + 2(2π)−sζ(s)ns+ s

12 (2π)2−sζ(s − 2)ns−2 + o(ns−2) n → ∞ .

ℤ/nℤ



New recursive identities



Identities among special values
K.-Müller, 2025 (Zagier 1996, Xie-Zhao-Zhao 2024)

1.2 Special values.

The fact that limits of certain trigonometric sums provide a method to evaluate Euler’s special
values for ’(s) has been observed in several places, for example by Apostol [Ap73] or Witten
[Wi91, p. 177-178]. A remarkable discovery of Xie-Zhao-Zhao [XZZ24] is that there is in fact no
need to take a limit. The finite cyclic graph approximates the circle, like in Archimedes, but in
contrast, for special values there is no need for any limits. In a precise sense, already the graph
on one vertex and one loop knows fi2/6 (from equation (1) above with m = 1 and ’(0) = ≠1/2).

Our method is to combine a refined Euler–Maclaurin–Sidi asymptotics with the structural
polynomiality of the spectral zeta functions. This gives that, an asymptotic expansion that
terminates because of trivial zeros, must in fact coincide with the exact finite n identity. Curiously,
this allows one to derive nontrivial closed formulas already at n = 1 from an argument initially
designed for n æ Œ.

This asymptotic-to-exact mechanism seems applicable in other settings, and we think that
the method will yield further applications.

We prove the following theorem, and refer to [JKS24] for previous results and pointers to
the extensive literature about such sums. First, let s ‘æ ak(s) be the polynomial functions of
degree k, given by the Taylor expansion

3
z/2

sin(z/2)

42s

=
ÿ

kØ0
ak(s)z2k.

The first coe�cients are a0(s) = 1, a1(s) = s/12, and a2(s) = (5s2 + s)/1440.
Theorem 1.2. For any 0 < ◊ < 1 and integers n, m Ø 1, the following holds:

n≠1ÿ

j=0
sin≠2m

3
fi(j + ◊)

n

4
= 22m

mÿ

k=0
am≠k(m)’R/Z(k, ◊)n2k, (2)

and

n≠1ÿ

j=0
cot

3
fi(j + ◊)

n

4 5
sin

3
fi(j + ◊)

n

46≠2m

= ≠
22m

2fim

mÿ

k=0
am≠k(m) ˆ◊’R/Z(k, ◊)n2k+1. (3)

The ’R/Z(s, ◊) is the spectral zeta function associated to a certain bundle over the circle
depending on ◊. As such, it is a version of the Hurwitz zeta function, and the corresponding
special values at integers involve Bernoulli polynomials and polygamma functions, see section 2.1
below. In particular, applying the theorem with n = 1 recovers part of a well-known reflection
relation for the polygamma functions. The previous theorem can be extended to any integers
m œ Z. This is described in section 6. In particular, for ≠m Æ 0,

’Z/nZ(≠m, ◊) = n’Z(≠m), (4)

for all 0 < ◊ < 1, and all n > m. See the end of this introduction for the definition of ’Z(≠m)
(with no dependence on ◊). Here is the case of the Riemann zeta function:
Corollary 1.3. For any integers n, m Ø 1, the following holds:

’Z/nZ(m) =
mÿ

k=0
am≠k(m)’R/Z(k)n2k.

Explicitly, the case n = 1 is the formula (1) above, and in general for n Ø 1,

(≠1)m+1

4

2mÿ

a=0
n≠a

A
2m + 1
a + 1

B
a+1ÿ

j=0
(≠1)j

A
a + 1

j

B
a + 1 ≠ 2j

a + 1

A
m + jn + (a ≠ 1)/2

2m + a

B

=
mq

k=0
am≠k(m) ’(2k)

(2fi)2k
n2k.

3

A discrete approach to Dirichlet L-functions, their special values
and zeros

Anders Karlsson and Dylan Müller

January 19, 2026

Abstract
We obtain new infinite families of identities among special values of Dirichlet L-functions

using finite spectral sums. More precisely, we study Dirichlet L-functions via discrete
analogues Ln arising from the spectral theory of cyclic graphs as n æ Œ. Applying a
refined Euler-Maclaurin asymptotic expansion due to Sidi, together with an independent
polynomiality property of these finite spectral sums at integers, we obtain exact special-value
formulas, even starting at n = 1. This yields new expressions for certain trigonometric sums
of interest in physics, and recovers, by a di�erent method, the striking formulas of Xie, Zhao,
and Zhao.

Concerning zeros, using the same asymptotic expansion, we prove that for odd primitive
characters, an asymptotic functional equation relating Ln(1 ≠ s, ‰) to Ln(s, ‰) is equivalent
to the Generalized Riemann Hypothesis for the corresponding Dirichlet L-function L(s, ‰).
We also provide some remarks about the non-existence of possible real zeros.

1 Introduction

Dirichlet L-functions, defined by the meromorphic continuation of

L(s, ‰) =
ÿ

nØ1

‰(n)
ns

,

play a central role in analytic number theory, through their Euler product, special values,
functional equation, and zeros. In this paper we use a spectral viewpoint and asymptotics
that simultaneously lead to infinite families of new recursive identities among special values
(Corollaries 1.3 and 1.4), exact formulas for certain trigonometric sums (Theorem 1.2), and a
reformulation of the Generalized Riemann Hypothesis in terms of a certain asymptotic functional
equation (Theorem 1.6).

For example, generalizing the formulas of Xie-Zhao-Zhao [XZZ24, Theorem A], we show that
for any even Dirichlet character ‰ mod q and any integers m, n > 0,

mq
k=0

am≠k(m) L(2k, ‰)
(2fi/qn)2k

= 2≠2m≠1
qn≠1ÿ

j=1
‰(j) sin≠2m(fij

qn),

where ak(s) are universal, explicit polynomials of degree k with rational coe�cients. In the case
of the Riemann zeta function ’(s), the simplest identity of this type is

mq
k=0

am≠k(m) ’(2k)
(2fi)2k

= 0. (1)

See Corollary 1.3 for an infinite family of such relations. A version of this corollary already
appeared in a paper by Zagier on Verlinde formulas [Za96, Theorem 1.iii], and other types of
recursive relations can be found in the works of Euler, Ramanujan and others [SD86, Me17].

1

The case n=1

for even and non-principal ‰ of modulus q > 1, that is ‰(≠1) = 1. The denominators consist
of the non-zero Laplace eigenvalues of the graph of Z/qnZ. Note that for odd characters, the
above function vanishes identically. Therefore, following Xie-Zhao-Zhao in [XZZ24], we instead
define the discrete L-function Ln for odd characters of modulus q > 1 to be

Ln(s, ‰) =
qn≠1ÿ

j=1
‰(j)

cot
1

fij
qn

2

Ë
4 sin2

1
fij
qn

2Ès .

1.1 Asymptotics.

Similarly to [FK17] in the case of the Riemann zeta function, see Theorem 3.1 below, and by
Friedli [F16] for even characters, see Theorem 3.2 below, we use a modified Euler-Maclaurin
formula that allows for endpoint singularities, developed by Sidi in [Sid04] and [Sid12] in the
context of numerical analysis. We get:

Theorem 1.1 (Asymptotics for odd characters). Let ‰ be an odd Dirichlet character of modulus

q > 1. Then, for any fixed s œ C and any integer l Ø 0, the following asymptotic expansion

holds as n æ Œ:

Ln(s, ‰) = 2
lÿ

k=0
bk(s)L(1 + 2(s ≠ k), ‰)

3
qn

2fi

41+2(s≠k)
+ O(n1+2(s≠(l+1))),

where the functions bk(s) are polynomials of degree k, given by the Laurent expansion

3
z/2

sin(z/2)

42s

cot(z/2) =
ÿ

kØ0
bk(s)z2k≠1.

The first coe�cients are b0(s) = 2, b1(s) = (s ≠ 1)/6 and b2(s) = (5s2
≠ 9s ≠ 2)/720.

1.2 Special values.

The fact that limits of certain trigonometric sums provide a method to evaluate Euler’s special
values for ’(s) has been observed in several places, for example by Apostol [Ap73] or Witten
[Wi91, p. 177-178]. A remarkable discovery of Xie-Zhao-Zhao [XZZ24] is that there is in fact no
need to take a limit. The finite cyclic graph approximates the circle, like in Archimedes, but in
contrast, for special values there is no need for any limits. In a precise sense, already the graph
on one vertex and one loop knows fi2/6 (from equation (1) above with m = 1 and ’(0) = ≠1/2).

Our method is to combine a refined Euler–Maclaurin–Sidi asymptotics with the structural
polynomiality of the spectral zeta functions. This gives that, an asymptotic expansion that
terminates because of trivial zeros, must in fact coincide with the exact finite n identity. Curiously,
this allows one to derive nontrivial closed formulas already at n = 1 from an argument initially
designed for n æ Œ.

This asymptotic-to-exact method seems applicable in other settings, and we think it will
yield further applications.

We prove the following theorem, and refer to [JKS24] for previous results and pointers to
the extensive literature about such sums. First, let s ‘æ ak(s) be the polynomial functions of
degree k, given by the Taylor expansion

3
z/2

sin(z/2)

42s

=
ÿ

kØ0
ak(s)z2k.

The first coe�cients are a0(s) = 1, a1(s) = s/12, and a2(s) = (5s2 + s)/1440.
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And analogous 

for Dirichlet 

L-functions



Combinatorics to Euler



Spanning forests to Euler

Special case :m = 1 ζℤ/nℤ(1) =
1

∑
k=0

a1−k(1)ζℝ/ℤ(1)n2k

n=2



Spanning forests to Euler

• •

• • • • • • • •

• •

Figure 1: The graph Z/2Z has 4 rooted spanning trees and 1 rooted spanning 2-forest. Hence,
’(2) =

1
1
4 ≠

2
12

1
≠

1
2

22
(2fi)2

2·22 = fi2
6 .

This asymptotic-to-exact mechanism leads to generalizations of the formulas of Xie-Zhao-
Zhao [XZZ24, Theorem A], in particular, for any even Dirichlet character ‰ mod q and any
integers m, n > 0,

mq
k=0

am≠k(m) L(2k, ‰)
(2fi/qn)2k

= 2≠2m≠1
qn≠1ÿ

j=1
‰(j) sin≠2m(fij

qn),

where ak(s) are universal, explicit polynomials of degree k with rational coe�cients. In the case
of the Riemann zeta function ’(s), the simplest identity of this type is

mq
k=0

am≠k(m) ’(2k)
(2fi)2k

= 0. (1)

See Corollary 1.3 for an infinite family of such relations. A version of this corollary already
appeared in a paper by Zagier on Verlinde formulas [Za96, Theorem 1.iii], and other types of
recursive relations can be found in the works of Euler, Ramanujan and others [SD86, Me17].

Our method is to view ’(s) and L(s, ‰) as spectral objects arising from the usual Laplacian,
and to approximate them by quantities defined in a completely parallel way from the combinatorial
Laplacian. This continues the approach set forth in [CJK10, FK17, F16, MV23, XZZ24].

An infinite sum, as the Dirichlet series displayed above, is by definition the limit of the
partial sums. Here we take instead limits of finite sums with a much richer structure: they are
defined entirely analogously as Mellin transforms of heat kernels, like in Riemann’s memoir or as
emphasized by Jorgenson-Lang [JL11]. Thanks to this structure, these sums have independent
interests in various physics and mathematics contexts, see [K20, JKS24] for references. For
example, the special value ≠’ Õ

X(0) is the logarithm of the number of rooted spanning trees,
which is an invariant with relevance from electrical circuit theory to the study of water systems
[BR18].

The spectral zeta function of a graph or a space X is the Mellin transform of the trace of the
heat kernel associated to a Laplacian on X:

’X(s) := 1
�(s)

⁄ Œ

0
Trú(KX(t))ts dt

t
,

where Trú is the usual trace but discarding the 0 eigenvalue of the Laplace operator when it is
in the point spectrum, and where � is the gamma function. For infinite transitive graphs one
can use KX(t, x, x) instead of a trace.

Friedli [F16] studied the following discrete analogue of Dirichlet L-functions:

Ln(s, ‰) =
qn≠1ÿ

j=1

‰(j)Ë
4 sin2(fij

qn)
Ès ,

2

Special case :m = 1 ζℤ/nℤ(1) =
1

∑
k=0

a1−k(1)ζℝ/ℤ(1)n2k

1

4

n=2

ℤ/2ℤ



Spanning forests to Euler

• •

• • • • • • • •

• •

Figure 1: The graph Z/2Z has 4 rooted spanning trees and 1 rooted spanning 2-forest. Hence,
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This asymptotic-to-exact mechanism leads to generalizations of the formulas of Xie-Zhao-
Zhao [XZZ24, Theorem A], in particular, for any even Dirichlet character ‰ mod q and any
integers m, n > 0,

mq
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am≠k(m) L(2k, ‰)
(2fi/qn)2k

= 2≠2m≠1
qn≠1ÿ

j=1
‰(j) sin≠2m(fij

qn),

where ak(s) are universal, explicit polynomials of degree k with rational coe�cients. In the case
of the Riemann zeta function ’(s), the simplest identity of this type is

mq
k=0

am≠k(m) ’(2k)
(2fi)2k

= 0. (1)

See Corollary 1.3 for an infinite family of such relations. A version of this corollary already
appeared in a paper by Zagier on Verlinde formulas [Za96, Theorem 1.iii], and other types of
recursive relations can be found in the works of Euler, Ramanujan and others [SD86, Me17].

Our method is to view ’(s) and L(s, ‰) as spectral objects arising from the usual Laplacian,
and to approximate them by quantities defined in a completely parallel way from the combinatorial
Laplacian. This continues the approach set forth in [CJK10, FK17, F16, MV23, XZZ24].

An infinite sum, as the Dirichlet series displayed above, is by definition the limit of the
partial sums. Here we take instead limits of finite sums with a much richer structure: they are
defined entirely analogously as Mellin transforms of heat kernels, like in Riemann’s memoir or as
emphasized by Jorgenson-Lang [JL11]. Thanks to this structure, these sums have independent
interests in various physics and mathematics contexts, see [K20, JKS24] for references. For
example, the special value ≠’ Õ

X(0) is the logarithm of the number of rooted spanning trees,
which is an invariant with relevance from electrical circuit theory to the study of water systems
[BR18].

The spectral zeta function of a graph or a space X is the Mellin transform of the trace of the
heat kernel associated to a Laplacian on X:

’X(s) := 1
�(s)

⁄ Œ

0
Trú(KX(t))ts dt

t
,

where Trú is the usual trace but discarding the 0 eigenvalue of the Laplace operator when it is
in the point spectrum, and where � is the gamma function. For infinite transitive graphs one
can use KX(t, x, x) instead of a trace.

Friedli [F16] studied the following discrete analogue of Dirichlet L-functions:
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Scheme for these special values

1. Pass to the circle and spectral zeta

2. Define analogue for discrete circle

3. Study asymptotics 

4. For integral , -> symmetric power-sums

5. Relate to elementary symmetric polynomials — Kirchhoff 

6. Polynomiality in 

7. Conclude: Exact, finite-terms relations. Combinatorics -> Euler

n → ∞
s

n



Summary



Summary

- Spectral zeta functions for graphs; special values in many contexts 

- Asymptotics link discrete spectral zetas to classical ones (physics; analytic number theory) 

- Everything also for Dirichlet L-functions

- Infinite families of recursive identities between special values of Dirichlet L-functions

Thank you!

- This gives a (hidden) combinatorial structure to the special values 





4 Anders Karlsson

Recall that the Bernoulli numbers Bk are defined via

x

ex � 1
=
1X

k=0

Bk
xk

k!
= 1� 1

2
x +

1X

k=1

B2k
x2k

(2k)!
.

See [11, Ch. 15] for more information on Bernoulli numbers, and in this refer-
ence it is also remarked that the theorem above ”constitutes one of [Euler’s]
most remarkable calculations” which in Euler’s case does not mean little....
Since B2 = 1/6, B4 = �1/30, and B6 = 1/42, we get for example that
⇣(2) = ⇡2/6, ⇣(4) = ⇡4/90 and ⇣(6) = ⇡6/945.

Let f be a measurable function which |f(t)| = O(ebt) for some b as t!1.
The Gauss transform of f(t) following Jorgenson-Lang, see e.g [16, p. 301] or
[13, p. 1], is

Gf(s) = 2s

Z 1

0
f(t)e�s2tdt

and is an analytic function in s for Re(s2) > b. From [6, p. 25] one has that
the Laplace transform of

1p
⇡t

e�a2/4t, for a � 0, is
1p
�

e�a
p

�.

Now if we take the Gauss transform of the left hand side LHS of (3), we
get for s > 0, by repeatedly interchanging the order of sums and integrals
(justified by absolute and uniform convergence of the series and integrals in
question) that

G(LHS)(s) = 2s
1X

n=�1

Z 1

0

1p
4⇡t

e�⇡2n2/te�s2tdt =
2s

2

1X

n=�1

1
s
e�2⇡|n|s

=
1X

n=�1
e�2⇡|n|s = 1 + 2

e�2⇡s

1� e�2⇡s
=

1 + e�2⇡s

1� e�2⇡s
.

The right hand side RHS becomes

G(RHS)(s) =
2s

2⇡

1X

n=�1

Z 1

0
e�tn2

e�s2tdt =
2s

2⇡

1X

n=�1

"
e�(n2+s2)t

�(n2 + s2)

#1

0

=
1
2⇡

1X

n=�1

2s

s2 + n2
.

Therefore we have that the Gauss transform of the theta identity on R gives:

Proposition 1. For real s 6= 0 it holds that

1 + e�2⇡s

1� e�2⇡s
=

1
2⇡

1X

n=�1

2s

s2 + n2
.

where KX is the heat kernel, i.e. (Δx+ ∂
∂t )KX(t, x0, x) = 0 with KX(0,x0, x) = δx0

(x) .

ζX(s) = ∑
λ≠0

1
λs = ∫ λ−sdμ(λ) = 1

Γ(s) ∫
∞

0
Tr*(KX)(t)ts dt

t

Kℤ(t,0,x) = e−2tIx(2t)
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New identities among special values

n=1 due to Xie-Zhao-Zhao, 2024

Theorem (K.-Müller, 2025)

Let χ be an even Drichlet character mod q .  Then for any n ≥ 1, m ≥ 0,

Ln(m, χ) = 2
m

∑
k=0

am−k(m)L(2k, χ)( qn
2π )

2k

,

where ( z/2
sin(z/2) )

2s

= ∑
k≥0

ak(s)z2k .

L...(s, χ) = ∑
k≥0

χ(k)
λs .


	Bookmarks

