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Abstract

This is a short note about the martingale method of moment estimation
of Ry for the general epidemic model from final size data. A equation is
derived in [Becker, 1989], but the “unlikely” case of all susceptible becoming
infectious is not treated in much detail. In this case, a correction term has to
be used due to infectivity wasted as nobody is susceptible anymore. But
how this correction should be computed is somewhat unspecified. This note
covers the missing derivations and obtains a similar expression as in [De Jong
and Kinman, 1994], who do not show any derivations either.

1 Introduction

The martingale method of moment is a method to estinf&teof an epidemic,
when only final size data is available. It is documented in [Becker, 1989], which
although does not deal too much with the “unlikely” case that all susceptible turn
infectious during the epidemic. Unfortunately this is often the case in disease trans-
mission experiments performed in a veterinarian context. The standard reference
for Ry estimation in disease transmission experiments is [De Jong and Kinman,
1994], who apply a correction based on the fraction of infectivity lost. How this
scheme can be derived from the underlying martingales is although unclear.

In the following the derivations necessary to obtain their result are shown by
following the approach of [Becker, 1989]. Notation is a mix of [Andersson and
Britton, 2000; Becker, 1989] and the article written by Hohle et. al.

2 The model

Consider a community of initiallys(0) = n susceptible and(0) = m infectives
and letN (t) be the number of individuals who have become infected dufing.
SetN(0) = 0 and introduceR(t) to denote the number of removed in a classical
SIR notion. LetH (t) be the history of the processV, I, R) up to timet. The



progress of the epidemic is described as follows.

PAN(t) =1, dR(t) = 0| H(t)) = BI(t)S(t)ds
PAN(t) =0, dR(t) = 1| H(t)) = ~I(t)dt
PAN(t) =0, dR(t) = 0| H(t)) = 1— BI(t)S(t)dt —I(t)dt

For the above SIR epidemic the basic reproduction ratio, also known as the
threshold parameter dgy, is given as3/~.

3 Inference aboutR,

Assume that the only information available $§0), 7(0), S(Tx), and I(T),
whereTy is the time where the epidemic has ceased. The aim of this section
is to estimateR, from this data.

To do this letM; and M, be the two processes

Mi(t) = N(t) — /0 B1(2)S(x) dx
Ma(t) = R(t) — /0 () dx,

which can be shown to be zero mean martingales with respdéi{tp Because
S(t) and I(t) are often not observable throughout the epidemic, it is necessary
to construct martingales only involving observable quantities before a method of
moment estimation can be appliéd.

Let

B(z) = ggj ,whereJ(z) = I(S(z) > 0),

and defineB(z) = 0 whenJ(z—) = 0.
Now define the proces¥/; (¢) obtained by integrating the predictable function
B(x) wrt. M;.

Mf(t):/ot 2)dM, (z /B )N (z B/

is a zero mean procedsNow, construct a martingale, such thag becomes part
of the equation. Observations in [Becker, 1989, p.149] lead'te- M| — RyM>

Yn general, method of moments estimation is claimed to be worse than MLE due to bias etc.
But we construct a score process, such that it evaluated at the true parameter values it becomes a
zero mean martingale. [Andersson and Britton, 2000, p.89]. This also gives the connection to the
likelihood, because similar results f@ror v can be derived using MLE.

%Integrating a predictable function wrt. a zero mean martingales yields zero mean martingale.
Can be derived in some way from Theorem 11.3.1 in [Anderseml, 1993]. Stated by Becker
[1989, p.147]



as crafty proposal of a suitable zero mean martingale? i.e.

M(t) = /0 B(z)dN(x) — RoR(t) + ﬂ/o I(x)(1— J(z))dx. 1)

It can be shown that the first term is completely determined'fdy-). If a suit-
able timet can be found, where the number of removed is known, the first two
terms in (1) would therefore be deducible by exploiting knowledge aS¢ui. |
will assume that the final size of the epidemic is observable at the end of the out-
break. The only nuisance left is thus the third termdirit), which is dealt with by
introducing a suitable stopping time.

Let Ty be the earliest time, where there are either no more susceptible left or
the number of infectious has dropped to zero.

Ty = inf{t > 0] (S(t) = 0) V (I(0) + N(t) — R(t) = 0) }

Note that ifS(7Tx) > 0 thenfOTN I(x)(1—J(z))dx = 0. By equating Equation 1
to its mean zerband solve with respect tB, one obtains

. IB@dN@) 1 2
M= hmy TR 2 @

The problem is ifS(T) = 0. Here Becker [1989, p.150] writes abdli{; not
being identifiable, which I think is wrong. In my opinion, the problem is a mathe-
matical one, becaudégz)(1—.J(x)) is not zero anymore, thus making it impossible
to solve forRy in (1). LetT be the occurrence time of the last recovery,

Tk = inf{t > 0] 1(0) + N(t) — R(t) = 0 }.

Note, if S(Tx) = 0 thenTr > T, otherwiseTx = Tr. The assumptions about
observability were such, that it was only’Bt and beyond that we could observe
R(t).

The intuition is now that aftef(¢) = 0, all excreted infectivity is wasted. It
is therefore necessary to correct for this, which Becker [1989] does by simply re-
placing R(Tn) with R(Tr) — Z in Equation 2. The quantity is being set to
“the size of the last generation of cases, a quantity which one possibly can deter-
mine”. If S(T) > 0thenZ = 0. Looking at it strictly mathematicallyy could
be the correction in the equatid®(7Tr) = R(Twn) + Z. That makes sense, but
why all the trouble if, as in [De Jong and Kinman, 1994], it is possible to observe
R(Ty), and hence (2) can be used immediatelitpoese and De Jong [2001] are

3Linear combination of martingales is still a martingale.

“This is why the method is called method of moments

*Well, there is one problemR(Tx) = 0 in the experiment. The Figure showirigt) in [De
Jong and Kinman, 1994] giveKt) as a function of time. With an assumption that recoveries and
infection do not occur on the same day and a (questionable) assumption that the sampling frequency
of one day exactly sufficiently covers the continuous time event occurrences, it is possible to deduce
S(t) from the graph. This is all we need to estimétandfy separately to get a better estimatefon

3



a bit more explicit by saying that “a choice has to be madeZpwhich will be
debatable, as the moment an animal is infected or stops being infective cannot be
determined exactly”. They quote Becker for recommending a maximum likelihood
approach if all turn infectious. This boils down to exploiting the final size equa-
tion, e.g. [Andersson and Britton, 2000, Theorem 2.2], to derive the probability of
obtaining a specific final size as function 8f. A maximum likelihood estimate
can be obtained by numerically optimizing f&% in this expression, which will
although only work numerically for relatively small populations. For more details
see [Andersson and Britton, 2000; Kroese and De Jong, 2001].

To treat theS(7) = 0 case formally, let

_Jo (@) dx

fOTR I(z)dx

be the amount of infectivity excreted while there still are susceptibles. In analogue
with (1) a zero mean martingale is constructed with the aim to cancel out the nui-
sance introduced by the 3rd term in (1) orfée¢) = 0. Let M’ = M{ — cO Mo,
then

Tr

Tr
M(Tr)=0< ; B(xz)dN(x) — c0R(Tr) + 5/0 I(z)(c—J(z))dx=0

Observe that

/OTR I(2)(c — J(z)) dx = C/OTR I(z) dx — /OTR I(2)J(z) = 0,

due to the choice of. As a result hereof,

. JB@dN@) 1 )
Bo= Rty emTy) 2

L 3)

]

=S(TN)+1

which corresponds to the equation used in [De Jong and Kinman, 1B@4hsting

to the Z correction introduced by BeckeZ, = (1 — ¢)R(Tr), which is then used

in conjunction with [Becker, 1989, Equation 7.4.5] to derive the standard deviation
of Ry as

N =

5(0)

~ 1 ~
s.e.(Ry) = ——— — | + cR?R(T ) 4

8Another point is that the method of moment method is rather free of distributional assumptions,
even though | have exploited the Markovian model in my derivations. A more rigorous treatment of
this subject is although beyond the scope of this note.

"It is though never explicitly written in the article.



4 Implementation

The R filedejong.R handles the above estimation, which can also be combined
to cover several experiments. Examples are given in the code to estfilpdite
the data presented in [De Jong and Kinman, 1994; Degtdf, 2001].
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