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Abstract

We determine the asymptotic distribution of isodynamic points (in the sense of [3]) for
the classical orthogonal polynomials. A single Bochner-type computation covers Jacobi,
Laguerre, and Hermite, including varying parameters. The asymptotic step rests on a general
one-cut theorem: if the normalized logarithmic derivatives ,p/ | P, converge to a Cauchy
transform C,, with boundary convergence away from the endpomts of a real interval, then
the limiting isodynamic measure is the averaged pushforward of v by the boundary values of
z+ z—1/C,(z). We also isolate the affine-arcsine case, which yields the uniform circle law
on |u — b| = 2a, and formulate a conjectural higher-order extension for eigenpolynomials of
exactly solvable differential operators.

1 Introduction

Let P be a squarefree polynomial of degree n > 3. The rational map

nP(z)

Rp(z) =z — o)

has degree n — 1; by the Riemann-Hurwitz formula its ramification divisor has total multiplicity
2n — 4. Following [3], we call the finite critical values of Rp, counted with multiplicity, the
isodynamic points of P, write Z(P) for the corresponding divisor, and set

> by

u€Z(P)

P 2n—

for the normalized counting measure. The isodynamic divisor encodes global information about
the root-derivative interaction: it is the branch locus of Rp viewed as a branched cover, and for
structured polynomial families the natural question is the weak limit of up, as deg P, — oo.

This paper has two goals. The first is computational: for each classical family (Jacobi,
Laguerre, Hermite), Bochner’s classification [4] reduces the isodynamic condition to an algebraic
relation between critical points and critical values that is linear in the critical point. This
reduction is stated once for the general eigenvalue equation oY” + 7Y’ + A\, Y = 0 with dego < 2,
deg T < 1 (Propositions 1 and 3), and the three families reappear only as specializations. The
varying-parameter Jacobi and Laguerre formulas are likewise explicit.

The second goal is asymptotic. We prove a one-cut theorem (Theorem 14): for degree-n
polynomials with simple real zeros in a fixed compact interval, if their zero counting measures
converge to a probability measure v supported on [A, B], 1P7’1 /P, converges to the Cauchy
transform C,, locally on C \ [A, B], and U(z) := z — ﬁ(z) has boundary values away from the
endpoints, then
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where Uy are the non-tangential boundary values on (A, B). This requires no differential
equation and applies, in particular, to orthogonal polynomials with varying exponential weights
e~V (Corollary 17). Applied to the classical families it yields the unit-circle law for fixed-
parameter Jacobi, as well as explicit nonuniform circle measures for Laguerre, Hermite, and the
varying-parameter cases (Theorems 7, 9, and 11). We also record the affine-arcsine specialization
of Theorem 14, which gives the uniform circle law on |u — b| = 2a, and formulate a Bergkvist—
Rullgard-type conjecture for higher-order exactly solvable operators, where the candidate limiting
isodynamic set is obtained from the support of the limiting zero measure by the multivalued
map z — z — 1/C(z). We also emphasize that the normalized projective isodynamic measure
is exactly Mobius-equivariant (Proposition 18), and in Section 6 we illustrate the resulting
measure-to-measure transform for quadratic algebraic Cauchy transforms.

2 General set-up and Bochner reduction

In the real-rooted simple-zero families treated below, co is not an isodynamic point, so Z(P) has
total multiplicity 2n — 4.

With: In the real-rooted simple-zero families treated below, co is not a critical point of
Rp, because the coefficient of z~! in its Laurent expansion at infinity is the variance of the
normalized zero counting measure of P, which is strictly positive. Hence every isodynamic point
comes from a finite critical point, and Z(P) has total multiplicity 2n — 4.

Write

0(2) = az2® 4 a1z + ag, 7(2) = b1z + bo.
If P, is a polynomial solution of degree n of
o(2)Y"(2) + 1(2)Y'(2) + MY (2) = 0, (1)

then comparison of the leading terms gives
An = —n((n — 1)ag + b). (2)
Proposition 1. Let P, be a squarefree degree-n polynomial satisfying (1). Let z € C satisfy
Rp (2) =0, u:= Rp,(2) € C.
Then
((2(n — 1)ag + b)u+ (n— V)ay +bo)z = ((n — 1)ag + by)u? + bou — (n — 1)ag. (3)
If the coefficient of z in (3) is nonzero, then
((n — 1)ag + by)u? + bou — (n — 1)ag
(2(n — 1)ag +b1)u+ (n—1)ay + by
Proof. Let Y(z) = P,(z). Since u = Rp,_(2), one gets
nY(z) = (z —u)Y'(2). (5)

z = Jp(u) =

Differentiating Rp, and using R (2) = 0 gives
BY (2)Y"(2) = (n— 1)(Y'(2))2.
Substituting these relations into (1) yields

(n— 1)o(2) + (2 — u)r(2) + %(z _u)?=o.

Using (2), this becomes
(n—1)o(2) + (z —u)7(2) — ((n — Vaz + b)) (z — u)? = 0.

The 22-terms cancel, giving (3). If the coefficient of z is nonzero, solving for z gives (4). O



Remark 2. The three Bochner normal forms already force the three natural critical-value scales.
For o(z) = 1 — 22 the relation (3) stays nontrivial at u = O(1). For o(z) = 2 it becomes

(n+0(1) - w)z = u(O(1) — w),
so the first nontrivial scale is u, z = O(n). For o(z) = 1 it becomes
Quz = 2u? +n—1,

so the first nontrivial scale is u,z = O(y/n). Thus the Laguerre and Hermite rescalings are
already forced by the two confluences (here ~ denotes the limiting form obtained by sending
one or both roots of o to o)

1— 2%~ 2z~ 1.

Proposition 3. Assume in addition that P, satisfies a lowering identity (expressing o(z)P)(2)
as a linear combination of P, and P,_1) of the form

0(2)P)(2) = (Wmz + 6n) Pa(2) + enPo1(2), (6)
with scalars vn, 0n,en. Let z € C satisfy
Rp (2) =0, u:= Rp,(2) € C.
If the coefficient of z in (3) is nonzero, then z = Jy(u) # u, and u is a zero of

no(Jn(u))

Fo(u) == enPr1(Jn(u)) — (Jn(u) —u

— Tali) = 8,) Pal ), (7)

where Jp, is given by (4).

Proof. By Proposition 1, one has z = J,(u). If z = u, then (5) gives P,(z) = 0. Since P,
is squarefree, z is a simple zero, and therefore R’Pn (2) =1 —n # 0, a contradiction. Hence
z —u # 0. Combining (5) with (6) gives

no(z)

c—u Pn(Z) = (’YnZ + 6n)Pn(Z) + €nPn71(z),

which is exactly (7). O
For the three Bochner families we use the differential equations
1-22Y' )+ B-a—(a+B+2)2)Y'(2)+nn+a+B+1)Y(2)

2Y"(2) + (a+1—2)Y'(2) +nY (2)
Y"(2) — 22Y'(2) + 2nY (2)

—
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and the standard lowering identities

(20 +a+ B)(1 — ) (P (2) = n(a — B — (2n + a + B)2) P9 (2)

+2(n+a)(n+ B)PY (2), (11)
ALY (2) = nL(2) - (n + ) LY, (2), (12)
H! (2) = 2nH,_1(z). (13)

Propositions 1 and 3 therefore give the exact reductions below.



Corollary 4 (Jacobi). Fiz o, > —1. If u is an isodynamic point of qua’ﬁ), then the corre-
sponding critical point is

(nt+a+B+1)u* —(B—a)ut(n—1)

JeB) (u) = : 14
) @n+a+Au—(B-a) (4

and every isodynamic point is a zero of
E{ (u) 1= 2(n — 1)(n + a)(n + 5P (I () 15)

—n(n+a+B+1)((2n+a+ B)u+a— B) PP () ().

If
Dy(u):=2n+a+ B)u— (8 — ),

then Dn(u)"ﬂga’ﬁ) (u) is a polynomial in u, and every isodynamic point is a zero of that polyno-
mial.

Proof. Insert (8) and (11) into Propositions 1 and 3, and simplify. The denominator in (14)
cannot vanish at an isodynamic point, because at D, (u) = 0 the right-hand side of (3) equals

An—1)(n+a)(n+H)

S ansaray PO
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Corollary 5 (Laguerre). Fiz o > —1. Ifu is an isodynamic point of Lﬁf”), then the corresponding

critical point is

Lag/, \ ._ u(la+1—u) 1
Thap(u) = MO, (16)
and every isodynamic point is a zero of
Eye#(u) = n(n + o — w) LT (w) = (n -+ a)(n = DL (W), (17)

After multiplication by (n + o — u)"~ 1, this becomes a polynomial in u, and every isodynamic
point is a zero of that polynomial.

Proof. Insert (9) and (12) into Propositions 1 and 3, and simplify. The denominator in (16)
cannot vanish at an isodynamic point, because at u = n + « the right-hand side of (3) equals

(n+a)(l—n)#0.
0

Corollary 6 (Hermite). If u is an isodynamic point of H,, then the corresponding critical point
18

Her n—1
= 1
I (u) == u+ 5y (18)
and every isodynamic point is a zero of
F1 () := w1, () = (n = 1) Hp-a(J, (w). (19)

After multiplication by u™ 2, this becomes a polynomial in u, and every isodynamic point is a
zero of that polynomial.

Proof. Insert (10) and (13) into Propositions 1 and 3, and simplify. The denominator in (18)
cannot vanish at an isodynamic point, because at u = 0 the relation (3) becomes 0 =n — 1. [



Theorem 7. Fiz Jacobi parameters o, B > —1 and a Laguerre parameter v > —1. Let

1 1

?/B D L Pyp—
i) = 2n — 4 2w Vi 1= 2n — 4 2 up

ueZ(PS?)) ueZ(LY)

and .
Her .__

I/ner = o — 4 Z 6u/\/27

Then (all limits in the weak-x topology on measures)
. de 4
pleB) Yy — on u=e",

n—oo 27

Lag w* 1—cosf

dé on E=1+¢€",

Y n—oo 27
and )
w* sin“0 .
pler 2, dé on &= %e‘a.
n—oo T

Proof. Apply Theorem 14 of Section 5 to the naturally scaled sequence in each case. The
required strip convergence follows from Lemma 13 and the classical Plancherel-Rotach formulas
on the slit plane away from the endpoints; see [5, Section 8.21].

For Jacobi, the limiting zero measure is the arcsine law

dx

Tr\/ﬁ on [—1,1]

[he limit of (14) is
1 -1
x §(p+p ) u=p.

Thus x = cos@ and u = €. Averaging the upper and lower branches gives df/(27) on the unit
circle.
For Laguerre, apply the theorem to P,(n) := Lq(ﬂ) (nn). The limiting zero measure is the
Marchenko—Pastur law
1 /4—z
27 T
The limit of (16) after the scaling u = n¢ is

dz on [0, 4].

52
£-1
Writing € = 1+ p gives = 2+ p+ p~ L. Hence & = 2+ 2cosf and € = 1 + . Pushing forward
the Marchenko—Pastur density and averaging the two branches gives

Tr=

1— cosf

do.
2

For Hermite, apply the theorem to P, (n) := H,(v/2nn). The limiting zero measure is the

semicircle law 5
—V1—22dz  on [—1,1].
™

The limit of (18) after the scaling u = v/2n ¢ is

1



Writing £ = p/2 gives © = %(p +p~1). Hence x = cosf and & = %ew. Pushing forward the

semicircle density and averaging the two branches gives

. 29
S11 6.

™

O]

Remark 8. The Jacobi part of Theorem 7 contains the Legendre, Gegenbauer, and both
Chebyshev families as special cases. The Laguerre and Hermite parts are its two Bochner
confluences, and the scales 1, n, and /n are exactly the scales predicted by Remark 2.

3 Varying-parameter Jacobi and Laguerre

We now give the varying-parameter results explicitly. The exact mechanism is the same as above,
but the outer asymptotics (i.e. asymptotics on the complement of the support of the limiting zero
measure) have to be written row by row in the triangular array, tracking the moving parameters.

3.1 Jacobi polynomials with linearly varying parameters

Let ap, Bn, > —1 satisfy

&n —a >0, & —b>0.
n n
For the Jacobi polynomial PTEO‘"”B "), the exact reduction of Corollary 4 gives

n+an+ﬁn+1)u2 — (Bn_an)u+(n_1)
(2n + an + /Bn)u - (IBn - an)

J}Lan,ﬁn) (u) = (

Its large-n limit is the rational map

(14+a+bu?—(b—a)u+l
2+a+bu—(b—a)

Jap(u) :=

Introduce the constants

o b—a . 2y/(a+1)(b+1)
“Tawb+2 T (a+b+2Vatbtl
and
S b — a? . 2/(a+ 1)+ 1)(a+b+1)
T (a4 b+ 2)2 b = (a+b+2)?2

A direct calculation shows that
Jab(Cap + Tapp) = Map+ kap(p+p7 ") (20)
Thus the limiting Jacobi support is the interval
Iop := [Mmap — 2kap, Map + 2kap),
while the corresponding locus in the u-plane is the circle

Fa,b = {u € (C : |U/ - Ca’b’ = Ta,b}-



Theorem 9. Let ooy /n — a > 0 and B,/n — b > 0. Let Mﬁ?”’ﬂ") be the normalized counting
measure of the isodynamic points of Pr(La"”B”). Then

Mglnﬁn) %) wqp(0) dO on the circle U= Cqp+ ra,beiev
where
(a+b+ 2)k2bsin2 0
wmb(e) : ’

- (1 — (map + 2kapcos0)?)
In particular, the limiting support is the circle I'y .
Proof. Apply Theorem 14 to PT(La"’ﬁ ") The required strip convergence follows from Lemma 13

and the strong slit-plane asymptotics of Bosbach—Gawronski [7, Theorem 4.1]. The limiting zero
measure is the weighted equilibrium measure on /4,

a+b+2
m\/(x — (Map — 2kap)) ((Map + 2kap) — =) da.

Equation (20) gives the limiting critical-value map
T = Mg + ka,b(p + p—l)’ U= Cqpb + Ta,bP-

Thus © = myp + 2kepcosf and v = c,p + ra,bew. Pushing forward the interval density and
averaging the two branches yields

(a+b+ 2)1{:2,,J sin? 6
(1 = (map + 2kqp cos 0)?)

ae,

which is the stated limit measure. O

Remark 10. For a = b = 0 one has ¢y = 0 and 79 = 1, so Theorem 9 reduces to the Jacobi
part of Theorem 7.

3.2 Laguerre polynomials with linearly varying parameter

Now let o, > —1 satisfy

o
=2 5e>0.
n

As in Corollary 5, after the natural scaling u = né the exact critical-value map converges to

Lo(e) = St

Introduce the change of variables
E=1+c+V1+ep
A direct calculation gives
L(l+c+Vitep)=c+2+VI+clp+p?). (21)
Hence the limiting Laguerre support is the interval
Jer=[c+2-2V1+c c+2+2V1+],

while the corresponding locus in the &-plane is the circle

Ac={£€C: E—(1+0c)|=V1+c}.



Theorem 11. Let a,/nn — ¢ > 0, and let V%flagn be the normalized counting measure of the scaled

isodynamic points u/n of Lﬁf“”). Then

Jlag W', we() do on the circle £ =1+c+VI+ce”,

A oo

where
(14 ¢)sin?6

m(c+2+2y1+ccosh)’

In particular, the limiting support is the circle A..

we(0) =

Proof. Apply Theorem 14 to P,(n) := Lgla”)(nn). The required strip convergence follows from
Lemma 13 and the strong slit-plane asymptotics of Bosbach—Gawronski [6, Theorem 3.1]. The
limiting zero measure is the Marchenko—Pastur law on J. = [ac, b,

1
——\/(be — ) (x — a.) dz, ac:=c+2—-2V1+¢, boi=c+2+2V1+c

2rx

Equation (21) gives the limiting critical-value map

r=c+2+VI+clp+p ), E=14+c++V1+cp.

Thus z = c+ 2+ 2v/1 + ccosf and € =1 + ¢+ /1 + ce’. Pushing forward the interval density
and averaging the two branches yields

(1+c)sin?6

m(c+2+2y/1+ ccosb)

which is the stated limit measure. O

ae,

Remark 12. For ¢ = 0, Theorem 11 reduces to the Laguerre part of Theorem 7.

4 Illustrative figures

The following plots show the zero distributions of several representative classical families together
with the corresponding isodynamic point configurations. In each right-hand panel, the dashed
curve indicates the limiting support predicted by the asymptotic theorems proved above.

5 Omne-cut regular asymptotics on a real interval

The asymptotic step does not require a Bochner equation once the limiting zero measure is
supported on a single real interval. This is the setting relevant for one-cut reqular orthogonal
polynomials with varying exponential weights; that is, the case where the equilibrium measure
is supported on a single compact interval and has square-root vanishing at both endpoints.
Let P, be degree-n polynomials with real coefficients and simple real zeros, all contained in
a fixed compact interval. Since Rp, is unchanged by multiplication of P, by a nonzero constant,
we normalize P,, to be monic. Write
_1P(2) | !

1
Up 1= — Z Ozs Gn(z) == — ,
" p @0 n P, (z)

Assume that v, w, v, where v is a probability measure supported on [A, B] C R, absolutely
continuous with respect to Lebesgue measure, and with continuous positive density on (A, B).
Set

Q:=C\ [4,B].
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Figure 1: Jacobi case: roots of PQ(iQ) and the corresponding isodynamic points. The dashed
circle in the right-hand panel is the unit circle from Theorem 7.

Assume that B g
Gn(z) — Cu(2) ::/ v(z)

A Z2—xX

(22)

locally uniformly on §2 and, for every €, > 0, uniformly on
ngn ={rxtiy: z€[A+e,B—¢], 0<y<n}

In the applications below, both the exterior convergence in (22) and the strip convergence are
obtained by logarithmic differentiation of strong asymptotic formulas. For the fixed classical
families we use [5, Section 8.21], for varying Jacobi and Laguerre parameters [7, 6], and for one-cut
varying exponential weights on R [8]. The next lemma records the elementary differentiation

step.

Lemma 13. Let K C C be compact and let N be an open neighborhood of K. Assume that g,
an, and T, are analytic on N, that a, is nonvanishing on N, and that

Po(2) = an(2)e™ (1 +1,(2))

on N, with supy |rn| — 0 and

!
zEN nan(z)
Then 1P (2)
A% /
W) Y (2)

uniformly on K.
Proof. Choose N' with K € N’ € N. For all large n, the function 1 + 7, is nonvanishing on N’,
and Cauchy estimates give r;, — 0 uniformly on N’. Hence on N,

1P, la, 1 7,

n P, g na, nl4+r,

and the right-hand side tends uniformly to 0.
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Figure 2: Laguerre case: roots of L;?(Qélx) and scaled isodynamic points £ = u/24. The dashed
circle in the right-hand panel is | — 1| = 1, in agreement with Theorem 7.

Since SC,(z) #0 for z € @\ R and C,, has fixed sign on R\ [A, B], it does not vanish on 2.

Define
1

Cy(2)’
Assume that the non-tangential boundary values Uy of U on (A, B) exist and satisfy, for every
e >0,

U(z) :=2z— z € .

lim sup |U(x+iy) —Ux(z)|=0. (23)

Y0 ye[A+e,B—e]

(For a measurable map f and a measure u, we write f.u for the pushforward measure defined
by feu(E) := u(f~1(E)).) Finally, set

Wa(2) = (n = 1)(Py(2))

Since P, has simple real zeros, the zeros of P) are also real and simple. A direct calculation
gives

—nP,(2)P)(2).

Whi(z)
(Pr(2))*
If 2y is a zero of P!, then P,(z9) # 0 and P/ (z0) # 0, so Wy(z0) =
all poles of R,, are simple. If

R () = -

—nPy,(z0) P} (z0) # 0; hence

My 1= /azk dvy (),
then

2
1 min ma.n mon—m
) 5 4 ,TV 1n
Gn(z) = — + -

22 23 z

and therefore
man —

Ry(z) =min+ "+ 0(z7?) (z = 00).

Since vy, is not a point mass, ms , — m%n > 0. Hence deg W,, = 2n — 4, oo is not a critical point
of R, and the critical divisor of R,, is the zero divisor of W,,. Set

254

Wn(¢)=0

iso

p =

(Rn)*wn -

> b

u€Z(Py)

Wy 1= (with multiplicity),

2n— 2n—

10
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Figure 3: Hermite case: roots of Hos(1v/48 x) and scaled isodynamic points £ = u/v/48. The
dashed circle in the right-hand panel is || = %, in agreement with Theorem 7.

Theorem 14. Under the assumptions above,

. * . 1 1
i s i = (U )+ (U)o,

n—oo v

In particular, the limiting support is contained in

I, :=U+((A,B)UU_((A, B)).
Proof. Because v, Y7 1 and the zeros stay in a fixed compact interval,

1
—log |P,(z)| = /log|z — x| dvy () — /10g|z —z| dv(x)
n

locally uniformly on 2. Since G,, — C, locally uniformly on €2, Cauchy estimates also give
G!, — C! there. Using
Wa(2) = —n® (G (2) + Gn(2)?) Pu(2)%,

set

B
i(z) = o og W), pule) o= [ logle — o] dvf)

Each ¢, is subharmonic on C. Moreover,

1
tn(2) = —log|P(2)| + o(1)
locally uniformly on compact subsets of
0\ Z, Z:={ze€Q: C\(2)+C,(2)*=0}.

The factor C!, + C2 is not identically zero: its coefficient at =% is —Var(v). Hence Z is discrete,
in particular of planar measure zero.

Because the zeros of P, remain in a fixed compact interval and P,, is monic, Cauchy estimates
give a local exponential bound on P,, P}, and P, so the functions g, are locally uniformly
bounded above. Fix zp € Q\ Z. Then g,(20) — pv(20), so the sequence does not collapse to
—o0. By the compactness theorem for subharmonic functions, every subsequence therefore has

11



a further Llloc—convergent subsequence. Any such limit agrees with p, on Q2 \ Z, hence almost
everywhere on C, since [4, B] U Z has planar measure zero. Thus

dn — Pv in Llloc((c)'

Since g, = (2n)~!log |W,| and W, is a polynomial, applying 5~ A in the sense of distributions
gives

2 1 1
<1 a ) wp = =—Ag, — —Ap, =,
n 27 2T

w*
S0 W, — V.

Moreover, W,, has no real zeros. If x1,,...,2,, are the zeros of P,, then for z € R\
{xl,na .. ,xn7n} one ha,S
n n 2
W 1
"Z > >0
Py =@ n) ST Tn

by strict Cauchy—Schwarz: the vectors

1 1
(1,...,1), ey
T—Tin T — Tyn

are not proportional because the zeros x;, are distinct. At a zero x;, of P,,

Wa(zjn) = (n — 1)(Ph(24))* > 0.

Hence W, has no real zeros, so w,(R) = 0.

Since R, (z) = z — 1/Gn(2), (22) yields R,, — U locally uniformly on Q. Fix a bounded
continuous function f on C. Because W,, has real coefficients, w,, is invariant under complex
conjugation, and therefore

[ e = [hne) dene), bale) i= 3T (Ra() + 31 (Ra(2))
Fix € > 0. Define

1 1
Uelw) = S f (UL @) + S fU (@), welA+eBd],
and extend it to a bounded continuous function on C by
he(2) := Y (min{B — e, max{A + ¢, Rz}}).

By (23), choose nn > 0 so small that U(z %+ 4y) is uniformly close to Uy (x) for x € [A+ ¢, B — €]
and 0 < y < n. Since v has positive continuous density on [A + ¢, B — ¢], C,, is bounded away
from 0 on Sgcn, hence the strip convergence of GG, implies uniform convergence of R,, to U there.
The images of S an U S, under R, therefore lie, for all large n, in a fixed compact set, so f is

uniformly continuous there. Consequently

sup  [n(2) — he(2)] < 2¢
zeSt,uSz,

for all sufficiently large n.
Let
Tepi={x+iy: v €[A+¢e,B—¢l, |yl <n}.

12



Since wy, w, v, v is supported on [A, B|, and 0T¢, N [A, B] has v-measure zero,
wn(C\T:) — v([A,A+€]U[B —¢, B)).

Therefore, for all sufficiently large n,

‘/fdpifo—/hsdwn

Since h. is bounded and continuous, [ h. dw, — [ h. dv. Letting first n — oo and then & — 0,
and using dominated convergence together with

< 26 4 2| flloo wn(C\ T ).

1 1
he(z) — §f(U+(:E)) + Qf(U, (x)) for v-a.e. x € [A, B,
we obtain
iso 1 B 1 B
[ — 3 [ fe@) dvw) + 5 [ FU-@) duia),
A A
This is the stated weak convergence. The support claim is immediate. O

Corollary 15 (Affine arcsine case). Under the assumptions of Theorem 14, assume in addition

that
1p—24,6+24) (T)

dv(z) = dz, a > 0.

@) m/4a? — (x — b)?
Then 40

iso _w* _ 10

n o 9r on u = b+ 2ae”.
Proof. For the affine arcsine law,

1
Culz) = (z — b)2 —4a?’

with the branch normalized by C,(z) ~ 27! at infinity. Hence on z € (b — 2a,b + 2a),
1
4a? — (x — b)?’

(Co)e(z) =F

so, after relabelling the two side limits if necessary,

Us(z) =z £+ iy/4a? — (x — b)2.

Writing x = b+ 2acosf, 0 < < 7, the measure v becomes df/m, while U} and U_ parametrize
the upper and lower semicircles of u = b + 2ae’. Averaging the two pushforwards gives the
uniform measure df/(27) on the full circle. O

Remark 16. Corollary 15 is the natural one-cut/Nevai-type specialization of Theorem 14:
whenever a real-rooted orthogonal family has the affine arcsine limit law on [b — 2a, b + 2a] and
the strip convergence required there, its isodynamic points are asymptotically uniform on the
circle |u — b| = 2a.

Corollary 17. Let p, be the degree-n orthogonal polynomial with respect to e~V (@) dz on R.
Assume that V' is real analytic with sufficient growth at infinity and that the corresponding
equilibrium measure vy is one-cut reqular (in the sense of Section 5), supported on [A, B] with
density py. Then Theorem 14 applies, and the limiting isodynamic measure is

iso

1 1(u)1/ —i—l(u)u utr(z) == !
= F14% S \u— )y, + = - . .
o 2 Wi(@) F impy ()

13



Proof. In this setting the one-cut regular Deift—Zhou asymptotics of [8], combined with Lemma 13,
give (22) with v = vy, the required strip convergence away from the endpoints, and confinement
of the zeros of p, to a fixed compact interval for all large n. On (A, B), the boundary values of
the Cauchy transform satisfy the Sokhotski-Plemelj formula (see, e.g., [9])

(Co)al) = V(&) F impv ()

Hence the boundary maps u4 are exactly the boundary values of U(z) = 2z —1/C,,, (2), and (23)
holds on every compact subinterval of (A, B). Apply Theorem 14. O

6 Beyond the one-cut case

Section 5 shows that the correct limiting object is the boundary map

where C), is the limiting Cauchy transform of the zeros. In the one-cut real case, the limiting
isodynamic measure is obtained from the limiting zero measure by the rule

Loy

: 1
vi— 130 = §(U+)*I/ t3

Only in the arcsine case (Corollary 15) does this reduce to the uniform (arc-length) measure on
a single circle.

Proposition 18 (Mdbius equivariance). Let F' be a squarefree binary form of degree at least 3,
and let Z(F) be its projective isodynamic divisor on C. Define

1

Miso = My O
! degI(F) wesu%):I(F)

where my, is the multiplicity of w in Z(F). Then for every M € PGLy(C) one has
iso iso

par.r = Mg,

Consequently, if {F,} is a sequence of squarefree binary forms such that

~

ME 2 i on C,

then . i .
B2, 5 Mg,
Proof. The projective isodynamic divisor is PGLy(C)-equivariant; see [3]. Thus
I(M-F)=M-I(F)

as divisors on C. After normalization by the total degree this gives ub? . = M, uiﬁo, and the
weak-convergence statement follows by testing against continuous functions. O

14



6.1 Quadratic algebraic Cauchy transforms

The rule v — ui%° becomes particularly explicit when the Cauchy transform satisfies a quadratic

algebraic equation.

Proposition 19. Let v be a compactly supported probability measure on C, and assume that on
some domain  C C\ supp(v) its Cauchy transform satisfies

A(2)C,(2)? + B(2)Cy(2) + D(2) = 0,
where A, B, and D are rational functions and A(z)D(z) # 0 on Q. Set
A(z) := B(2)? — 4A(2)D(2).

Then on €2 the map

has the two algebraic branches

n B(z) + \/A(z)'

Proof. Solving the quadratic equation for C) gives

_ —B(z) £/A(z)
O =—200

Hence

1 2A(z) B(z) £ /A(z)

C.(2) —B(z)£A(z)  2D(z)
after rationalizing the denominator and, if necessary, relabelling the two branches. Substituting
into U(z) = z — 1/Cy(z) gives the formula. O

Remark 20. Proposition 19 is only an algebraic identity for the map U. Whenever a theorem
of the type of Theorem 14 is available, the corresponding limiting isodynamic measure is then
obtained by averaging the pushforwards of v by the relevant boundary branches.

Example 21 (Joukowski ellipse). Fix ¢ € C and o > 3 > 0, and let v, g . be the pushforward
of df/(2m) under ' .
2(0) = c+ ae + pe=¥.

For a > [ the support is an ellipse, while for &« = g = a it degenerates to the line segment
joining ¢ — 2a and ¢ + 2a. A residue computation gives

1

V(z—¢)? —4ap’

with the branch normalized by C,, , (2) ~ 2~ at infinity. Thus

CVa,ﬂ,c (Z) =

Ui(z) =z F /(2 — ¢)? — 4ap.

On the support, write
z—c=ow+ fw lw| = 1.

V(2 —¢)2 —4af = £(aw — Bw™t),

15
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and therefore
Ui(z) =c+ 26wt U_(z) = c+ 2aw.

Hence the branch-averaged output of the rule v — 1(Uy).v + 5(U-).v is

1 1 1 1
§(U+)*Va»ﬁzc + §(U_)*Va:ﬁvc = 5 0c2a +5 O¢,26>

2 2
where o, p denotes the uniform probability measure on the circle |[u — ¢| = R. In the degenerate
case a = 3 = a, the two circles coincide; for ¢ = b € R this is Corollary 15.

Conjecture 22. Let P, be degree-n polynomials with regular n-th root asymptotics on C \ S,
where S := supp(v) is the support of the limiting zero measure v. Assume that on each connected
component of C\ S one has

1 F,(2)
nb(z) OB
locally uniformly, and set
1

Then the normalized critical-point measures of Rp, should converge to v, and the normalized
isodynamic measures should converge to the pushforwards of v by the boundary values of U
on each arc of S, averaged over all branches. In the one-cut real case this is Theorem 14. In
multi-cut situations one should expect several branches, and for quasi-periodic families a periodic
limit family, rather than a single stationary curve.

6.2 Higher-order exactly solvable operators

A concrete testing ground for Conjecture 22 is provided by the exactly solvable operators of
Bergkvist and Rullgard [1],

k .
&’ .
Jj=0

with @ monic. For all sufficiently large n there exists a unique monic degree-n eigenpolynomial
pn and a scalar §, such that

TQ (pn) = OnpPn-

If pg, denotes the limiting zero measure of {p,}, then its Cauchy transform C' satisfies

almost everywhere [1].

Conjecture 23. Let 1/*° be the normalized isodynamic measures of the monic eigenpolynomials
pn. Then every weak limit of {v//5°} is supported on the union of the boundary-value images of

supp(jiq,) under
1

Cz)

More precisely, along each smooth support arc one should obtain the limiting measure by
averaging the pushforwards of pg, by the two boundary maps z — z — 1/C4(z).

Zr—=Z—
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Remark 24. Equivalently, since C* = 1/Q,, the candidate support is obtained by applying the
local branches
sz—ka(z)l/k, W =1,

to the support arcs of pg,. The WKB expansion of Borrego-Morell [2] is consistent with this
picture on each branch domain, and a plausible route to a proof is through the discriminants

Dy, (u) := Discy(npn(2) — (z — uw)p,(2)),

whose zeros are exactly the isodynamic points of p,. In the quadratic case k¥ = 2 with
Q2(z) = 2% — 1, the two boundary maps reduce to u = x & iy/1 — 22 and one recovers the unit
circle.

A second natural direction is provided by semiclassical orthogonal polynomials. In the
Pearson-type situations (i.e. when the weight w satisfies (cw)’ = 7w with dego > 2) where a
second-order equation with higher-degree ¢ is available, the substitution

nP = (z—u)P, nPP" = (n —1)(P)?,

still reduces the isodynamic condition to an algebraic relation between z and u. Once dego > 2,
that relation is no longer linear in z. One should then expect multivalued critical-point maps
and supports given by higher-degree algebraic curves rather than by the circles of the Bochner
and one-cut cases.
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