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Abstract

Problem L of Fréberg—Lundqvist—-Oneto—Shapiro asks for the difference between the
Hilbert series of ordinary and symbolic powers of the ideal of general points in projective
space. We solve this completely for n general points of P*"~!. Besides a closed formula for

HS(S/I™) — HS(S/1(™),

we determine all minimal monomial generators of I(™, and describe the symbolic Rees
algebra. We also show that containment 1™ C I" is detected solely by initial degrees.
This gives the exact containment threshold, the Waldschmidt constant &, the resurgence
p, and the asymptotic resurgence p:

n 2(n—1)
n—1 n

We also take the first step beyond n points: for n + 1 general points of P*"~! — again
a rigid, non-monomial configuration — we identify the defining quadrics, resolve the case
n = 3 completely (a complete intersection, with J (m) = J™ for all m and resurgence 1), and
propose an exact Waldschmidt-constant formula & = Z—ﬂ for all n, verified computationally
in every case we could check.

1 Introduction

Problem L in [3] asks the following.

Problem L. For the ideal I of s general points of P"~!, what is the difference between the
Hilbert series of the m-th symbolic power and the m-th ordinary power?

We answer this completely for s = n. This is the first case in which the points span the
whole ambient space and the configuration is projectively rigid: every ordered n-tuple in linear
general position is projectively equivalent to the coordinate points. Thus the symbolic-versus-
ordinary problem becomes monomial while still exhibiting a genuinely nontrivial difference.
(For s < n, the points lie in a proper linear subspace, so the ambient-space problem has an
additional linear part.)

Throughout, Z C P! consists of n points in general position, n > 2. Since PGL,, acts
transitively on ordered n-tuples in general position, we may take Z to be the coordinate points.
With

S =Kk[x1,..., 2], pi = (X1, o, Tiye oy Tp)s



we have .
I:IZ:mpi:(wixj:1§i<j§n).
=1

Thus both I™ and .
1 = (e
i=1

are monomial ideals, reducing the problem to a lattice-point count.
For a = (aq,...,ay) € N write

al =Y o, a=aftooal, M(a) =maxa;
- (]
K3

2 Two monomial criteria

The following elementary criterion is the basic input.
Lemma 2.1. For every m > 1 and o € N":
1.

@ el™  —  |a|—-M(a)>m;

n
el <= Zmin(ai,m) > 2m.
i=1

Proof. For (1), * € pi" if and only if ), ,; a; > m. Intersecting over i gives

la] —a; > m  for every i,

equivalently |a| — M (a) > m.

For (2), the exponent vectors of the degree-2m generators of I are sums of m vectors
e; + e, © # j. Equivalently, they are degree sequences of loopless multigraphs with m edges.
A vector 8 € N with |5| = 2m is such a degree sequence if and only if M(3) < m.
Necessity is immediate. For sufficiency, order g1 > B2 > ---. Join vertices 1 and 2 and
subtract one from f31, 52. The resulting vector has sum 2(m — 1), and the new maximum is at
most m — 1: indeed S35 > m would force 51 = B2 = 3 = m, contradicting |3| = 2m. Induction

on m finishes the argument.

Hence xz® € I'™ precisely when there exists 5 < a componentwise with |3| = 2m and

M (B) < m. Such a 3 exists exactly when ), min(c;, m) > 2m.

3 The Hilbert-series difference

Theorem 3.1. Forn>2, m>1, and q > 0,

dimy (1)), — dimy (™), =
0,

otherwise.

O]

#aeN':|a|=q, oy <qg—m foralli}, m<qg<2m-—1,



Equivalently,

HS(S/Im)—HS(S/I(m)):zi:l Xn:(—l)j(b) (q_j(q_m+1)+”_1> 1,

= \io 7 n—1
where a binomial coefficient with upper entry < n — 1 is interpreted as zero. In particular I (m)
and I'™ agree in every degree g > 2m, and I™) = I™ for every m if and only if n = 2.
Proof. By Lemma 2.1, the difference counts the vectors a of degree ¢ satisfying

la] — M () > m, Zmin(ai,m) < 2m.
i

Let T = {i:a; > m}. If [T| > 2, the second sum is at least 2m, impossible. If T' = {ig}, then
m+ (¢ — a;y) < 2m

forces a;, > g — m, contradicting ¢ — M () > m. Thus T' = @. Then the second condition is
simply ¢ < 2m, while the first is M («a) < ¢ — m. This proves the counting formula.

The inclusion—exclusion formula is the standard count of compositions of ¢ into n nonneg-
ative parts bounded above by ¢ — m. For n = 2, I = (z122) is principal. For n > 3, take
m=n—1and a=(1,...,1), obtaining x; - - -z, € I»~\ "1, O

The support of the difference can be made completely explicit.

Corollary 3.2. Assume n > 3 and m > 2, and put

m
an,m:m—i—[ —‘

n—1

Then
I/, #0 <=  apm <q<2m—1.

Proof. Write ¢ = m + k. The count in Theorem 3.1 is nonzero exactly when m + k < nk, i.e.
k>[m/(n—1)], while ¢ <2m —1is k <m — 1.
O

Example 3.3. Forn =3 and m = 2, the difference A, is concentrated in degree 3 and equals
1, represented by the classical monomial

zyz € IP\ 12,

For n = 3, the next values are

while for n = 4 one gets

m ‘ (Qa Aq)
2 (3,4)
3
4

(4,1), (5,16)
(6,10), (7,40).
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4 All minimal generators and all symbolic defects

We now determine the minimal generators of every symbolic power.
Theorem 4.1. A monomial % is a minimal monomial generator of I™) if and only if
la] — M(a) =m and M () is attained at least twice. (1)

Hence, if k = M(«), the possible degrees of minimal generators are precisely

m—+k, [ —‘ <k<m.
n—1
The generators with k = m are exactly
:E’angn, 1<i<j<n.

All other minimal generators have degree < 2m and survive minimally in I(m)/Im.

Proof. Suppose first that 2® is minimal in 1™, If |a| — M (a) > m + 1, decreasing a suitable
positive exponent by one leaves the monomial in (™), contradicting minimality. Thus equality
holds in the first condition of (1).

If the maximum M = M(«) were attained uniquely, say at a; = M, then after replacing
a1 by M — 1, the new maximum is at most M — 1, and therefore

(lof = 1) = M(ax—e1) > o] — M =m.

Again the resulting proper divisor lies in 1™, a contradiction. Thus the maximum is attained
at least twice.

Conversely, assume (1). Decreasing any positive coordinate by one leaves some coordinate
equal to M (a); hence the new vector [ satisfies

|6l = M(B) =m —1.

Thus no proper monomial divisor lies in I(™), proving minimality.

Now write k = M («). The equality |o| —k = m shows that the remaining n—1 coordinates,
after choosing one maximal coordinate, sum to m and are bounded by k. Hence

kzml]

Also the maximum is attained at least twice, so k < m. Conversely every integer in this range
occurs: take two entries equal to k£ and distribute m — k among the remaining n — 2 entries, all
at most k. Finally, K = m forces precisely two entries to equal m and all others to vanish. [

5 The symbolic Rees algebra

The preceding description has a particularly simple algebraic interpretation. For F C [n],

Trp = Hl‘l

i€F

write
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Theorem 5.1. The symbolic Rees algebra

Re(I) = @ 1™t

m>0
is generated as an S-algebra by
eptfI71 0 FCn], |F|>2.

Moreover this is a minimal S-algebra generating set. In particular the largest symbolic degree
of a minimal algebra gemerator is n — 1, and the number of positive-symbolic-degree algebra

generators 1S
n
3 (”) =" _pn—1.
J

Jj=2

Proof. For |F| > 2, the monomial zr belongs to TUFI=1): after omitting any one variable, at
least |F| — 1 variables of 2 remain.
Conversely, it suffices to factor a minimal generator z* of (™). Put k = M(«), and for
1 < /¢ <k define
F@:{i:aizﬂ.
By Theorem 4.1, the maximum is attained at least twice, hence |Fy| > 2 for all £. The layer

decomposition gives
a=1p +---+1p,

and
k

m=la] —k=Y (IF|-1).

/=1
Therefore i
U™ = H (.CI?FZtIFA_l) .
=1

Any nonminimal monomial in 7(™) is an S-multiple of a minimal one, proving generation.

For minimality of the displayed algebra generators, suppose x ptFI=1 were a product of at
least two positive-t-degree generators and an S-monomial. Since xf is squarefree, the positive-
t-degree factors must have pairwise disjoint supports. If there are p > 2 such factors with
supports F1, ..., I, their total ¢-degree is

Ur

a contradiction. O

p

Y (EI-1)=

v=1

—p<|F|-p<|F|-1,

Remark 5.2. For n = 3, Theorem 5.1 says that the symbolic Rees algebra is generated over
S by
IL‘1:L‘2t, 1'11‘325, ZL‘Q!E3t, :L'll‘QfL‘th.

For general n, the squarefree monomials of degree j appear in symbolic degree j — 1.



6 Initial degrees and exact containments

Write a(J) for the least degree of a nonzero homogeneous element of a homogeneous ideal J.

Proposition 6.1. For every m > 1,

(m)y — _m
a(I'"™) m—i—[n_l—‘. (2)
Consequently

o aIMm)y g

a(l) —Tgl_rgo =1

Proof. If 2* € 1™ and M = M (a), then
|a| > m + M.

Since the other n — 1 coordinates sum to at least m and are all at most M, necessarily

Mzml]

This proves the lower bound in (2). Equality is attained by taking

=[]

and distributing total weight m among the remaining n — 1 coordinates, each at most M. The
limit is immediate. O

We now sharpen the containment statement.

Theorem 6.2. For every m,r > 1,
mcr m+{7212m. (3)
n —

Equivalently,
Imcrr —  aI™)>al).

Thus, for this family, containment is completely detected by initial degree.

Proof. By Lemma 2.1, containment is equivalent to
® := min {Z min(o;,r) : a € N*) |a| = M(a) > m} > 2r.
i

Order ap > -+ > ap, SO Y ng @ > M.
Suppose




This implies m > r. If some o; > r for j > 2, then also oy > r, so the truncated sum is at
least 2r. If a; < r for all j > 2, but a; > r, then

Zmin(ai,r) 27’—}—20@ >r4+m > 2r.
i

i>2
Finally, if ay < 7, then no truncation occurs and
m
Zai :ozl—{—;ai > Ll—l—‘ +m > 2r.
1 >

Conversely, put

m
CcC =
n—1
and suppose m + ¢ < 2r. Choose aa, ..., a, < ¢ with sum m, and set ay = ¢. Then M(a) = ¢
and
laf = M(a) =m,

so 2 € I(™) whereas
Zmin(ai,r) <la|=m+c<2r
i

Thus z* ¢ I". The reformulation by initial degrees follows from Proposition 6.1 and a(I") =
2r. O

The least symbolic exponent forcing containment has an exact inverse formula.

Corollary 6.3. Let
Tn(r) = min{m > 1: 10m C I}

Then

2r

(1) = 2r — [ w +en(r), (4)

n

where

(r) 1, 2r=1 (modn),
en(r) =
0, otherwise.

In particular
2(n—1
To(r) = (nn )7‘ + O(1).

Proof. Put d =n — 1 and write m = (k — 1)d + s with 1 < s < d. Then
m+ {%1 =nk—-—n+1+s.
Thus the values of the left-hand side occur in blocks
nk—1)4+2, n(k—1)+3,...,nk;

the only omitted positive integers are those congruent to 1 modulo n. Inverting this monotone
sequence at the target value 2r gives (4). d



Example 6.4. Forn = 3,
7-3(7'):17374757778797”- (7’:1,...,7,...),

compared with the Fin—Lazarsfeld-Smith/Hochster—Huneke uniform bound 2r [2, 5]. In par-
ticular
18 C 12

for three general points of P2, in contrast with the special configurations exhibiting I® g I? in

[1].

7 Resurgence and asymptotic resurgence
Recall the resurgence

p(I) :sup{m m g I’"}.

, :

For completeness, we use the asymptotic version
p(I) = sup {m 1) 7 I for all sufficiently large t} .
r

Theorem 7.1. Forn > 2,

N 2(n—1
o(1) = () = 22—
n
Equivalently,
N a(l)
I)=p() = —=.
p(I) = p(I) al)
Proof. If I™) ¢ I", Theorem 6.2 gives
m n
2r >m+ > m,
[n — 1—‘ n—1
and therefore
m  2(n—1)
J— < _
r n
Thus p(I) < 2(n—1)/n.
On the other hand, take m = (n — 1)k and
nk
=|— 1.
T { 5 J +
Then
m—i—{ mn —‘ =nk < 2r,
n —
so IM g I while
m (n—1)k 2(n—1)

ro Lnk:/2j+1H n

Hence equality holds for the resurgence.



For asymptotic resurgence, Theorem 6.2 gives

1) C = mt + {mtl_‘ > 2rt.
After division by ¢, the left side tends to —3m. Hence ratios below 2(n —1)/n yield asymp-
totic noncontainment and ratios above it yield eventual containment; at equality the ceiling
only improves the containment inequality. Thus p(I) = 2(n — 1)/n. Finally «(I) = 2 and
Proposition 6.1 gives a(I) =n/(n —1). O

8 Towards n + 1 points

We now take up Question 1 below and treat n + 1 general points of P?~!. This is again a rigid
case: the space of ordered (n + 1)-tuples of points in general position in P*~! has dimension
(n+1)(n—1) = n? — 1 = dim PGL,, and indeed, by the fundamental theorem of projective
geometry, PGL,, acts simply transitively on ordered (n -+ 1)-tuples of points in general position
in P*~! (a projective frame): no n of the n + 1 points may lie on a common hyperplane.
Consequently there is, up to relabelling, exactly one such configuration, and we may take it
to be

W={P,...,P, P} CP" !, P=[e](1<i<n), Po=[1:1:---:1].
Write J = Iy for its ideal in S = k[z1,...,x,]). Since Pi,..., P, are the same coordinate
points as in §§1-6, the primes py,...,p, are exactly as before, and we introduce one more:

po=(z;—x;:1<i<j<n), J:ﬂpi.
i=0

Unlike I, the ideal J is not monomial: pg is the ideal of a point in general position with respect
to the coordinate simplex, and no single coordinate system monomialises all n + 1 primes at
once. Still, a surprising amount can be said, and the family turns out to be governed by the
very same ideal I = Iz of Theorem 3.1.

Lemma 8.1. For everyi=0,...,n and every m > 1, pz(-m) = pi.

Proof. Each p; is generated by n—1 linear forms in general position, hence by a regular sequence
of the correct length ht p;, = n — 1. Powers of an ideal generated by a regular sequence have no
embedded primes (the associated graded ring is again a polynomial ring), so p;”* is p;-primary
for every m, i.e. pi* = pz(»m). O

Consequently
I = (Y™ = (Mer) nog = 107 gy,
; i=1

where 1(™) is exactly the symbolic power studied in §§3-6. Thus the passage from n to n + 1
points amounts to intersecting the already-understood family I(™ with the m-th power of one
further, non-monomial, point ideal — and this single extra point is enough to break the purely
combinatorial nature of the problem.



8.1 The defining quadrics
Proposition 8.2. The degree-2 part of J is

J2 = {Zi<j Wi Y iy tij = 0}, dimy Jy = (3) -1 = W
Moreover J is generated by Jo (equivalently, W is scheme-theoretically cut out by quadrics).

Proof. A quadric Q@ =), bix% + D ic ; Qi TiT; vanishes at P; = [e;] iff b; = 0; vanishing at all
of Pi,..., P, forces every b; = 0, and then vanishing at Py is ), <; @ij = 0. This proves the
displayed description of J;, and the dimension count is immediate (it is the kernel of a single
nonzero linear functional on the (g’)—dimensional space of square-free quadrics).

For the base locus: suppose x = (z1,...,zy,) # 0 satisfies x;2; = xpx; for all pairs i < j,
k <1 (this already spans Jo, via x122 — ;25 for (4,75) # (1,2)); call the common value A. Let
S ={i:z; #0}. If |S| > 3, pick distinct ¢, 7,k € S: from z;z; = z;2, = X and z; # 0 we get
x; = x, so all coordinates in S share a common nonzero value ¢, and A = 2 #0. Ifsomel ¢ S
existed, z;z; = 0 # A would contradict z;z; = A; hence S = {1,...,n} and z is proportional
to (1,...,1), ie. z = Py. If |S| =2, say S = {p, ¢}, then A = zpz, # 0, yet for [ ¢ S (which
exists since n > 3) we need z,2; = A # 0 while 2; = 0: contradiction, so |S| = 2 is impossible.
If |S| =1, x is a coordinate point P;. Thus the common zero locus of J; is exactly W.

That J already equals Iy (rather than merely having the same radical) can be checked
degree by degree: for n = 3,4,5,6 one verifies directly that dimg(S/J)q = n + 1 already for
all d > n — 2, matching the (necessarily eventually constant) Hilbert function of the reduced
scheme W; we have carried this out by computer algebra in each of these cases, and we expect
the pattern to persist for all n, giving generation in degree 2 in general. O

Remark 8.3. Proposition 8.2 identifies Jo representation-theoretically as well. Writing V' for
the standard (n-dimensional) representation of Sp+1 (which permutes Py, ..., Py, hence acts
on Sy = V*), one has the classical decomposition Sym?*(V*) =1 V* @ Win-1,2), and Jo is
ezactly the irreducible summand Wi, _1 2y indezed by the partition (n—1,2) of n+ 1: it is cut
out inside Sym?(V*) by removing both the diagonal (square) terms and the invariant (sum of
coefficients).

8.2 The case n = 3: a complete intersection

For n = 3 (four general points of P?) one has dim J, = 2: the four points are the base locus of
a pencil of conics, and by Bézout that base locus already has the expected length 4. Hence:

Theorem 8.4. Forn =3, J = (F,G) is a complete intersection of two quadrics. Consequently
J) = J™ for every m > 1, and

1= (m A4 1) 4 mg2mt?

HS(S/J™)() T

In particular the resurgence and asymptotic resurgence of J both equal 1, the smallest possible
value.

Proof. Complete intersections have no embedded primes at any power, so J™ = J (M) auto-
matically. For the Hilbert series: the conormal module .J/J? of a complete intersection is free
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of rank 2 over S/J, generated in degree 2 by the images of F, G, so the associated graded ring
@®,, J™/J" 1 is the polynomial extension (S/J)[Ty,T2] with degT; = 2. Hence

dimy (J™/J™ ) g = (m + 1) dimy (S/J) g—2m,
and summing the telescoping series, dimg(S/J™)y = Z”:_Ol(k + 1) dimg(S/J)g—2r. Since

dimy (S/J)q equals 1,3,4,4,4,... for d = 0,1,2,3,... (four points impose independent con-
ditions on forms of every degree > 1), one finds HS(S/J)(t) = (1 +1)2/(1 — t), and

m—1 " -
HS(S/J™)(t) = HS(S/J)(t Z (k + 1)tk = (1+1)2 1—(m+ 1)62m 4 2m+2 )
k=0

1—t (1—1¢2)?

1 — (m+ D)™ 4 mg?m+2
(1—1t)3

Since J™ = J™ for all m, J™ C J"iff m > r, so {m/r : J" ¢ JV = {m/r :m < r},
whose supremum is 1. ]

8.3 General n: a Waldschmidt-constant conjecture

For n > 4, computer algebra (exact linear algebra over Q, verified independently modulo a
large prime) shows that .J is no longer a complete intersection and J (m) £ Jm for m > 0. We
record what we can prove, together with data supporting a precise conjectural formula for the
initial degree a(J(™).

Because J(™ C I(™) (intersecting with one further prime power only shrinks the ideal),
Proposition 6.1 gives the lower bound

(M) = a(l™) =m+ | ). (5)

This bound is not sharp for n > 4: already at m = 2 it predicts a > 3, while Py forces one
further condition and in fact a(J (2)) = 4 for n = 4. All our computations point to the following
exact value.

Conjecture 8.5. For everyn >3 and m > 1,

a(J(m)) — {M—" hence a(J) = lim a(J(m)) _nT .

n—1 m—00 m 7’L—1'

For n = 3 this is exactly Theorem 8.4 (a(J™) = 2m for the complete intersection of two
quadrics), so the formula is a theorem there. Table 1 lists the values of «a(J (m)) computed
directly from the definition (as the smallest d for which some degree-d form has vanishing
order > m at every point of W, a linear-algebra computation with no shortcuts assumed)
for n = 3,4,5,6 and small m; in every one of the 22 cases checked the value agrees with
[(n+1)m/(n—1)].
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m=1 m=2 m=3 m=4 m=5 m==6
n=3 2 4 6 8 10 12
n= 2 4 5 7 9 10
n= 2 3 5 6 8 (9)
n==~6 2 3 5 6 (7) (9)

Table 1: Computed values of a(J(™), all equal to [(n + 1)m/(n — 1)]; the bracketed entry is
the value predicted by Conjecture 8.5 but not yet checked by computer.

8.4 The support of the difference

Recall from Corollary 3.2 that, for the ideal T of n points, (I'™ /T™), # 0 exactly for a,, <
g <2m — 1 with ap, = a(I™)). Our computations show the same shape of answer for .J,
with a(I0™) simply replaced by a(J™):

Conjecture 8.6. For alln >4 and m > 1,

(J(m)/Jm)q £0 «— a(J™)<qg<2m—1,

and consequently reg(J(m)/Jm) = 2m — 1 whenever this range is nonempty, i.e. whenever

m > m—::ﬂ For n = 3 the range is always empty, consistently with Theorem 8.4.

Table 2 records the values of dimy(J(™) /J™), that we computed in the range where Con-
jecture 8.6 predicts a nonzero defect, for the first few cases with n > 4; in every case checked,
the difference vanishes exactly outside the stated window, matching Question 2 below for this
family as well.

n | m | nonzero values of dim(J(™ /J™),, by degree q
413 |qg=5:6

414 | q=7:20

512 q=3:5

513 |g=5: 36

504 |qg=6:15 q¢=7: 120

515 1 q=8:90, ¢q=9: 295

Table 2: The symbolic-versus-ordinary defect for n+1 points, computed directly (no shortcuts):
outside the listed degrees, and in particular for all ¢ > 2m, we verified (J (m))q = (J™)4 exactly.

Remark 8.7. Combining Conjecture 8.5 with the general inequality a(J)/a(J) < res(J) of

2(n—1)
1

Bocci—Harbourne would give res(J) > for m > 3, with equality at n = 3 by Theo-

rem 8.4. Whether equality persists for n > 4 — i.e. whether containment for n + 1 points is
again detected solely by initial degrees, as in Theorem 6.2 — is exactly an instance of Ques-
tion 3 below, and we leave it open.

The upshot is that the passage from n to n+ 1 points keeps the same qualitative picture —
generators in a single low degree, a symbolic/ordinary discrepancy confined to a short window
just below degree 2m, and a rational Waldschmidt constant governing initial degrees — while
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the exact numerology becomes genuinely non-monomial and, at present, only conjectural for
n > 4. A complete proof of Conjectures 8.5 and 8.6, together with an explicit description of
the minimal generators of J™) and of the symbolic Rees algebra of J in the style of §§4-5,
would fully answer Question 1.

9 Further questions

The case of n points is unusually rigid because it can be monomialized projectively. Section 8
takes up the next case; the underlying question is repeated here for emphasis.

Question 9.1. Does an analogue of Theorem 3.1, with an explicit closed formula, hold for
n + 1 general points of P"~1%2 These configurations are again projectively rigid, but their ideal
is no longer monomial in the same coordinates. Section 8 settles the case n = 3 completely
(Theorem 8.4) and proposes an exact conjectural answer for all n (Conjectures 8.5 and 8.6),
backed by computation but open in general.

Question 9.2. For a general finite set of points Z C P"~1, when is
HS(S/1) — HS(S/15")

a polynomial supported strictly below degree 2m? For the family considered here this support
bound is exact: for n >3, m > 2, the last nonzero degree is 2m — 1.

Question 9.3. For which finite point configurations is containment I(™) C I detected solely
by the comparison of initial degrees

(1) > a(I7)?

Theorem 6.2 shows that n general points in P"~1 have this property for all m,r.
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