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Abstract

Consider the semilinear Schrodinger equation (*) —Au + V(z)u = f(z,u), u € H'(RN). Tt is
shown that if f, V are periodic in the z-variables, f is superlinear at u = 0 and oo and 0 lies
in a spectral gap of —A + V, then (*) has at least 1 nontrivial solution. If in addition f is odd
in u, then (*) has infinitely many (geometrically distinct) solutions. The proofs rely on a degree
theory and a linking-type argument developed in this paper.
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Introduction

In this paper we shall be concerned with the semilinear Schrédinger equation

{ —Au+V(z)u = f(z,u),

(0-1) u e H' (RY).

We assume that f and V are continuous functions, periodic with respect to the z-variables, f is
superlinear at v = 0, superlinear (but subcritical) at |u| = co and

Pleu) = [ 1o, de
is positive for u # 0. Under these hypotheses the functional

1
(0.2) B(u) = 5/RN(\WP +V(ap)de = [ Fla.u)do

is of class C' on the (real) Sobolev space H'(R") and critical points of ® correspond to weak
solutions of (0.1). Let L : H'(RY) — H'(RY) be the self-adjoint operator given by

(0.3) (Lu,v) := /RN(VU Vv + V(z)uw) de,
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where here and below (-,-) denotes the standard inner product in H*(RY). Assume that L has
bounded inverse. The operator —A + V (on L*(RY)) has purely continuous spectrum which
is bounded below and consists of closed disjoint intervals [15, Theorem XIII.100]. Hence either
o(L) C (0,00) and the quadratic form u +— (Lu,u) is positive definite, or 0 lies in a gap of the
spectrum of L and H'! (RN ) =Y ®Z, where Y, Z are infinite-dimensional L-invariant subspaces such
that the above form is negative definite on Y and positive definite on Z. If (L) C (0, 00), then it is
known by a result of Coti Zelati and Rabinowitz [8] that (0.1) has infinitely many solutions. If 0 is
in a spectral gap of L, then the functional ® has the so-called linking geometry. More precisely, if p
is sufficiently small and R sufficiently large, then ® > b > 0 on the sphere N :={u € Z : ||u|| = p}
and ® < 0 on the boundary of the set M = {u = y + Azp : ||u|| < R, A > 0}, where y € Y
and zp is a fixed element of Z \ {0}. One can therefore expect that (0.1) has a solution @ such
that ®(z) > b. However, since the spaces Y and Z are infinite-dimensional and the gradient of the
functional u — [~ F(z,u)dz is not compact, one cannot employ the usual argument based on
the Brouwer or the Leray-Schauder degree (cf. [13, Section 5]) in order to show that OM and N
actually link (in the sense that if  : M x [0,T] — E is in a suitably restricted class of deformations
of M and n(OM,t) N N = () for t € [0,T], then n(M,t) N N) # @ for such t). If the function F
is strictly convex in u, then it is sometimes possible to circumvent this difficulty. One can either
use the Legendre transform and look for critical points of a dual functional which has the simpler
mountain pass geometry [1, 2, 10]. Or one can take advantage of the fact that ® is concave on
z+Y (for each fixed z € Z) and reduce the problem to that of finding critical points of a functional
which is defined on Z and also has the mountain pass geometry [6]. In a recent paper [16] Troestler
and Willem have proved that (0.1) possesses a solution @ # 0 under some additional hypotheses on
f which imply that the functional ® is of class C2. However, they made no convexity assumption
on F'. In order to show that the sets dM and N link they used an extension of Smale’s degree for
proper Fredholm mappings. The fact that ® € C? played an important role.

In the present paper we shall show that (0.1) (with 0 in a spectral gap of L) has a solution @ # 0
under weaker hypotheses which only imply that ® € C'. For this purpose we shall introduce a new
degree of Leray-Schauder type, and the degree construction is in fact one of the main goals of our
paper. Let U be a bounded subset of a Hilbert space Ey. The admissible mappings will be of the
form I — h, where I denotes the identity and for each u € U there exists a weak neighbourhood W
such that h(U N W) is contained in a finite-dimensional space. The fact that I — h is proper with
respect to the weak topology of U will then lead to a correct definition of degree. To show that M
and N link we construct deformations by using the flow of a certain pseudogradient vector field V.
It turns out that in order to have some control on the level sets of ® and at the same time obtain
the above finite-dimensional property one needs to construct V' in such a way that it is continuous
with respect to the weak topology of Y and the strong topology of Z. We also formulate our linking
result in an abstract form that extends the linking theorem of Benci and Rabinowitz [5, 13].

In the second part of the paper we shall show that (0.1) has infinitely many solutions under
the additional assumption that the function f is odd in u. The proof will use a variant of Benci’s
pseudoindex [4] and the above degree (which will be needed in order to find sets of arbitrarily large
pseudoindex). Since oddness is not necessary if o(L) C (0,00) (see [8]), it would be interesting to
know if our result on the existence of infinitely many solutions remains valid also for non-odd f.

Observe that the assumption that 0 lies in a gap of the spectrum of L excludes the possibility



of having constant V (because then o(—A + V) = [V, 00) in L#(R") and there are no gaps).

The paper is organized as follows: In Section 1 we study the properties of the functional ®. In
Section 2 we introduce the weak-strong topology mentioned above and construct the degree. In
Section 3 we show that (0.1) has at least one solution @ # 0 and state an abstract version of our
linking theorem. In Section 4 we prove the existence of infinitely many solutions for odd f, and in
Section 5 we briefly consider homoclinic solutions for a second order system of ordinary differential
equations.

Notation. B(a,p) and S(a, p) denote respectively the open ball and the sphere centered at a and
having radius p. Furthermore, B, := B(0, p) and S, := S(0, p). The closure of a set A is denoted by
A. For p > 1, ||, is the usual norm in LP(R”Y). By — we denote the strong and by — the weak
convergence. ||u— Al| is the distance from the point u to the set A (in the topology induced by the
norm || - ||). By K we denote the set of critical points of ®, i.e. K := {u € H' (RY) : & (u) = 0},
and ®° := {u € HY(RY) : ®(u) < B}, By := {u € H(RY) : ®(u) > a} are the sub- and superlevel
sets of ®; moreover, ®2 := &, N P,

Acknowledgement. The authors would like to thank Michel Willem for helpful discussions and
various suggestions.

1 Properties of the functional
Let E := H'(RY) and assume that the following conditions are satisfied:

(A1) The function f : RY x R — R is continuous and 1-periodic with respect to each variable
l’j,j: 1,...,N.

(A2) There is a constant ¢ > 0 such that
[f (@, )] < (1 + JulP™)
forall z € RY and u € R, where p > 2if N =1,2 and 2 < p < 2* ::]\Qf—gisz?).
(A3) f(x,u) = o(]u|]) uniformly with respect to z as |u| — 0.
(A4) There is v > 2 such that for all z € R and u € R\ {0},

0 <yF(z,u) <uf(r,u).

(A5) The function V : RY — R is continuous and l-periodic with respect to each variable zj,
j=1,...,N.

(A6) 0 lies in a gap of the spectrum of L (where L is given by (0.3)).

Let us now make some remarks.



Remark 1.1
(i) It is clear that instead of 1-periodicity of f and V in x;, j =1,..., N, we may assume that
these functions are T)-periodic, where T > 0 for j =1,..., N.

(ii) Assumptions (A1), (A2) and (A3) imply that ® € C1(E,R). Indeed, for any ¢ > 0 there is
a constant ¢ > 0 such that

(1.1) [f(z,u)] < elul + cc|ufP™

and the conclusion follows from [8, Proposition 2.1] or [17, Lemma 3.10].
Assumptions (A1), (A5) imply that ® is invariant with respect to the Z™¥-action on E given by
the formula

(1.2) (g *u)(z) := u(g + ),
where g € ZV, u € F and z € RY. Moreover (see (0.2), (0.3)),

(1.3) O(u) = %(Lu,u) - /RNF(x,u) dz, wek,
(1.4) &' (u)v = (Lu,v) — /RNf(a:,u)v dz, w,veE,

and clearly, ® is bounded on bounded sets.

(iii) According to (A6), 0 lies in a gap of the spectrum of L. Spectral theory asserts that the
space E decomposes as a direct sum of two infinite-dimensional L-invariant orthogonal subspaces
Y and Z on which L is respectively negative and positive definite. Let P: F —-Y and Q@ : F — Z
be the orthogonal projections. We may introduce a new inner product in £ by the formula

(u,v) .= (L(Q — P)u,v), wu,v€FE

and the corresponding norm
[ull ==/ (u,u), ueE.

Clearly, the inner products (-,-) and (-,-) are equivalent and the spaces Y, Z are orthogonal with
respect to (-, -). Moreover, by (1.3) and (1.4) we easily see that

(1) o) = 5(1QulP - [Pul®) - [ Fla.u)da,

(1.6) (V®(u),v) = (Qu,v) — (Pu,v) — /RNf(a:,u)v dz,

where as usual the gradient V®(u) is given by the formula (V®(u),v) = ®'(u)v for all v € FE.
In view of assumption (A2), V& : F — FE is weakly sequentially continuous (i.e. if u,—u, then
V®(up)—V®(u)). Indeed, let u,—u. Then u, — u in L} (RN); therefore f(z,u,) — f(z,u) in

P/ (=1 (RM) and (V®(u,),v) — (V®(u),v) for each v € E.

loc
(iv) Since the spaces Y and Z are L-invariant, they are ZN-invariant. Indeed, spectral theory

asserts that the projectors P, ) commute with any operator which commutes with L; in particular,
they commute with the Z"-action described in (1.2).



(v) Assumption (A4) implies that given § > 0, there exists ¢; = ¢;(d) > 0 such that
(1.7) F(x,u) > c1lul]” — Slul?

for any u € R and z € RY.
Indeed, by (A4), if 0 < ¢; < ming~ F(z,£1), then for any § > 0 and |u| > 1,

F(z,u) > c|u]” > er|ul” — dlul?.
We may assume that ¢; < 4. Since F' > 0, it follows that for |u| < 1,
F(x,u) > c|ul” — §lul?.
Lemma 1.2 [y F(z,u)dz = o(||ul|?) as |lul| — 0.
Proof By (1.1), for any £ > 0 there is ¢; > 0 such that
F(z,u) < %|u\2 + ¢ |ulP.

Hence
£ ~
[ P de < Sl +fu

and by the Sobolev embedding theorem there is a constant C' > 0 such that
[ Flau)de < Cellul® + [ulP).
RN
Since € was chosen arbitrarily, the conclusion follows. O

Lemma 1.3 [16, 17] There is p > 0 such that

(1.8) b:= inf &> 0.
SpNZ

Proof By (1.5), for any u € Z,

1
b(w) = gl = [ Fleude,
In view of Lemma 1.2, there is p > 0 such that [pnvF(z,u)dz < 7l|ul]® for [jul| < p; hence the
assertion. 0

Lemma 1.4 [16, 17] Let zg € Z, ||20|| = 1. There exists R > p such that
(i) maxgp @ = 0;
(ii) S := supy; ¢ < o0,
where
M:={u=y+X2p:yeY, ||u| <R, >0},

OM :=M\M={u=y+ Xz : (JJul| =R and A > 0) or (|Jul| < R and A = 0)}.



Proof By (1.7) and the Sobolev embedding theorem, for any § > 0,

1 1
Dy + Azg) < —§||?JH2 + 5/\2 + 8]y + Azol5 — c1ly + Azl

IN

1 1
(—5 + 025> lyll? + (5 + 025) N —ly + Azo]7,

where ¢o is independent of 4. We may assume c20 = %, SO

1 3
B(y+ Az) < —ZHyHQ + Z/\Q — c1ly + Azol].

There exists a continuous projection from the closure of ¥ @ Rzg in L7 to Rzp; thus [Az), <
c3ly + Azoly for some ¢z > 0. Hence

1 3
®@+A%)§—1MP+ZV—mM%

where ¢4 > 0. It follows that ®(y+\zp) — —o0 as ||[y+Azp|| — 00. Since ® < 0 on Y and ®(0) = 0,
(i) is satisfied for each R large enough. The boundedness of M implies that supz; ® < oco. O

Recall that by a (PS)s-sequence — a Palais-Smale sequence at the level 3 — we mean a sequence
(Um)o°_1 C E such that ®(u,,) — 3 and V& (u,,) — 0 as m — oo.

Lemma 1.5 Let (u,,) C E be a (PS)g-sequence. Then (uy,) is bounded and > 0.
Proof For sufficiently large m € N we have |[V®(uy,)|| <1 and ®(u,,) < f+ 1. Hence by (A4),

for such m,

(1.9) B+ 1+ |lum| = P(um) — %(V@(um),um) > (% - %) RNf(a;,um)um dz > 0.

Let ¢ := z% be the conjugate exponent to p. Assumptions (A2), (A3) and (A4) imply that
there is a constant ¢ > 0 such that

(1.10) |f(z,w)? < eullf (2, u)] = cuf(z,u)

for |u| <1 and
(1.11) [, w)|? < elu POV f(w,0)] = Cuf (2, u)

for [u| > 1. Fix m and let T' := {2 € RY : |u,(z)| < 1}. By (1.9), (1.10) and (1.11), for some
constant d we have

G414+ fun] = d ( JRTCXI RS . f(x,umnqu) .

Therefore 1
(1.12) a1 = (/F|f(a;,um)\2dx)% < {ﬂ“%”“m”r
and 1 |
(1.13) ay = (/RN\F |f(x,um)\qda:>; < [“1+”“m”]?
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Let v, := Py, zm := Quy,. By the Holder inequality,
> = = (@), ) = [ ) do < g+ sl + azlumly
Hence, in view of (1.12), (1.13) and by the Sobolev embedding theorem,

(1.14) lyml| < 1+ DB+ 1+ [uml)? + (841 + [um]) 7]

for some D > 0. Similarly we obtain
1 1
(1.15) [Zmll <1+ D[(B+ 1+ luml)2z + (B + 1+ uml])7].

Inequalities (1.14) and (1.15) imply that ||um||? = [|ym | + ||2m ]| is bounded.
By (1.9), we have

0< (% - %) /RNf(x,um)um dz < ®(uy,) — %<V®(um),um> — B,

so 3 > 0. O

We shall need the following result due to P.L. Lions [8, Lemma 2.18], [11, Lemma I.1], [17,
Lemma 1.21]:

Lemma 1.6 Let (uy,) C E be a bounded sequence. If there is v > 0 such that

lim  sup / |t |* dz = 0,
B(a,r)

M=00 GeRN
then ty, — 0 in L*(RY) for all 2 < s < 2*. O
As a corollary we obtain

Lemma 1.7 (comp. [8, Lemma 2.25]) Let (u,,) C E be a (PS)g-sequence for ®. Then either
(i) liminf,, o ||um| = 0, or
(i) there is a sequence (a,,) C RN and r,n > 0 such that

lim inf [t |* dz > 1.
M=o JB(am,r)

Proof In view of Lemma 1.5, the sequence (u,,) is bounded and 3 > 0. Suppose that condition (ii)
is not satisfied. By Lemma 1.6, u,, — 0 in Lp(RN ) after passing to a subsequence. Let y,,, = Py,
Zm = Qu,, and take ¢ > 0. By (1.1) there exists ¢ > 0 such that

[f(z,u)] < eful + cc|ufP™

for all z € RY, u € R. Hence by the Holder inequality,

[ @ tm) | 4 < clumlafznla + colm ™ ol



Since € was chosen arbitrarily, it follows readily from the Sobolev embedding theorem that

Nf(a:,um)zm dz — 0,
R

and by a similar argument,

/ f(z,um)ymde — 0 and / F(x,up)dz — 0.
RN RN

Therefore 1 1
D (um) — §<V<I>(um),um> = /RN(gf(!E,Um)Um — F(z,up))dx — 0.

Since the left-hand side above tends to 3, 8 = 0. Furthermore,
||zm||2 = (V®(um), 2m) + / Nf(377um)zm dz — 0.
R
Hence z,, — 0 and similarly, y,, — O. O

In Section 4 we shall study further properties of (P.S)-sequences.

2 r71-topology and degree theory

In order to prove the main results of the next sections we shall introduce a new topology 7 in the
space E. In this topology it will be possible to construct a degree theory for a class of maps which
are not necessarily of Leray-Schauder type. The present section consists of three short parts. In
the first of them we define this new topology on F, in the second part we introduce the notion
of admissible map, and in the third one a version of topological degree theory for such maps is
constructed.

I. Let us consider a function
I-1I': £ — [0,00)

given by the formula

1
lfull = max{[|Qull, > 57 [(ej, Pu)l},
j=1

where {e;}32, is a complete orthonormal system in Y. It is easy to see that || - || is a norm in E.
The topology on E generated by || - || will be denoted by 7 and all topological notions related to it
will include this symbol.

Remark 2.1
(i) Observe that for each u € E,

1Qull < lull < [lu]-

Therefore the topology 7 is weaker than the original one: any sequence (u,,) C E such that u,, — u
(in E) converges to u in the 7-topology (u;,—u).



(ii) The space (E, | - ||) is not complete. For instance, we have a Cauchy sequence (u,,), where
Uy = Z;-n:l jej €Y, which does not 7-converge to any element of Y.

(iii) The topology 7 is closely related to the topology on E which is weak on Y and strong on
Z. More precisely, if a sequence (u,,) is bounded, then

Um—u <= Pu,—Pu and Qu,, — Qu.

In particular, for any sequence (u,,) C ®,, where r € R, the 7-convergence of (u,,) is equivalent
to the weak convergence of (Pu,,) and the strong convergence of (Quy,). Indeed, if ®(uy,,) > r
and u;,—u, then (||[Quy,||) is bounded; since |[Pun,|* < [|Quml||? — 27, also (||um,||) is bounded.
Conversely, if (Pu,,) converges weakly and (Quy,) strongly, then again (||uy,||) is bounded.

(iv) The functional ® is 7-upper semicontinuous, i.e. for any r € R, ®, is 7-closed. Indeed,
let uy, € @, and up—u. Then r < ®(um) = 5|2ml* = llyml? — fan F (@, un) dz. Since u,—u,
U, — u in L} ; hence — passing to a subsequence if necessary — uy,(z) — u(x) almost everywhere
on RY. By the Fatou lemma and the weak lower semicontinuity of || - ||, we obtain

1 2 1 2 _
r< gl =5l - [ P de = o).

(v) The set of critical points K is 7-closed. For if (u,,) € K and w,—u, then, by (1.9),
®(um,) > 0 and by (iii), uy,—wu. So in view of the weak continuity of V& we get that V®(u) = 0.

II. Let A be a closed subset of E. A map h: A — E will be called 7-locally finite-dimensional if
each point u € A has a 7-neighborhood W,, such that h(W, NA) is contained in a finite-dimensional
subspace of E. We say that a map g : A — F is admissible if it is T-continuous (i.e. g(um)—g(u)
provided wu,,u € A and u,,—u) and the map h = I — g, where I stands for the identity map, is
7-locally finite-dimensional.

We say that amap G : Ax [0, 1] is an admissible homotopy if it is T-continuous (i.e. G(um,tm)—
G(u,t) provided u,,—u in A and t,, — t in [0,1]) and for each (u,t) € A x [0,1] there is a
neighborhood W, ;) (in the product topology of (E,7) and [0, 1]) such that the set {v — G(v,s) :
(v,8) € Wygy N (A X [0,1])} is contained in a finite-dimensional subspace of E.

Observe that an admissible map is continuous. Indeed, if w,;, — u, Um,u € A, then u,,—u and
h(t,)—h(u). This implies that h(u,,) — h(u) because, for all large m, h(u.n,), h(u) are contained
in a finite-dimensional subspace of E on which both topologies — the original one and 7 — agree.

Below we are going to give a useful example of admissible homotopy. Suppose that we are given
a vector field V : N — FE, where N is T-open, such that

e V is 7-locally 7-Lipschitzian (i.e. any u € N has a 7-neighborhood U such that |V (u') —
V()| < Ly|Ju’ — || for all v/, u” € U and some L,, > 0) and locally Lipschitzian;

e each point v € N has a 7-neighborhood W, which is mapped by V into a finite-dimensional
subspace of E.

Let A C N be closed and consider the Cauchy problem

dn _

- —ueA.
& V(n), n(u,0)=uc



For any u € A, this problem admits a continuous solution 7(u, ). Suppose that this solution exists
on [0,1]. Since the space (F,7) is not complete, it is not immediately clear that 7 is 7-continuous.

Proposition 2.2 The map n: A x [0,1] — E is an admissible homotopy.

Proof Take any ug € A, t9 € [0,1]. The set I := n({ug} x [0,1]) is compact, hence 7-compact
as well. Since V is 7-locally 7-Lipschtzian and 7-locally finite-dimensional, there are numbers
r,L > 0 such that Y := {u € E : |Ju—-T| < r} C N and if u,v € U, then |V(u)| < L,
IV (u) — V()| < L|ju—v|]. Moreover, V(i) is contained in a finite-dimensional subspace F; of E.

We shall show that 7 is 7-continuous at (ug,tp). Given 6 > 0, let ¢ € [0,1] and u € A,
lu — up|] < d. Suppose that n(u,s) € U for 0 < s < t. Then

Infa.t) = w6 < ol + [ VO 5)) = Vintuo, sl ds
< Bo—voll + L [ ntu ) = nluo, )l ds.
Hence by the Gronwall inequality,
lln(u, ) = n(uo, )| < flu—uolle™ < llu — uolle”.

If § < re” L, we obtain
(2.1) In(u,t) —n(uo, )| <

So n(u,t) € U for each t € [0,1]. Hence, if |t — tg| < 0, then

lIn(u, t) = nuo, to)ll < lln(u, t) = n(uo, ) + | /t: V(n(uo, s)) dsl| < (e" + L)a.

Since § may be chosen arbitrarily small, 5 is 7-continuous.
Clearly, for any t € [0,1] and ||u — uo|| < 9, u — n(u,t) = — fé V(n(u,s))ds € Ej. O

III. Let now Zy be a finite-dimensional subspace of Z and U an open subset of the space
Ey:=Y & Zy. Suppose

(a) g : U — Ejp is an admissible map;

(b) g71(0)NOU = 0 (U and AU denote the closure and the boundary of U in the original topology
of Ep);

(c) g~1(0) is T-compact.

Remark 2.3 If (a) holds, then assumption (c) is verified whenever g=!(0) is bounded and there is
a T-continuous extension g* : B — Ej of g to a 7-closed set B such that ¢*(u) # 0 for u € B\ U.
For in this case any sequence (u,,) C g~ (0) has a subsequence (denoted by the same symbol) such
that Pu,,—y € Y and Qu,, — z € Zy. Thus u,,—u =y + 2 € B and ¢g*(u) = 0. Hence u € U and
0 = g*(u) = g(u), so u € g~1(0). In particular, g~1(0) is 7-compact if U is 7-closed and bounded.
This holds for instance whenever U is bounded and convex.
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Clearly, g~1(0) C Uueg—1(0) Wu, where Wy, is a 7-neighborhood of u € g~ 1(0) which is mapped
by h = I — g into a finite-dimensional subspace of Ey . Thus there are points uy, ..., %, € g~(0)
such that g=1(0) ¢ W := U, W,, NU. The set W is open and there is a finite-dimensional
subspace L C Ey such that h(W) C L. Let W :=W N L.

Let us consider the map gz, := g|Wr, : W, — L. It is clear that g;'(0) = g~(0); hence g;*(0)
is compact (in L). Therefore we are in a position to define

(2.2) deg(g,U,0) := degp(gr, Wr,0),

where degp stands for the ordinary Brouwer degree (see e.g. [12]).
We shall show that definition (2.2) is correct, i.e. it does not depend on the choice of W and L.
If L is another finite-dimensional subspace of Ey such that h(W) C L, then we may assume
that L C E, and the equality

degp(gr, Wi,0) = degg(g3, W7, 0)

follows from the contraction property of the Brouwer degree [12, Lemma 4.2.3] since obviously,
WZ N L =W and h(Wz) C h(W) C L.

On the other hand, if W is a neighborhood of g~*(0) such that h(W) C L, then assuming
without loss of generality that W C W, we see that

degB(gLa W N L7O) = degB(gLu WL,O)

in view of the excision property of the Brouwer degree.

Let us enumerate some useful properties of our degree. A set U C E will be called symmetric
(with respect to the origin) if U = —U.

Theorem 2.4

(i) If deg(g, U, 0) # 0, then g—1(0) # 0.

(it) If g(u) = u — ug, where ug € U, then deg(g,U,0) = 1.

(iii) Suppose that G : U x [0,1] — Eq is an admissible homotopy such that G=1(0) N (AU x
[0,1]) = 0 and G=1(0) is T-compact (in the product topology). Then the degree deg(G(-,t),U,0) is
independent of t € [0, 1].

(iv) Suppose that U is a symmetric neighborhood of the origin and let g : U — Eqy be an
admissible odd map such that g~*(0) is T-compact. If for eachu € U, g(u) € Eq, where By =Y &7,
and Zy is a proper subspace of Zgy, then g~1(0) N oU # 0.

Proof (i) follows from the existence property of the Brouwer degree.

(ii) This is trivial in view of definition (2.2).

(iii) Clearly, for any ¢ € [0, 1], the map G(-,t) satisfies assumptions (a), (b) and (c) above which
shows that deg(G(-,t),U,0) is well-defined.

Let H(u,t) := u — G(u,t). Since G~1(0) is T-compact, the set Ky x [0,1], where Kj is the
projection of G~1(0) onto U, is also 7-compact. Hence there exists an open set W, Kq x [0,1] C

W C U, such that H(W) is contained in a finite-dimensional subspace L of Ey. Since Ky C L, K
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is compact. One can therefore choose an open set W C U such that Ko C W and W x [0,1] C w.
By the definition, deg(G(-,t),U,0) = degg(G(-,t)|W N L,W N L,0) and the assertion follows from
the homotopy invariance of the Brouwer degree.

(iv) Suppose g~ 1(0)NOU = ). Then we may assume that W is a symmetric neighborhood of 0,
so by the classical Borsuk theorem, deg(g,U,0) # 0 (more precisely it is an odd integer). Take an
arbitrary point z € Zy \ Z; and consider a map G : U x [0,1] — Ey given by G(u,t) := g(u) — tz.
Observe that G satisfies the assumptions of (iii); thus deg(G(-,1),U,0) # 0, so z = g(ug) for some
ug € U, a contradiction. O

3 Existence of nontrivial solution and abstract linking theorem

We are now going to prove that equation (0.1) has a solution @ # 0 (in addition to the trivial one
u=0).

For a number € > 0, let

T. ={u e E : |VP(u)| <e}.

Then either
(A) there is € > 0 such that T- N @b — ¢, 5 +¢] = 0,
or
(B) there is a (PS).-sequence (u,) with ¢ € [b, S]

(the numbers b, S were defined in Lemmas 1.3 and 1.4 respectively).

In a moment we shall show that condition (A) leads to a contradiction — see Proposition 3.2.
Hence (B) is satisfied. By Lemma 1.5, the (PS).-sequence (u,) is bounded and clearly no subse-
quence of (u,) converges to 0. Thus, by Lemma 1.7, there is a sequence (a,,) C R and numbers
r,n > 0 such that

lim inf |up | dz > 1.
n—oo B(an,r)

Taking a subsequence if necessary we may suppose that
n
(3.1) lunllL2(Ban,r) = 3

for all n € N. Choose g, € Z" such that g, —a,| = min{|g—a,| : g € Z"}. Thus|g,—a,| < +V/N.
Let

Up = gn * Un = un( + gn)
(cf. (1.2)). In view of (3.1),
(3:2) ||”n||L2(B(0,r+§\/N)) 2
Observe that ®(v,) = ®(uy) and |V®(v,)|| = ||V®(uy,)||. Hence (vy) is a (PS).-sequence, and
by Lemma 1.5, (v,) is bounded. Therefore a subsequence of (v,) (again denoted by the same

n
5

symbol) converges to some v € E weakly in F and strongly in L7 (RY). In view of (3.2),

loc
||U||L2(B(O7r+%\/ﬁ)) > g, SO v 75 0.
In view of the weak continuity of V® we get that V®(v) = 0.

Assuming (B), we have proved the following result:
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Theorem 3.1 If assumptions (A1) — (A6) are satisfied, then (0.1) has a nontrivial solution. O
Now it remains to show
Proposition 3.2 Condition (A) does not hold.

Proof Assume to the contrary that (A) holds.

1. First we shall construct a certain vector field V : N — E, where N is a 7-open neighborhood
of the set 5. Denote v := b — e.

Let v € ®3 and put

2V (u)

w(u) = ——+5.
IV e (u)l?

Since V@ is weakly sequentially continuous, the function
3 50— (VO(v),w(u)) € R

is T-continuous, i.e. if v, v (in ®3), then (V®(v,), w(u)) — (VO (v), w(u)) (cf. Remark 2.1 (iii)).
Therefore u has a T7-open neighborhood U, C E such that

(3.3) (VO(v),w(u)) > 1

for all v € U, N ®3. Additionally we let Uy := ®~!(—o0,a). The set Uy is 7-open in view of the
T-upper semicontinuity of ®.

The family {Uy}ycos U {Uo} is a 7-open covering of the (metric) space (®°,7). Therefore it
has a 7-locally finite 7-open refinement {N;};c;. Clearly, S C N =: Ujes Nj and N is T-open.

Next let {\;}jes be a 7-Lipschitzian partition of unity subordinated to the cover {N;};c;. For
S

>, and in

each j € J there are two possibilities: either N; is contained in some Uy, where u; € ®
this case we put w; := w(u;); or N;j C Uy and then we put w; := 0. Define

(3.4) Vu) = Z Aj(uw)w;
Jje€J
for any u € N.

Let us collect some properties of V.

1. Since ||[V®(u;)|| > € in view of (A) and hence |lw;|| < 2 for all j € J, it follows that
V()| < ||V (w)| < % for all u € N.

2. The field V is 7-locally 7-Lipschitzian and locally Lipschitzian. Moreover, each point u € N
has a 7-neighborhood which is mapped by V into a finite-dimensional subspace.

Indeed, by the construction we see that any point v € N has a 7-open neighborhood W, C N
such that the set J, = {j € J : N; N W, # 0} is finite. Hence V(W,) is contained in a
finite-dimensional subspace. Since for each j there is a constant L; such that |[A;(u) — Aj(u”)| <
Ljllw/—u"|| < Lj||u'—u"]], it is easy to see that V' is T-locally 7-Lipschitzian and locally Lipschitzian.

3. By (3.3), (V®(u),V(u)) > 0 for all w € N and

(VO (u),V(u) >1
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for all u € .

II. Consider the Cauchy problem

dn _

_ _ s

(3.5)

The classical theory of ordinary differential equations asserts that (3.5) has a unique solution 7(u, -)
which exists for all ¢ > 0 because, by Property 1 above, V is bounded.

Let T := S — b+ 2¢ and consider 7 : &% x [0,T] — ®°. In view of Proposition 2.2, n is an
admissible homotopy. Observe that M C ®5.

Lemma 3.3 sup,3; ®(n(u,T)) <b.

Proof Suppose u € M and ®(n(u,t)) > b —e. We shall show that t < T. By Property 3 of V,

B 1) ~ () = [ -0l 5)) ds =~ [ (VR0n(u, ). Vo, s)) ds < .
Hence
S>®(u) >t+d(n(u,t) >t+b—¢
andt< S —-b+e<T. O

III. Now we shall prove that
(3.6) sup ®(n(u, T)) > b.
ueM
The achieved contradiction to Lemma 3.3 will complete the proof of Proposition 3.2.
Consider a map G : M x [0,T] — Y @ Rz given by

G(“? t) = PT?(% t) + (HQTI(% t)” - /0)20-

Clearly, G is an admissible homotopy since 7 is. Next observe that G(u,t) = 0 if and only if
n(u,t) € S,N Z. Then, by Lemma 1.3,

(3.7) ®(u) = @(n(u,t)) = b.

This implies that u € OM, i.e. G71(0) N (OM x [0,T]) = 0. Since M is convex and bounded, we
infer that G=1(0) is 7-compact (see Remark 2.3). Hence we may employ here the degree theory
developed in Section 2. Since G(u,0) = u — pzg and pzg € M, we see that

deg(G(-,T), M,0) = deg(G(-,0),M,0) =1

in view of Theorem 2.4 (ii), (iii). Therefore, by Theorem 2.4 (i), there exists @ € M such that
G(u) = 0 and, by (3.7), ®(n(w,T)) > b.
So we have (3.6) and this completes the proof of Proposition 3.2. O

Below we state two generalized linking theorems which extend a result by Benci and Rabinowitz
[5, Theorem 0.1], [13, Section 5]. The proofs follow by inspection of the argument employed in
Proposition 3.2.
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Theorem 3.4 Let E be a real Hilbert space and suppose that ® € C1(E,R) satisfies the following
hypotheses:

(i) ®(u) = $(Lu,u) — ¢(u), where L is a bounded selfadjoint linear operator, v is bounded
below, weakly sequentially lower semicontinuous and Vi is weakly sequentially continuous;

(ii) there exists a closed separable L-invariant subspace Y such that the quadratic form u —
(Lu,u) is negative definite on'Y and positive semidefinite on Y +;

(iii) there are constants b, p > 0 such that ®|S, Y+ > b;

(iv) there is 2o € Sy NY"L and R > p such that ®|OM < 0, where M = {u = y+ Azo : y €
Y, ||ul]| < R, A > 0}.
Then there exists a sequence (uy) such that V®(u,) — 0 and ®(u,) — ¢ for some c € [b,supy; @].

Note that hypothesis (ii) can be slightly weakened: we may assume Y = Y @ Y7, where Yj is a
finite-dimensional subspace of the nullspace of L and u +— (Lu,u) is negative definite on Y7.

In [5, 13] Y is not assumed to be separable, there are no conditions on the (semi)definiteness of
the quadratic form and v is not necessarily bounded below. On the other hand, the assumptions
made there imply that Vi is a compact map and ® satisfies the Palais—Smale condition.

Theorem 3.5 Let E be a real Hilbert space and suppose that ® € C1(E,R) satisfies the following
hypotheses:

(1) V& is weakly sequentially continuous and there exists a closed separable subspace Y such that
® is T-upper semicontinuous (where T is the topology on E =Y @ Y introduced in the preceding
section);

(it) conditions (iit) and (iv) of Theorem 3.4 are satisfied.

Then the same conclusion remains valid.

Observe that it follows from the hypotheses of Theorems 3.4 and 3.5 that sup3; ® < oco. Let
us also remark that it is possible to replace conditions (iii), (iv) of Theorem 3.4 by a more general
linking condition of a similar type as in [5, Theorem 1.4], [13, Theorem 5.29].

4 Infinite number of solutions

If u is a solution of (0.1), then so is g *u for each g € ZV. Let O(u) := {g*u : g € Z"} denote the
orbit of u with respect to the Z~-action . Clearly, O(u) is an infinite set if u # 0. Two solutions
ug,ug of (0.1) will be called geometrically distinct if O(uy) # O(ug).

In this section we are going to show that if the functional ® given by (1.5) is even, then (0.1) has
infinitely many geometrically distinct solutions. More precisely, let us suppose that the following
two additional assumptions are satisfied:

(A7) For all z € RN and u € R, f(z,—u) = — f(x,u).
(A8) There are ¢ and g9 > 0 such that
[f (@, u+v) = flaz,u)] < eol(1+ |u’~)

for all z € RN and u,v € R such that |v| < .
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(A8) implies that f is locally Lipschitzian with respect to u; consequently, f(z,u) = f(z,0)+
Jo' fo(x,&)d€ for each x € RY. It is therefore easy to see that (A8) is equivalent to f being locally
Lipschitzian in « and satisfying
| fi(z,w)| <1+ [ufP)

for some  and all z € R™, u € R for which the derivative f/ (z,u) exists. Note that the exponent
above is p — 1 and not p — 2, so ® may not be of class C? even if f is differentiable.

Theorem 4.1 If assumptions (A1) — (A8) are satisfied, then (0.1) has infinitely many geometri-
cally distinct nontrivial solutions.

Proof The proof will contain several steps. We shall proceed by contradiction. Namely let us
suppose (to the contrary) that K/Z" is a finite set, i.e. K contains finitely many orbits.

Let F be a set consisting of arbitrarily chosen representatives of the (finitely many) orbits of
K. In view of (A7) we may assume that F = —F.

Since

(4.1) B(v) = B(v) — %ch(v),m > (% _ %)/RNf(a:,v)vd:U >0

if v e F\ {0} and F is a finite set, there are numbers «, 5 > 0 such that

(4.2) a< min ® = min ® < max ® = max & < .
F\{0} K\{0} K\{0} F\{0}

Clearly, we may assume that

(4.3) a<b<p

(b was defined in Lemma 1.3).

In order to continue the proof of Theorem 4.1, we shall need a number of prerequisites. First
we study Palais-Smale sequences more carefully.
Denote the integer part of € R by [r].

Proposition 4.2 Let (uy,)o_; be a (PS).-sequence. Then either

(1) liminf,, o [|um| =0 (and then ¢ =0)
or

(i4) ¢ > o and there exist a positive integer | < [£], points Uy, ..., u € F \ {0} (not necessarily
distinct), a subsequence of (uy,) (still denoted by the same symbol) and sequences (g,)o_, C ZV,

1=1,...,1, such that
l

Uy, — Z(gfn * )

i=1

— 0

and
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Proof Our argument is modelled on [8]. By Lemma 1.5, the sequence (uy,) is bounded and ¢ > 0.
Suppose that (i) is not satisfied. As before, by Lemma 1.7 (ii), there is a sequence (a,,) C RY and
constants r,n > 0 such that

(4.4) [umll 2By r) =

N3

for almost all m € N. We may choose g,, € Z" such that setting v,, := (gm * um) and passing to
a subsequence,

(4.5) lomll L2 o2 vy 2

for all m (cf. (3.1), (3.2)). Moreover, ®(v,,) = ®(up), [|[VO(vn)|| = ||[V®(unm)|| and ||vm] = [|wml-
Hence (v,,) is bounded, so a subsequence of (v,,) — still denoted by the same symbol — converges
to some v € E both weakly in E and strongly in L7 (R™) for all s € [2,2*). Therefore

loc

n
2

(4.6) ve K\ {0}

by the argument following (3.2). We shall show that

(4.7) P(v) < e

Let wy, := v, — v. We claim that

(4.8) D (wy,) — ¢ — P(v)
and

(4.9) V& (wy,) — 0.

If (4.8), (4.9) hold, then also (4.7) does because (wy,) is a (PS)-sequence and, by Lemma 1.5,
c—®(v) >0.
Observe that

D (vp,) = ©(w, +v) = P(wy,) + P(v) + (Qwy, — Pwy, v)
(4.10) —/ N[F(az,wm +v) — F(x,wy,) — F(x,v)]dx.
R
As ((Q — P)wyy,,v) — 0 (because wy,,—0) and ®(v,,) — ¢, we shall obtain (4.8) provided we prove
that
(4.11) / N[F(az,wm +v) — F(z,wy,) — F(x,v)]dx — 0.
R

Since v is a solution of (0.1), we have —Av + ¢g(z)v = 0, where g(z) = V(z) — f(z,v)/v. By (1.1),
q € Ll (RY) for some ¢ > &. Hence v(z) — 0 as |z| — oo [9, 14]. Now take any ¢ > 0 and a

loc

bounded domain ¢ R” such that

(4.12) o <o [ Fvdese,
and
(4.13) 0]l o mm\) S e

Since wy, — 0 in LP(§2), we get

(4.14)

/Q[F(l’a’wm-l-v) — F(z,wy,) — F(z,v)|dz| <e
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for sufficiently large m. By the mean value theorem, (1.1), the Holder and the Sobolev inequalities
and (4.12),

Lo P @wm +0) = Fawn)da < [ [(wnl + o) + ea(fuwm] + o) lo] da
RM\Q RM\Q

(4.15)
< ea([wmll + oIVl g gave) + eslllwml P+ 0P~ vl g1 @) < cae

Since ¢4 is independent of e, (4.12), (4.14) and (4.15) show that (4.11), and hence also (4.8), is
satisfied.
Now we shall verify (4.9). For any ¢ € E,

(Ve (wm), p) = (Ve (vm), ) — /RN [f (2, wm) = f (2, 0m) + f(2,0)]p dz.

Therefore, since V®(v,,) — 0, it suffices to show that

(4.16) sup
lpll<1

— 0.

N[f(m7wm) - f(a:,vm) + f(xvv)]Sde
R

Again, let € > 0 be given and let Q be such that (4.12), (4.13) hold. Since w,, — 0 and v,, — v in
LP(Q), we have

(4.17) <e

[ 1@ wn) = fa,vm) + @)l do
for large m € N. Next by (1.1) and (4.12), if ||¢|| < 1, then

/ f(z,v)pdx
RV\Q

Hence it remains to show that

(118) < ea(lollzn ey + 1ol gyl < coe.

(4.19) sup
llell<1

— 0.

o @) = o+ 0)]pda
RV\Q
By (4.12), (4.13), (A8) and the Hélder inequality, if ||¢|| < 1, then

Lo f@wm) = f@wm + ollglde < [ 21+ fwn” ) ollel da
RN\Q RN\Q

(4.20)
< erllell (ol ey + kg o ol vy < ese.

In view of (4.20), (4.19) is satisfied. This, together with (4.18) and (4.17), shows that (4.16), and
therefore also (4.9) and (4.7), are satisfied.

By (4.2), (4.6) and (4.7), o < ®(v) < ¢. There are now two possibilities to consider:

—If ¢ = ®(v), then wy, — 0. Indeed, if w,, /4 0, then arguing as in (4.4)-(4.7) but replacing (u,)
and ¢ by (w,,) and ¢ = ¢ — ®(v) =0, we obtain v € K \ {0} such that ®(v) < 0 — a contradiction
to (4.1). Hence our proposition holds with | = 1, @, = (g * v) (where g € Z" is chosen to ensure
that W € F) and g}, = (g99m) " .

—If ¢ > ®(v), then we argue as in (4.4)-(4.7) again, with (u,,) and c replaced by (w,,) and

d = c— ®(v) respectively, and we obtain v/ € K with o < ®(v') < ¢ — . After at most [£] steps,

o
we obtain the conclusion. O
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Given [ € N and a finite set A C E, let
J
[A,l]:: Zgi*aizlgjgl,giGZN,aieA .
i=1

Proposition 4.3 [7, Proposition 1.55] For any [l € N,
inf{|la —d'|| : a,a’ € [Al], a#d'} > 0. O
In view of Proposition 4.2 we have:
Corollary 4.4 If (uy,) is a (PS).-sequence, ¢ > «, then
0 < fum — [F, 01 < lum = [F, 1 = 0
provided that | > [5]. O

Note that K C [F,l] and both sets are symmetric with respect to the origin.
Let ¥ :={A CFE : Aisclosed and A = —A}. For each A € ¥ we define a class H(A) of all
maps g : A — FE such that:

(a) g(A) is closed and g is a homeomorphism of A onto g(A) (in the original topology of E);
(b) g is an odd admissible map;
(c) for any u € A, ®(g(u)) < @(u).
Remark 4.5
(i) Clearly, H(A) is nonempty: it contains the identity I : A — A C E.

(ii) Observe that H(A) is closed under composition. More precisely, let g; € H(A;), where
A; € ¥, 1 = 1,2, and suppose that ¢g1(A1) C Az. Then g = g2 0 g1 € H(A1). In particular, if
A C B € X, then for any g € H(B), g|A € H(A).

For B € ¥, denote by v(B) the Krasnoselskii genus of B [13, Section 7], i.e.
v(B) := min{k € N : 3 odd continuous ¢ : B — R¥\ {0}}; ~(0) :=0.

In our minimax argument we shall need the following deformation lemma:

Lemma 4.6 Let & > 3+ 2. There exist € > 0, a symmetric T-open set N with y(N) =1 and a
map g € H(P) such that:

(i) for any d € [b,& — 1], g(®4=\ N) C ®¢;

(ii) if moreover d > [ + 1, then g(®4Te) C ®9—=,

Proof Let

and
0<p<inf{||z =2 : 2,2" € [QF,l], = # 2'}.
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By Proposition 4.3 (which also holds in the space Z), such p exists. For any z € [QF,[] \ {0}, let
A, =Y @ Bz(z,5) (where Bz(z,5) := B(z,§) N Z). It is clear that 0 ¢ A.. If z # 2/, 2,2/ # 0,
then A, N A, = (); in particular, A, N A_, = (.

Let
(4.21) N= U 4=ve U By (z%)
z€[QF,I\{0} 2€[QF,I\{0}
Since [QF,l] = Q[F,l], N is a T-open symmetric neighborhood of [F,I] \ {0}. Since for z €

[QF, I\ {0}, A, =Y @ Bz(z, ) is contractible and N = U,¢qz\ (0} Az 7NV) = 1.
Let 1
No:=Y @ U Bz <z,§,u> .
z€[QF ]
We easily see that N is a T-neighborhood of [F, ], hence by Corollary 4.4, there is § > 0 such that
if u € @5\ N, then ||[V®(u)|| > 6.
Take € > 0 such that

1 1
4.22 in<—, b—a, — .
(4.22) 5<m1n{2,b «, 325,u}
Now we shall define a vector field V' by slightly modifying the construction in Section 3. For any
u € T\ K (note that K is 7-closed), let

2Ve(u)

) = T

In view of the T-continuity of the function ®§t! 5 v +— (V®(v),w(u)) € R, there is a T-open
neighborhood U, of u (in E) such that for any v € ®51 N U,,,

(4.23) (VO(v),w(u)) > 1
and ]
(4.24) lo = ull < g4

Additionally let Uy := ®~!(—o0, ). Take a 7-locally finite 7-open refinement {N,};cs of the -
open covering {Uu}ueq)f;rl U {Up} of ®+! and a 7-locally 7-Lipschitzian partition of unity {Aj}ies
subordinated to {N;};es. Put w; := w(uy) if N; C Uy, for some u; € 5! and w; := 0 if N; C Up.
Let N be a symmetric 7-open set such that ®$t1 c N C Ujes N;j and set

(4.25) V(u) =Y \j(wwy,
JjeJ
(4.26) Vi) = V)~ V(-u)]

for u € N. Below we collect some properties of V.
1. V is odd; it is 7-locally 7-Lipschitzian and thus locally Lipschitzian.

2. By (4.23) and since V® is an odd map, for allu € N, (V®(u), V(u)) > 0and (VP (u), V(u)) >
1 when u € 5.

3. Each point u € ®¢*+! has a 7-neighborhood W,, on which V is 7-Lipschitzian and such that
V(W) is contained in a finite-dimensional subspace of E.
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Finally, let ¢ : E — [0,1] be an even 7-locally 7-Lipschitzian function such that ¢ (u) = 0 if
lu— K|| < 550 and ¢(u) = 1if Ju — K|| > fp. Note in particular that ¢(u) = 1 if u ¢ Np.
Diminishing g if necessary we may assume that

(4.27) P(u) =1if u e Pg.

Consider the Cauchy problem

dn

3 = vV, n(w0)=ue PEHL

(4.28)

Since 9V is locally Lipschitzian, (4.28) has a unique continuous solution 7(u, -) defined on a right
maximal neighborhood I, := [0,w+ (u)) of ¢ = 0. Since the field ¥V is odd, we have that wy (u) =
wy(—u) and n(—u,t) = —n(u,t) for all u € *+1 ¢ € I,.

Claim.

(a) For any u € @1 w, (u) = oo;

(b) n : @51 x [0,1] — @&+ is an admissible homotopy and g := 7(-, 1)|®¢ is an admissible odd
map;

(c) g(®4te\ N) C ®4=¢; moreover, g(®¥+¢) Cc ¢4 if d > B+ 1.

Proof of Claim.
(a) Assume that w (u) = wy(—u) < oo for some u € ®ETL. If there is a constant C' > 0 such
that [|[V(n(u,tn))| < C as t,, / wi(u), then

It t) = )] = | [ a0V () ] < €l = )

Thus (n(u,tm))5_; is a Cauchy sequence and it is easy to see that n(u,-) may be extended be-
yond wy(u). Therefore there must exist a sequence t,, ,/ w4 (u) such that ¥ (n(u,t,)) > 0 and

IV (n(u,tm))|| — oo. Set vy := n(u,ty,). Since V(vy,) = %[V( m) — V(=vm)] and V(vy,) =
> jeg Aj(vm)w;, we get that for all m there is an element j(m) € J such that |[w;, || = HVCD(QW —
00 as m — 00, Where Uy, = Uj(m), and Njm)(Vm) 7 0 or Ajimy(—vm) # 0. So Vq)(um) — 0 (and
U, € EHL).

Taking a subsequence if necessary, we may assume that for all m, Ajq,)(vm) # 0. Hence
Vm € Njm) C Uy, and by (4.24), [|vm — un|| < 5. By Corollary 4.4, |Ju,, — [F,I]|| — 0. Therefore
either

(i) there is z € [QF,I] such that, for almost all m, u,, € Y ® Bz(z, {5)
or

(ii) the sequence (u,,) enters infinitely many such sets and therefore (v,,) enters infintely many
sets of the form Y @ Bz(z, &), where z € [QF,1].

If (i) holds, then Qu,, — z. Since ®(u,,) > «a, the sequence (Pu,,) is bounded and therefore
Pu,,—y € Y (taking a subsequence if necessary). Consequently, u,,—y+z. By the weak continuity
of V®, we get VO(y + 2) =0, so y + z € K. Hence [Ju,, — K|| — 0 and thus [Jv,, — K| < {5 for
almost all m. Therefore ¢)(vy,,) = 0 for such m, a contradiction.

Suppose (ii) is satisfied. Outside V :=Y & U,¢ior Bz(2, 15), if u € &+ then, again by
Corollary 4.4, [|[V®(u)|| > &g for some dg > 0.

21



Let ¢t < ta < wy(u) be such that n(u,t) & V for t € (t1,t2); moreover, n(u,-) leaves ¥ &
Bz(z1,%) for t = t; and enters Y @& By(22, %) for t = ty, where 21,20 € [QF,l], 21 # z2. Then
I 12) — (a0 > 2 )

Now let v = n(u,t) for some t € (t1,t2). For such v, V(v) = 3¢ Aj(v)w;, where Jp is a finite
set. By (4.24), for all j € Jo, [lu; —v|| < {5. Hence u; ¢ V and

- 2 2
V()| < sup ||lw;]| = sup ———— < —.
IV sup sl =20 9T = &
So 3 t 2
2
(4.29) 7# S lnlust2) = n(u,t1)] < /t IV (n(u, s)||ds < %(tz —t1).
1

Since t1,t2 may be chosen arbitrarily close to w4 (u), this is a contradiction. Hence w4 (u) = oo for
all u € ®&HL,

(b) The admissibility of the homotopy 7 : ®¢*1 x [0,1] — ®&*+! follows from Proposition 2.2.
Thus g = n(-,1)|®¢ is also admissible and it is clearly odd.

(c) Take any d < € — 1 and let u € %\ V. Suppose there is t > 0 such that n(u,t) € Ny and
n(u,s) € Ny for s € [0,t) (otherwise the argument is simpler). Then 1 (n(u,s)) =1 and

1
1@n(u,t) — 2| = gH

for some z € [QF,l]. Using an argument similar to (4.29), we obtain
1 t 2
S1 < 1Qu=Qneu. )| < [ [Vin(u,s)]ds < 5t
Since ¢ (n(u, s)) =1,
t
(4.30)  dte—2(n(u,t) = B(u) = B(n(u,t)) = /0 (VO(n(u,s)),V(n(u,s)))ds > t,

and therefore ®(n(u,t)) <d+e— % < d — ¢ (the last inequality follows from (4.22)). Soif ¢t <1,

then ®(n(u, 1)) < ®(n(u,t)) < c—e. If t > 1, then (4.30) implies ®(n(u,1)) < d— e (since e < 1).
If d > B+ 1, then clearly, for all u € @Zi‘i and t € [0,1], ¥(n(u,t)) = 1 in view of (4.27).

Therefore it is easy to see using (4.30) again that ®(n(u,1)) < d — e and n(®42,1) c dI—=.

So far we have proved that g : ®¢ — ®¢ is an odd admissible map satisfying (i) and (ii). Clearly,
®(g(u)) < ®(u) and g is a homeomorphism of ®¢ into ®¢. It remains to show that g(®¢) is a closed
set. To this end we introduce an even Lipschitzian function ¢ : E — [0, 1] such that ¢|®¢11 =0
and ¢|®¢ = 1. Consider the Cauchy problem

dx
T = P00vIV(X), x(w,0)=ueE.
Using a similar argument as above we show that x(u,t) exists for all ¢ € R. Now assume v, :=
9(um) = n(tm, 1) = x(um, 1) — v, where u,, € ®¢. Then u,, = x(vm, —1) — x(v,—1) = u € ®E.
Hence g(u) = v and v € g(®%).

This completes the proof of Lemma 4.6. O
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For each A € ¥ we define a pseudoindex v*(A) of A by setting

*(A) := mi AnsS,NZ
7" (4) gg{l&)v(g( )NS,NZ)
(recall v denotes the genus). Observe that since g(A) is closed, g(A) N S, N Z is an element of ¥
and the above definition is correct. Our pseudoindex is similar to that of Benci [4]; however, it
does not have all properties required in [4].

Lemma 4.7 Let A,B € X.
(i) If v*(A) # 0, then A # 0.
(it) If A C B, then v*(A) < ~v*(B).
(111) If h € H(A), then v*(h(A)) > ~v*(A).

Proof Property (i) is obvious.
(ii) If A C B, then g(A) C g(B) for any g € H(B). Hence, by the monotonicity of the genus,
Y(g(A)NS,NZ) <~(g(B)NS,NZ). By Remark 4.5 (ii),

“(4) = mi A Z) < mi A Z) < mi B Z) = v*(B).
7" (4) gg{l&)v(g( )N S, N )_gemﬁgg)v(g( )N S, N )_gemﬁgg)v(g( )NS,NZ)=~%(B)

(iii) For any g € H(h(A)), go h € H(A) according to Remark 4.5 (ii). Hence

*(A) = mi ANS,N7Z) < i Goh(A)NS,NZ) = ~*(h(A)). 0
7" (A) géﬂﬁ&)v(g() o )_EG%?A))V(QO() »NZ) =7"(h(A))

Now we shall show that in X there are sets of arbitrarily large pseudoindex. To this end suppose
that 7, is a k-dimensional subspace of Z and let E := Y & Z;. Arguing as in Lemma 1.4, one
proves easily that

®(u) — —oo as u € Ey and |Ju|| — oo.

Therefore there is a number Ry > p (p was determined in Lemma 1.3) such that for u € Fj,
HUH > Ry,

(4.31) D (u) < Hiﬂlf D (u).
ul|<p

Let us put
A= E(O,Rk) NE, = {u € Fy : ||uH < Rk}

Lemma 4.8 ~v*(A4) > k.

Proof Suppose to the contrary that v*(A) =1, 0 <[ < k. Hence there is g € H(A) such that
Y(g(A)NS,NZ)=1L.

Let U := g7'(B,) N Ey and B := g~ '(B,) N Ej. Since g is odd, the sets U, B are symmetric
and 0 € U. Since g is T-continuous and Ep is 7-closed, B is 7-closed. Moreover, U is open
in Ej because g is continuous and for all uw € U, |u| < Ry (for if ||u|| = Ry, then by (4.31),
D(g(u)) < ®(u) < infz @, and u ¢ g Y(B,)). Clearly, U C BC A and g(B\U) C S,.

Assume that g(A)NS,NZ # (). There is a continuous odd map ¢ : g(4)NS,NZ — R\ {0} C
R*~1\ {0}. Since R¥~! is isomorphic to a (k— 1)-dimensional subspace Z;_; of Zj,, we may assume
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that ¢ : g(A) NS, NZ — Z,_1 \ {0}. Let ¢* : B, — Zj_1 be an odd extension of ¢ to B, (take
1

any continuous extension ¢ with values in Zj_; and put ¢*(z) = 5[@(z) — @(—z)], © € B,).
If g(A)NS,NZ =0, we put ¢* =0.
We now consider a map g : B — Ej, given by
g(u) := Pg(u) + ¢*(Qg(u)).

It is clear that g is odd and admissible. If g(u) = 0, then g(u) € Z, so Qg(u) = g(u) and ¢*(g(u)) =
0. Since for u € B\ U, ¢*(g(u)) = ¢(g(u)) # 0, we obtain g~1(0) N (B \ U) = ). Moreover, g~*(0)
is 7-compact (recall B is 7-closed). Hence, in view of Theorem 2.4 (iv), g~*(0) N OU # 0, a
contradiction because OU C B\ U.

This proves that v*(A) > k. O

Now we can return to the proof of Theorem 4.1. Let

cp := Inf sup®(u).
g T (A) >k ueg ( )

By Lemma 4.8, ¢ is a well-defined real number for each k£ > 1.
Lemma 4.9 For any integer k > 1, b < ¢ < cpyq-

Proof The second inequality is obvious since {A € ¥ : v*(A) > k+ 1} C{A € X : v*(A) > k}.

If v*(A) > k, then v(g(A) NS, N Z) > k and g(A) NS, N Z # ( for any g € H(A). Hence there is

u € A such that g(u) € S, N Z; so ®(u) > ®(g(u)) > b. O
There are two possibilities:

(j) There is an integer k£ > 1 such that ¢ := ¢, > f+ 1.

(Gj)Forallk> 1, a<b<¢, <@+ 1

We are now going to show that both conditions (j) and (jj) lead to a contradiction. This will
complete the proof of Theorem 4.1.

(A) Suppose that condition (j) is satisfied. Let & > ¢+ 1. Then { > 5+ 2. For each ¢ > 0
there is A C ®“*¢ such that y*(A4) > k. By Lemma 4.7 (ii),

(@) > 47 (4) > k.
Further, by Lemma 4.6 (ii) (with d = ¢), there exist € > 0 and g € H(®%) such that g(®+) C d°¢.

So by Lemma 4.7 (iii),
<yt (@77F) <4 (g(@°FF)) < 47(2°7F)

and thus ¢ = ¢ < ¢ — ¢, a contradiction.

(B) Suppose that (jj) is satisfied. Now in order to proceed further we need to introduce another
pseudoindex.
Let X be an arbitrary but fixed member of ¥ and let
Yx={AeX: : AC X}

We define

Y (A) = i A)NS,NZ2).
vx (A) gggg&)v(y() »NZ)
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Lemma 4.10 Let A, B € ¥x.
(1) vx (A) = v*(4).
(it) If A C B, then v%(A) <% (B).
(i11) If h € H(X) and h(X) C X then v (h(A4)) > 7% (4).
(i) 7x (AU B) < 7% (A) +~(B).
Proof (i) For any g € H(X), g|A € H(A). Hence v*(A) < 7% (A).
(i) v(g(A)NS,NZ) <v(g(B)NS,N Z) for each g € H(X). Hence 7% (A) < % (B).
(iii) For any g € H(X), go h € H(X). Thus

Yx(A) < min (g0 h(A) NS, NZ) =X (h(A)).
gEH(X)

(iv) Take any g € H(X). Then
x(AUB) <7(g(AUB)NS,NZ) < 4(9(A) NS, N 2) +7(g(B))

in view of the subadditivity and monotonicity of the genus. Since g(B) is closed and homeomorphic
to B, v(B) = v(g(B)). Therefore 7% (AU B) < v(9(A) NS, N Z) + ~(B). This implies that
Vx (AU B) <% (4) +~(B). =

The sequence (c) being nondecreasing and bounded is convergent, say b < ¢ := limg_o0 ¢ <
B+ 1. It follows from the definition of ¢, and Lemma 4.7 (ii) that v*(®“*") > k for all v > 0 and
k> 1. Take any £ > G+ 2 and let

X =072 c ¢t

Since
(4.32) Y (@HY) > 4% (@) = 00

for each 0 < v < 1, we may define a new sequence of real numbers (dy);>; by the formula

di ;= inf sup ®(u).
b=l o)

Lemma 4.11 For any k> 1, b <dy < dy+1 < c.

Proof The first two inequalities are established similarly as in Lemma 4.9. The last one follows
from (4.32) and the definition of dj. O

The sequence (dy) is nondecreasing and bounded, so b < d := limg o dp < ¢ < £ — 1. For all
e > 0 sufficiently small, X = ®+2 5 ¢4 5 ¢4 +¢ and thus 7% (®4+¢) = oco.

By Lemma 4.6, there are ¢ > 0 and g € H(X) such that g(®%+\ N) C ¢ and ¢g(X) C X.
Since 4 = (&%= \ N) U (N N &%), we get by Lemma 4.10 (iv), (iii) and (ii) that

00 = Vi (BH) < A (N N) + (N N 0HE) < 7 (g(BHF \ N)) + 1 < v (@49) +1

80 Vi (®97¢) = co. Therefore dj, < d — ¢ for all k, contradicting the fact that dj, — d.
The proof of Theorem 4.1 is complete. |
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5 Existence of homoclinic solutions

In this final section we indicate how our results can be carried over to the problem of existence of
homoclinic solutions for the second order system of differential equations

(5.1) —G+A(t)g = Fy(t,q), teR, geR".
Let £ := H'(R, RN ) and suppose that A and F satisfy the following conditions:
(B1) The functions F : R x RY — R and F,: R x RY — RY are continuous and 1-periodic in .

(B2) liminf, o q- Fy(t,q)/|F,4(t,q)|* > 0 and liminf . q- Fy(t,q)/|Fy(t, q)| > 0, uniformly with
respect to t.

(B3) F,(t,q) = o(]q|) uniformly with respect to t as |g| — 0.
(B4) There is v > 2 such that for all t € R and ¢ € RV \ {0},

0 <~F(t,q) < q-Fylt,q).

(B5) A:R — RV “isa symmetric N x N matrix with continuous 1-periodic entries.

(B6) 0 lies in a gap of the spectrum of the operator L : E — FE given by
(Lg,v) = / (G- 5+ A(t)q - v) dt.
R

(B7) For allt € R and ¢ € RN, F(t,—q) = F(t,q).
(B8) Fj is locally Lipschitzian with respect to g.

Note that (B2) follows from (B3) and (B4) if N =1 (a single equation).
Let

®q) = 5 [ (4 + Al 9 dt ~ [ Feq)at

It is well-known [7] that ® € C'(E,R) and nontrivial critical points of ® correspond to homoclinic
solutions of (5.1) whenever (B1), (B3), (B5) are satisfied.

Theorem 5.1 If assumptions (B1)-(B6) are satisfied, then (5.1) has a homoclinic solution.

Theorem 5.2 If assumptions (B1)-(B8) are satisfied, then (5.1) has infinitely many homoclinic
solutions.

The proofs use the same arguments as for the Schrédinger equation. Note that since the space

E is continuously embedded in L*°(R, RY ), it is not necessary to have a growth restriction like

(A2) here. By the same reason no growth condition in (B8) is needed (cf. [7, Proposition 1.24]).

Hypothesis (B2) (which replaces (A2)) is used in order to show that (PS)g-sequences are bounded.
More precisely, in the proof of Lemma 1.5 we replace (1.9) by
1 1

1
5 1t Enllanll = am) — 5(V@an).am) = (5= =) [ am- Fut.am)dt > 0.
v/ JRN
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where €, — 0 as m — oo. It follows from (B2), (B4) that there is a constant ¢ > 0 such that
[Fy(t. @)l <€q- Fy(t,q) i gl <1

and
|Fy(t,q)| <cq-Fy(t,q)  if [¢] > 1.

The remaining part of the proof is similar to that of Lemma 1.5 (with obvious changes).

A homoclinic solution for (5.1) has also been found in [3] by a different argument (constructing
subharmonics and passing to the limit) and under somewhat more restrictive conditions than in
Theorem 5.1.
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