SOLUTIONS OF A GENERALISED STIELTJES EQUATION
D. MASOERO, B. SHAPIRO

ABsTrACT. We study a Stieltjes system of the form Zj# ﬁ = Q(z;),
i=1,...,N with Q a monic polynomial of degree M + 1.

When M = 0 the system is the standard Stieltjes system. This has a unique
— up to permutations — solution, which coincides — up to a transposition — with
the roots of the Hermite polynomial of degree N.

We study the generalised Stieltjes system in the regime when the linear
term of the potential is large. We prove that in this regime the generalised
Stieltjes system effectively splits into M + 1 weakly-coupled standard Stieltjes
systems. As a corollary, we show that the number of inequivalent solutions of

the generalised Stieltjes is (N"A}M), namely N + M choose N.
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1. INTRODUCTION

In this short note we extend some aspects of the classical Heine-Stieltjes theory
predicting the number of polynomial solutions in certain families of linear second
order differential equations, see [2, 4]. A modern survey of this area together with
its generalizations to higher order equations can be found in [3]. Our results are
related to that of [1].

Let M > 0,N > 1 be natural numbers. For every a = (ag,a1,as,...,ap) C
CM+1 the Stieltjes system is the following system of algebraic equations for the
pairwise distinct complex unknowns (x1,...,2x5) € CVN \ Ay

SR

> —— =Qa(x;), i=1...N, (1.1)
— 1 — ;

J#i

with Qu(z) = 2™ +ap M+ - +ag, and Ay is the big - diagonal. The polynomial
Q. is called the source.

Definition 1.1. We say that two solutions z,y are equivalent if they differ by a
permutation, and we write z ~ y. B
We say that a monic polynomial P of degree N solves the Stieltjes system with
coefficients g if the roots of P solves the Stieltjes system with source Q.
Equivalence classes of solutions are naturally in bijection with polynomial solu-
tions.



Theorem 1.2. For every monic polynomial of degree M + 1, the number of in-
equivalent solutions of the Stieltjes system is less or equal than (N+M .

The above inequality is an equality on a dense and open (Zariski open) subset of
polynomaals.

Notation. Given a = (ag,a1,as,...,ay) € CM*l we denote by a’ the vector
(ag,as,...,ap) C CM.

Conversely given @’ = (ag, as, . ..,an) € CM and a; € C, we denote by a’ U a;
the vector a = (ag,a1,as,...,ap)

Fixed a' € CM, we let S, C CV x C consist of the ordered pair (P, a;) where P
is a polynomial solution of the Stieltjes equation with source Q.

We also define S,/ as the closure (with respect to the euclidean topolgy) of S,/ n
in CN+1L,

Given a real positive number p > 0, we let C, = {z € C, |z| > p} U {0}

A partition A - (N, M) of N into M + 1 distinguishable boxes is is the datum
of a vector A = (Ao, ..., \ar—1,A0) € N¥*+1 such that |A| := Zi‘i}l AL+ Ao = N.

It is well known that there are (N EM ) partitions of (N, M).

Given a partition A = (Ao, ..., Am_1,A0) F (N, M), we let A, = 37" A\ and
o=t

2. THE CASE M = 0.

If M =0, by a linear change of coordinate we can always reduce to the system
of the form .
> =z, i=1,...,N. (2.1)
—. Li — Tj
J#
The latter is the standard Stieltjes system. It is well-known that the unique poly-
nomial solution is N-th Hermite polynomial

N
B N g2 A 2
Hy(z)=(-2)"e TN
The zeroes of the N-th Hermite polynomial are all distinct and real. We name
them uEN), i = 1...N are the zeroes of H,(z) such and we assume that they

are ordered, namely uEN) < ugivl), 1 =1,...,N — 1. Since the Stieltjes system is
invariant under the transformatio r — —xz, it follows that uEN) = us\],vll_i.

Lemma 2.1. Now let JN) be the Jacobian matriz of the (2.1) evaluated at the
(N)

solution u; ', namely
JN =6, 1+Z—1 -y (2.2)
tj 4 Ny _, (N)yg S (N) L (N)yo ’
J#i (u; Uy ) (u; U )
The eigenvalues of J™N) are the integer numbers 1,...,N.
Proof. Let
1
F; . =x; — p=1,...,N.
z(xh ,.’IIN) Zq lefﬁﬂj’ 1 17 7N
J#i

Then the standard Stieltjes system (2.1) is precisely
Fi(ifl,...,(EN):O, izl,...,N,
and J) is the Jacobian matrix of the map

F=(F,...,Fy):CN -V
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evaluated at the zeroes u(lN), . ( ) of Hy.
We shall construct explicitly N hnearly independent eigenvectors of J(V).

Step 1: a family of deformed polynomials.
Fix n € {0,...,N — 1} and consider
P.(z) :== Hy(z) + eHy,(x).

Since the zeroes uEN) of Hy are simple, for € small enough the polynomial P. has

N simple roots x;(¢) depending analytically on e, with

ul™) i=1,....N.

zi(0) =
Differentiating the identity P-(z;(¢)) =0 at £ = 0 gives
(o

H, (u$™) + Hy (u™) 24(0) = 0,
hence )
H, (uN
x’(o)z—M i=1,...,N (2.3)
Hiy (™)’

Step 2: evaluate the Stieltjes residual along this family.
For any monic polynomial

N
P(a) = [J(x—a)
k=1
with simple roots x1,..., 2N, one has the classical identity
P”(:I?i) 1
= _— ) = ]_7 ooy N.
2P’(.Z‘i) in—ﬂi]" !

J#i
Therefore, for the roots x;(g) of P,

Pl(wi(e)) _  Pl(wi(e)) = 2i(e) Pl(wi(e))

F; e, =z;(e) — = . (24
R T2 E) 2PL(r() 24
Now recall the Hermite differential equation
H/!' (z) — 2zH! (x) + 2mH,,(z) = 0, m > 0.
Applying this to Hy and H,, yields
P!(x) — 2zP.(x) + 2N P.(z) = 2(N —n)e H, ().
Since z;(¢) is a root of P., we get
P/ (wi(€)) — 2ai(e) Pl(wi(e)) = 2(N — n)e Hy(x:(¢)).
Substituting into (2.4) gives
Hn('ri (5))
Fi(xls,...,xN E))z—(N—nai 2.5)
(S * Prlede) (
Differentiating at e = 0 we obtain
H, (u{™
Z JN 2 (0) = —(N — n)%.

Using (2.3), this becomes

ZJ(N) =(N=n)2i(0), i=1,...,N.



Hence the vector

u(N) )
€ = (21(0),..., 2 (0)) = <—gl"(( iN)))—gf(( J(VN)))>
Uy N\Uxn

is an eigenvector of JV) with eigenvalue N — n.

Step 3: linear independence.
As n ranges from 0 to N — 1, the corresponding eigenvalues are

N,N-1,...,1.

These are pairwise distinct, so the corresponding eigenvectors are automatically
linearly independent.
Therefore JN) has N linearly independent eigenvectors, and its spectrum is
exactly
{1,2,...,N}.

This proves the lemma. O

3. THE GENERALISED STIELTJES SYSTEM WHEN THE LINEAR TERM IS LARGE

From now on, we fix ¢’ € CM and study the solutions of the Stieltjes system
with source Q4'uq, When a; — oo. The solutions will be obtained as a Puiseaux
series in a; which depend parametrically on a’.

As a first step, we study of the roots of QQ4/uq, When a; — oco. A standard analysis
based on the Newton polygon shows that there are M solutions that diverges as
(—a1) ™ and one solution which converges to zero as O(ajt).

More precisely, we have the following

Lemma 3.1. There exists a p > 0 — depending on a' — such that the following
statements hold.

1. There exists a unique analytic functions Y : CPUM — C which satisfies the
functional equation

Quu—p (1Y (1)) =0, Y(o0) = 1. (3.1)
The function Y has the following Laurent expansion
(oo}
V() =1+ 3 g, (3.2)
1=1

where the coefficient y; is a polynomial in a., for allm > M +1—1,m # 1.

2. Assuming ag # 0, there exists a unique analytic function Yo : C, — C
Qa(—apa; 'Y (ay)) =0, Yy(o0) = 1. (3.3)
Moreover, as ag — 0, Y(ay) converges uniformly to the zero function.

Proof. The proof is essentially trivial. We prove 1. for benefit of the readear.
With a; = —pM, we get

N+1
POV, p) = MY 1Qu(uy (1) = YM =14 Y awpron VML (3.4)
I=1,I#N
Now F(1,00) = 0 and 2—5‘ (1) = M. The implicit function theorem yields the
thesis. 0

The variable p be that we have introduced in the above lemma is a M-th root
of —ay, namely a; = —p™, hence the above proposition allows us to obtain all
solutions of the algebraic equation Qg uq, (x) = 0 for a; large.

In fact,



M

e Given a; € @p and a root u of —u™ = a1, M solutions are of the form

T = e uY(e%fl w), with 1 =0,..., M.
e One solution is of the form = = —aga; 'Y (a1).

The second step is the Puiseaux expansion of ()44, at one of these roots.

Lemma 3.2. Let p and Y as in Lemma 3.1.
1. The function

Qu (t,v) := v MQui_yor (VPY (V2) + M2~ M), (3.5)
is analytic in the domain C x @pl/ZM, and admits the following expansion at v = oo
oo N+1
Qil(t, I/) =t+ Z Z Ck’ll/iltk, Ck,l € C. (36)
1=1 k=0
Here, in case M is even and [l is odd, ci,; = 0.
2. The following identity holds
N+1
QD (t,v) == V=T MQui o (V=T Mt) = t 4 Z MWD o e C.
1=0,1#1
(3.7)
The third step of our approach is to make an a;-dependent change of coordinates
for the unknown variables x1, ...,z in such a way that for a; large the unknown
Z1,...,2N are localised at the M roots of the source Qg/uq,. As it will turn-out, if

the new variabel are correctly scaled, the generalised Stieltjes system is reduced to
a small perturbation of M + 1 weakly-coupled standard Stieltjes system.

To this aim we fix a partition A F (N, M), and we define the following v-
dependent linear change of variables z = T3 (¢, v):

wi= Tt ), 14 M <0< My, b =0, M — 1 (3.8)
i =To(t\%) ,v), 140 <i<N, (3.9)
where
Ti(t,v) = B VQY(eQW\J/WjUc v+ Mzy~—My (3.10)
To(t,v) = V—1MzvM¢, (3.11)

with Y is as in Lemma 3.1 1.

Proposition 3.3. Fiz a vector a’ € CM and a partition A = (N, M) of N into
M + 1 distinguishable bozxes.

1. After the change of variables x = TN (t,v), the generalised Stieltjes system
with source Qg y_,2m Teads

Ftpy)y=0, F=EF" FO Y FY .9 R, (312

where F is analytic at v = oo and has the expansion
Ak

1
FO@y) =1t = 3 o 100, =1 A k=0, M -1,
j=tg#iti —
(0) © 2 1
Fi (Ll/) :tz - Z W"‘O(Vil), 1= 1,...,)\0. (313)
=ttt 7

IThe reader may think that in the definition of the function T} the term vt should instead
be eV 1k My However, since the standard Stieltjes system is invariant under ¢t — —t, the above
modification is immaterial.
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2. The system (3.12) admits a unique — up to the action of the permutation
group Sy, X+ X Sx,,_; XS, — solution t(v) analytic at v = co. This has the form

tNw) =™ o™, =1, 0, (3.14)
t0) =u* oY),  i=1,.... )0, (3.15)
where ugr), . ,uy) are the roots of the Hermite polynomial H,..

3. Let XN (v) = TN (¢(v),v) denote the corresponding solution of the gener-
alised Stieltjes system (1.1). Then, with ¢ = e™/™ and

/\1_{)\16—1-17 k:Ow'wM*Za

E = /O:)‘Ov
Ao, k=M -1,

one has )
XV(w) = XM (v), XV (—v) = XV ().

Proof. We write

2

w=eir, (V) == WY (Wh?), B(v) := MY2p—M

Then
Ti(t,v) = ar(v) + B(v)t, To(t,v) =i Bv)t.

We also set
Ik::{1+5\k7-"75\k:+1}7 Iot:{l—i-;\o,...,N},
so that for ¢ € I, we write z; = Tk(tz(»k),l/)7 while for i € Ip we write z; =
(0)
To(ti ,I/).

Step 1: formula for the transformed system.

Fix k € {0 —1}and: € Ik The i-th equation of (1.1) reads
1
Z +> ——— = Quy2m (). (3.16)
jen 1T gmjern * jelo 7t Y
Jj#i
Since x; = o + Btz(-k) and z; = oy, + Btg-k) for j € I, we have
_ g(R) _ (k) L w1
x, —xy=p(t —t), — =M v
J ( J ) T — T tz(k) . t;k)

Multiplying (3.16) by B8 = M'/20=M we obtain

5% !

> +6Y +
k k k Y4 k O
= t! —t” G TP ) T ) S Tt v) — To () v)
JF

= M2 MQ (T (1P, ). (3.17)

By Lemma 3.2, with the variable rescaled by the factor M/2,
MY2=MQ e (Ti(t,v)) = MY2Qu (MY ?t,v) =t + O(v™1),

uniformly on compact subsets of the ¢-plane. Therefore we define

k _ k 1
Fz’( )(L V) = M1/2V MQai/ufuzM(Tk(tz(‘ )’ V)) - Z (k) (k) (3'18)
jen ti =t
j?fi

1
_BZZ (t(z) )_52 ()

Jj€lo Tk( 7 ’V)_

0£k GEI, T (t ,

Then the equations (3.16) are exactly FZ—( ) =0.
6
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Now fix i € Ip. The i-th equation of (1.1) is

1 1 0
Z .’E'—{E'+ Z Zx._x _QaU VzM(-Tz) Z‘i:ZﬁtE ) (319)
jelo ™" J k=0 jeI, " J
J#i
Forj6107
1 1
xi—ijiB(tgo)—t§O)), =M v Mt

Multiplying (3.19) by —if gives

1
2 10 _ 0 _t<o> —ih Z > @ )

Jje€lo Vi k=0 jeli To
J#

~ Tt v)

= —iMl/Ql/_MQ(L/U_VzM(To(tZ(-O),I/)). (3.20)
Again by Lemma 3.2,
— i MY MQuen(To(t,v)) = MY2Q (MY?t,v) =t + O(v ™),

so we define

. B 1
FOWw) = = i MY M Quuon(To” 1) = 35— (3:21)
jelo ti ~ — 1t
J#i
1
+if Z > o GRS
k=0 je1, To(t; t ) V) = Tk(t§ )’V)

Then (3.19) is exactly Fi(o) =0.

Step 2: analyticity at v = co.
The only point to check is that the cross-interaction terms are analytic in v~
near v~ ! = 0. Fix k # ¢. Since

ap(v) — ap(v) = v? (ka(wkuz) - ng(welﬂ)) = (W =2+ O(v),

we have

1

Te(t,v) — Tuls,v) = (" — w2 (1 + O(V—l))
uniformly for ¢, s in compact sets. Hence

1 1 .
Ti(t,v) — To(s, ) (wF — w12 (1 + 0 )), (3.22)
1

which is analytic in ¥~ near 0.

Likewise,
Ty(t,v) = To(s,v) = ar(v) + O(w™) = "2 (1+ O™ ),

hence
1
Ti(t,v) — To(s,v)
1

=w 21+ 0w™), (3.23)

again analytic in v~

Since each cross term in (3.18) or (3.21) is multiplied by § = M2~ all cross
interactions are actually O(v=™~2), in particular O(r~1). Combining this with the
source expansions above proves part 1:

k k 1 _ o o 1 _
FO 0 =tP =3 g to™),  FOWr) =473 o).
At T G it
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Step 3: the limiting system at v = co.
Setting v = oo in (3.18) and (3.21), the cross-interaction terms disappear and
we obtain

Ak Ao

(k) _ (k) 3 1 ©0) _ (0 3 1
Jj=1% j=tt T
J#i J#i

Thus the limiting system is the product of M + 1 standard Stieltjes systems, one
for each block.

For each r > 0, the standard Stieltjes system with r unknowns has, up to per-
mutation, the unique solution given by the roots of H,.. Therefore (3.24) has, up
to the natural action of Sy, X -+ x Sy,,_, X Sx,, the unique solution

uM = (ug)‘(’),..., E\EO);ug)‘l),...,ug\)il);...;ugkox...,ug\);())).

Let J be the Jacobian matrix of F(-,00) at u™. By (3.24), J. is block
diagonal, with blocks
JRo) g g(Re),

By Lemma 2.1, each block is invertible. Hence J, is invertible.
Since F(t,v) is analytic in (t,#~!) near (u™),0), the analytic implicit function
theorem yields a unique analytic solution
t(v) =u™N + 01, v — 0.
This proves part 2.
Step 4: symmetry under rotations of v.
We first note that the source only depends on v through a; = —v*M, hence
Quu-v2v = Qi (cvypnt = Quu—(-pppvr, ¢ =™
Now
ai(Cv) = wk(CV)2Y(wk(§1/)2) = wk+1y2Y(wk+ly2) = ap4+1(v),

where indices are taken modulo M. Moreover,

Blev) = MY2(Gr) ™M = — B(v).
Therefore
Ti(t, Cv) = ay1 () — BW)E = Thy1 (—,v).
Since the standard Stieltjes system is invariant under ¢ — —t, the branch t(¢v)

corresponds, up to permutation inside each block, to the branch attached to the
shifted partition \'. Hence

XV () = XN ().

—M — (_)My—M

Similarly, since (—v)? = v? and (—v) v~M_ we have

ap(—v) = ag(v), Ty (t, —v) = ap(v) + (-1D)MB(v)t.
Likewise
To(t,—v) = (1) To(t,v).
Thus, up to the involution ¢ — —t in each block, which preserves the limiting
Hermite configuration up to permutation, the transformed system for —v is the
same as that for v. By uniqueness of the analytic branch from part 2, we conclude
that
X(/\)(fy) ~ X(A)(V).

This proves part 3. O



4. PROOF OF THEOREM 1.2 VIA THE HEINE-STIELTJES CORRESPONDENCE

In this section we complete the proof of Theorem 1.2 by relating the Stieltjes
system to a second order differential equation and computing the degree of the
resulting algebraic family, comp. [2, 4].

4.1. From the root system to a differential equation. Let z1,...,z5 be a
solution of (1.1), and let

N

P(z) = [J(x - ;)

i=1

be the associated monic polynomial of degree N.
At a simple root z; one has the classical identity

P”(Z‘i) o Z 1
2P (2;) ki z;

Therefore the system (1.1) is equivalent to
P"(z;) —2Q(z;)P'(z;) =0,  i=1,...,N,
hence
P | (P"-2QF").
It follows that there exists a polynomial V' of degree at most M such that
P"—2QP -V P=0. (4.1)

Conversely, if a monic polynomial P of degree N satisfies (4.1), then all its roots
are simple, and they satisfy (1.1). Indeed, if x = £ is a root of multiplicity m > 2,
then writing P(z) = (z — &)™ P(z) with P(£) # 0, one checks that the coefficient of
(z — &)™ 2 in the left-hand side of (4.1) equals m(m —1)P(£) # 0, a contradiction.

Thus solutions of (1.1) are in bijection with monic polynomial solutions P of
(4.1).

4.2. The algebraic family. Fixa' = (ag, ag,...,apr) and consider the one-parameter
family

Qo (z) = M4 aya™ 4+ 4 asx® + arx + ag.

Write
P(x):‘TNJrCll'NilJr"'JrCN, V(x):vaM+"'+1}0.

Substituting into (4.1) and comparing coefficients of powers of  gives a system of
N + M + 1 polynomial equations in the variables

(C]_,... ,CN,UQ,...,U]\/[7CL1>.

Let X, be the corresponding affine algebraic set.
By the previous subsection, points of X,/ are in bijection with solutions of (1.1)
for Q@ = Qq, -

Consider the projection

W:Xg/—>A1, (P,V,a1) — ay.
9



4.3. Behaviour for large |a;|. By Proposition 3.3, for a; = —v?™ with |v| > 1,
and for every partition

)\:()\0,.~~,)\M71a>\0)|_(N7M)’

there exists a solution (x1,...,2zx) of (1.1) such that:
e for k=0,...,M — 1, exactly A\, roots lie near the k-th large root of Q, at
scale 12,

e )\o roots lie near the small root, at scale v=2M

e after rescaling, each cluster converges to the unique Hermite configuration
of the corresponding size.

In particular, for |v| > 1 the fiber 77 !(a;) contains at least
N+ M
N

Lemma 4.1. Every branch of solutions of (1.1) as|ai| — oo arises from a partition
A (N, M) as above.

distinct points.

Proof. Let agn) — oo and let P, be corresponding monic solutions of (4.1). Writing
P,(z) = vazl(x - xl(-n)), we analyze the possible asymptotics of the roots xz(-n).

From the equation P —2Q o P, — V,P, = 0, balancing the highest degree
1

terms shows that all roots must lie either at scale |a;|'/™ (near the M large roots
of Q) or at scale |a;|~! (near the small root). No intermediate scaling is compatible
with the degree constraints in (4.1).

After passing to a subsequence, the roots split into M + 1 clusters with multi-
plicities Ag, ..., Ap—1, Ao. Performing the same rescalings as in Proposition 3.3,
one checks that each cluster converges to a solution of the standard Stieltjes system
for the Hermite polynomial of the corresponding degree. By uniqueness of that
system, each cluster is uniquely determined.

This shows that every branch is of the form constructed in Proposition 3.3. O

4.4. Degree computation and conclusion. Consider the closure Ygl of Xy
over (CPall. By Lemma 4.1 and Proposition 3.3, the fiber of 7 over a; = co consists
of exactly (N EM ) points.

Moreover, these points are reduced: after the rescalings used in Proposition 3.3,
the Jacobian matrix becomes block diagonal, with blocks equal to the Jacobians of
the classical Stieltjes systems, which are invertible by Lemma 2.1.

Therefore the degree of w equals

doun — (NTM
eg T = N .

It follows that for every a; one has

#r 7 (ay) < degm = < N

N+M )
and for generic a; equality holds and the fiber consists of reduced points.
This proves Theorem 1.2. O
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