ON ¢-ANALOGS OF THE LAGUERRE-POLYA CLASS

DIMITAR K. DIMITROV AND BORIS SHAPIRO

ABSTRACT. We introduce and compare two natural g-analogs of the classical
Laguerre—Pdlya class of real entire functions. The first one is defined on the
coefficient side via a normalized g-Borel transform, and the second one is defined
on the zero side via logarithmically g-separated zeros. We establish several basic
properties of these classes, discuss their relation, and formulate a number of open
problems suggested by this comparison.

1. INTRODUCTION

Let us start with the following fundamental notion, see e.g. Chapter 8 of [1].

Definition 1.1. A real entire function @ belongs to the Laguerre—Pdlya class, written
as ¢ € LP, if

w
(1.1) p(2) = c2me = [T (1 - 2/a)e™/™, 0<w < oo,

k=1
for some nonnegative integer m, c¢,a,b € R, a <0, A € {0,1} and z, € R\ {0} such
that Y, |zk| ™! < 0o. We allow w either to be finite or infinite with the convention
that when w = 0, the product on the right-hand side of (1.1) is identically equal to
1 and when w # 0 the terms in the product are arranged according to the increasing
order of |xy|.

It is clear that ¢ € LP if and only if p(2) = exp(az?)d(z), where a < 0 and ¢ is a
real entire function with real zeros of genus at most one.

The LP-class was originally studied by Laguerre [6] and, since the beginning of the
twentieth century, by Pdlya, Jensen, Schur, Obrechkoff and other celebrated mathe-
maticians while trying to better understand real-rootedness phenomena related to the
Riemann hypothesis; see [9, 11] and the references therein.

If in the above presentation of ¢(z) one has a = A = 0 and bz < 0 for every
k € N, then the function ¢(z) is said to belong to the Laguerre-Pdlya class of type I,
written as ¢ € LPI. Equivalently, ¢ € LPI if and only if either ¢(z) or p(—z) can be
represented in the form
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where c € R, m e NU{0},b<0, 23 > 0and 3, ;' < co.

We recall two standard characterizations of the £LP-class that will be used repeatedly
below.

Theorem 1.2. A real entire function ¢ belongs to the Laguerre—Pdlya class LP if
and only if it is the limit, uniformly on compact subsets of C, of a sequence of real
polynomials having only real zeros.

Theorem 1.3 (Pdlya-Schur, [12]). Let {ar}32, be a real sequence and define

e k
z
(1.2) o(z) = Zakg.
k=0
Then {ax} is a multiplier sequence if and only if ©(z) belongs to the Laguerre—Pdlya
class LP and has all its zeros real and of the same sign (or the same is true for p(—=z)).

We use standard notation from the theory of basic hypergeometric series; see Gasper
and Rahman [5]. In particular,

n—1 oo
(a:q)n == [J (1 — ag’), (a:q)oo == [ (1 — ag’),
=0 =0
and
Ay, .-, Qr —  (a1;9)k - (ar; Qi k k(e—1)/2] 7k
r¥s 74, -1 .
o) “ 2 g e (V)T

Several standard functions arising in g-series theory belong to the Laguerre—Pdélya
class for suitable values of g. One basic example is the Ramanujan function (also called

the ¢g-Airy function)
q k
R,(z) := (—2)",
o) kzzo O
which is entire for |¢| < 1; moreover, for 0 < ¢ < 1 it has only real zeros, see [7]. This

and related examples motivate the introduction of the g-analogs of the Laguerre-Pdlya
class studied below.

At this point one has to distinguish between two different possible notions.

The first one is a coefficient-side g-deformation. Given a real entire function

k=0 )

we define its normalized ¢-Borel transform by
k(k 1)/2(1 _ q)k

1.4 ak 2, 0<qg<l.
Y Z 0
The normalization in (1.4) is natural since
1—q)F 1 :
d=ar - and P2 asq— 17,
(@ K

so that one expects, at least locally uniformly on compact subsets,

(Byp)(2) — w(2), ¢ 17.
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This leads to the following definition.
Definition 1.4. For a fized q € (0,1), we define the weak g-Laguerre-Pdlya class by
EP;VC&k = {¢ real entire : Byp € LP}.
Similarly, the weak g-Laguerre—Pdlya class of type I is defined by
E’Pé’weak = {p real entire : Byp € LPI}.

The second notion is a zero-side g-analog. The appropriate geometric replacement
of the usual reality of zeros is that the zeros should be separated on a logarithmic scale.

Definition 1.5. A finite or infinite sequence of nonzero real numbers {z;} is called
logarithmically g-separated (or simply g-separated) if

<y

0y
whenever either xy < xp <0 or 0 < zp < xy and k # L. Equivalently, on each side of
the origin, consecutive zeros are separated by at least a factor ¢~ ' in modulus.

This notion is natural because the big g-exponential

< gkk-n/2 S ,
k=0 q;4)k j=0
has zeros at —¢~7, j = 0,1,2,..., which form a geometric progression.

Accordingly, one may define a strong q-Laguerre—Pdlya class as the locally uniform
closure of real polynomials whose zeros are real and g¢-separated. The next theo-
rem makes precise the corresponding product representation. A closely related zero-

theoretic class has already appeared in the literature in the work [8] of Lamprecht,
where the classes Ro(gq) and N (q) of real entire functions with logarithmically g-
separated zeros were introduced and studied in connection with g-extensions of the
Pélya—Schur theory, see [2]. In the present paper we therefore regard (1.4) and the
class E’P:;’eak as the coefficient-side counterpart of that zero-side theory.

The motivation for considering these two definitions is twofold. On the one hand,
the Laguerre—Pdlya class admits both a coefficient-based characterization, via multi-
plier sequences and exponential generating functions, and a zero-based characteriza-
tion, via real-rootedness and canonical product representations. The g-Borel trans-
form in (1.4) provides a natural deformation of the coefficient side that is compatible
with basic hypergeometric structures and recovers the classical theory in the limit
q — 17. On the other hand, many fundamental g-special functions exhibit zero sets
with geometric spacing, suggesting logarithmic ¢-separation as a natural replacement
for real-rootedness in the g-setting. Comparing these two approaches allows us to clar-
ify the extent to which coefficient-side and zero-side properties remain aligned under
g-deformation, and to identify structural features that persist—or fail—beyond the
classical case.

To the best of our knowledge, apart from the work of Lamprecht [8], who introduced
classes of entire functions with logarithmically g-separated zeros in connection with ¢-
extensions of the Pélya—Schur theory, there has been no systematic attempt to define
and study general g-analogs of the Laguerre-Pdlya class itself. Existing literature has
primarily focused on identifying specific g-special functions that belong to the classical
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Laguerre—Pdlya class, rather than formulating intrinsic g-deformations of the class. In
particular, works such as [10] investigate conditions under which certain g-analogs
of classical special functions lie in the Laguerre-Pdlya class, without introducing a
corresponding g-analog of the class as a whole.

The present paper proposes and compares two natural and, in a sense, complemen-
tary g-analogs of the Laguerre-Pdlya class, defined respectively on the coeflicient side
via a normalized g-Borel transform and on the zero side via logarithmic g-separation.
This approach appears to be new and provides a unified framework for studying ¢-
deformations of classical real-rootedness phenomena.

The structure of this note is as follows. In § 2, we state and prove our main results
about both g-analogs. In § 3 we present concrete examples of functions illustrating
both notions and distinguishing between them. Finally, if § 4 we state a number of
related open problems.

2. MAIN RESULTS
Our first result concerns the weak class.
Theorem 2.1. If ¢ € LP, then for every q € (0,1) one has
Byp € LP.

In other words,
weak
LP C LP; for every g € (0,1).

Proof. Set
k(k—1)/2(1 _ \k
q (1-q)
1) = k! , k> 0.
(@) (@ @)k

Then

o0 ok o k(k=1)/2(1 _ o)k 0 ,

S =S T Dk (1 - )y = [ (14 (- 9)ef2).

k=0 k! k=0 (qv Q)k §=0

Hence E,((1 —q)z) € LPI, so by the Pélya—Schur theorem the sequence {dx(q)}72, is
a multiplier sequence (indeed, of type I).
Now let ¢ € LP. By Theorem 1.2, there exists a sequence of real polynomials

d7l
pn(z) = Z bn,kzk
k=0

with only real zeros such that p, — ¢ locally uniformly on C. Define the diagonal
operator T on polynomials by

Tq Zbkzk = Z(Sk(q)bkzk

k>0 k>0

Since {dx(¢)} is a multiplier sequence, each polynomial T,p,, has only real zeros. On
the other hand, if

9] Zk
QO(Z) = Zak}g7
k=0
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then its ordinary Maclaurin coefficients are by = ay/k!, and therefore

o0 a oo
Typ(z) = Y 0u(@) 757" = an
k=0 ’

= (4 9k
We claim that T,p, — T, locally uniformly on C. Let R > 0 and choose S > R. Set

qk(k—l)/Q(l _ q)k

2F = Bp(2).

M, == sup |pn(2) — p(2)| — 0.
[2|<S

Write p,(z) = E,QO bo k2" and p(2) = Zkzo bpz*. By Cauchy’s estimates,
bp.i — br| < M, S™".
Since 0 < 0x(q) < 1, for |z| < R we have

M,
ITy(pn — 0)(2)] < g}wm oo — il |2 < M, QR/S)’“ =T R5

Hence Typ,, — Ty uniformly on |z| < R, and since R is arbitrary, the convergence
is locally uniform on C. Since each Typ, is hyperbolic, Theorem 1.2 implies B,y €
LP. O

Theorem 2.1 admits several natural complements showing that the weak and strong
g-Laguerre-Pdlya classes have a structure parallel to the classical one.

Theorem 2.2. If ¢ € LPI, then for every q € (0,1) one has
Byp € LPI.

FEquivalently,
LPI C ﬁP(I/W%‘k for every q € (0,1).

Proof. By the type I version of the approximation theorem for LPI, there exists a
sequence of real polynomials p, whose zeros are all real and of one sign such that
pn — @ locally uniformly on C. For completeness, we recall that every function in
LPI is the locally uniform limit of real polynomials with only real zeros of one sign;
see, e.g., [9, Chapter VIII]. With dx(¢q) and T, as in the proof of Theorem 2.1, the
Pélya—Schur theorem shows that {0x(¢)} is a multiplier sequence of type I. Hence
T,pr has all zeros real and of one sign for every n. Passing to the locally uniform limit
gives
Byp =Ty € LPI.

Theorem 2.3. Let
o0 k
z
e(z) = Z akg
k=0
be a real entire function and fix g € (0,1). Then

weak
p e LP™

if and only if, for every n € N, the polynomials

n k(k=1)/2(1 _ o)k
Jflq)(np; z) = Z (Z) ay k! a l)

= (¢ )

k
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are hyperbolic. Sitmilarly,
© c Epé,weak
if and only if, for every n € N, all zeros of J,(zq)(go; z) are real and have the same sign.

Proof. By definition, ¢ € Eszeak if and only if Bypy € LP. Now the Maclaurin
expansion of B,y is

(quo)(z) = i (ak Iz qk(k—l)/2(1 _ q)k> ok

= (43 Ok k!

Hence the Jensen polynomials of B,y are precisely the polynomials J,g‘n(ga; z) above.
The first assertion therefore follows directly from Jensen’s theorem; see, for instance,
[9, Chapter VIII]. The type I statement follows from the corresponding Jensen char-
acterization of LPT; see again [9, Chapter VIII]. O

Theorem 2.4. Fiz g € (0,1). Suppose that {©m}5°_1 is a sequence of real entire
functions such that ¢, € EP;Vcak for every m, and assume that v,, — ¢ locally
uniformly on compact subsets of C. Then

p € LPY.
The analogous statement holds for £Pé’weak.

Proof. Write

ol =S i, ol =S
k=0 k=0
We show that By, — By locally uniformly. Let
k(k=1)/2(1 _ o)k
Si(q) = k! 2 U=a o

(¢ D
Let R > 0 and choose S > R. Set

My, == sup |om(z) — ¢(2)] = 0.
|2|<S

Writing ¢m(2) = > reo am)kzk—lj and p(z) = Y reyp akzk—f, put bk = am/k! and
br := ax/k!. By Cauchy’s estimates,
bk — br| < M, S7F.
Thus for |z] < R,
By (om — ) (2)] <> 0k(q) b — biel |2* < My Y (R/S)F =

k>0 k>0

M,
1-R/S
Hence B,p,, — Bgp locally uniformly. Since each B,p,, belongs to LP and the class

LP is closed under locally uniform limits, it follows that B,¢ € LP. Hence ¢ € EP:;’eak.
The type I case is identical.

Theorem 2.5. Let
00 k
z
p(z) = Z Ok7y
k=0

be a real entire function. Then

By — ¢ locally uniformly on compact subsets of C as q — 17.
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In particular, if ¢ € LP, then Byp € LP for every q € (0,1) and

By — ¢ locally uniformly on compact subsets of C.

Proof. For every fixed k one has

k(k—=1)/2(1 _ \k
q 1-9" | 17 g1
(¢ ) k!
Fix R>0. For0<g<land k > 1,

_ k k
0< g"FmD2(1 — g)* _ -2 H l-q _ S H 1
(a3 9)x ol l+g+--+

Therefore, on |z| < R,

j=1 j=1

k(k=1)/2(1 _ q)k RF
(lkq 1=q) P §|ak\—'.
(@ )k k!
Since ¢ is entire, the series } ;- arz¥ /k! converges absolutely for every z, so > ko0 lak |RF/K! <

0o. Dominated convergence therefore yields

By — ¢ locally uniformly on compact subsets of C.
If in addition ¢ € LP, then Theorem 2.1 gives Byp € LP for every g € (0,1). O

We now turn to the strong g-Laguerre-Poélya class.

Theorem 2.6. Fix q € (0,1). A nonzero real entire function f belongs to the strong
q-Laguerre—Pdlya class if and only if it can be represented in the form

¢ z
=cz™ 11— — < <
fz)=cz E( a:j)’ 0<w< oo,

where ¢ € R\ {0}, m € NU{0}, the numbers z; € R\ {0} are g-separated, and

The zero function belongs to the strong class as well, by definition.

Proof. Assume first that f belongs to the strong ¢-Laguerre—Pdlya class and that
f # 0. Then there exist real polynomials p,, with real, g-separated zeros such that
pn — f locally uniformly on compact subsets of C. By Hurwitz’s theorem, every
nonreal zero of f would force nearby nonreal zeros of p,, for all sufficiently large n,
which is impossible. Hence all zeros of f are real.

We next show that the nonzero zeros of f remain g-separated. Let 0 < =z < y be
distinct positive zeros of f. Choose £ > 0 so small that the closed discs D(z,¢) and
D(y,€) are disjoint, lie in the open right half-plane, and satisfy

y—e>q (z+e).
By Hurwitz’s theorem, for all sufficiently large n the polynomial p, has zeros z,, €
D(z,¢) and y,, € D(y,e). Since z, and y, are positive zeros of p, and the zeros
of p, are g-separated, we have y,, > ¢ 'x,. Letting n — oo gives y > ¢ 'z. The
same argument applies on the negative axis after replacing zeros by their moduli.
Consequently, on each side of the origin the nonzero zeros of f are g-separated, and in
particular all nonzero zeros are simple.
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At this point one may appeal to the characterization of the classes R (¢) and Noo(q)
due to Lamprecht; see [8, Section 2]. Since f is a real entire function whose nonzero
zeros are g-separated, it admits a product representation of the stated form. Equiv-
alently, ordering the nonzero zeros by increasing modulus on each side of the origin
yields geometric growth |z 1] > ¢~ |, so > |z;]7! < oo, and the corresponding
genus-0 canonical product converges locally uniformly.

Conversely, suppose that f has the stated product representation. Then every

partial product
- z
n = m ]_ _—
fu(z) i=cz IJ < xj)
7j=1

is a real polynomial with real g-separated zeros. Since |z;|7! < oo, the infinite
product converges locally uniformly on C, so f, — f locally uniformly. Hence f
belongs to the strong class. The assertion about the zero function is immediate from
the definition of the strong class. O

Corollary 2.7. A real entire function f belongs to the strong q-Laguerre—Pdélya class
of type I if and only if either f(z) or f(—z) can be represented in the form

s z
= cz™ 1 — 0< <
f(z)=cz ]Lll < + CEj) , <w < oo,

where ¢ € R, m € NU {0}, z; > 0, the sequence {x;} is q-separated, and
w
1
> <o
j=1 71
Proof. This is an immediate specialization of Theorem 2.6 to the case when all zeros
have the same sign. O

Theorem 2.8. FEvery function in the strong q-Laguerre—Pdlya class belongs to LP.
More precisely, the strong q-Laguerre—Pdélya class is contained in the subclass of LP
consisting of real entire functions of genus 0.

Proof. By Theorem 2.6, every nonzero function in the strong class has a genus-0 canon-
ical product with only real zeros, hence belongs to the classical Laguerre-Pdlya class
by (1.1). The zero function belongs to LP as well. O

Theorem 2.9. For every q € (0,1), the function

oo

By((1—q)2) = [[(1 + (1 —q)¢’z)
j=0
belongs simultaneously to the strong q-Laguerre—Pdlya class of type I and to EPé’Weak.
Proof. Its zeros are the numbers
q*j
1=

i=0,1,2,...,

which are all negative and form a geometric progression. Hence they are g-separated,
and Corollary 2.7 implies that E,((1 — g)z) belongs to the strong type I class.

On the other hand, the same product representation shows directly that E,((1 —
q)z) € LPI in the classical sense. Therefore Theorem 2.2 yields E,((1 — ¢)z) €
Lplweak O



ON ¢-ANALOGS OF THE LAGUERRE-POLYA CLASS 9

Motivated by Theorem 2.1, we make the following definition.

Definition 2.10. A real sequence A = {ar}72, is called a weak g-multiplier sequence
if the entire function

> k(k 1) /2(1 _ q)k

Dy 4z Z

P ORI

k

belongs to LP.

The description of the corresponding strong q-multiplier sequences, namely those
diagonal operators preserving polynomials with real ¢-separated zeros, is a natural
problem for further investigation. In view of the results of Lamprecht in [8], this
problem should be regarded as a genuine g-analog of the classical Pélya—Schur theory.

We conclude with further structural properties and relations between the weak and
strong g-Laguerre—Pdlya classes.

Proposition 2.11. Fiz g € (0,1). Let p(2) = Y, 5 axz"/k!. Then

I

k(k=1)/2(1 k
(1-9q) Sk
prd (¢ 0)x

Proof. Since

o0 k
! Z) = Zak-i-l%)
k=0 ’

substituting this Maclaurin expansion into the definition of B, gives the stated formula.
O

Question 2.12. Fix g€ (0,1). Ifp € ﬁP;"eak, must one have
¢ € LP)?

Does the same hold for EPé’Weak ?

Question 2.13. Fiz q € (0,1). Let

z):Zakg, ’(/J(Z):Zbkﬁ.
k=0 k=0

If o, € EP:;’C&k, does the Hadamard product

(px)(2 Zakbk

also belong to L'P(Vzveak ?

Remark 2.14. Fix g € (0,1). By definition, the strong g-Laguerre-Pdlya class is closed
under locally uniform limits of sequences of real polynomials whose zeros are real and
g-separated. Theorem 2.6 shows in addition that any nonzero limit in this class has a
genus-0 product representation with g-separated zeros.

Question 2.15. For each q € (0,1), does there exist a function in the strong q-
Laguerre—Pdolya class which does not belong to EPflveak?
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Theorem 2.16. For each g € (0,1) there exists a function in LP;”Cﬁk which does not
belong to the strong q-Laguerre—Pdlya class.
Proof. Let
2
p(z)=e".
Then ¢ € LP, so Theorem 2.1 implies ¢ € EP;"eak. We show that e~ is not in
the strong g-Laguerre-Pdlya class. By Theorem 2.6, any function in the strong class

admits a representation
z
fz) = ez ] (1—>7
i i

with real zeros {x;}. In particular, if such a function has no zeros, then it must reduce
2 . _ .2
to f(z) = cz™. However, e * has no zeros and is not of the form ¢z™. Therefore e~*

does not belong to the strong g-Laguerre-Pélya class. O

Corollary 2.17. For every q € (0,1), the weak and strong q-Laguerre—Pdlya classes
are distinct. Moreover, the strong class is a proper subclass of LP N EP‘q”eak,

Proof. Theorem 2.8 shows that every function in the strong class belongs to LP and
has genus 0, while Theorem 2.16 gives an explicit function in the weak class that is
not strong. O

3. EXAMPLES

In this section we present explicit examples illustrating the weak and strong g-
Laguerre—Pdlya classes and the differences between them.

Example 3.1 (The g-exponential). For g € (0,1) consider the function
2 gE=1)/2(1 _ g)k o0

E((1—q2) =Y 1 S =TI+ 0 - q)d2).
k=0

(¢ D iy

Then E4((1—q)z) belongs to the strong q-Laguerre-Pdlya class of type I, since its zeros

qu
71_q,

i=0,1,2,...,

are negative and form a geometric (hence g-separated) sequence. Moreover, by Theo-
rem 2.2, it also belongs to Epé’weak.

Example 3.2 (A classical function in the weak class). Let
o(z) = €.
Then p € LPI, and therefore, by Theorem 2.2,
pE L'Pé’weak for every q € (0,1).

However, ¢ has no zeros, so it does not provide information about the zero structure
of the strong class.

Example 3.3 (A weak but not strong function). Let ¢ € LP be a real entire func-
tion of genus 1 with infinitely many real zeros that are mot q-separated. Assuming
Theorem 2.1, one obtains

v € EP‘éveak,
but ¢ does mot belong to the strong q-Laguerre—Pdlya class, since its zeros fail the
q-separation condition.
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Example 3.4 (A strong function with prescribed zeros). Fiz ¢ € (0,1) and consider
the sequence _
r;=q 7, ji=12,....
Then {x;} is q-separated, and the infinite product
i z
o= )
J=1

converges locally uniformly and defines a real entire function. By Theorem 2.6, f
belongs to the strong q-Laguerre—Pdlya class.

Example 3.5 (A strong type I function). Let
f) =10 +d%2).
j=0

Then all zeros of f are negative and form a q-geometric progression, hence f belongs
to the strong q-Laguerre—Pdlya class of type I. This example is closely related to the
q-exponential function.

Example 3.6 (Hadamard product heuristic). Let ¢(z) = e* and
¥(z) = Eq((1 - q)2).

Both functions belong to EPé’Weak. Their Hadamard product is

0 qk(kfl)/Z(l _ q)k Sk

(px9)(z) = kZ:O @Ok R

Example 3.7 (Limit as ¢ — 17). Let ¢(z) = e*. Then
Byo(z) = Eq((1 — q)z) — €7 locally uniformly as ¢ — 17,

in accordance with Theorem 2.5. This illustrates how the weak q-Laguerre—Pdélya class
interpolates the classical Laguerre—Polya class.

These examples demonstrate that the weak and strong ¢-Laguerre—Pdlya classes
contain many natural functions, but also exhibit fundamentally different behavior,
especially with respect to the distribution of zeros.

4. OPEN PROBLEMS AND FURTHER DIRECTIONS

The two g-analogs of the Laguerre-Poélya class introduced in this paper give rise to
a number of natural questions. We collect here several open problems which may serve
as directions for further investigation.

Question 4.1 (Characterization of the weak class). Give an intrinsic characterization
of the class CP;Veak that does not rely on the operator By. In particular, find necessary
and sufficient conditions on the coefficients {ax} of a real entire function

¢(z) = Z akﬁ
k=0
which guarantee that o € EP‘éveak.

Question 4.2 (Zero distribution in the weak class). Describe the zero sets of functions
n EPflveak. In particular:
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(i) Is there a natural g-separation-type condition satisfied by the zeros?
(ii) What restrictions, if any, are imposed on the genus and growth of such func-
tions?

Question 4.3 (Structure of the strong class). Develop a finer structure theory for the
strong q-Laguerre—Pdlya class. For instance:

(i) Is there a canonical factorization analogous to the full representation (1.1)7
(ii) What are the possible orders and types of functions in this class?

Question 4.4 (Relation between the two classes). Clarify the precise relationship
between the weak and strong q-Laguerre—Pdlya classes. In particular:

(i) Characterize the intersection
LP°* N {strong q-Laguerre-Pdlya functions};

(ii) determine whether natural subclasses (e.g., type I) exhibit stronger connec-
tions.

Question 4.5 (Stability under operators). Determine the largest class of linear oper-
ators T' on real entire functions such that

pELPY = Tpe LPy™,

and similarly for the strong class. In particular, characterize all differential or g-
difference operators preserving these classes.

Question 4.6 (Multiplier sequences in the g-setting). Develop a complete theory of
weak q-multiplier sequences. Is there a direct analog of the Pdélya—Schur classification
in this setting?

Question 4.7 (Limit transitions). Study the behavior of the classes as ¢ — 1~ and
q — 0F. For example:

(i) Does ZIPZVQak converge to LP in a suitable sense?
(ii) What is the limiting structure of the strong class as ¢ — 0% ?

Question 4.8 (Examples and extremal functions). Construct explicit and nontrivial
examples of functions in each class. In particular:

(i) find extremal functions with prescribed zero configurations;
(ii) identify analogs of classical special functions within the two g-classes.

Question 4.9 (Connections with g-special functions). Investigate systematically which
classical g-special functions (e.g., q-exponentials, q-Bessel functions) belong to the weak
or strong classes, and whether their properties can be explained via these frameworks.

Question 4.10 (Jensen polynomials and hyperbolicity). Study the asymptotic behavior

of the polynomials J»,(LQ)(QO; z). In particular, determine whether hyperbolicity holds for
large n under weaker assumptions, in analogy with recent developments in the classical
Laguerre—Pdlya theory.

These problems indicate that the g-Laguerre-Pélya theory developed here is only a
first step toward a broader understanding of real-rootedness in the g-analytic setting.
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